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In this Supplementary Material, we provide additional simulations, extra figures, and proofs for Lemmal[l] Remark

Theorem [T Theorem [2] and Theorem

S1 Additional Simulations

S1.1 imulation results of SHP test and cross-match test

In this section, we explore the performance of the Shortest Hamiltonian path (SHP)-
based test (Biswas et al.; 2014 and the cross-match test based on non-bipartite matching
(Rosenbaum, [2005) in the high-dimensional setting.

Observations are simulated under distributional changes. Specifically, the simulation

settings are as follows:

e Mean change only. Observations are generated from multivariate normal distribu-
tions: X ~ N (14,14), Y ~ N(y/1.5log(d)/d)14,1;), where d denotes the dimension.

ny = nNg = 100.

e Scale change only. Observations are generated from multivariate normal distribu-
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tions: X ~ N (14,14), Y ~ N (14, (141.5l0g(d)/d)1,), where d denotes the dimension.

Ny = nNg = 100.

The SHP-based test and the cross-match test are designed using a similar rationale as the
original graph-based test proposed by Friedman and Rafsky (Friedman and Rafsky, [1979).
As such, these tests focus on the between-sample edge counts in the test statistic, which
can encounter problems detecting general changes as the dimension d increases (Chen and
Friedman, 2017). We compare their performances to the robust edge-count tests Sr and
Mp, (introduced in Section [3|in the paper). From Table[l] we can see the SHP-based test
and cross-match test have reasonable power when d = 500 and d = 800 for mean change,
but its power starts to decay as d increases. Under scale change, both have lower power
than the robust edge-count tests; the cross-match test in particular seems to struggle in
this setting. As d goes to 2000, both robust edge-count tests demonstrate superior power.

Table 1: Number of trials with significance less than 5% for comparison of robust graph-based test Sg,

Mg, SHP-based test and cross-match test with mean change and scale change.

mean change scale change

d SHP cross-match Sk Mg SHP cross-match Sk Mg
500 95 83 100 100 76 37 100 100
800 92 84 98 100 67 24 99 99
1100 77 67 95 97 55 20 97 95
1400 68 62 93 92 43 15 94 97
1700 66 57 91 92 35 16 93 92
2000 71 55 92 96 35 24 88 86




S1. ADDITIONAL SIMULATIONS
S1.2 Simulation results of robust edge-count tests under imbalanced sample

sizes

We carry out simulations to demonstrate the performance of the tests under imbalanced
sample sizes. The data are simulated using the same settings as those in Simulation III
in Section [t

X ~ exp(N(14,0.61,))
Y ~ exp(N((1+ +/0.01log(d)/d)14, (0.6 + 1.8log(d)/d)1y)),

where d denotes the dimension. We investigate two unbalanced settings with different
sample sizes of the two samples. As shown in Table [2] and [3] the robust edge-count tests
Sk and Mp still retain good performance across all imbalanced settings, and demonstrate
improvement compared to the edge-count tests S and M. When the sample sizes are not
too unbalanced (Table , most of the graph-based tests are on equal footing. However,
when the imbalance between samples becomes more severe (Table [3)), all tests have di-
minished power. We observe that the hubness phenomenon is not exacerbated by the
imbalanced sample size - both settings have max node degrees of similar sizes (142 and
138, when d = 2000, respectively). However, hubness is still clearly a problem here, since
the new proposed tests tend to have better (or comparable) power across all settings.
When the sample sizes are severely unbalanced (Table [3)), we see the new proposed robust

tests are still performing quite well.
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Table 2: Number of trials with significance less than 5%. ny = 50, ny = 150.

d dmax MMD Energy S M R4-NN R,-MST Sk Mg
500 124 52 26 96 96 97 97 99 99
800 130 49 11 90 90 90 97 97 97
1100 132 35 8 81 78 80 86 92 95
1400 137 35 3 66 78 70 87 90 91
1700 138 36 2 69 7 69 82 80 82
2000 142 31 6 71 68 72 83 81 83

Table 3: Number of trials with significance less than 5%. n; = 15, ny = 185.

d dmax MMD Energy S M Ry4-NN R,-MST Skr Mp
500 128 24 0 70 74 69 7 80 80
800 133 20 0 59 58 64 64 68 64
1100 132 18 0 93 52 51 54 o4 56
1400 138 15 1 47 48 52 92 56 53
1700 140 18 0 39 41 38 41 47 46
2000 138 16 0 43 44 43 o1 48 53

S2 Extra Figures

S2.1 Hubness phenomenon in high-dimensional data using 5-NN

The maximum and 95th percentile of node degrees in the similarity graph constructed
using 5-NN are shown in Figure [I, The hubness phenomenon is similar to what we can

see using the 5-MST as the similarity graph. The maximum node degrees are over three
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Figure 1: Boxplot of maximum and 95th percentiles of node degrees for different dimensions. Results are
from 100 simulations with n = 500, where observations are drawn from multivariate normal, log-normal,

uniform, and t distributions.

times as much as the 95th percentiles.

S3 Proof of Lemma [1

The mean and variance of R}’ under the permutation null distribution can be derived as

follows:

. Th(nl — 1)
pt =Y wyP(Jay=1= ) YIN(N =)

(4,5)€G (3,7)€G

E((RY)’) = > wijwaP(Juy=1,Jpp=1)
(4,9),(k,)eq

o (g —1) ,ni(ny —1)(ng — 2)
=N TNV 1) (N —2)
,ni(n — 1) (g —2)(n — 3)
S N(N —1)(N —2)(N —3)’
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_ 2 Q@ _
where S1 =37 eqWijy S2 = 2. (ih).(ikec WijWik, and
k,l are different

[
S5 =20 (i)(k)eG  WijWhi:
1,7,k,l all different

Similarly, we can get the mean and variance of Ry under the permutation null distri-

bution:

(i,5)eG (i,5)€eq
2y o M2(ne —1) - na(ng —1)(ne —2)
EURY) =S NyN—n T nv_nv =9
g na(ny — 1)(n2 — 2)(n2 — 3)
¥ N(N —1)(N —2)(N - 3)

292 :E((R5U>2) - EQ(R%‘

The covariance of R}’ and R4 under the permutation null distribution can be derived

as follows:
E(RYRY) = > wijwaP(Jaj =1, Jpp = 2)
(3,9),(k,1)eG
g ni(ny — na(ng — 1)
*N(N —1)(N —2)(N —3)’
Y1 = E(RYRY) — E(RY)E(RY).
Note :
Y wyww = Y wywg— > wywg— Y wy,
(1,9),(k,1)EG (4,9),(k,1)EG (4,9),(4,k)€G (1,9)€G
,5,k,l all different k,l are different
(3,9),(2,k)EG (4,9),(1,k)€G (i,5)€G

k,l are different



S4. PROOF OF REMARK

The variance and covariance can be simplified as

Ell—DN{m_lSl—i—nQ_ng—i— NN = )( =) S3
B B 2(2N —3) N —3 4(N —3)
—DN{ 52+N(N_1)S3+n2_1(51+52) N(ns 1)53
2(2N — 3
212—DN{_52+]\§<N_1)>53}>

E22_DN{nl—151+m—152+ NV = 1)(m = 1) 53}
2(2N — 3) N — 4NV-3)
—DN{—52+ N(N—1)53+ 1_1(51—1—52) N( 1) }

[ning(ny — 1)(ng — 1)]/[N(N — 1)(N — 2)(N — 3)]..

S4 Proof of Remark (1

N
D owht ) v =20 2wy
(4,9)€G (4,9),(%,k)€ =1 {j,s.t.(4,7)€G}
1 N
ZN<Z wi;)?
i=1 {j,s.t.(4,j)€G}

4
:N( Z wijwkl).

(0.9),(k,1)eG

Var(RY — RY) > 0 < Z w;; are not all equal for all 7 € [1, N],
{7eGs}

Var(qu}“ +pr12U) >0 <:>(N — 3)51 — 59 + 153 > 0.

N —



8 YICHUAN BAI AND LYNNA CHU

S5 Proof of Theorem [1l

RY 1 -1
Let R = . C = , R%s = RY — RY and RY = qRY + pRY.
Ry q p

S=(R-FER)'S(R - ER))
= (R - ER)'CT(CcH'='C'C(R - E(R))
= (C(R - E(R)))"(C=C")(C(R - E(R))),
CecT G Var(R¥)  Cov(RY, RY) o
Cov(R¥,RY¥)  Var(RY)
ot — Var(Rgg) Ch ’
Cy Var(RY)
where
Var(R%:) = Var(RY) — 2Cov(RY, RY) 4+ Var(RY),
Var(Ry) = ¢*Var(RY) + 2pgCov(RY, Ry) + p*Var(Ry),

Cy = ¢Var(RY) + (p — ¢)Cov(RY, RY) — pVar(R5)

:DN{(N—3)(n2—1) (51+52—i53)_

(N —2)(na—1) N
(N = 3)(ny — 1) 4
(N 2)(m 1) <51+52 ng)}
= 0.

So Sp = (Rig—ERE5)? | (RE—E(RY))

Var(RZ,,) Var(122) 2, and the robust test statistic S can be decom-
diff w

posed as Sk = (Z84)? + (Z5)? and Cov(Zs, ZF) = 0.
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S6 Proof of Theorem [2|

For s = 1,2, RY = Z(m‘)eG wiily, =5 > min(w;;) z(i,j)eG Iy, 5 =s-
Then min(w;;) is asymptotically bounded below by 1/|G| and > yco Ly, = =
O(|G|) since 3 ieq Ly ,=s/IN converge to a constant related to the densities of the

two samples according to Theorem 2 in |Henze and Penrose (1999)).

So limy o min(w;;) Z(M)GG Iy, =s>0,s=12

S7 Proof of Theorem [3

We will use the bootstrap null distribution to prove Theorem [3] Under the bootstrap
null, the probability of an observation assigned to sample X is =¥, and the probability
of an observation assigned to sample Y is 1 — =¥. When n, = ni, the bootstrap null
distribution is equivalent to the permutation null. We use subscripts to denote statistics

under the bootstrap null.

First, we introduce Theorem [I] to help prove Theorem

Assumption 1. |[Chen and Shao| (2005)), p. 17] For each i € J, there exists K; C L; C J

such that &; is independent of {;c and {g, is independent of {;c.

Theorem 1. [Chen and Shao (2005), Theorem 3.4]

heLip(1)
R}, Z has N'(0,1) distribution and 6 = 2> (E|&m:0:| + |E(&mi)|E|0:]) + Y |E|&m?|, with
ieJ ieJ

ni= . & and 0; = Y &, where K; and L; are defined in Assumption .

JEK; JEL;

Under Assumption we have sup |Eh(W)—Eh(Z)| <9, where Lip(1) ={h: R —
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>

(4,9),(k,)EG
i.j,k,] all different

= > wi}

(i,)€G

= 2 wilp

(i,5)€G

> wilp

(i,)€G

= > wiphgn +

(4,9)eG
= (o7)%.
Similarly,

Var B

= ) wigp.+

= Y wyph = pt,

(i,)€G

= ) wiyg, = pg,

(i,))€G

3
Wi Wik Py, +

WPy, — ( Z wij)*py

(3,7)€G
pn) + Z Wi Wik (p pn)

(4,9),(4,k)€G

J#k

P + Z wz]wzk(p pn)

(4,9),(i,k)€G

Z wijwikpiQn
(4,9),(4,k)EG

Z wijwiqupn = (023)27

(1,5)eG (4,4),(i,k)€G

Covp(RY, Ry) = Ep(RYRy) — Ep(RY)Eg(RY)
Z Wij Z Waphdy — Z wijpi Z wij‘]i
(3,7)€G (keq (i,5)€G (4,5)€G

1,7,k,l all different

- ¥

(4,9),(i,k)€G

2 2.
Wi Wik P4y =

(o12)*.
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Let R§g = RY — RY, we have

Es(Rig) = Y wij(Pn — @n) = iy,
(4,9)€G

Varg(Ryg) = Varg(RY) + Varg(Ry) — 2Covg(RY, RY)

=Pt > Wi+ Y wiywi(phan + @pn + 20547)

(4,5)eG (4,9),(3,k)EG

- ann Z wU + Z wzjwzk)
(i,5)€G (4,5),(4,k)€G

= (Ugff)z-

Let R, = qRY + pRy, we have

n—l—l—nn—l
L5 D ndle 1)

B
T luw7
(ipec N2(N —2)

Varg(RY) = ¢*Varg(RY) + p*Varg(RY) + 2pgCovi(RY, RY)

. ning(ny — n2)2
T Ni(N-—22 Z tat
(3, ]) (3,k)EG
nlng{nlng( + N}
NN = > W
(3,7)€G
(o)
Let,
e RU— Ep(RY)
! Varg(RY)
Varp(RYq)
wh o= X
an(l - pn)

Lemma 1. Under conditions
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(i) |G| = O(N),1 < a < 1.25,

(ii) Z wz] + Z Wij Wik — ]%7 Z Wi Wi

(i,j)eG (4:5):(1,k)€G (6,9):(k,1)eG

—O Z w”—l— Z wijwik),

(i,4)€G (4,9),(4,k)EG
(iii) > (wilAapl)? =o( 3 wiNO?),
(i,5)€G (i,5)€G
(iv) Z Wy Z Wy j Z Wi = of Z w?j)l’5>
(irj)EG (i/vj/)eA(i,j) (illvj//)eB(i,j) (19])€G

and under the bootstrap null, (WE, WP WE) is multivariate normal.

Lemma 2. We have

Varg (RY)
Var(RY)

— C1,

VarB (Rdsz)

® Varmg,) 2

By () B(T) ()

v/ Var(RY)
EB(Rd@ﬁ) E(Rdzﬁ)
\/Var dsz

A}l_r)noo Cov(Zy, Zaigy) = 0,

— 0,

where ¢; and ¢y are constant.
From Lemmal[l] (W7, W2|W¥) is multivariate normal under the bootstrap null. Since
conditioning on W = 0, (WE WE|WE = 0) and (W, W) under the permutation

distribution have the same distribution, and

R Varg(RY) , 5  Ep(RY) — E(RY)
Z8 = === (W o)
Var(RY) Varp(RY)
Varg(RY) Ep(Rg) — E(Réviﬁf))

zf, = Mo UEaw) s
. Var(Rgg) Var(Riq)




57. PROOF OF THEOREM 3
with Lemma , we conclude that Z® and ZX; are Gaussian under the permutation dis-

tribution.

S7.1 Proof of Lemma 1]

We first show (W2, W2 W.2E) is multivariate Gaussian under the bootstrap null distribu-
tion, which is equivalent to showing that W = a; W + a;WP + a3WJF is asymptotically
Gaussian distributed for each (a1, ag,az) € R? such that Varg(W) > 0 by Cramer-Wold
theorem.

Let the index set J = {(4,j) € G} U{1,2,..., N},

TL2 _ 2
. Wij N 1[(J(H) 1) + Wi QI(J( H=2) Wi N2(N—-2)
§(i.j) =M B o B T

” wii I (J(i jy=1) — wigl (Jii jy=2) — (Wi (pn — qn))

s ’
¢ —ay 19 =0 —Pn
an(l _pn)
Let, a = maz(|ai,|azl, as]), 0 = min(o, 05 ), 00 = \/Npn(1 = py). 0 is at least

of order Y wy;, 0o = O(N°®). Then £ )| < wQ“U, Gl < &and W =3, ;&
(i,j)€G
For (i,7) € J, let
Ay ={0NHYu{({,j) € G:(7,5) and (i, j) share a node},
By = A(ijj) U {(i”,j”) eG: H(i,,j/) S A(ijj),
s.t. (i',7') and (i", j") share a node},
Kijy = Ay Ui 71

L(l’]) = B(z,]) U {nodes n A(ZJ)}
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Fori e {1,2,...,N}, let
G; = {(Z7]> S G}v
Gio={(i,j) e G} U{(", ;") e G:3(¢, ') € G,
s.t. (¢, 5") and (7", 7") share a node},
K; = G; U{i},

L; = G;2 U {nodes in G;}.
For j € J, let n; = ZkeKj &k and 0; = ZkeLj &k -
SupneLip()| Esh(W) — Eh(Z)| < § for Z ~ N(0,1),

where 0 = m@ > e (Eslémbs] + Ep(§m;) Esl0s]) + 32 e, Eslén?]), according to

Theorem [1} For j € {1,2,...,N},

ka—&"’_ Z é(z] Sg"”_ Z Wyt

keK; (i/,5")€G; (#,3")€G;
G\G |
bTan T 3 oapetOlE 5o,
keL; nodes in G; (i",5")EG; 2 (¢,3")€G4 2

So,

2 > (Eslgmibs| + Es(Em)Eslo;)+ > Eglgn)]

je{1,2,..,N} je{1,2,..,N}

a1 2 G| 2
< 5_ —_— -_ i/ s/ 2 -_ /L'/ 51 ).
- 00(00+U.Z wiy ) Oo+0.z wiy)
(i",5")€G; (¢,5)€G;,2
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For (i,j) € G,

Nij) = Z =86 +&+ Z a5

keK () (.3 €A )

< 2_a + 2—a Z Wyt

0o g .
(’L ) )GA(i,j)

O g) = Z Sk = Z &+ Z (i ,j1)

kEL(; ;) nodes in A jy (#,3")€B,j)

A 2
S 2—a| (7J)| =+ —a Z wi’j/'

0o a .
(¥",5")EB . 5)

So,

2 Y (Esléuiminbon| + Es(&aime) Eslfu))

(1,7)EG
=+ Z EB’f(i,j)n(zi,j)|
(4,7)€EG
2qw;; 2a  2a alAg ) 2a
< 5 Z] _— _— ,L‘/ i 2—7] _— i/ !
< U(UO+UHZ wirjr)( p +U”Z Wirjr)
(5" €A G5 (",5" )€ B4
adw;; 1 1 |A(' i | 1
40— (— L = it el 2 i),
0(00+04.Z wey) o o wey)
(",5")E€A G5 (¥",5")EB .5

Then we have

a3wi- 1 1 |A(17) 1
ST 0Tl 3wl S s

o

= ., 00 g .
(i,4)€G (#,3")€AG ) (#".3")€B (i)
N 3

a1 2 G5l 2 1
255G te 2w D 3w s
i—1 0 0 (i j)EC, 0 (i j)EG; 2 arp

If we want 6 — 0 as N — 0o, we need the following conditions to hold:

N

(1) E E Wit jr E wirjn = o E w%NO'S)a
i=1 (i ,j')€G, (" §")EG; 2 (i.j)ed
N

(2) 22 > wiplGil =o(( 32 wj)**N),

i=1(i',5)€G: (i,j)eG
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(3)

(4)
(5)

(6)

(7)
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N
S Y wp=o(( X wl)N),
i=1 (i’ ,j')€G; (i,5)€G

N
> |Gl = o(N'?),
i=1

> wiglAuyl =o(( X w)*PN),

(1.9)€G (4.5)€G
_ 2 0.5
Yo owiy o Yy, wpp=o( Y wi N,
(i.5)€G  (.5)EBG. ) (i.4)€G
2 0.5

Y wilAayl Y wip =o( Y wiN"),

(i,5)€G (@, )EA('L 7) (i.5)eG

E Wi E Wy j E wirjr = o E wz‘Qj)L5'
(i,5)eG (7,3 €A,5) (i",3"")€B i, 5 (i,5)eG

We need conditions:

(i)
(i)

(iii)

(v)

G| = O(N®),1 < a < 1.25,

> (wilAp)? =o( >0 wiN®?),

(4,5)€G (4,5)€G

> wiy=o(( Y w)*N),
(1,7)EG (1,7)EG

Z Wij Z Wy 50 Z Wi = 0 Z wfj)l's,
(i,j)GG (ilrj/)eA(i,j) (N l/)EB(’L]) (i,j)GG

9 4

Doowht Y WijWik = 77 D wiwk
(3,7)€G (4,9),(3,k)EG (3,9),(k,)eq
O it Y wgw)

(1,5)€eG (4,9),(3,k)eG

Zi]\il |G;| = 2|G|, so condition (4) holds according to (i). Since

Z < |A(27])| max wi’j’ = |A(’L7j)|wmax — |A

o i',j)EA
(Z/’]/)EA(i]) &9

wmax

(i) | Wi ——

ij

Y
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Z(i’,j’)eA@,j) wyrjr = O(|A j)|wij), and condition (7) holds according to (ii). Besides,

So

20 —2<0.5, a<1.25

> wildag) Wit

(i,)eG (3’

=0( > wilAuyl)

(z‘j)eG
—OZ 2w P)
i=1 (i',5')€G;

—OZ > w

=1 (i',5))€G;

<O( )

(1,7)EG

0.5)
=o( E w”N

(4,7)€G

D

JNEAG )

vir|Gil)

w?j)NQa—Q

Let 7¢, denotes the vertex set of G;/{i},

N
E E wi’j’

i=1 (i j')eG;

> sy ¥ ow

E E wl”]”

(i”,j”)GG 9 i=1 (7, JG’)’G (u i1 GG
= E E E wi’j E ’UJZ//]//
=1 je'YGi (i/,j/)GGi ( // // EG
= 2 E E wl ] E UJZ//]//
(4,5)€G (¢,5")€G; (#",3")eGy
S 2 E ( E wi/j/)z

(1,5)€G (7,3")EAG, )

= O( > wilAuy|

(3,5)eG

So condition (7) implies condition (1).

D

(7,3 €A G5

wi/j/).
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By Cauchy-Schwarz inequality and (ii)

Z wl]‘A(ZJ)‘ S Z zg‘Alj)‘ ’G|

(4,5)eG (4,5)eG

_ O(( Z w%)0'5N0‘25)|G\0'5.

(i,J)€G

So (i) ensures that condition (5) holds.

Z Z Wy jr = O( Z wij|A(i»j)|)

E wi’j’ = E ( E wi/j’ —I— E wi”j” — wl])
(1.0)€G (i".5")€A 5 (ij)eG (.4 €Gs (i ,")€G;
=Z 2 2w 2w
i=1 a; (i,5")€EG; (4,5)€G
N
:E § wu’G‘_E:ww
i=1 (i",j')€G; (i.4)€G

According to conditions (5) and (iii), condition (2) holds.

Gi2C | G,
Jj€va;
DI 35y Z iy
i=1 (i',j')€G 2 i=1 jevg, (¢,
DD IR S
(i,J)eG (.)€ (&,5")

<2 Z wijr = O( Z wij| A gl)-

(4,5)€G (.5 )EA G, j) (i.4)eG
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So condition (5) implies condition (3).

)SRTEDIRRTAED SRS SENED DR

(i’j)GG (ilzj/)EB(i 7) ( 7.7 GG (’L 7j/)€A(i,j) (illzj”)eA(i/,j/)

= > wy( > wep)?

(i,5)€G (3" ) €A j)

= O( Z ij|A(Z,j)| Z wi’j’)-

(3,)€G (VIS Ve

So condition (7) implies condition (6).

Finally, since ( Y. w;)* <|G| Y. wi,

(3,5)€G (4,7)€G “
> wig=o(IG*7( Y w)™®) = ol( wi;)**N),
(i.4)€G (i.9)€G (4.9)€G

if condition (i) is satisfied.

So we need conditions (i), (iii), (iv), (v).

S7.2 Proof of Lemma [2

Varg(RY)
ning(ng — n2)2 nina{ning(N —4) + N} 5
- Ni(N — 2)2 Z WijWik + N3(N — 2)2 Z Wi
(4,4),(4,k)EG (4,)eG
(4,5)€G

since

Z wiwi < ( Z w;;) 2=y Z w”N2

(4,9),(i,k)€G (4,7)€G (4,5)EG
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var(RZj): n1n2<n1—1 n2—1 { Z w .

NN —1)(N — P
Fop( X it D wgues 25 wywn)-
N
(3,5)€G (4,9),(i,k) € (3,9),(k,1)eG

2
N(N——l) Z wijwk:l}

(4,9),(k,1)eG

S0y v
(1,9)eG

Varpg (RY)

Var(RY)

So, limy_,s = ¢1, where ¢; is a constant.

_ Varp(Rgg) _ .
W () A | 2wt D wwn )/
! (3,7)EG (4,9),(3,k)EG

Z ww—l— Z wijwik—% Z Wi Wkt

(i.4)€G (4.9),( (&.5),(k,HEG
= C2,

where ¢, is a constant, according to condition (v).

Since Ep(Ry) — E(RY) = 73D Z(ZJ ec Wijs

NZ(N-1)

. Ep(Ry) — E(Ry) . 1 jec
11m — = lm N—,
N—o0 Var(Rw) N—o0 s Z w’LZ]

where c3 is a constant.

From condition (iii) 37, iycq wij = (X jyeq i) " N),

N—o0 Var(RY)

Since Ep(RYg) — E(RYg) = 0,

N—o0 Var(RY.s)

=0.
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We still need to show limy_,o, Cov(Z,, Zaig) = 0.

E(RyRig) — E(Ry)E(Rg)
\/Var(R%)Var(RY)
E(RYRiq) = Sslg ”1((” - 11)) pﬁé(f N 11))+

(»—q) n1n2§\7[121(&1_)(11)22— 1)]
_ (= 1)(ng —1)(n1 — no)
NN - D)(N —2)
ny—nNg., Mg — N +1

COV(Zw, Zdiﬁ‘) =

?

S?)a

E(Ry)E(Rgi) = Ss((

where S3 =y x1yec Wi Wht-

A}LIHOO E(R%Rﬁg) = Z Wi WkIPnln (pn - qn)’
(3,9),(k,)eq

lim B(RY)E(Ryy) = > WP (pn — n)-
(4,9),(k,1)eG

So limy o0 (E(Ry Riig) — E(Ry) E(Rg)) = 0.
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