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S1 Notations

First of all, we present the notations for the entire paper and supplement. We

write the inner product as 〈u, v〉 = u′v for any two vectors u, v ∈ Rp. For

a generic vector u = (u1, . . . , up)
′ ∈ Rp, we denote its `q-norms by ‖u‖q =

(
∑p

l=1 |ul|q)1/q for 1 ≤ q < ∞, ‖u‖0 = card{l : ul 6= 0}, and ‖u‖∞ =

maxl≤p |ul|. Given any vector u = (u1, . . . , up)
′ ∈ Rp and subsetQ ⊆ {1, . . . , p},

we write uQ ∈ Rcard(Q) to denote the sub-vector as restricting u to Q. For a

generic matrix B = [bij]p×q, we define its matrix element-wise max-norm by

‖B‖∞ = maxi,j |bij|. If B is symmetric, we further let λmax(B) and λmin(B) to

represent the maximum and minimum eigenvalues. For two sequences µn and

vn, we write µn . vn if µn ≤ k1vn for a universal constant k1 > 0, and similarly

write µn & vn provided that µn ≥ k2vn for a universal constant k2 > 0. To this



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

end, we write µn � vn as long as |µn| . |vn| and |µn| & |vn|.

Notice that we let the index set Pn = {1, . . . , pn} to denote all predictors,

and write an arbitrary nonzero subset as Hn ⊆ Pn containing |Hn| = hn > 0

elements, whose complement is Hc
n = Pn \ Hn. We write Y = (Y1, . . . , Yn)′ as

the response vector. We let ηHn to denote the vector of attaching {ηj : j ∈ Hn}

vertically in a column, whose estimator η̂Hn is defined analogously. Also, we

write βHn = {βj : j ∈ Hn} to represent the collection of regression curves.

We further denote F{bk:k≤sn}(βHn) = ηHn as the function of mapping βHn onto

ηHn . We write the matrix ΘHn by attaching {Θj : j ∈ Hn} in a line, and let

Θ = ΘPn for brevity. For each j ≤ pn, we write the moment estimator of

the diagonal matrix Λj = diag{ωj1, . . . , ωjsn} by Λ̂j = diag{ω̂j1, . . . , ω̂jsn},

with each ω̂jk = n−1
∑n

i=1 θ
2
ijk. We then formulate the two diagonal matrices

ΛHn = diag{Λj : j ∈ Hn} and Λ = diag{Λj : j ∈ Pn}, whose moment

estimates are given by Λ̂Hn = diag{Λ̂j : j ∈ Hn} and Λ̂ = diag{Λ̂j : j ∈ Pn}.

To this end, we present a series of matrices (expressed in row vectors) as

Θ = (G1, . . . , Gn)′,ΘHn = (E1, . . . , En)′,ΘHc
n

= (F1, . . . , Fn)′, Θ̃ = ΘΛ−1/2 = (G̃1, . . . , G̃n)′,

Θ̃Hn = ΘHnΛ
−1/2
Hn

= (Ẽ1, . . . , Ẽn)′, Θ̃Hc
n

= ΘHc
n

Λ
−1/2
Hc

n
= (F̃1, . . . , F̃n)′, Θ̆ = ΘΛ̂−1/2 = (Ğ1, . . . , Ğn)′

Θ̆Hn = ΘHn Λ̂
−1/2
Hn

= (Ĕ1, . . . , Ĕn)′, Θ̆Hc
n

= ΘHc
n

Λ̂
−1/2
Hn

= (F̆1, . . . , F̆n)′.

Several scaled-forms of the vector η are abbreviated by η̃ = Λ1/2η and η̆ =

Λ̂1/2η, and similarly for η̃Hn and η̆Hn . With some abuse of notation, we some-

times write η∗ as the genuine version of η, and denotes their differences by

ν = η − η∗ and ν̃ = Λ1/2ν. Also recall that we denote an unknown matrix
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w by

w = {E(FiFi
′)}−1E(FiẼ

′
i) = (w1, . . . , whnsn) ∈ R(pn−hn)sn×hnsn ,

with each wj = (wj1, . . . , wj,(pn−hn)sn)′. We use the value ρn = supj≤hnsn ρnj

(ρnj = card{l : wjl 6= 0}) to stand for the degree of sparsity of w. Based on the

penalized estimators (η̂, α̂0) and ŵ from (2.5) and (3.8) of the main article, we

write a series of random vectors for i = 1, . . . , n by

S̃i = (S̃i1, . . . , S̃i,hnsn)′ = (w′Fi − Ẽi){Yi − b′(α0 +G′iη)},

Si = (Si1, . . . , Si,hnsn)′ = (ŵ′Fi − Ĕi){Yi − b′(α̂0 + E ′iηHn + F ′i η̂Hc
n
)},

Ŝi = (Ŝi1, . . . , Ŝi,hnsn)′ = (ŵ′Fi − Ĕi){Yi − b′(α̂0 +G′iη̂)},

S∗i = (S∗i1, . . . , S
∗
i,hnsn)′ = (w′Fi − Ẽi)εi,

S(η̃Hn ; ηHc
n
, α0) = n−1

n∑
i=1

S̃i, Ŝ(Λ̂
1/2
Hn
ηHn ; η̂Hc

n
, α̂0) = n−1

n∑
i=1

Si,

Ŝ(Λ̂
1/2
Hn
η̂Hn ; η̂Hc

n
, α̂0) = n−1

n∑
i=1

Ŝi, T̂ (βHn) = n−1/2
n∑
i=1

Si,

T̂e = n−1/2
n∑
i=1

eiŜi, T ∗ = n−1/2
n∑
i=1

S∗i , T ∗e = n−1/2
n∑
i=1

eiS
∗
i ,

cB(α) = inf{t ∈ R : Pe(‖T̂e‖∞ ≤ t) ≥ 1− α}, α ∈ (0, 1),

where e = {e1, . . . , en} represents a collection of i.i.d. N(0, 1), that are inde-

pendent of the data. Pe(·) represents the conditional probability that only treats

e as random. cB(α) is defined as the (1 − α)th quantile of ‖T̂e‖∞. The next

section contains the auxiliary lemmas with their proofs.
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S2 Auxiliary Lemmas and Proofs

Lemma 1. 1) Under conditions (B1)–(B4), one has

|ρλ(t1)− ρλ(t2)| ≤ λL|t1 − t2|, for any t1, t2 ∈ R.

2) Under conditions (B1)–(B4), one has |ρ′λ(t)| ≤ λL, for any t 6= 0.

3) Under conditions (B1)–(B5), one has

λL|t| ≤ ρλ(t) + 2−1µt2, for any t ∈ R.

4) Under conditions (B1)–(B5), if Pλn(η∗)− Pλn(η) ≥ 0, where η∗ stands for

the true version of η and Pλn(η) =
∑pn

j=1 ρλn
(
n−5/9‖Θjηj‖2

)
, then one has

0 ≤ Pλn(η∗)− Pλn(η) ≤ λnL
{ ∑
j∈An

n−5/9‖Θj(ηj − η∗j )‖2 −
∑
j∈Ac

n

n−5/9‖Θj(ηj − η∗j )‖2
}
,

where the subset An ⊆ Pn denotes the index set corresponding to the

largest qn elements of {n−5/9‖Θj(ηj − η∗j )‖2 : j ≤ pn} in magnitude,

with Acn = Pn \ An.

Proof. First of all, parts 1) to 3) are established via Lemma 4 in Loh and Wain-

wright (2015). To show part 4), we first define a function fn(t) as

fn(t) =


t/ρλn(t), for t > 0

(λnL)−1, for t = 0
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which is nondecreasing in t ∈ [0,∞) by conditions (B1)–(B4). Thus, we have

∑
j∈Ac

n

n−5/9‖Θj(ηj − η∗j )‖2 =
∑
j∈Ac

n

ρλn(n−5/9‖Θj(ηj − η∗j )‖2)fn(n−5/9‖Θj(ηj − η∗j )‖2)

≤ fn(max
j∈Ac

n

n−5/9‖Θj(ηj − η∗j )‖2)
∑
j∈Ac

n

ρλn(n−5/9‖Θj(ηj − η∗j )‖2), (S2.1)

and

∑
j∈An

n−5/9‖Θj(ηj − η∗j )‖2 =
∑
j∈An

ρλn(n−5/9‖Θj(ηj − η∗j )‖2)fn(n−5/9‖Θj(ηj − η∗j )‖2)

≥ fn(max
j∈Ac

n

n−5/9‖Θj(ηj − η∗j )‖2)
∑
j∈An

ρλn(n−5/9‖Θj(ηj − η∗j )‖2). (S2.2)

By combining (S2.1), (S2.2) with Pλn(η∗)− Pλn(η) ≥ 0, we have

0 ≤ Pλn(η∗)− Pλn(η) =

qn∑
j=1

ρλn(n−5/9‖Θjη
∗
j‖2)−

pn∑
j=1

ρλn(n−5/9‖Θjηj‖2)

≤
qn∑
j=1

ρλn(n−5/9‖Θj(ηj − η∗j )‖2)−
pn∑

j=qn+1

ρλn(n−5/9‖Θjηj‖2)

≤
∑
j∈An

ρλn(n−5/9‖Θj(ηj − η∗j )‖2)−
∑
j∈Ac

n

ρλn(n−5/9‖Θj(ηj − η∗j )‖2)

≤
{
fn(max

j∈Ac
n

n−5/9‖Θj(ηj − η∗j )‖2)
}−1{ ∑

j∈An

n−5/9‖Θj(ηj − η∗j )‖2 −
∑
j∈Ac

n

n−5/9‖Θj(ηj − η∗j )‖2
}

≤ λnL
{ ∑
j∈An

n−5/9‖Θj(ηj − η∗j )‖2 −
∑
j∈Ac

n

n−5/9‖Θj(ηj − η∗j )‖2
}
,

which completes the proof.

Lemma 2. Under conditions (A2.1), (A3.1) and (A4.1), denoting I as the identity

matrix, we have that with probability tending to 1:
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1) Λ̂ is positive definite.

2) ‖Λ̂Λ−1−I‖∞ ≤ c1{log(npnsn)/n}1/2, for some universal constant c1 > 0.

3) ‖ΛΛ̂−1−I‖∞ ≤ c2{log(npnsn)/n}1/2, for some universal constant c2 > 0.

4) ‖Λ̂1/2Λ−1/2 − I‖∞ ≤ c3{log(npnsn)/n}1/2, for some universal constant

c3 > 0.

5) ‖Λ1/2Λ̂−1/2 − I‖∞ ≤ c4{log(npnsn)/n}1/2, for some universal constant

c4 > 0.

6) ‖n−1
∑n

i=1 G̃iG̃
′
i − E(G̃iG̃

′
i)‖∞ ≤ c5{log(npnsn)/n}1/2, for some univer-

sal constant c5 > 0.

7) ‖n−1
∑n

i=1GiGi
′ − E(GiGi

′)‖∞ ≤ c6{log(npnsn)/n}1/2, for some uni-

versal constant c6 > 0.

8) ‖n−1
∑n

i=1 ĞiĞ
′
i − E(G̃iG̃

′
i)‖∞ ≤ c7{log(npnsn)/n}1/2, for some univer-

sal constant c7 > 0.

9) maxj≤hnsn ‖n−1
∑n

i=1 F̃i(Ẽij−F ′iwj)‖∞ ≤ c8{log(npnsn)/n}1/2, for some

universal constant c8 > 0.

10) maxj≤hnsn ‖n−1
∑n

i=1 F̃i(Ĕij−F ′iwj)‖∞ ≤ c9{log(npnsn)/n}1/2, for some

universal constant c9 > 0.
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11) maxj≤hnsn ‖n−1
∑n

i=1 F̆i(Ĕij−F ′iwj)‖∞ ≤ c10{log(npnsn)/n}1/2, for some

universal constant c10 > 0.

12) ‖n−1
∑n

i=1 G̃i‖∞ ≤ c11{log(npnsn)/n}1/2, for some universal constant

c11 > 0.

13) ‖n−1
∑n

i=1Gi‖∞ ≤ c12{log(npnsn)/n}1/2, for some universal constant

c12 > 0.

14) ‖n−1
∑n

i=1 Ği‖∞ ≤ c13{log(npnsn)/n}1/2, for some universal constant

c13 > 0.

15) maxj≤pnsn maxi≤n |G̃ij| ≤ c14{log(npnsn)}1/2, for some universal con-

stant c14 > 0.

16) maxj≤hnsn maxi≤n |wj ′Fi| ≤ c15{log(npnsn)}1/2, for some universal con-

stant c15 > 0.

17) maxj≤hnsn |n−1
∑n

i=1{(Ẽij−F ′iwj)2−E(Ẽij−F ′iwj)2}| ≤ c17{log(npnsn)/n}1/2,

for some universal constant c17 > 0.

18) maxi≤n |E ′iηHn| ≤ c17{log(nqnsn)}1/2‖Λ1/2η‖1, for some universal con-

stant c17 > 0. Note thatHn can be arbitrary subset of {1, . . . , pn}.
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Proof. First of all, note that for any t > 0,

P
(
‖Λ̂Λ−1 − I‖∞ ≥ t

)
= P

{
max
j≤pn

max
k≤sn
|n−1

n∑
i=1

(ω−1jk θ
2
ijk − 1)| ≥ t

}
≤

pn∑
j=1

sn∑
k=1

P
{
|n−1

n∑
i=1

(ω−1jk θ
2
ijk − 1)| ≥ t

}
≤2pnsn exp{−nmin(c−21 t2, c−11 t)}, (S2.3)

for some universal constant c1 > 0, where the first inequality is by union bound

inequality and the second inequality holds from (A2.1) and Bernstein’s inequal-

ity. Plugging t = c1{log(npnsn)/n}1/2 into (S2.3) yields

P
[
‖Λ̂Λ−1 − I‖∞ ≤ c1{log(npnsn)/n}1/2

]
≥ 1− 2n−1 → 1, (S2.4)

which completes the proof of part 2). To show part 1), notice that

λmin(Λ̂) = λmin(ΛΛ̂Λ−1) ≥ λmin(Λ)λmin(Λ̂Λ−1) = λmin(Λ)λmin(Λ̂Λ−1 − I + I)

≥ (1− ‖Λ̂Λ−1 − I‖∞)λmin(Λ). (S2.5)

By combining (S2.4), (S2.5), (A4.1) with λmin(Λ) > 0, it can be deduced that

P{λmin(Λ̂) > 0} ≥ 1− 2n−1 → 1, (S2.6)

which completes the proof of part 1). To show part 3), note that on the event
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{λmin(Λ̂) > 0} ∩ {‖Λ̂Λ−1 − I‖∞ ≤ c1{log(npnsn)/n}1/2}, we have

‖ΛΛ̂−1 − I‖∞ = ‖(Λ̂Λ−1 − I + I)−1(Λ̂Λ−1 − I)‖∞

≤(1− ‖Λ̂Λ−1 − I‖∞)−1‖Λ̂Λ−1 − I‖∞ ≤ 2‖Λ̂Λ−1 − I‖∞

≤2c1{log(npnsn)/n}1/2.

Together with (S2.4) and (S2.6), it is apparent that

P
[
‖ΛΛ̂−1 − I‖∞ ≤ 2c1{log(npnsn)/n}1/2

]
≥ 1− 4n−1 → 1, (S2.7)

which completes the proof of part 3). To show part 4), note that

‖Λ̂1/2Λ−1/2 − I‖∞ ≤ ‖(Λ̂1/2Λ−1/2 − I)(Λ̂1/2Λ−1/2 + I)‖∞ = ‖Λ̂Λ−1 − I‖∞.

Together with (S2.4), it is clear that

P
[
‖Λ̂1/2Λ−1/2 − I‖∞ ≤ c1{log(npnsn)/n}1/2

]
≥ 1− 2n−1 → 1, (S2.8)

which completes the proof of part 4). To show part 5), note that on the event

{λmin(Λ̂) > 0} ∩ {‖ΛΛ̂−1 − I‖∞ ≤ 2c1{log(npnsn)/n}1/2}, we have

‖Λ1/2Λ̂−1/2 − I‖∞ ≤ ‖ΛΛ̂−1 − I‖∞ ≤ 2c1{log(npnsn)/n}1/2.

Together with (S2.6) and (S2.7), it is obvious that

P
[
‖Λ1/2Λ̂−1/2 − I‖∞ ≤ 2c1{log(npnsn)/n}1/2

]
≥ 1− 6n−1 → 1, (S2.9)
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which completes the proof of part 5). To show part 6), note that for any t > 0,

P
(
‖n−1

n∑
i=1

G̃iG̃
′
i − E(G̃iG̃

′
i)‖∞ ≥ t

)
=P
[

max
l1≤pnsn

max
l2≤pnsn

|n−1
n∑
i=1

{G̃il1G̃il2 − E(G̃il1G̃il2)}| ≥ t
]

≤
pnsn∑
l1=1

pnsn∑
l2=1

P
[
|n−1

n∑
i=1

{G̃il1G̃il2 − E(G̃il1G̃il2)}| ≥ t
]

≤2(pnsn)2 exp{−nmin(c−22 t2, c−12 t)}, (S2.10)

for some universal constant c2 > 0, where the last inequality follows from (A2.1)

and Bernstein’s inequality. Plugging t = 2c2{log(npnsn)/n}1/2 into (S2.10)

yields

P
(
‖n−1

n∑
i=1

G̃iG̃
′
i − E(G̃iG̃

′
i)‖∞ ≤ 2c2{log(npnsn)/n}1/2

)
≥1− 2(pnsn)−2n−4 → 1, (S2.11)

which completes the proof of part 6). To show part 7), note that

‖n−1
n∑
i=1

GiGi
′ − E(GiGi

′)‖∞

≤{1 + λmax(Λ)}‖n−1
n∑
i=1

G̃iG̃
′
i − E(G̃iG̃

′
i)‖∞

≤c3‖n−1
n∑
i=1

G̃iG̃
′
i − E(G̃iG̃

′
i)‖∞,

for some universal constant c3 > 0, where the last inequality is based on (A3.1).
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Together with (S2.11), it is obvious that

P
(
‖n−1

n∑
i=1

GiGi
′ − E(GiGi

′)‖∞ ≤ 2c2c3{log(npnsn)/n}1/2
)

≥1− 2(pnsn)−2n−4 → 1, (S2.12)

which completes the proof of part 7). To show part 8), note that

‖n−1
n∑
i=1

ĞiĞ
′
i − E(G̃iG̃

′
i)‖∞

=‖(Λ̂−1/2Λ1/2){n−1
n∑
i=1

G̃iG̃
′
i − E(G̃iG̃

′
i)}(Λ̂−1/2Λ1/2)

+ (Λ̂−1/2Λ1/2){E(G̃iG̃
′
i)}(Λ̂−1/2Λ1/2 − I) + (Λ̂−1/2Λ1/2 − I){E(G̃iG̃

′
i)}‖∞

≤‖(Λ̂−1/2Λ1/2){n−1
n∑
i=1

G̃iG̃
′
i − E(G̃iG̃

′
i)}(Λ̂−1/2Λ1/2)‖∞

+ ‖(Λ̂−1/2Λ1/2){E(G̃iG̃
′
i)}(Λ̂−1/2Λ1/2 − I)‖∞ + ‖(Λ̂−1/2Λ1/2 − I){E(G̃iG̃

′
i)}‖∞

≤(2 + ‖Λ̂−1Λ− I‖∞)‖n−1
n∑
i=1

G̃iG̃
′
i − E(G̃iG̃

′
i)‖∞ + ‖Λ̂−1/2Λ1/2 − I‖∞‖E(G̃iG̃

′
i)‖∞

+ (2 + ‖Λ̂−1/2Λ1/2 − I‖∞)‖Λ̂−1/2Λ1/2 − I‖∞‖E(G̃iG̃
′
i)‖∞. (S2.13)

By combining parts 1–6), (A2.1), and (A4.1) with (S2.13), we have that with

probability tending to 1:

‖n−1
n∑
i=1

ĞiĞ
′
i − E(G̃iG̃

′
i)‖∞ ≤ c4{log(npnsn)/n}1/2,

for some universal constant c4 > 0, which completes the proof of part 8). To
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show part 9), note that for any t > 0,

P
{

max
j≤hnsn

‖n−1
n∑
i=1

F̃i(Ẽij − F ′iwj)‖∞ ≥ t
}

≤
hnsn∑
j=1

(pn−hn)sn∑
l=1

P
{
|n−1

n∑
i=1

F̃il(Ẽij − F ′iwj)| ≥ t
}

≤2hnsn(pn − hn)sn exp{−nmin(c−25 t2, c−15 t)}

≤2(pnsn)2 exp{−nmin(c−25 t2, c−15 t)}, (S2.14)

for some universal constant c5 > 0, where the first inequality is by union bound

inequality and the second inequality holds from (A2.1) and Bernstein’s inequal-

ity. Plugging t = 2c5{log(npnsn)/n}1/2 into (S2.14) yields

P
(

max
j≤hnsn

‖n−1
n∑
i=1

F̃i(Ẽij − F ′iwj)‖∞ ≤ 2c5{log(npnsn)/n}1/2
)

≥1− 2(pnsn)−2n−4 → 1,

which completes the proof of part 9). To show part 10), note that

max
j≤hnsn

‖n−1
n∑
i=1

F̃i(Ĕij − F ′iwj)‖∞

≤ max
j≤hnsn

‖n−1
n∑
i=1

F̃i(Ẽij − F ′iwj)‖∞ + max
j≤hnsn

‖n−1
n∑
i=1

F̃i(Ĕij − Ẽij)‖∞

≤ max
j≤hnsn

‖n−1
n∑
i=1

F̃i(Ẽij − F ′iwj)‖∞ + ‖Λ̂−1/2Λ1/2 − I‖∞ max
j≤hnsn

‖n−1
n∑
i=1

F̃iẼij‖∞

≤ max
j≤hnsn

‖n−1
n∑
i=1

F̃i(Ẽij − F ′iwj)‖∞ + ‖Λ̂−1/2Λ1/2 − I‖∞·

{‖n−1
n∑
i=1

G̃iG̃
′
i − E(G̃iG̃

′
i)‖∞ + ‖E(G̃iG̃

′
i)‖∞}. (S2.15)



S2. AUXILIARY LEMMAS AND PROOFS

By combining parts 1–9), (A2.1), and (A4.1) with (S2.15), we have that with

probability tending to 1:

max
j≤hnsn

‖n−1
n∑
i=1

F̃i(Ĕij − F ′iwj)‖∞ ≤ c6{log(npnsn)/n}1/2,

for some universal constant c6 > 0, which completes the proof of part 10). To

show part 11), note that

max
j≤hnsn

‖n−1
n∑
i=1

F̆i(Ĕij − F ′iwj)‖∞

≤(2 + ‖Λ̂−1/2Λ1/2 − I‖∞) max
j≤hnsn

‖n−1
n∑
i=1

F̃i(Ẽij − F ′iwj)‖∞. (S2.16)

By combining parts 1–10), (A4.1) with (S2.16), we have that with probability

tending to 1:

max
j≤hnsn

‖n−1
n∑
i=1

F̆i(Ĕij − F ′iwj)‖∞ ≤ c7{log(npnsn)/n}1/2,

for some universal constant c7 > 0, which completes the proof of part 11). To

show part 12), note that for any t > 0,

P
(
‖n−1

n∑
i=1

G̃i‖∞ ≥ t
)

= P
(

max
l≤pnsn

|n−1
n∑
i=1

G̃il| ≥ t
)

≤
pnsn∑
l=1

P
(
|n−1

n∑
i=1

G̃il| ≥ t
)
≤ 2pnsn exp{−n(t/c8)

2}, (S2.17)

for some universal constant c8 > 0, where the last inequality follows from (A2.1)

and Hoeffding’s inequality. Plugging t = c8{log(npnsn)/n}1/2 into (S2.17)
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yields

P
(
‖n−1

n∑
i=1

G̃i‖∞ ≤ c8{log(npnsn)/n}1/2
)
≥ 1− 2n−1 → 1, (S2.18)

which completes the proof of part 12). To show part 13), note that

‖n−1
n∑
i=1

Gi‖∞ ≤ {1 + λmax(Λ
1/2)}‖n−1

n∑
i=1

G̃i‖∞ ≤ c9‖n−1
n∑
i=1

G̃i‖∞,

for some universal constant c9 > 0, where the last inequality is based on (A3.1).

Together with (S2.18), it is obvious that

P
(
‖n−1

n∑
i=1

Gi‖∞ ≤ c8c9{log(npnsn)/n}1/2
)
≥ 1− 2n−1 → 1, (S2.19)

which completes the proof of part 13). To show part 14), note that

‖n−1
n∑
i=1

Ği‖∞ ≤ (2 + ‖Λ̂−1/2Λ1/2 − I‖∞)‖n−1
n∑
i=1

G̃i‖∞.

Together with parts 5) and 12), the assertion in part 14) holds obviously. To

show part 15), note that for any t > 0,

P
(

max
j≤pnsn

max
i≤n
|G̃ij| ≥ t

)
≤

pnsn∑
j=1

n∑
i=1

P
(
|G̃ij| ≥ t

)
≤ 2npnsn exp{−(t/c10)

2}, (S2.20)

for some universal constant c10 > 0, where the last inequality is based on (A2.1).

Plugging t = 2c10{log(npnsn)/n}1/2 into (S2.20) yields

P
(

max
j≤pnsn

max
i≤n
|G̃ij| ≤ 2c10{log(npnsn)/n}1/2

)
≥ 1− 2n−3(pnsn)−3 → 1,
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which completes the proof of part 15). In a similar fashion to part 15), one can

show parts 16). Similar reasoning as part 6) leads to part 17). Part 26) follows

from Holder’s inequality and (A2.1).

Lemma 3. Under conditions (A1), (A2.1), (A2.3), (A3), (A4.1), (A4.3), we have

that with probability tending to 1:

1) maxi≤n |δ∗i | ≤ c1qn log1/2(nqnsn), for some universal constant c1 > 0.

2) maxi≤n |δi| ≤ c2qn log1/2(nqnsn), for some universal constant c2 > 0.

3)
∑n

i=1(
∑qn

j=1

∑∞
k=sn+1 θijkηjk)

2 ≤ c3nq
2
ns
−2δ+1
n , for some universal con-

stant c3 > 0.

4) maxi≤n |
∑qn

j=1

∑∞
k=sn+1 θijkηjk|2 ≤ c4nq

2
ns
−2δ+1
n , for some universal con-

stant c4 > 0.

5) maxi≤n var(εi|Xi) ≤ c5 exp{c5qn log1/2(nqnsn)}, for some universal con-

stant c5 > 0.

6) maxi≤n |εi| ≤ c6 log(n) exp{c6qn log1/2(nqnsn)}, for some universal con-

stant c6 > 0.

7) |n−1
∑n

i=1 εi| ≤ c7{log(n)/n}1/2 exp{c7qn log1/2(nqnsn)}, for some uni-

versal constant c7 > 0.
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8) ‖n−1
∑n

i=1 G̃iεi‖∞ ≤ c8{log2(npnsn)/n}1/2 exp{c8qn log1/2(nqnsn)}, for

some universal constant c8 > 0.

9) ‖n−1
∑n

i=1Giεi‖∞ ≤ c9{log2(npnsn)/n}1/2 exp{c9qn log1/2(nqnsn)}, for

some universal constant c9 > 0.

10) ‖n−1
∑n

i=1 Ğiεi‖∞ ≤ c10{log2(npnsn)/n}1/2 exp{c10qn log1/2(nqnsn)}, for

some universal constant c10 > 0.

11) |n−1
∑n

i=1{Yi−b′(δ∗i )}| ≤ c11[qns
−δ+1/2
n +{log(n)/n}1/2] exp{c11qn log1/2(nqnsn)},

for some universal constant c11 > 0.

12) ‖n−1
∑n

i=1 G̃i{Yi−b′(δ∗i )}‖∞ ≤ c12qns
−δ+1/2
n exp{c12qn log1/2(nqnsn)}+

c12{log2(npnsn)/n}1/2 exp{c12qn log1/2(nqnsn)}, for some universal con-

stant c12 > 0.

13) ‖n−1
∑n

i=1Gi{Yi−b′(δ∗i )}‖∞ ≤ c13qns
−δ+1/2
n exp{c13qn log1/2(nqnsn)}+

c13{log2(npnsn)/n}1/2 exp{c13qn log1/2(nqnsn)}, for some universal con-

stant c13 > 0.

14) ‖n−1
∑n

i=1 Ği{Yi−b′(δ∗i )}‖∞ ≤ c14qns
−δ+1/2
n exp{c14qn log1/2(nqnsn)}+

c14{log2(npnsn)/n}1/2 exp{c14qn log1/2(nqnsn)}, for some universal con-

stant c14 > 0.

Recall that δ∗i = α0 +
∑pn

j=1

∑sn
k=1 θijkηjk and δi = α0 +

∑pn
j=1

∑∞
k=1 θijkηjk.
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Proof. To show part 1), note that with probability tending to 1,

max
i≤n
|δ∗i | ≤ |α0|+ c1{log(nqnsn)}1/2‖Λ1/2η‖1

≤|α0|+ c1{log(nqnsn)}1/2
{
qn(sup

j≤qn

sn∑
k=1

ωjkk
−2δ)1/2(sup

j≤qn

sn∑
k=1

η2jkk
2δ)1/2

}
≤c2qn log1/2(nqnsn), (S2.21)

for some universal constants c1, c2 > 0, where the first inequality holds from

part 18) of Lemma 2, and the last inequality is based on (A3). This completes

the proof of part 1). To show part 3), first note that

E{n−1
n∑
i=1

(

qn∑
j=1

∞∑
k=sn+1

θijkηjk)
2} ≤ n−1qn

n∑
i=1

qn∑
j=1

E(
∞∑

k=sn+1

θijkηjk)
2

≤qn
qn∑
j=1

( ∞∑
k=sn+1

ωjkk
−2δ)( ∞∑

k=sn+1

η2jkk
2δ
)

.q2n
(

sup
j≤qn

∞∑
k=sn+1

ωjkk
−2δ)( sup

j≤qn

∞∑
k=sn+1

η2jkk
2δ
)
. o(q2ns

−2δ+1
n ),

where the last inequality follows from (A3.1), (A3.2) and (A4.3). Together with

Markov inequality yields that with probability tending to 1,

n∑
i=1

(

qn∑
j=1

∞∑
k=sn+1

θijkηjk)
2 ≤ c3nq

2
ns
−2δ+1
n , (S2.22)

for some universal constant c3 > 0, which completes the proof of part 3). Thus,

we have that with probability tending to 1,

max
i≤n
|
qn∑
j=1

∞∑
k=sn+1

θijkηjk|2 ≤
n∑
i=1

(

qn∑
j=1

∞∑
k=sn+1

θijkηjk)
2 ≤ c3nq

2
ns
−2δ+1
n , (S2.23)
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which completes the proof of part 4). To show part 2), note that

max
i≤n
|δi| = max

i≤n
|δ∗i +

qn∑
j=1

∞∑
k=sn+1

θijkηjk| ≤ max
i≤n
|δ∗i |+ max

i≤n
|
qn∑
j=1

∞∑
k=sn+1

θijkηjk|

≤c4qn log1/2(nqnsn), (S2.24)

for some universal constant c4 > 0, with probability tending to 1, where the last

inequality is based on part 1), part 4), and (A4.3). This completes the proof of

part 2). To show part 5), note that

max
i≤n

var(εi|Xi) = max
i≤n

ai(φi)b
′′(δi) ≤ {max

i≤n
ai(φi)} · {max

i≤n
b′′(δi)}

≤{max
i≤n

ai(φi)} · exp{max
i≤n
|δi|} ≤ c5 exp{c5qn log1/2(nqnsn)}, (S2.25)

for some universal constant c5 > 0, with probability tending to 1, where the

second last inequality is by (A1), and the last inequality is by maxi≤n ai(φi) <

∞, and part 2). This completes the proof of part 5). To show part 6), note that

conditional on the data {Xi}ni=1, we have that for any t > 0,

P [max
i≤n
|εi| ≥ t|{Xi}ni=1]

≤
n∑
i=1

P [|εi| ≥ t|{Xi}ni=1] =
n∑
i=1

P (|εi| ≥ t|Xi)

≤2
n∑
i=1

exp(−min[
c−26 t2

{1 + var(εi|Xi)}2
,

c−16 t

1 + var(εi|Xi)
]) + 2

n∑
i=1

exp{− c−26 t2

1 + var(εi|Xi)
}

≤2n exp(−min[
c−26 t2

{1 + maxi≤n var(εi|Xi)}2
,

c−16 t

1 + maxi≤n var(εi|Xi)
])+

2n exp{− c−26 t2

1 + maxi≤n var(εi|Xi)
}, (S2.26)
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for some universal constant c6 > 0, where the first inequality is by union bound

inequality, and the second inequality holds from (A2.3). Plugging t = 2c6{log(n)}{1+

maxi≤n var(εi|Xi)} into (S2.26) yields

P [max
i≤n
|εi| ≤ 2c6{log(n)}{1 + max

i≤n
var(εi|Xi)}|{Xi}ni=1]

≥1− 2n−3 − 2n−1. (S2.27)

Taking expectation on both sides of (S2.27), we obtain

P [max
i≤n
|εi| ≤ 2c6{log(n)}{1 + max

i≤n
var(εi|Xi)}] ≥ 1− 2n−3 − 2n−1.

Together with (S2.25) yields that with probability tending to 1,

max
i≤n
|εi| ≤ c7 log(n) exp{c7qn log1/2(nqnsn)}, (S2.28)

for some universal constant c7 > 0, which finishes the proof of part 6). To show

part 7), note that conditional on the data {Xi}ni=1, we have that for any t > 0,

P [|n−1
n∑
i=1

εi| ≥ t|{Xi}ni=1]

≤2 exp(−nmin[
c−28 t2

{1 + maxi≤n var(εi|Xi)}2
,

c−18 t

1 + maxi≤n var(εi|Xi)
])+

2 exp{− c−28 nt2

1 + maxi≤n var(εi|Xi)
}, (S2.29)

for some universal constant c8 > 0, where the first inequality is based on (A2.3),

Hoeffding’s inequality, and Bernstein’s inequality. Plugging t = c8{log(n)/n}1/2{1+
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maxi≤n var(εi|Xi)} into (S2.29) yields

P [|n−1
n∑
i=1

εi| ≤ c8{log(n)/n}1/2{1 + max
i≤n

var(εi|Xi)}|{Xi}ni=1]

≥1− 4n−1. (S2.30)

Taking expectation on both sides of (S2.30), we obtain

P [|n−1
n∑
i=1

εi| ≤ c8{log(n)/n}1/2{1 + max
i≤n

var(εi|Xi)}] ≥ 1− 4n−1.

Together with (S2.25) yields that with probability tending to 1,

|n−1
n∑
i=1

εi| ≤ c9{log(n)/n}1/2 exp{c9qn log1/2(nqnsn)}, (S2.31)

for some universal constant c9 > 0, which finishes the proof of part 7). To show
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part 8), note that conditional on the data {Xi}ni=1, we have that for any t > 0,

P [‖n−1
n∑
i=1

G̃iεi‖∞ ≥ t|{Xi}ni=1] = P [ max
l≤pnsn

|n−1
n∑
i=1

G̃ilεi| ≥ t|{Xi}ni=1]

≤
pnsn∑
l=1

P [|n−1
n∑
i=1

G̃ilεi| ≥ t|{Xi}ni=1]

≤
pnsn∑
l=1

2 exp[− c−210 nt
2

maxi≤n |G̃il|2{1 + maxi≤n var(εi|Xi)}
]+

pnsn∑
l=1

2 exp(−nmin[
c−210 t

2

maxi≤n |G̃il|2{1 + maxi≤n var(εi|Xi)}2
,

c−110 t

maxi≤n |G̃il|{1 + maxi≤n var(εi|Xi)}
])

≤2pnsn exp[− c−210 nt
2

maxl≤pnsn maxi≤n |G̃il|2{1 + maxi≤n var(εi|Xi)}
]+

2pnsn exp(−nmin[
c−210 t

2

maxl≤pnsn maxi≤n |G̃il|2{1 + maxi≤n var(εi|Xi)}2
,

c−110 t

maxl≤pnsn maxi≤n |G̃il|{1 + maxi≤n var(εi|Xi)}
]), (S2.32)

for some universal constant c10 > 0, where the first inequality is by union bound

inequality, and the second inequality is based on (A2.3), Hoeffding’s inequality,

and Bernstein’s inequality. Plugging t = c10{log(npnsn)/n}1/2 maxl≤pnsn+dn maxi≤n |G̃il|{1+

maxi≤n var(εi|Xi)} into (S2.32) yields

P
(
‖n−1

n∑
i=1

G̃iεi‖∞ ≤ c10{log(npnsn)/n}1/2 max
l≤pnsn+dn

max
i≤n
|G̃il|{1 + max

i≤n
var(εi|Xi)}|

{Xi}ni=1

)
≥ 1− 4n−1. (S2.33)
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Taking expectation on both sides of (S2.33), we obtain

P
(
‖n−1

n∑
i=1

G̃iεi‖∞ ≤ c10{log(npnsn)/n}1/2 max
l≤pnsn

max
i≤n
|G̃il|{1 + max

i≤n
var(εi|Xi)}

)
≥ 1− 4n−1.

Together with (S2.25) and Lemma 2 yields that with probability tending to 1,

‖n−1
n∑
i=1

G̃iεi‖∞ ≤ c11{log2(npnsn)/n}1/2 exp{c11qn log1/2(nqnsn)},

(S2.34)

for some universal constant c11 > 0, which completes the proof of part 8). Part

9) is due to part 8) and (A3.1). Part 10) is based on part 8) and Lemma 2. Before

showing part 11), first note that it follows from mean value theorem that for any

i ≤ n,

b′(δi)− b′(δ∗i ) = b′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk) ·
qn∑
j=1

∞∑
k=sn+1

θijkηjk, (S2.35)

for some ti ∈ [0, 1]. In addition, we have

max
i≤n
|b′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk)| ≤ exp(max
i≤n
|δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk|)

≤ exp(max
i≤n
|δ∗i |) · exp(max

i≤n
|
qn∑
j=1

∞∑
k=sn+1

θijkηjk|)

≤c12 exp{c12qn log1/2(nqnsn)}, (S2.36)

for some universal constant c12 > 0, with probability tending to 1, where the first

inequality holds from (A1), and the last inequality is based on (S2.21), (S2.23),
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and (A4.3). To this end, note that

|n−1
n∑
i=1

{Yi − b′(δ∗i )}| = |n−1
n∑
i=1

{εi + b′(δi)− b′(δ∗i )}|

≤|n−1
n∑
i=1

εi|+ |n−1
n∑
i=1

{b′(δi)− b′(δ∗i )}|

=|n−1
n∑
i=1

εi|+ |n−1
n∑
i=1

b′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk) ·
qn∑
j=1

∞∑
k=sn+1

θijkηjk|

≤|n−1
n∑
i=1

εi|+ {max
i≤n
|b′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk)|} · {n−1
n∑
i=1

(

qn∑
j=1

∞∑
k=sn+1

θijkηjk)
2}1/2

≤c13[qns−δ+1/2
n + {log(n)/n}1/2] exp{c13qn log1/2(nqnsn)}, (S2.37)

for some universal constant c13 > 0, with probability tending to 1, where the

second equality holds from (S2.35), and the last inequality is based on (S2.31),

(S2.36), and (S2.22). This completes the proof of part 11). To show part 12),

note that

‖n−1
n∑
i=1

G̃i{Yi − b′(δ∗i )}‖∞ ≤ ‖n−1
n∑
i=1

G̃iεi‖∞ + ‖n−1
n∑
i=1

G̃i{b′(δi)− b′(δ∗i )}‖∞

=‖n−1
n∑
i=1

G̃iεi‖∞ + max
l≤pnsn

|n−1
n∑
i=1

G̃ilb
′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk) ·
qn∑
j=1

∞∑
k=sn+1

θijkηjk|

≤‖n−1
n∑
i=1

G̃iεi‖∞ + {max
l≤pnsn

n−1
n∑
i=1

G̃2
il}1/2 · {n−1

n∑
i=1

(

qn∑
j=1

∞∑
k=sn+1

θijkηjk)
2}1/2

·max
i≤n
|b′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk)|. (S2.38)

For the term maxl≤pnsn n
−1∑n

i=1 G̃
2
il, it follows from Lemma 2, (A2.1), and
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(A4.1) that with probability tending to 1,

max
l≤pnsn

n−1
n∑
i=1

G̃2
il ≤ c14, (S2.39)

for some universal constant c14 > 0. By combining (S2.39), (S2.36), (S2.22),

(S2.34) with (S2.38), it can be deduced that with probability tending to 1,

‖n−1
n∑
i=1

G̃i{Yi − b′(δ∗i )}‖∞ ≤ c15qns
−δ+1/2
n exp{c15qn log1/2(nqnsn)}+

c15{log2(npnsn)/n}1/2 exp{c15qn log1/2(nqnsn)}, (S2.40)

for some universal constant c15 > 0, which completes the proof of part 12).

Piecing (S2.40) and (A3.1) together yields part 13). Finally, part 14) holds from

(S2.40) and Lemma 2.

Lemma 4. Under conditions (A2.1), (A3.1), (A3.3), (A4.1)-(A4.2) and (B1)-

(B5), we have that with probability tending to 1:

1)
∑pn

j=1 ‖Θj(ηj − η∗j )‖22 ≤ c1n‖ν̃‖22, for some universal constant c1 > 0.

2) ‖ν̃‖1 ≤ c2n
−1/2s

1/2
n

∑pn
j=1 ‖Θj(ηj − η∗j )‖2, for some universal constant

c2 > 0.

3) λn‖ν̃‖1 ≤ c3s
1/2
n n1/18{Pλn(η∗)+Pλn(η)+n−1/9‖ν̃‖22}, for some universal

constant c3 > 0.

Recall that η∗ is the true η, and ν̃ = Λ1/2(η − η∗).
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Proof. First of all, note that with probability tending to 1,

pn∑
j=1

‖Θj(ηj − η∗j )‖22

=

pn∑
j=1

{Λ1/2
j (ηj − η∗j )}′{Λ

−1/2
j Θj

′ΘjΛ
−1/2
j − E(Λ

−1/2
j Θj

′ΘjΛ
−1/2
j )}{Λ1/2

j (ηj − η∗j )}+

pn∑
j=1

{Λ1/2
j (ηj − η∗j )}′E(Λ

−1/2
j Θj

′ΘjΛ
−1/2
j ){Λ1/2

j (ηj − η∗j )}

≤n{λmax(E(G̃iG̃
′
i)) + sn‖n−1

n∑
i=1

G̃iG̃
′
i − E(G̃iG̃

′
i)‖∞} ·

pn∑
j=1

‖Λ1/2
j (ηj − η∗j )‖22

≤c1n[1 + {s2n log(npnsn)/n}1/2] · ‖ν̃‖22 ≤ c2n‖ν̃‖22, (S2.41)

for some universal constants c1, c2 > 0, where the second last inequality follows

from (A3.3) and Lemma 2, and the last inequality is by (A4.2). This completes

the proof of part 1). To show part 2), note that with probability tending to 1,

‖ν̃‖1 =

pn∑
j=1

‖Λ1/2
j (ηj − η∗j )‖1 ≤ s1/2n

pn∑
j=1

[
{Λ1/2

j (ηj − η∗j )}′{Λ
1/2
j (ηj − η∗j )}

]1/2
≤s1/2n {λmin(E(G̃iG̃

′
i))}−1/2

pn∑
j=1

[
{Λ1/2

j (ηj − η∗j )}′{n−1E(Λ
−1/2
j ΘjΘjΛ

−1/2
j )}{Λ1/2

j (ηj − η∗j )}
]1/2

≤c3s1/2n

pn∑
j=1

[
{Λ1/2

j (ηj − η∗j )}′{n−1E(Λ
−1/2
j ΘjΘjΛ

−1/2
j )}{Λ1/2

j (ηj − η∗j )}
]1/2

≤c3n−1/2s1/2n

pn∑
j=1

‖Θj(ηj − η∗j )‖2 + c3s
1/2
n ‖n−1

n∑
i=1

G̃iG̃
′
i − E(G̃iG̃

′
i)‖1/2∞ ‖ν̃‖1

≤c3n−1/2s1/2n

pn∑
j=1

‖Θj(ηj − η∗j )‖2 + c4{s2n log(npnsn)/n}1/4‖ν̃‖1,

for some universal constants c3, c4 > 0, where the third inequality follows from

(A3.3), and the last inequality is based on Lemma 2. Together with the fact that
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s2n log(npnsn)/n→ 0 under (A4.2), it is seen that with probability tending to 1,

‖ν̃‖1 . n−1/2s1/2n

pn∑
j=1

‖Θj(ηj − η∗j )‖2, (S2.42)

which completes the proof of part 2). To show part 3), note that with probability

tending to 1,

λn‖ν̃‖1 .s1/2n n1/18λnL

pn∑
j=1

n−5/9‖Θj(ηj − η∗j )‖2

.s1/2n n1/18{
pn∑
j=1

ρλn(n−5/9‖Θj(ηj − η∗j )‖2) + 2−1µn−10/9
pn∑
j=1

‖Θj(ηj − η∗j )‖22}

.s1/2n n1/18{Pλn(η∗) + Pλn(η) + n−1/9‖ν̃‖22},

where the first inequality holds from (S2.42), the second inequality is based on

part 3) of Lemma 1, and the last inequality follows from the subadditivity of

ρλ(·) and (S2.41). This completes the proof of part 3).

Lemma 5. Let X1, X2, . . . , Xn be centered independent random vectors, with

each Xi = (Xi1, . . . , Xip)
′ ∈ Rp. Then, we have parts 1)–2) below,

1) Assume the following conditions (a)–(c):

(a) minj≤p n
−1∑n

i=1E(X2
ij) ≥ c1, for some universal constant c1 > 0.

(b) There exists a sequence of constants un ≥ 1 such that all Xij are sub-

exponential with variance proxy un.

(c) u6n log9(np)/n→ 0.
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Then, under (a)–(c), we have:

lim
n→∞

sup
A∈ARe

|P (V ∈ A)− Pe(Ve ∈ A)| = 0,

with V = n−1/2
∑n

i=1Xi and Ve = n−1/2
∑n

i=1 eiXi where e = {e1, . . . , en}

is a set of i.i.d standard normals independent of the data, and Pe(·) means the

probability with respect to e only. The set ARe consists of all hyperrectangles A

of the form A = {ω ∈ Rp : aj ≤ ωj ≤ bj, j ≤ p} for some −∞ ≤ aj ≤ bj ≤ ∞

for all j ≤ p. Further assume that there exist statistics V̂ and V̂e in Rp satisfying

conditions (d)–(e):

(d) There exists a sequence of constants an > 0 such that

P (‖V̂ − V ‖∞ ≥ an)→ 0, Pe(‖V̂e − Ve‖∞ ≥ an)
p→ 0.

(e) The sequence an in (d) also satisfies

a2n max{1, log(p/an)} → 0.

Then, under (a)–(e), we have:

lim
n→∞

sup
A∈ARe

|P (V̂ ∈ A)− Pe(V̂e ∈ A)| = 0.

2) Assume the following conditions (a’)–(c’):

(a’) minj≤p n
−1∑n

i=1E(X2
ij) ≥ c1, for some universal constant c1 > 0.

(b’) There exists a sequence of constants vn ≥ 1 such that all Xij are sub-

gaussian with variance proxy vn.



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

(c’) v3n log9(np)/n→ 0.

Then, under (a’)–(c’), we have:

lim
n→∞

sup
A∈ARe

|P (V ∈ A)− Pe(Ve ∈ A)| = 0.

Further assume that there exist statistics V̂ and V̂e in Rp satisfying conditions

(d’)–(e’):

(d’) There exists a sequence of constants an > 0 such that

P (‖V̂ − V ‖∞ ≥ an)→ 0, Pe(‖V̂e − Ve‖∞ ≥ an)
p→ 0.

(e’) The sequence an in (d’) also satisfies

a2n max{1, log(p/an)} → 0.

Then, under (a’)–(e’), we have:

lim
n→∞

sup
A∈ARe

|P (V̂ ∈ A)− Pe(V̂e ∈ A)| = 0.

Proof. Similar to the Lemma H.7 in Ning and Liu (2017), this is adapted from

Chernozhukov et al. (2013) and Chernozhukov et al. (2017).

Next, we state Lemma 6, which is on the property of ŵ.

Lemma 6. Under conditions (A2.1), (A3.1), (A3.3), (A4.1), (A5.3) and (A5.4),

we have
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1) There is a universal constant c1 > 0 such that:

P
[

max
j≤hnsn

‖n−1
n∑
i=1

F̆iF
′
i (ŵj − wj)‖∞ ≤ c1{log(npnsn)/n}1/2

]
→ 1,

P
[

max
j≤hnsn

‖n−1
n∑
i=1

F̃iF
′
i (ŵj − wj)‖∞ ≤ c1{log(npnsn)/n}1/2

]
→ 1.

2) There is a universal constant c2 > 0 such that:

P
[ hnsn⋂
j=1

{
‖Λ̂1/2
Hc

n
(ŵj − wj)‖2 ≤ c2{ρnj log(npnsn)/n}1/2

}]
→ 1,

P
[

max
j≤hnsn

‖Λ̂1/2
Hc

n
(ŵj − wj)‖2 ≤ c2{ρn log(npnsn)/n}1/2

]
→ 1.

3) There is a universal constant c3 > 0 such that:

P
[ hnsn⋂
j=1

{
‖Λ̂1/2
Hc

n
(ŵj − wj)‖1 ≤ c3{ρ2nj log(npnsn)/n}1/2

}]
→ 1,

P
[

max
j≤hnsn

‖Λ̂1/2
Hc

n
(ŵj − wj)‖1 ≤ c3{ρ2n log(npnsn)/n}1/2

]
→ 1.

Proof. By the definition of ŵ in (3.8) of the main paper, it holds true for all

j ≤ hnsn that

(2n)−1
n∑
i=1

(Ĕij − F ′i ŵj)2 + λ∗n‖Λ̂
1/2
Hc

n
ŵj‖1 ≤ (2n)−1

n∑
i=1

(Ĕij − F ′iwj)2 + λ∗n‖Λ̂
1/2
Hc

n
wj‖1,

which implies that for all j ≤ hnsn,

0 ≤(ŵj − wj)′{(2n)−1
n∑
i=1

FiF
′
i}(ŵj − wj) ≤ ‖n−1

n∑
i=1

F̆i(Ĕij − F ′iwj)‖∞ · ‖Λ̂
1/2
Hc

n
(ŵj − wj)‖1

+ λ∗n‖Λ̂
1/2
Hc

n
wj‖1 − λ∗n‖Λ̂

1/2
Hc

n
ŵj‖1. (S2.43)
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Now, we denote Sj = {l : wjl 6= 0} as the support set of wj , whose complement

is Scj = {1, . . . , (pn − hn)sn}/Sj . For any vector v = (v1, . . . , v(pn−hn)sn)′,

we write the vector vSj as restricting v to Sj . Then, it follows from triangle

inequality that for all j ≤ hnsn,

‖Λ̂1/2
Hc

n
ŵj‖1 = ‖

(
Λ̂

1/2
Hc

n
ŵj
)
Sj
‖1 + ‖

(
Λ̂

1/2
Hc

n
ŵj
)
Scj
‖1

≥‖Λ̂1/2
Hc

n
wj‖1 − ‖

(
Λ̂

1/2
Hc

n
(ŵj − wj)

)
Sj
‖1 + ‖

(
Λ̂

1/2
Hc

n
ŵj
)
Scj
‖1.

Together with (S2.43) yields that for all j ≤ hnsn,

0 ≤(ŵj − wj)′{(2n)−1
n∑
i=1

FiF
′
i}(ŵj − wj) (S2.44)

≤{λ∗n + ‖n−1
n∑
i=1

F̆i(Ĕij − F ′iwj)‖∞} · ‖
(
Λ̂

1/2
Hc

n
(ŵj − wj)

)
Sj
‖1−

{λ∗n − ‖n−1
n∑
i=1

F̆i(Ĕij − F ′iwj)‖∞} · ‖
(
Λ̂

1/2
Hc

n
(ŵj − wj)

)
Scj
‖1

≤{λ∗n + max
l≤hnsn

‖n−1
n∑
i=1

F̆i(Ĕil − F ′iwl)‖∞} · ‖
(
Λ̂

1/2
Hc

n
(ŵj − wj)

)
Sj
‖1−

{λ∗n − max
l≤hnsn

‖n−1
n∑
i=1

F̆i(Ĕil − F ′iwl)‖∞} · ‖
(
Λ̂

1/2
Hc

n
(ŵj − wj)

)
Scj
‖1.

Based on Lemma 2, there is a universal constant c1 > 0 such that with probabil-

ity tending to 1:

max
j≤hnsn

‖n−1
n∑
i=1

F̆i(Ĕij − F ′iwj)‖∞ ≤ c1{log(npnsn)/n}1/2.

By choosing K1 ≥ 2c1 in (A5.3), we have that with probability tending to 1:

max
j≤hnsn

‖n−1
n∑
i=1

F̆i(Ĕij − F ′iwj)‖∞ ≤ 2−1λ∗n. (S2.45)
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It follows from (S2.44) and (S2.45) that

P
[ hnsn⋂
j=1

{
‖
(
Λ̂

1/2
Hc

n
(ŵj − wj)

)
Scj
‖1 ≤ 3‖

(
Λ̂

1/2
Hc

n
(ŵj − wj)

)
Sj
‖1
}]
→ 1,

which further implies that

P
[ hnsn⋂
j=1

{
‖Λ̂1/2
Hc

n
(ŵj − wj)‖1 ≤ 4ρ

1/2
nj ‖Λ̂

1/2
Hc

n
(ŵj − wj)‖2

}]
→ 1. (S2.46)

Based on (3.10) of the main paper and the Karush-Kuhn-Tucker condition, it is

seen that

max
j≤hnsn

‖n−1
n∑
i=1

F̆i(Ĕij − F ′i ŵj)‖∞ ≤ λ∗n. (S2.47)

To bound the term maxj≤hnsn ‖n−1
∑n

i=1 F̆iF
′
i (ŵj − wj)‖∞, note that

max
j≤hnsn+kn

‖n−1
n∑
i=1

F̆iF
′
i (ŵj − wj)‖∞

≤ max
j≤hnsn

‖n−1
n∑
i=1

F̆i(Ĕij − F ′i ŵj)‖∞ + max
j≤hnsn

‖n−1
n∑
i=1

F̆i(Ĕij − F ′iwj)‖∞

≤3λ∗n/2 ≤ (3K2/2) · {log(npnsn)/n}1/2, (S2.48)

with probability tending to 1, where the second inequality follows from (S2.45)

and (S2.47), and the last inequality holds from (A5.3). Together with Lemma 2,

it can be deduced that with probability tending to 1:

max
j≤hnsn

‖n−1
n∑
i=1

F̃iF
′
i (ŵj − wj)‖∞ ≤ (3K2) · {log(npnsn)/n}1/2.
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This finishes the proof of part 1). To show part 2), first note that for all j ≤ hnsn,

0 ≤(ŵj − wj)′(n−1
n∑
i=1

FiF
′
i )(ŵj − wj) = {Λ̂1/2

Hc
n
(ŵj − wj)}′n−1

n∑
i=1

F̆iF
′
i (ŵj − wj)

≤‖n−1
n∑
i=1

F̆iF
′
i (ŵj − wj)‖∞ · ‖Λ̂

1/2
Hc

n
(ŵj − wj)‖1.

Together with (S2.46) and (S2.48) yields

P
[ hnsn⋂
j=1

{
(ŵj − wj)′(n−1

n∑
i=1

FiF
′
i )(ŵj − wj) ≤ 6K2{ρnj log(npnsn)/n}1/2

‖Λ̂1/2
Hc

n
(ŵj − wj)‖2

}]
→ 1. (S2.49)

Also note that for all j ≤ hnsn,

(ŵj − wj)′(n−1
n∑
i=1

FiF
′
i )(ŵj − wj)

={Λ̂1/2
Hc

n
(ŵj − wj)}′E(F̃iF̃

′
i ){Λ̂

1/2
Hc

n
(ŵj − wj)}−

{Λ̂1/2
Hc

n
(ŵj − wj)}′{E(F̃iF̃

′
i )− n−1

n∑
i=1

F̆iF̆
′
i}{Λ̂

1/2
Hc

n
(ŵj − wj)}

≥λmin(E(F̃iF̃
′
i ))‖Λ̂

1/2
Hc

n
(ŵj − wj)‖22 − ‖n−1

n∑
i=1

F̆iF̆
′
i − E(F̃iF̃

′
i )‖∞‖Λ̂

1/2
Hc

n
(ŵj − wj)‖21

≥c2‖Λ̂1/2
Hc

n
(ŵj − wj)‖22 − ‖n−1

n∑
i=1

F̆iF̆
′
i − E(F̃iF̃

′
i )‖∞‖Λ̂

1/2
Hc

n
(ŵj − wj)‖21,

for some universal constant c2 > 0, where the last inequality is by (A3.3). To-

gether with Lemma 2, (S2.46), and (A5.4), it can be deduced that

P
[ hnsn⋂
j=1

{
(ŵj − wj)′(n−1

n∑
i=1

FiF
′
i )(ŵj − wj) ≥ 2−1c2‖Λ̂1/2

Hc
n
(ŵj − wj)‖22

}]
→ 1.
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Together with (S2.49) yields

P
[ hnsn⋂
j=1

{
‖Λ̂1/2
Hc

n
(ŵj − wj)‖2 ≤ 12c−12 K2{ρnj log(npnsn)/n}1/2

}]
→ 1,

(S2.50)

which further implies that

P
[

max
j≤hnsn

‖Λ̂1/2
Hc

n
(ŵj − wj)‖2 ≤ 12c−12 K2{ρn log(npnsn)/n}1/2

]
→ 1.

This completes the proof of part 2). By combining (S2.50) with (S2.46), it can

be deduced that

P
[ hnsn⋂
j=1

{
‖Λ̂1/2
Hc

n
(ŵj − wj)‖1 ≤ 48c−12 K2{ρ2nj log(npnsn)/n}1/2

}]
→ 1,

which further implies that

P
[

max
j≤hnsn

‖Λ̂1/2
Hc

n
(ŵj − wj)‖1 ≤ 48c−12 K2{ρ2n log(npnsn)/n}1/2

]
→ 1.

This completes the proof of part 3).

Next, we state Lemma 7 as follows.

Lemma 7. Under conditions (A1)–(A5) and (B1)–(B5), we have
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1) There is a universal constant c1 > 0 that with probability tending to 1:

max
l≤hnsn

|n−1/2
n∑
i=1

(Sil − S∗il)|

≤c1n−1/2ρn{log(npnsn)}3/2 exp{c1qn log1/2(nqnsn)}+

c1n
1/2qns

−δ+1/2
n exp{c1qn log1/2(nqnsn)}+

c1λnn
−1/18s1/2n qn{log(npnsn)}1/2 exp{c1qn log1/2(nqnsn)}+

c1λ
2
nn

7/18qn{log(npnsn)}1/2 exp{c1qn log1/2(nqnsn)}+

c1λnn
−1/18ρ1/2n q1/2n {log(npnsn)}1/2 exp{c1qn log1/2(nqnsn)}.

2) There is a universal constant c2 > 0 that with probability tending to 1:

max
l≤hnsn

n−1
n∑
i=1

(Ŝil − S∗il)2

≤c2q2ns−2δ+1
n {log(npnsn)} exp{c2qn log1/2(nqnsn)}+

c2λ
2
nn
−1/9qn{log(npnsn)} exp{c2qn log1/2(nqnsn)}+

c2n
−1ρn log2(n){log(npnsn)} exp{c2qn log1/2(nqnsn)}.

3) There is a universal constant c3 > 0 that with probability tending to 1:

max
l≤hnsn

n−1
n∑
i=1

Ŝ2
il ≤ c3 log2(n) exp{c3qn log1/2(nqnsn)}.
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Proof. First of all, it follows from triangle inequality that

max
l≤hnsn

|n−1/2
n∑
i=1

(Sil − S∗il)|

≤∆1 + ∆2 + ∆3 + ∆4 + ∆5 + ∆6 + ∆7 + ∆8, (S2.51)

where

∆1 = n−1/2 max
l≤hnsn

|(ŵl − wl)′
n∑
i=1

Fiεi|,

∆2 = n−1/2 max
l≤hnsn

|
n∑
i=1

(Ẽil − Ĕil)εi|,

∆3 = n−1/2 max
l≤hnsn

|
n∑
i=1

(w′lFi − Ẽil){b′(α0 +

pn∑
j=1

∞∑
k=1

θijkηjk)− b′(α0 +

pn∑
j=1

sn∑
k=1

θijkηjk)}|,

∆4 = n−1/2 max
l≤hnsn

|(ŵl − wl)′
n∑
i=1

Fi{b′(α0 +

pn∑
j=1

∞∑
k=1

θijkηjk)− b′(α0 +

pn∑
j=1

sn∑
k=1

θijkηjk)}|,

∆5 = n−1/2 max
l≤hnsn

|
n∑
i=1

(Ẽil − Ĕil){b′(α0 +

pn∑
j=1

∞∑
k=1

θijkηjk)− b′(α0 +

pn∑
j=1

sn∑
k=1

θijkηjk)}|,

∆6 = n−1/2 max
l≤hnsn

|
n∑
i=1

(w′lFi − Ẽil){b′(α̂0 + E ′iηHn + F ′i η̂Hc
n
)− b′(α0 + E ′iηHn + F ′iηHc

n
)}|,

∆7 = n−1/2 max
l≤hnsn

|(ŵl − wl)′
n∑
i=1

Fi{b′(α̂0 + E ′iηHn + F ′i η̂Hc
n
)− b′(α0 + E ′iηHn + F ′iηHc

n
)}|,

∆8 = n−1/2 max
l≤hnsn

|
n∑
i=1

(Ẽil − Ĕil){b′(α̂0 + E ′iηHn + F ′i η̂Hc
n
)− b′(α0 + E ′iηHn + F ′iηHc

n
)}|.
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To bound ∆1, note that

∆1 =n1/2 max
l≤hnsn

|{Λ̂1/2
Hc

n
(ŵl − wl)}′n−1

n∑
i=1

F̆iεi|

≤n1/2‖n−1
n∑
i=1

F̆iεi‖∞ · max
l≤hnsn

‖Λ̂1/2
Hc

n
(ŵl − wl)‖1

≤c1n−1/2ρn{log(npnsn)}3/2 exp{c1qn log1/2(nqnsn)}, (S2.52)

for some universal constant c1 > 0, with probability tending to 1, where the

first inequality is by Holder’s inequality, and the last inequality follows from

Lemma 3 and Lemma 6. To bound ∆2, note that

∆2 ≤ n1/2‖Λ1/2Λ̂−1/2 − I‖∞ · ‖n−1
n∑
i=1

G̃iεi‖∞

≤ c2n
−1/2{log(npnsn)}3/2 exp{c2qn log1/2(nqnsn)}, (S2.53)

for some universal constant c2 > 0, with probability tending to 1, where the

last inequality is based on Lemma 2 and Lemma 3. To bound ∆3, recall that
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δ∗i = α0 +
∑pn

j=1

∑sn
k=1 θijkηjk and δi = α0 +

∑pn
j=1

∑∞
k=1 θijkηjk, we have

∆3 =n−1/2 max
l≤hnsn

|
n∑
i=1

(w′lFi − Ẽil){b′(δi)− b′(δ∗i )}|

=n−1/2 max
l≤hnsn

|
n∑
i=1

(w′lFi − Ẽil)(
qn∑
j=1

∞∑
k=sn+1

θijkηjk)b
′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk)|

≤{ max
l≤hnsn

n−1
n∑
i=1

(w′lFi − Ẽil)2}1/2 · {
n∑
i=1

(

qn∑
j=1

∞∑
k=sn+1

θijkηjk)
2}1/2

·max
i≤n
|b′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk)|

≤c3n1/2qns
−δ+1/2
n exp{c3qn log1/2(nqnsn)}, (S2.54)

for some universal constant c3 > 0, with probability tending to 1, where the

second equality holds from (S2.35), and the last inequality is based on (S2.36),

Lemma 2, Lemma 3, and (A2.1). To bound ∆4, note that

∆4 =n−1/2 max
l≤hnsn

|(ŵl − wl)′
n∑
i=1

Fi{b′(δi)− b′(δ∗i )}|

=n−1/2 max
l≤hnsn

|(ŵl − wl)′
n∑
i=1

Fi(

qn∑
j=1

∞∑
k=sn+1

θijkηjk)b
′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk)|

≤{ max
l≤hnsn

(ŵl − wl)′(n−1
n∑
i=1

FiF
′
i )(ŵl − wl)}1/2 · {

n∑
i=1

(

qn∑
j=1

∞∑
k=sn+1

θijkηjk)
2}1/2

·max
i≤n
|b′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk)|, (S2.55)

where the second equality is based on (S2.35). For the term maxl≤hnsn(ŵl −
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wl)
′(n−1

∑n
i=1 FiF

′
i )(ŵl − wl), note that

max
l≤hnsn

(ŵl − wl)′(n−1
n∑
i=1

FiF
′
i )(ŵl − wl)

≤ max
l≤hnsn

‖n−1
n∑
i=1

F̆iF
′
i (ŵl − wl)‖∞ · max

l≤hnsn
‖Λ̂1/2
Hc

n
(ŵl − wl)‖1

.n−1ρn log(npnsn), (S2.56)

with probability tending to 1, where the last inequality holds from Lemma 6. By

combining (S2.56), (S2.36), Lemma 3 with (S2.55), we have

∆4 ≤ c4ρ
1/2
n qns

−δ+1/2
n {log(npnsn)}1/2 exp{c4qn log1/2(nqnsn)}, (S2.57)

for some universal constant c4 > 0, with probability tending to 1. To bound ∆5,

note that

∆5 = n−1/2 max
l≤hnsn

|
n∑
i=1

(Ẽil − Ĕil){b′(δi)− b′(δ∗i )}|

=n−1/2 max
l≤hnsn

|
n∑
i=1

(Ẽil − Ĕil)(
qn∑
j=1

∞∑
k=sn+1

θijkηjk)b
′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk)|

≤{ max
l≤hnsn

n−1
n∑
i=1

(Ẽil − Ĕil)2}1/2 · {
n∑
i=1

(

qn∑
j=1

∞∑
k=sn+1

θijkηjk)
2}1/2 ·max

i≤n
|b′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk)|

≤‖Λ1/2Λ̂−1/2 − I‖∞ · {max
l≤pnsn

n−1
n∑
i=1

G̃2
il}1/2 · {

n∑
i=1

(

qn∑
j=1

∞∑
k=sn+1

θijkηjk)
2}1/2

·max
i≤n
|b′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk)|

≤c5qns−δ+1/2
n {log(npnsn)}1/2 exp{c5qn log1/2(nqnsn)}, (S2.58)

for some universal constant c5 > 0, with probability tending to 1, where the sec-
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ond equality is by (S2.35), and the last inequality is based on (S2.36), Lemma 2,

Lemma 3, and (A2.1). It follows from mean value theorem that

b′(α̂0 + E ′iηHn + F ′i η̂Hc
n
)− b′(α0 + E ′iηHn + F ′iηHc

n
)

=b′′(δ∗i + t̄i(α̂0 − α0) + t̄iF
′
i (η̂Hc

n
− ηHc

n
)) · {(α̂0 − α0) + F ′i (η̂Hc

n
− ηHc

n
)},

(S2.59)

for some t̄i ∈ [0, 1]. In addition, we have

max
i≤n
|b′′(δ∗i + t̄i(α̂0 − α0) + t̄iF

′
i (η̂Hc

n
− ηHc

n
))|

≤ exp{max
i≤n
|δ∗i + t̄i(α̂0 − α0) + t̄iF

′
i (η̂Hc

n
− ηHc

n
)|}

≤ exp(max
i≤n
|δ∗i |) · exp{|α̂0 − α0|+ max

i≤n
max
l≤pnsn

|G̃il| · ‖Λ1/2(η̂ − η)‖1}

≤c6 exp{c6qn log1/2(nqnsn)}, (S2.60)

for some universal constant c6 > 0, with probability tending to 1, where the first

inequality is by (A1), and the last inequality is based on Lemma 2, Lemma 3,

and Theorem 1. Moreover, we have that for every i ≤ n,

|b′′(δ∗i + t̄i(α̂0 − α0) + t̄iF
′
i (η̂Hc

n
− ηHc

n
))− b′′(δ∗i )|

≤ exp(3 max
i≤n
|δ∗i |) · exp(3|α̂0 − α0|) · exp{3 max

i≤n
|F ′i (η̂Hc

n
− ηHc

n
)|} · |(α̂0 − α0) + F ′i (η̂Hc

n
− ηHc

n
)|

≤ exp(3 max
i≤n
|δ∗i |) · exp(3|α̂0 − α0|) · exp{3 max

i≤n
max
l≤pnsn

|G̃il| · ‖Λ1/2(η̂ − η)‖1}·

|(α̂0 − α0) + F ′i (η̂Hc
n
− ηHc

n
)|,

where the first inequality is by (A1). Together with Lemma 2, Lemma 3, and
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Theorem 1, it can be deduced that there is a universal constant c7 > 0 such that

P
[
∩ni=1

{
|b′′(δ∗i + t̄i(α̂0 − α0) + t̄iF

′
i (η̂Hc

n
− ηHc

n
))− b′′(δ∗i )| ≤

c7 exp{c7qn log1/2(nqnsn)}|(α̂0 − α0) + F ′i (η̂Hc
n
− ηHc

n
)|
}]
→ 1. (S2.61)

To bound ∆6, note that

∆6 = n−1/2 max
l≤hnsn

|
n∑
i=1

(w′lFi − Ẽil)b′′(δ∗i + t̄i(α̂0 − α0) + t̄iF
′
i (η̂Hc

n
− ηHc

n
)){(α̂0 − α0) + F ′i (η̂Hc

n
− ηHc

n
)}|

≤ Ω1 + Ω2, (S2.62)

where the first equality is by (S2.59), and

Ω1 =n−1/2 max
l≤hnsn

|
n∑
i=1

(w′lFi − Ẽil)b′′(δ∗i ){(α̂0 − α0) + F ′i (η̂Hc
n
− ηHc

n
)}|,

Ω2 =n−1/2 max
l≤hnsn

|
n∑
i=1

(w′lFi − Ẽil){b′′(δ∗i + t̄i(α̂0 − α0) + t̄iF
′
i (η̂Hc

n
− ηHc

n
))− b′′(δ∗i )}·

{(α̂0 − α0) + F ′i (η̂Hc
n
− ηHc

n
)}|.

To bound Ω1, note that

Ω1 ≤n1/2 max
l≤hnsn

‖n−1
n∑
i=1

(
F̃i
1

)
(wl
′Fi − Ẽil)b′′(δ∗i )‖∞{|α̂0 − α0|+ ‖Λ1/2(η̂ − η)‖1}

≤c8n1/2 max
i≤n

b′′(δ∗i ) · max
l≤hnsn

‖n−1
n∑
i=1

(
F̃i
1

)
(wl
′Fi − Ẽil)‖∞ · {|α̂0 − α0|+ ‖Λ1/2(η̂ − η)‖1}

≤c8n1/2 exp(max
i≤n
|δ∗i |) · max

l≤hnsn
‖n−1

n∑
i=1

(
F̃i
1

)
(wl
′Fi − Ẽil)‖∞ · {|α̂0 − α0|+ ‖Λ1/2(η̂ − η)‖1}

≤c9λnn−1/18s1/2n qn{log(npnsn)}1/2 exp{c9qn log1/2(nqnsn)}, (S2.63)
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for some universal constants c8, c9 > 0, with probability tending to 1, where

the second inequality is by (A2), the third inequality is by (A1), and the last

inequality is due to Lemma 2, Lemma 3, and Theorem 1. To bound Ω2, note that

Ω2 ≤c7n1/2 exp{c7qn log1/2(nqnsn)} max
l≤hnsn

n∑
i=1

n−1|w′lFi − Ẽil|{(α̂0 − α0) + F ′i (η̂Hc
n
− ηHc

n
)}2

≤2c7n
1/2 exp{c7qn log1/2(nqnsn)} · ( max

l≤hnsn
max
i≤n
|w′lFi − Ẽil|)·

{(α̂0 − α0)
2 + (η̂Hc

n
− ηHc

n
)′(n−1

n∑
i=1

FiF
′
i )(η̂Hc

n
− ηHc

n
)}, (S2.64)

with probability tending to 1, where the first inequality is by (S2.61). To bound

the term (η̂Hc
n
− ηHc

n
)′(n−1

∑n
i=1 FiF

′
i )(η̂Hc

n
− ηHc

n
), note that

(η̂Hc
n
− ηHc

n
)′(n−1

n∑
i=1

FiF
′
i )(η̂Hc

n
− ηHc

n
)

={Λ1/2
Hc

n
(η̂Hc

n
− ηHc

n
)}′{n−1

n∑
i=1

F̃iF̃
′
i − E(F̃1F̃

′
1)}{Λ

1/2
Hc

n
(η̂Hc

n
− ηHc

n
)}+

{Λ1/2
Hc

n
(η̂Hc

n
− ηHc

n
)}′E(F̃1F̃

′
1){Λ

1/2
Hc

n
(η̂Hc

n
− ηHc

n
)}

≤λmax(E(F̃1F̃
′
1)) · ‖Λ1/2(η̂ − η)‖22 + ‖n−1

n∑
i=1

F̃iF̃
′
i − E(F̃1F̃

′
1)‖∞ · ‖Λ1/2(η̂ − η)‖21

≤c10λ2nqnn−1/9, (S2.65)

for some universal constants c10 > 0, with probability tending to 1, where the

last inequality is based on (A3.3), Lemma 2, and Theorem 1. By combining

(S2.65), Lemma 2, Theorem 1 with (S2.64), it can be deduced that

Ω2 ≤ c11λ
2
nn

7/18qn{log(npnsn)}1/2 exp{c11qn log1/2(nqnsn)}, (S2.66)
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for some universal constants c11 > 0, with probability tending to 1. By combin-

ing (S2.66), (S2.63) with (S2.62), it can be deduced that

∆6 ≤c12λnn−1/18s1/2n qn{log(npnsn)}1/2 exp{c12qn log1/2(nqnsn)}+

c12λ
2
nn

7/18qn{log(npnsn)}1/2 exp{c12qn log1/2(nqnsn)}, (S2.67)

for some universal constants c12 > 0, with probability tending to 1. To bound

∆7, note that

∆7

=n−1/2 max
l≤hnsn

|(ŵl − wl)′
n∑
i=1

Fib
′′(δ∗i + t̄i(α̂0 − α0) + t̄iF

′
i (η̂Hc

n
− ηHc

n
)){(α̂0 − α0) + F ′i (η̂Hc

n
− ηHc

n
)}|

≤2n1/2 max
i≤n
|b′′(δ∗i + t̄i(α̂0 − α0) + t̄iF

′
i (η̂Hc

n
− ηHc

n
))| · { max

l≤hnsn
(ŵl − wl)′(n−1

n∑
i=1

FiF
′
i )(ŵl − wl)}1/2

· {(α̂0 − α0)
2 + (η̂Hc

n
− ηHc

n
)′(n−1

n∑
i=1

FiF
′
i )(η̂Hc

n
− ηHc

n
)}1/2

≤c13λnn−1/18ρ1/2n q1/2n {log(npnsn)}1/2 exp{c13qn log1/2(nqnsn)}, (S2.68)

for some universal constants c13 > 0, with probability tending to 1, where the

first equality is by (S2.59), and the last inequality is based on (S2.56), (S2.60),
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(S2.65), and Theorem 1. To bound ∆8, note that

∆8 =n−1/2 max
l≤hnsn

|
n∑
i=1

(Ẽil − Ĕil)b′′(δ∗i + t̄i(α̂0 − α0) + t̄iF
′
i (η̂Hc

n
− ηHc

n
)){(α̂0 − α0) + F ′i (η̂Hc

n
− ηHc

n
)}|

≤2n1/2‖Λ1/2Λ̂−1/2 − I‖∞ ·max
i≤n
|b′′(δ∗i + t̄i(α̂0 − α0) + t̄iF

′
i (η̂Hc

n
− ηHc

n
))| · ( max

l≤pnsn
n−1

n∑
i=1

G̃2
il)

1/2

· {(α̂0 − α0)
2 + (η̂Hc

n
− ηHc

n
)′(n−1

n∑
i=1

FiF
′
i )(η̂Hc

n
− ηHc

n
)}1/2

≤c14λnn−1/18q1/2n {log(npnsn)}1/2 exp{c14qn log1/2(nqnsn)}, (S2.69)

for some universal constants c14 > 0, with probability tending to 1, where the

first equality is by (S2.59), and the last inequality is based on (S2.39), (S2.60),

(S2.65), Lemma 2 and Theorem 1. By combining (S2.69), (S2.68), (S2.67),

(S2.58), (S2.57), (S2.54), (S2.53), (S2.52) with (S2.51), it can be concluded that

there exists a universal constant c15 > 0 such that

max
l≤hnsn

|n−1/2
n∑
i=1

(Sil − S∗il)|

≤c15n−1/2ρn{log(npnsn)}3/2 exp{c15qn log1/2(nqnsn)}+

c15n
1/2qns

−δ+1/2
n exp{c15qn log1/2(nqnsn)}+

c15λnn
−1/18s1/2n qn{log(npnsn)}1/2 exp{c15qn log1/2(nqnsn)}+

c15λ
2
nn

7/18qn{log(npnsn)}1/2 exp{c15qn log1/2(nqnsn)}+

c15λnn
−1/18ρ1/2n q1/2n {log(npnsn)}1/2 exp{c15qn log1/2(nqnsn)},

with probability tending to 1, which completes the proof of part 1). To show part
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2), it follows from triangle inequality that

max
l≤hnsn

n−1
n∑
i=1

(Ŝil − S∗il)2

.∆∗1 + ∆∗2 + ∆∗3 + ∆∗4 + ∆∗5 + ∆∗6 + ∆∗7 + ∆∗8, (S2.70)

where

∆∗1 = max
l≤hnsn

n−1
n∑
i=1

{(ŵl − wl)′Fiεi}2,

∆∗2 = max
l≤hnsn

n−1
n∑
i=1

{(Ẽil − Ĕil)εi}2,

∆∗3 = max
l≤hnsn

n−1
n∑
i=1

[(w′lFi − Ẽil){b′(α0 +

pn∑
j=1

∞∑
k=1

θijkηjk)− b′(α0 +

pn∑
j=1

sn∑
k=1

θijkηjk)}]2,

∆∗4 = max
l≤hnsn

n−1
n∑
i=1

[(ŵl − wl)′Fi{b′(α0 +

pn∑
j=1

∞∑
k=1

θijkηjk)− b′(α0 +

pn∑
j=1

sn∑
k=1

θijkηjk)}]2,

∆∗5 = max
l≤hnsn

n−1
n∑
i=1

[(Ẽil − Ĕil){b′(α0 +

pn∑
j=1

∞∑
k=1

θijkηjk)− b′(α0 +

pn∑
j=1

sn∑
k=1

θijkηjk)}]2,

∆∗6 = max
l≤hnsn

n−1
n∑
i=1

[(w′lFi − Ẽil){b′(α̂0 +G′iη̂)− b′(α0 +G′iη)}]2,

∆∗7 = max
l≤hnsn

n−1
n∑
i=1

[(ŵl − wl)′Fi{b′(α̂0 +G′iη̂)− b′(α0 +G′iη)}]2,

∆∗8 = max
l≤hnsn

n−1
n∑
i=1

[(Ẽil − Ĕil){b′(α̂0 +G′iη̂)− b′(α0 +G′iη)}]2.

To bound ∆∗1, note that

∆∗1 ≤(max
i≤n
|εi|)2 · max

l≤hnsn
(ŵl − wl)′(n−1

n∑
i=1

FiF
′
i )(ŵl − wl)

≤c16n−1ρn log2(n){log(npnsn)} exp{c16qn log1/2(nqnsn)}, (S2.71)
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for some universal constant c16 > 0, with probability tending to 1, where the last

inequality is based on Lemma 3 and (S2.56). To bound ∆∗2, note that

∆∗2 ≤‖Λ1/2Λ̂−1/2 − I‖2∞ · (max
i≤n
|εi|)2 · ( max

l≤hnsn+kn
n−1

n∑
i=1

Ẽ2
il)

≤c17n−1 log2(n){log(npnsn)} exp{c17qn log1/2(nqnsn)}, (S2.72)

for some universal constant c17 > 0, with probability tending to 1, where the last

inequality is based on Lemma 2, Lemma 3, and (S2.39). To bound ∆∗3, note that

∆∗3 = max
l≤hnsn

n−1
n∑
i=1

[(w′lFi − Ẽil){b′(δi)− b′(δ∗i )}]2

= max
l≤hnsn

n−1
n∑
i=1

{(w′lFi − Ẽil)b′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk) · (
qn∑
j=1

∞∑
k=sn+1

θijkηjk)}2

≤{max
i≤n
|b′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk)|}2 · ( max
l≤hnsn

max
i≤n
|w′lFi − Ẽil|)2·

n−1
n∑
i=1

(

qn∑
j=1

∞∑
k=sn+1

θijkηjk)
2

≤c18q2ns−2δ+1
n {log(npnsn)} exp{c18qn log1/2(nqnsn)}, (S2.73)

for some universal constant c18 > 0, with probability tending to 1, where the

second equality is by (S2.35), and the last inequality is based on Lemma 2,
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Lemma 3, and (S2.36). To bound ∆∗4, note that

∆∗4 = max
l≤hnsn

n−1
n∑
i=1

[(ŵl − wl)′Fi{b′(δi)− b′(δ∗i )}]2

= max
l≤hnsn

n−1
n∑
i=1

{(ŵl − wl)′Fib′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk) · (
qn∑
j=1

∞∑
k=sn+1

θijkηjk)}2

≤{max
i≤n
|b′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk)|}2 · {n−1
n∑
i=1

(

qn∑
j=1

∞∑
k=sn+1

θijkηjk)
2}·

(max
i≤n
‖Ği‖∞)2 · max

l≤hnsn
‖Λ̂1/2
Hc

n
(ŵl − wl)‖21

≤c19n−1ρ2nq2ns−2δ+1
n {log(npnsn)}2 exp{c19qn log1/2(nqnsn)}, (S2.74)

for some universal constant c19 > 0, with probability tending to 1, where the

second equality is by (S2.35), and the last inequality is based on Lemma 2,

Lemma 3, Lemma 6, and (S2.36). To bound ∆∗5, note that

∆∗5 = max
l≤hnsn

n−1
n∑
i=1

[(Ẽil − Ĕil){b′(δi)− b′(δ∗i )}]2

= max
l≤hnsn

n−1
n∑
i=1

{(Ẽil − Ĕil)b′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk) · (
qn∑
j=1

∞∑
k=sn+1

θijkηjk)}2

≤{max
i≤n
|b′′(δ∗i + ti

qn∑
j=1

∞∑
k=sn+1

θijkηjk)|}2 · {n−1
n∑
i=1

(

qn∑
j=1

∞∑
k=sn+1

θijkηjk)
2}·

(max
i≤n
‖G̃i‖∞)2 · ‖Λ1/2Λ̂−1/2 − I‖2∞

≤c20n−1q2ns−2δ+1
n {log(npnsn)}2 exp{c20qn log1/2(nqnsn)}, (S2.75)

for some universal constant c20 > 0, with probability tending to 1, where the

second equality is by (S2.35), and the last inequality is based on Lemma 2,
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Lemma 3, and (S2.36). To bound ∆∗6, first note that it follows from mean value

theorem that for any i ≤ n

b′(α̂0 +G′iη̂)− b′(α0 +G′iη)

=b′′(δ∗i + t̄∗i (α̂0 − α0) + t̄∗iG
′
i(η̂ − η)) · {(α̂0 − α0) +G′i(η̂ − η)}, (S2.76)

for some t̄∗i ∈ [0, 1]. In addition, we have

max
i≤n
|b′′(δ∗i + t̄∗i (α̂0 − α0) + t̄∗iG

′
i(η̂ − η))|

≤ exp{max
i≤n
|δ∗i + t̄∗i (α̂0 − α0) + t̄∗iG

′
i(η̂ − η)|}

≤ exp(max
i≤n
|δ∗i |) · exp{|α̂0 − α0|+ max

i≤n
max
l≤pnsn

|G̃il| · ‖Λ1/2(η̂ − η)‖1}

≤c21 exp{c21qn log1/2(nqnsn)}, (S2.77)

for some universal constant c21 > 0, with probability tending to 1, where the first

inequality is by (A1), and the last inequality is based on Lemma 2, Lemma 3,

and Theorem 1. To bound ∆∗6, note that

∆∗6 = max
l≤hnsn

n−1
n∑
i=1

[(w′lFi − Ẽil)b′′(δ∗i + t̄∗i (α̂0 − α0) + t̄∗iG
′
i(η̂ − η)) · {(α̂0 − α0) +G′i(η̂ − η)}]2

≤2{max
i≤n
|b′′(δ∗i + t̄∗i (α̂0 − α0) + t̄∗iG

′
i(η̂ − η))|}2 · ( max

l≤hnsn
max
i≤n
|w′lFi − Ẽil|)2·

{(α̂0 − α0)
2 + (η̂ − η)′(n−1

n∑
i=1

GiG
′
i)(η̂ − η)}, (S2.78)

where the first equality is by (S2.76). Similar reasoning as (S2.65) leads to

(η̂ − η)′(n−1
n∑
i=1

GiG
′
i)(η̂ − η) ≤ c22λ

2
nqnn

−1/9, (S2.79)



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

for some universal constant c22 > 0, with probability tending to 1. By combining

(S2.77), (S2.79), Lemma 2, Theorem 1 with (S2.78), we have

∆∗6 ≤ c23n
−1/9λ2nqn{log(npnsn)} exp{c23qn log1/2(nqnsn)}, (S2.80)

for some universal constant c23 > 0, with probability tending to 1. To bound ∆∗7,

note that

∆∗7 = max
l≤hnsn

n−1
n∑
i=1

[(ŵl − wl)′Fib′′(δ∗i + t̄∗i (α̂0 − α0) + t̄∗iG
′
i(η̂ − η)) · {(α̂0 − α0) +G′i(η̂ − η)}]2

≤2{max
i≤n
|b′′(δ∗i + t̄∗i (α̂0 − α0) + t̄∗iG

′
i(η̂ − η))|}2 · max

l≤hnsn
‖Λ̂1/2
Hc

n
(ŵl − wl)‖21 · (max

i≤n
‖Ği‖∞)2

· {(α̂0 − α0)
2 + (η̂ − η)′(n−1

n∑
i=1

GiG
′
i)(η̂ − η)}

≤c24n−10/9λ2nqnρ2n{log(npnsn)}2 exp{c24qn log1/2(nqnsn)}, (S2.81)

for some universal constant c24 > 0, with probability tending to 1, where the first

equality is by (S2.76), and the last inequality is based on Lemma 2, Lemma 6,

Theorem 1, (S2.79), and (S2.77). To bound ∆∗8, note that

∆∗8 = max
l≤hnsn

n−1
n∑
i=1

[(Ẽil − Ĕil)b′′(δ∗i + t̄∗i (α̂0 − α0) + t̄∗iG
′
i(η̂ − η)) · {(α̂0 − α0) +G′i(η̂ − η)}]2

≤2{max
i≤n
|b′′(δ∗i + t̄∗i (α̂0 − α0) + t̄∗iG

′
i(η̂ − η))|}2 · ‖Λ1/2Λ̂−1/2 − I‖2∞ · (max

i≤n
‖G̃i‖∞)2·

{(α̂0 − α0)
2 + (η̂ − η)′(n−1

n∑
i=1

GiG
′
i)(η̂ − η)}

≤c25n−10/9λ2nqn{log(npnsn)}2 exp{c25qn log1/2(nqnsn)}, (S2.82)

for some universal constant c25 > 0, with probability tending to 1, where the first
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equality is by (S2.76), and the last inequality is based on Lemma 2, Theorem 1,

(S2.79), and (S2.77). By combining (S2.82), (S2.81), (S2.80), (S2.75), (S2.74),

(S2.73), (S2.72), (S2.71) with (S2.70), we have

max
l≤hnsn

n−1
n∑
i=1

(Ŝil − S∗il)2

≤c26q2ns−2δ+1
n {log(npnsn)} exp{c26qn log1/2(nqnsn)}+

c26λ
2
nn
−1/9qn{log(npnsn)} exp{c26qn log1/2(nqnsn)}+

c26n
−1ρn log2(n){log(npnsn)} exp{c26qn log1/2(nqnsn)}, (S2.83)

for some universal constant c26 > 0, with probability tending to 1. This com-

pletes the proof of part 2). To show part 3), first note that

max
l≤hnsn

n−1
n∑
i=1

Ŝ2
il . max

l≤hnsn
n−1

n∑
i=1

(Ŝil − S∗il)2 + max
l≤hnsn

n−1
n∑
i=1

S∗2il . (S2.84)

To bound maxl≤hnsn n
−1∑n

i=1 S
∗2
il , note that

max
l≤hnsn

n−1
n∑
i=1

S∗2il = max
l≤hnsn

n−1
n∑
i=1

(w′lFi − Ẽil)2ε2i

≤(max
i≤n
|εi|)2 · max

l≤hnsn
n−1

n∑
i=1

(w′lFi − Ẽil)2

≤c27 log2(n) exp{c27qn log1/2(nqnsn)}, (S2.85)

for some universal constant c27 > 0, with probability tending to 1, where the last

inequality is based on Lemma 2, Lemma 3, (A2.1), and (A4.1). By combining

(S2.85) and (S2.83) with (S2.84), the assertion in part 3) holds apparently.
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S3 Proofs of Main Theorems

Proof of Theorem 1. First note that with some abuse of notation, we write (η∗, α∗0)

as the true version of some estimator (η, α0), and denotes the differences ν =

η − η∗ and ν̃ = Λ1/2ν. Based on the first order necessary condition of the

optimization theory, any local minima (η̂, α̂0) of Qn(η, α0) from (2.5) in the

main article must satisfy (η̂, α̂0) ∈ {(η, α0) : 〈∇ηLn(η, α0) + ∇ηPλn(η), ν〉 ≤

0, ∇α0Ln(η, α0) = 0, ‖η‖1 + |α0| ≤ Bn}. Hence, to show Theorem 1,

it suffices to justify that any estimator (η, α0) ∈ {(η, α0) : 〈∇ηLn(η, α0) +

∇ηPλn(η), ν〉 ≤ 0, ∇α0Ln(η, α0) = 0, ‖η‖1 + |α0| ≤ Bn} satisfies parts 1)–2)

of Theorem 1. Therefore, we start the proof with an arbitrary estimator (η, α0)

satisfying

(η, α0) ∈ {(η, α0) :〈∇ηLn(η, α0) +∇ηPλn(η), ν〉 ≤ 0,

∇α0Ln(η, α0) = 0, ‖η‖1 + |α0| ≤ Bn}. (S3.86)

In addition, it can be verified that

〈∇Ln(η, α0)−∇Ln(η∗, α∗0), (ν
′, α0 − α∗0)′〉

=n−1
n∑
i=1

{b′(α0 +

pn∑
j=1

sn∑
k=1

θijkηjk)− b′(α∗0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk)} · {G̃′iν̃ + (α0 − α∗0)}

=n−1
n∑
i=1

b′′(α∗0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk + t∗i G̃

′
iν̃ + t∗i (α0 − α∗0))

· {G̃′iν̃ + (α0 − α∗0)}2, (S3.87)
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for some t∗i ∈ [0, 1], where the last equality holds from mean value theorem.

Similar reasoning as (the proof of) Corollary 2 in Loh and Wainwright (2015)

yields that there exist constants c1, c2 > 0 such that with probability tending to

1:

〈∇Ln(η, α0)−∇Ln(η∗, α∗0), (ν
′, α0 − α∗0)′〉

≥c1{‖ν̃‖22 + (α0 − α∗0)2} − c2{log(npnsn)/n}1/2 · (‖ν̃‖1 + |α0 − α∗0|)

· {‖ν̃‖22 + (α0 − α∗0)2}1/2, ∀ ‖ν̃‖22 + (α0 − α∗0)2 ≤ 1. (S3.88)

It follows from the arithmetic mean-geometric mean inequality that

c2{log(npnsn)/n}1/2 · (‖ν̃‖1 + |α0 − α∗0|) · {‖ν̃‖22 + (α0 − α∗0)2}1/2

≤2−1c22c
−1
1 {log(npnsn)/n}(‖ν̃‖1 + |α0 − α∗0|)2 + 2−1c1{‖ν̃‖22 + (α0 − α∗0)2}.

Together with (S3.88) yields that with probability tending to 1:

〈∇Ln(η, α0)−∇Ln(η∗, α∗0), (ν
′, α0 − α∗0)′〉

≥2−1c1{‖ν̃‖22 + (α0 − α∗0)2} − 2−1c22c
−1
1 {log(npnsn)/n}(‖ν̃‖1 + |α0 − α∗0|)2,

∀ ‖ν̃‖22 + (α0 − α∗0)2 ≤ 1. (S3.89)
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Together with Lemma 8 in Loh and Wainwright (2015) yields that with proba-

bility tending to 1:

〈∇Ln(η, α0)−∇Ln(η∗, α∗0), (ν
′, α0 − α∗0)′〉

≥2−1c1{‖ν̃‖22 + (α0 − α∗0)2}1/2 − {log(npnsn)/n}1/2(‖ν̃‖1 + |α0 − α∗0|),

∀ ‖ν̃‖22 + (α0 − α∗0)2 ≥ 1. (S3.90)

Denoting the function Pλn,µ(η) = Pλn(η) + 2−1µn−10/9
∑pn

j=1 ‖Θjηj‖22, it then

follows from condition (B5) that Pλn,µ(η) is convex in η, which entails that

Pλn,µ(η∗)− Pλn,µ(η) ≥ −〈∇Pλn,µ(η), (ν ′, α0 − α∗0)′〉. This further implies

− 〈∇Pλn(η), (ν ′, α0 − α∗0)′〉

≤2−1µn−10/9
pn∑
j=1

‖Θj(ηj − η∗j )‖22 + Pλn(η∗)− Pλn(η). (S3.91)

Next, we start to show that P{‖ν̃‖22 + (α0 − α∗0)2 ≤ 1} → 1. It follows from

(S3.90) and (S3.86) that conditional on the event {‖ν̃‖22 + (α0 − α∗0)2 > 1}, we

have

〈−∇Pλn(η)−∇Ln(η∗, α∗0), (ν
′, α0 − α∗0)′〉 ≥ 2−1c1{‖ν̃‖22 + (α0 − α∗0)2}1/2

− {log(npnsn)/n}1/2(‖ν̃‖1 + |α0 − α∗0|), (S3.92)
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with probability tending to 1. To bound the term |〈∇Ln(η∗, α∗0), (ν
′, α0−α∗0)′〉|,

note that

|〈∇Ln(η∗, α∗0), (ν
′, α0 − α∗0)′〉|

=|n−1
n∑
i=1

{Yi − b′(α∗0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk)}{G̃′iν̃ + (α0 − α∗0)}|

≤‖n−1
n∑
i=1

G̃i{Yi − b′(α∗0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk)}‖∞ · ‖ν̃‖1+

|n−1
n∑
i=1

{Yi − b′(α∗0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk)}| · |α0 − α∗0|

≤c3[qns−δ+1/2
n + {log2(npnsn)/n}1/2] exp{c3qn log1/2(nqnsn)}

· (‖ν̃‖1 + |α0 − α∗0|), (S3.93)

for some universal constants c3 > 0, with probability tending to 1, where the last

inequality holds from Lemma 3. To bound the term |〈∇Pλn(η), (ν ′, α0 − α∗0)′〉|,
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note that

|〈∇Pλn(η), (ν ′, α0 − α∗0)′〉|

=|
pn∑
j=1

ρ′λn
(
n−5/9‖Θjηj‖2

)
n−5/9‖Θjηj‖−12 (Θjηj)

′Θj(ηj − η∗j )|

≤n−5/9
pn∑
j=1

|ρ′λn
(
n−5/9‖Θjηj‖2

)
| · ‖Θ̃j(η̃j − η̃∗j )‖2

≤c4n−5/9λn
pn∑
j=1

‖Θ̃j(η̃j − η̃∗j )‖2

=c4λnn
−1/18

pn∑
j=1

[
(η̃j − η̃∗j )′E(n−1Θ̃′jΘ̃j)(η̃j − η̃∗j )+

(η̃j − η̃∗j )′{n−1Θ̃′jΘ̃j − E(n−1Θ̃′jΘ̃j)}(η̃j − η̃∗j )
]1/2

≤c5λnn−1/18{‖n−1
n∑
i=1

G̃iG̃
′
i − E(G̃iG̃

′
i)‖1/2∞ + ‖E(G̃iG̃

′
i)‖1/2∞ }‖ν̃‖1

≤c6λnn−1/18‖ν̃‖1, (S3.94)

for some universal constants c4, c5, c6 > 0, with probability tending to 1, where

the second inequality follows from Lemma 1, and the last inequality is based on

(A2.1) and Lemma 2. By combining (S3.93) and (S3.94) with (S3.92), it can be
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deduced that conditional on the event {‖ν̃‖22 + (α0 − α∗0)2 > 1}, we have

{‖ν̃‖22 + (α0 − α∗0)2}1/2

≤[c7λnn
−1/18 + c7qns

−δ+1/2
n exp{c7qn log1/2(nqnsn)}+

c7{log2(npnsn)/n}1/2 exp{c7qn log1/2(nqnsn)}] · (‖ν̃‖1 + |α0 − α∗0|)

≤[c8λnn
−1/18 + c8qns

−δ+1/2
n exp{c8qn log1/2(nqnsn)}+

c8{log2(npnsn)/n}1/2 exp{c8qn log1/2(nqnsn)}] ·Bn

≤1,

for some universal constants c7, c8 > 0, with probability tending to 1, where the

second inequality is based on the fact that ‖ν̃‖1+ |α0−α∗0| . ‖ν‖1+ |α0−α∗0| .

Bn, and the last inequality holds from (A4) and (A5). This further entails that

P{‖ν̃‖22 + (α0 − α∗0)2 ≤ 1} → 1. (S3.95)

Together with (S3.89) yields that with probability tending to 1:

〈∇Ln(η, α0)−∇Ln(η∗, α∗0), (ν
′, α0 − α∗0)′〉

≥c9{‖ν̃‖22 + (α0 − α∗0)2} − c10{log(npnsn)/n}(‖ν̃‖1 + |α0 − α∗0|)2,

for some universal constants c9, c10 > 0. Together with (S3.86) yields that with

probability tending to 1:

〈−∇Pλn(η)−∇Ln(η∗, α∗0), (ν
′, α0 − α∗0)′〉

≥c9{‖ν̃‖22 + (α0 − α∗0)2} − c10{log(npnsn)/n}(‖ν̃‖1 + |α0 − α∗0|)2.
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Based on the above discussion, we have that with probability tending to 1:

c9{‖ν̃‖22 + (α0 − α∗0)2} − c10{log(npnsn)/n}(‖ν̃‖1 + |α0 − α∗0|)2

≤〈−∇Pλn(η)−∇Ln(η∗, α∗0), (ν
′, α0 − α∗0)′〉

≤2−1µn−10/9
pn∑
j=1

‖Θj(ηj − η∗j )‖22 + Pλn(η∗)− Pλn(η) + 〈−∇Ln(η∗, α∗0), (ν
′, α0 − α∗0)′〉

≤c11n−1/9{‖ν̃‖22 + (α0 − α∗0)2}+ Pλn(η∗)− Pλn(η)+

c11[qns
−δ+1/2
n + {log2(npnsn)/n}1/2] exp{c11qn log1/2(nqnsn)}

· (‖ν̃‖1 + |α0 − α∗0|), (S3.96)

for some universal constant c11 > 0, where the second inequality follows from

(S3.91), and the last inequality holds from Lemma 4 and (S3.93). Some rear-

rangement of (S3.96) leads to

0 ≤(c9 − c11n−1/9){‖ν̃‖22 + (α0 − α∗0)2}

≤c11[qns−δ+1/2
n + {log2(npnsn)/n}1/2] exp{c11qn log1/2(nqnsn)}(‖ν̃‖1 + |α0 − α∗0|)

+ c10{log(npnsn)/n}(‖ν̃‖1 + |α0 − α∗0|)2 + Pλn(η∗)− Pλn(η)

≤c12[qns−δ+1/2
n + {log2(npnsn)/n}1/2] exp{c12qn log1/2(nqnsn)}(‖ν̃‖1 + |α0 − α∗0|)

+ Pλn(η∗)− Pλn(η), (S3.97)

for some universal constant c12 > 0, with probability tending to 1, where the

last inequality is based on the fact that ‖ν̃‖1 + |α0 − α∗0| . Bn. It then follows

from (S3.97) that conditional on the event
{
|α0 − α∗0| > 2c−19 c12[qns

−δ+1/2
n +
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{log2(npnsn)/n}1/2] exp{c12qn log1/2(nqnsn)}
}

, we have

0 ≤(2−1c9 − c11n−1/9){‖ν̃‖22 + (α0 − α∗0)2}

≤c12[qns−δ+1/2
n + {log2(npnsn)/n}1/2] exp{c12qn log1/2(nqnsn)}‖ν̃‖1

+ Pλn(η∗)− Pλn(η),

with probability tending to 1. Together with Lemma 4 and (A5.2), it can be de-

duced that conditional on the event
{
|α0−α∗0| > 2c−19 c12[qns

−δ+1/2
n +{log2(npnsn)/n}1/2]

exp{c12qn log1/2(nqnsn)}
}

, we have 0 ≤ ‖ν̃‖22+(α0−α∗0)2 . Pλn(η∗)−Pλn(η),

with probability tending to 1. Together with part 4) of Lemma 1 yields that con-

ditional on the event
{
|α0 − α∗0| > 2c−19 c12[qns

−δ+1/2
n + {log2(npnsn)/n}1/2]

exp{c12qn log1/2(nqnsn)}
}

, we have

‖ν̃‖22 + (α0 − α∗0)2

.λn
{ ∑
j∈An

n−5/9‖Θj(ηj − η∗j )‖2 −
∑
j∈Ac

n

n−5/9‖Θj(ηj − η∗j )‖2
}
, (S3.98)

with probability tending to 1. On one hand, (S3.98) implies that conditional on

the event
{
|α0−α∗0| > 2c−19 c12[qns

−δ+1/2
n +{log2(npnsn)/n}1/2] exp{c12qn log1/2(nqnsn)}

}
,
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we have

‖ν̃‖22 + (α0 − α∗0)2 . λn
∑
j∈An

n−5/9‖Θj(ηj − η∗j )‖2

. λnn
−5/9q1/2n

{ ∑
j∈An

‖Θj(ηj − η∗j )‖22
}1/2

. λnn
−1/18q1/2n ‖ν̃‖2

. λnn
−1/18q1/2n {‖ν̃‖22 + (α0 − α∗0)2}1/2,

with probability tending to 1, where the second last inequality holds from part

1) of Lemma 4. This further entails that conditional on the event
{
|α0 − α∗0| >

2c−19 c12[qns
−δ+1/2
n + {log2(npnsn)/n}1/2] exp{c12qn log1/2(nqnsn)}

}
, we have

{‖ν̃‖22 + (α0 − α∗0)2}1/2 . λnn
−1/18q1/2n , (S3.99)

with probability tending to 1. On the other hand, (S3.98) also implies that con-

ditional on the event
{
|α0 − α∗0| > 2c−19 c12[qns

−δ+1/2
n + {log2(npnsn)/n}1/2]

exp{c12qn log1/2(nqnsn)}
}

, we have

∑
j∈Ac

n

‖Θj(ηj − η∗j )‖2 ≤
∑
j∈An

‖Θj(ηj − η∗j )‖2, (S3.100)
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with probability tending to 1. Therefore, conditional on the event
{
|α0 − α∗0| >

2c−19 c12[qns
−δ+1/2
n + {log2(npnsn)/n}1/2] exp{c12qn log1/2(nqnsn)}

}
, we have

‖ν̃‖1 . n−1/2s1/2n

pn∑
j=1

‖Θj(ηj − η∗j )‖2 . n−1/2s1/2n

∑
j∈An

‖Θj(ηj − η∗j )‖2

. n−1/2s1/2n q1/2n {
∑
j∈An

‖Θj(ηj − η∗j )‖22}1/2

. s1/2n q1/2n ‖ν̃‖2 . λns
1/2
n qnn

−1/18, (S3.101)

with probability tending to 1, where the first inequality holds from part 2) of

Lemma 4, the second inequality is based on (S3.100), the fourth inequality fol-

lows from part 1) of Lemma 4, and the last inequality is due to (S3.99). More-

over, it can be verified that

〈∇ηLn(η, α0)−∇ηLn(η∗, α0), ν〉

=n−1
n∑
i=1

{b′(α0 +

pn∑
j=1

sn∑
k=1

θijkηjk)− b′(α0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk)} · (G̃′iν̃)

=n−1
n∑
i=1

b′′(α0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk + t̃iG̃

′
iν̃) · (G̃′iν̃)2,

for some t̃i ∈ [0, 1], where the last equality is by mean value theorem. Similar

reasoning as (the proof of) Corollary 2 in Loh and Wainwright (2015) yields that

there exist constants c13, c14 > 0 such that with probability tending to 1:

〈∇ηLn(η, α0)−∇ηLn(η∗, α0), ν〉

≥c13‖ν̃‖22 − c14{log(npnsn)/n}1/2‖ν̃‖1‖ν̃‖2, ∀ ‖ν̃‖2 ≤ 1. (S3.102)
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It follows from the arithmetic mean-geometric mean inequality that

c14{log(npnsn)/n}1/2‖ν̃‖1‖ν̃‖2

≤2−1c214c
−1
13 {log(npnsn)/n}‖ν̃‖21 + 2−1c13‖ν̃‖22.

Together with (S3.102), (S3.95), and (S3.86) yields that with probability tending

to 1:

〈−∇ηPλn(η)−∇ηLn(η∗, α0), ν〉

≥2−1c13‖ν̃‖22 − 2−1c214c
−1
13 {log(npnsn)/n}‖ν̃‖21. (S3.103)

To bound the term |〈∇ηLn(η∗, α0), ν〉|, note that

|〈∇ηLn(η∗, α0), ν〉|

≤|n−1
n∑
i=1

{Yi − b′(α∗0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk)} · (G̃′iν̃)|+

|n−1
n∑
i=1

{b′(α0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk)− b′(α∗0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk)} · (G̃′iν̃)|

=|n−1
n∑
i=1

{Yi − b′(α∗0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk)} · (G̃′iν̃)|+

|n−1
n∑
i=1

(α0 − α∗0)b′′(α∗0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk + t̃∗i (α0 − α∗0)) · (G̃′iν̃)|

≤‖n−1
n∑
i=1

G̃i{Yi − b′(α∗0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk)}‖∞ · ‖ν̃‖1+

‖n−1
n∑
i=1

(α0 − α∗0)G̃ib
′′(α∗0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk + t̃∗i (α0 − α∗0))‖∞ · ‖ν̃‖1,

(S3.104)
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for some t̃∗i ∈ [0, 1], where the first equality holds from mean value theorem. To

bound the term ‖n−1
∑n

i=1(α0 − α∗0)G̃ib
′′(α∗0 +

∑pn
j=1

∑sn
k=1 θijkη

∗
jk + t̃∗i (α0 −

α∗0))‖∞, note that

‖n−1
n∑
i=1

(α0 − α∗0)G̃ib
′′(α∗0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk + t̃∗i (α0 − α∗0))‖∞

≤|α0 − α∗0| · {max
l≤pnsn

n−1
n∑
i=1

G̃2
il}1/2 ·max

i≤n
|b′′(α∗0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk + t̃∗i (α0 − α∗0))|

≤|α0 − α∗0| · {max
l≤pnsn

n−1
n∑
i=1

G̃2
il}1/2 · exp(max

i≤n
|α∗0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk + t̃∗i (α0 − α∗0)|)

≤|α0 − α∗0| exp(|α0 − α∗0|) · {max
l≤pnsn

n−1
n∑
i=1

G̃2
il}1/2 · exp(max

i≤n
|α∗0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk|)

≤c15|α0 − α∗0| exp(|α0 − α∗0|) exp{c15qn log1/2(nqnsn)}, (S3.105)

for some universal constants c15 > 0, with probability tending to 1, where the

second inequality is based on (A1), and the last inequality follows from (S2.39)

and Lemma 3. Based on (S3.105), it can be deduced that conditional on the event{
|α0−α∗0| ≤ 2c−19 c12[qns

−δ+1/2
n +{log2(npnsn)/n}1/2] exp{c12qn log1/2(nqnsn)}

}
,

we have

‖n−1
n∑
i=1

(α0 − α∗0)G̃ib
′′(α∗0 +

pn∑
j=1

sn∑
k=1

θijkη
∗
jk + t̃∗i (α0 − α∗0))‖∞

≤c16[qns−δ+1/2
n + {log2(npnsn)/n}1/2] exp{c16qn log1/2(nqnsn)}, (S3.106)

for some universal constants c16 > 0, with probability tending to 1. By combin-

ing (S3.106) and Lemma 3 with (S3.104), it can be deduced that conditional on
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the event
{
|α0−α∗0| ≤ 2c−19 c12[qns

−δ+1/2
n +{log2(npnsn)/n}1/2] exp{c12qn log1/2(nqnsn)}

}
,

we have

|〈∇ηLn(η∗, α0), ν〉|

≤c17[qns−δ+1/2
n + {log2(npnsn)/n}1/2] exp{c17qn log1/2(nqnsn)} · ‖ν̃‖1,

(S3.107)

for some universal constants c17 > 0, with probability tending to 1. By combin-

ing (S3.107) and (S3.91) with (S3.103), it can be deduced that conditional on the

event
{
|α0−α∗0| ≤ 2c−19 c12[qns

−δ+1/2
n +{log2(npnsn)/n}1/2] exp{c12qn log1/2(nqnsn)}

}
,

we have

2−1c13‖ν̃‖22 − 2−1c214c
−1
13 {log(npnsn)/n}‖ν̃‖21

≤c17[qns−δ+1/2
n + {log2(npnsn)/n}1/2] exp{c17qn log1/2(nqnsn)} · ‖ν̃‖1+

2−1µn−10/9
pn∑
j=1

‖Θj(ηj − η∗j )‖22 + Pλn(η∗)− Pλn(η),

with probability tending to 1. Together with Lemma 4, (A5.2) and the fac-

t that ‖ν̃‖1 . Bn, it can be deduced that conditional on the event
{
|α0 −

α∗0| ≤ 2c−19 c12[qns
−δ+1/2
n +{log2(npnsn)/n}1/2] exp{c12qn log1/2(nqnsn)}

}
, we

have 0 ≤ ‖ν̃‖22 . Pλn(η∗) − Pλn(η), with probability tending to 1. Togeth-

er with part 4) of Lemma 1 yields that conditional on the event
{
|α0 − α∗0| ≤
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2c−19 c12[qns
−δ+1/2
n + {log2(npnsn)/n}1/2] exp{c12qn log1/2(nqnsn)}

}
, we have

‖ν̃‖22 . λn
{ ∑
j∈An

n−5/9‖Θj(ηj − η∗j )‖2 −
∑
j∈Ac

n

n−5/9‖Θj(ηj − η∗j )‖2
}
,

(S3.108)

with probability tending to 1. On one hand, (S3.108) implies that conditional on

the event
{
|α0−α∗0| ≤ 2c−19 c12[qns

−δ+1/2
n +{log2(npnsn)/n}1/2] exp{c12qn log1/2(nqnsn)}

}
,

we have

‖ν̃‖22 . λn
∑
j∈An

n−5/9‖Θj(ηj − η∗j )‖2 . λnn
−5/9q1/2n

{ ∑
j∈An

‖Θj(ηj − η∗j )‖22
}1/2

. λnn
−1/18q1/2n ‖ν̃‖2,

with probability tending to 1, where the last inequality holds from part 1) of

Lemma 4. This further entails that conditional on the event
{
|α0 − α∗0| ≤

2c−19 c12[qns
−δ+1/2
n + {log2(npnsn)/n}1/2] exp{c12qn log1/2(nqnsn)}

}
, we have

‖ν̃‖2 . λnn
−1/18q1/2n , (S3.109)

with probability tending to 1. On the other hand, (S3.108) also implies that

conditional on the event
{
|α0−α∗0| ≤ 2c−19 c12[qns

−δ+1/2
n +{log2(npnsn)/n}1/2]

exp{c12qn log1/2(nqnsn)}
}

, we have

∑
j∈Ac

n

‖Θj(ηj − η∗j )‖2 ≤
∑
j∈An

‖Θj(ηj − η∗j )‖2, (S3.110)
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with probability tending to 1. Therefore, conditional on the event
{
|α0 − α∗0| ≤

2c−19 c12[qns
−δ+1/2
n + {log2(npnsn)/n}1/2] exp{c12qn log1/2(nqnsn)}

}
, we have

‖ν̃‖1 . n−1/2s1/2n

pn∑
j=1

‖Θj(ηj − η∗j )‖2 . n−1/2s1/2n

∑
j∈An

‖Θj(ηj − η∗j )‖2

. n−1/2s1/2n q1/2n {
∑
j∈An

‖Θj(ηj − η∗j )‖22}1/2

. s1/2n q1/2n ‖ν̃‖2 . λns
1/2
n qnn

−1/18, (S3.111)

with probability tending to 1, where the first inequality holds from part 2) of

Lemma 4, the second inequality is based on (S3.110), the fourth inequality fol-

lows from part 1) of Lemma 4, and the last inequality is due to (S3.109). It fol-

lows from (A5.2) that conditional on the event
{
|α0−α∗0| ≤ 2c−19 c12[qns

−δ+1/2
n +

{log2(npnsn)/n}1/2] exp{c12qn log1/2(nqnsn)}
}

, we have

|α0 − α∗0| = o(λnn
−1/18q1/2n ). (S3.112)

Based on (S3.112), (S3.111), (S3.109), (S3.101), and (S3.99), it can be deduced

that

P (‖ν̃‖2 . λnq
1/2
n n−1/18)→ 1,

P (|α0 − α∗0| . λnq
1/2
n n−1/18)→ 1,

P (‖ν̃‖1 . λns
1/2
n qnn

−1/18)→ 1,

which completes the proof of Theorem 1.
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Proof of Theorem 2. Recall the four quantities

T̂ (βHn) = n−1/2
n∑
i=1

Si, T̂e = n−1/2
n∑
i=1

eiŜi,

T ∗ = n−1/2
n∑
i=1

S∗i , T ∗e = n−1/2
n∑
i=1

eiS
∗
i ,

where S∗i = (w′Fi − Ẽi)εi. Note that {S∗i : i ≤ n} are centered independent

random vectors such that

min
l≤hnsn

n−1
n∑
i=1

E(S∗2il ) = min
l≤hnsn

n−1
n∑
i=1

E{(w′lFi − Ẽil)2ε2i } ≥ c1, (S3.113)

for some universal constant c1 > 0, where the last inequality is based on (A2.4).

Next, we proceed the proof by discussing two cases as follows.

Case one: Assume we have

εi|Xi ∼ sub-Gaussian(σ∗2{1 + var(εi|Xi)}), (S3.114)

for all i ≤ n under (A2.3). It then follows that

S∗il|Xi ∼ sub-Gaussian(σ∗2(w′lFi − Ẽil)2{1 + var(εi|Xi)}), (S3.115)

for all i ≤ n and l ≤ hnsn, where S∗il = (w′lFi − Ẽil)εi. Based on Lemma 2 and

Lemma 3, there exists a universal constant c2 > 0 such that

P (Dn)→ 1, (S3.116)

where the event Dn =
{
{Xi}ni=1 : maxi≤n maxl≤hnsn σ

∗2(w′lFi − Ẽil)
2{1 +
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var(εi|Xi)} ≤ c2{log(npnsn)} exp{c2qn log1/2(nqnsn)}
}

. Thus, we have

P
[
∩ni=1 ∩hnsnl=1

{
S∗il ∼ sub-Gaussian(c2{log(npnsn)} exp{c2qn log1/2(nqnsn)})

}]
≥

∑
{Xi}ni=1∈Dn

P
[
∩ni=1 ∩hnsnl=1

{
S∗il ∼ sub-Gaussian(c2{log(npnsn)}

exp{c2qn log1/2(nqnsn)})
}∣∣{Xi}ni=1

]
· P ({Xi}ni=1)

=
∑

{Xi}ni=1∈Dn

P
[
∩ni=1 ∩hnsnl=1

{
S∗il|Xi ∼ sub-Gaussian(c2{log(npnsn)}

exp{c2qn log1/2(nqnsn)})
}∣∣{Xi}ni=1

]
· P ({Xi}ni=1)

=
∑

{Xi}ni=1∈Dn

P ({Xi}ni=1) = P (Dn),

where the second equality holds from (S3.115) and the definition ofDn. Togeth-

er with (S3.116) yields that

P
[
∩ni=1 ∩hnsnl=1

{
S∗il ∼ sub-Gaussian(vn)

}]
→ 1, (S3.117)

where vn = c2{log(npnsn)} exp{c2qn log1/2(nqnsn)}. Based on (A4.1), it can

be verified that

v3n{log(npnsn)}9/n→ 0. (S3.118)

By combining (S3.113), (S3.117), (S3.118) with part 2) of Lemma 5, we have

lim
n→∞

sup
A∈ARe

∣∣P (T ∗ ∈ A)− Pe(T ∗e ∈ A)
∣∣ = 0, (S3.119)

where the setARe is defined in Lemma 5. Since ‖T̂ (βHn)−T ∗‖∞ = ‖n−1/2
∑n

i=1(Si−

S∗i )‖∞, it follows from Lemma 7 that there exists a universal constant c3 > 0
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such that

P (‖T̂ (βHn)− T ∗‖∞ ≥ fn)→ 0, (S3.120)

where

fn =c3n
−1/2ρn{log(npnsn)}3/2 exp{c3qn log1/2(nqnsn)}+

c3n
1/2qns

−δ+1/2
n exp{c3qn log1/2(nqnsn)}+

c3λnn
−1/18s1/2n qn{log(npnsn)}1/2 exp{c3qn log1/2(nqnsn)}+

c3λ
2
nn

7/18qn{log(npnsn)}1/2 exp{c3qn log1/2(nqnsn)}+

c3λnn
−1/18ρ1/2n q1/2n {log(npnsn)}1/2 exp{c3qn log1/2(nqnsn)}.

To bound ‖T̂e − T ∗e ‖∞, note that for any t > 0,

Pe(‖T̂e − T ∗e ‖∞ ≥ t) = Pe( max
l≤hnsn

|n−1/2
n∑
i=1

ei(Ŝil − S∗il)| ≥ t)

≤
hnsn∑
l=1

Pe(|n−1/2
n∑
i=1

ei(Ŝil − S∗il)| ≥ t)

≤2
hnsn∑
l=1

exp
[
− {2n−1

n∑
i=1

(Ŝil − S∗il)2}−1t2
]

≤2pnsn exp
[
− {2 max

l≤hnsn
n−1

n∑
i=1

(Ŝil − S∗il)2}−1t2
]
,

where the first inequality is by union bound inequality, and the second inequality

is based on Hoeffding inequality. Plugging t = {2 maxl≤hnsn n
−1∑n

i=1(Ŝil −
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S∗il)
2}1/2 log1/2(npnsn) into the above inequality yields

Pe(‖T̂e − T ∗e ‖∞ ≥ {2 max
l≤hnsn

n−1
n∑
i=1

(Ŝil − S∗il)2}1/2 log1/2(npnsn))

≤2n−1 → 0.

Together with Lemma 7, there exists a universal constant c4 > 0 such that

Pe(‖T̂e − T ∗e ‖∞ ≥ gn)
p→ 0,

where

gn =c4qns
−δ+1/2
n {log(npnsn)} exp{c4qn log1/2(nqnsn)}+

c4λnn
−1/18q1/2n {log(npnsn)} exp{c4qn log1/2(nqnsn)}+

c4n
−1/2ρ1/2n log(n){log(npnsn)} exp{c4qn log1/2(nqnsn)}.

Together with (S3.120), there exists a universal constant c5 > 0 such that

P (‖T̂ (βHn)− T ∗‖∞ ≥ an)→ 0,

Pe(‖T̂e − T ∗e ‖∞ ≥ an)
p→ 0, (S3.121)



S3. PROOFS OF MAIN THEOREMS

where

an =c5n
−1/2ρn{log(npnsn)}3/2 exp{c5qn log1/2(nqnsn)}+

c5n
−1/2ρ1/2n log(n){log(npnsn)} exp{c5qn log1/2(nqnsn)}+

c5n
1/2qns

−δ+1/2
n exp{c5qn log1/2(nqnsn)}+

c5λnn
−1/18s1/2n qn{log(npnsn)}1/2 exp{c5qn log1/2(nqnsn)}+

c5λnn
−1/18ρ1/2n q1/2n {log(npnsn)}1/2 exp{c5qn log1/2(nqnsn)}+

c5λnn
−1/18q1/2n {log(npnsn)} exp{c5qn log1/2(nqnsn)}+

c5λ
2
nn

7/18qn{log(npnsn)}1/2 exp{c5qn log1/2(nqnsn)}.

Under (A4.3), (A5.1) and (A5.4), we have

a2n{1 + log(hnsn)− log an} → 0. (S3.122)

By combining (S3.113), (S3.117), (S3.118), (S3.119), (S3.121), (S3.122) with

part 2) of Lemma 5, it can be concluded that

lim
n→∞

sup
A∈ARe

∣∣P (T̂ (βHn) ∈ A)− Pe(T̂e ∈ A)
∣∣

= lim
n→∞

sup
t≥0

∣∣P (‖T̂ (βHn)‖∞ ≤ t)− Pe(‖T̂e‖∞ ≤ t)
∣∣ = 0, (S3.123)

under case one that is specified by (S3.114).

Case two: Assume we have

εi|Xi ∼ sub-Exponential(σ∗2{1 + var(εi|Xi)}), (S3.124)
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for all i ≤ n under (A2.3). It then follows that

S∗il|Xi ∼ sub-Exponential(σ∗2|w′lFi − Ẽil|{1 + var(εi|Xi)}), (S3.125)

for all i ≤ n and l ≤ hnsn, where S∗il = (w′lFi − Ẽil)εi. Based on Lemma 2 and

Lemma 3, there exists a universal constant c6 > 0 such that

P (D∗n)→ 1, (S3.126)

where the event D∗n =
{
{Xi}ni=1 : maxi≤n maxl≤hnsn σ

∗2|w′lFi − Ẽil|{1 +

var(εi|Xi)} ≤ c6{log(npnsn)}1/2 exp{c6qn log1/2(nqnsn)}
}

. Thus, we have

P
[
∩ni=1 ∩hnsnl=1

{
S∗il ∼ sub-Exponential(c6{log(npnsn)}1/2 exp{c6qn log1/2(nqnsn)})

}]
≥

∑
{Xi}ni=1∈D∗n

P
[
∩ni=1 ∩hnsnl=1

{
S∗il ∼ sub-Exponential(c6{log(npnsn)}1/2

exp{c6qn log1/2(nqnsn)})
}∣∣{Xi}ni=1

]
· P ({Xi}ni=1)

=
∑

{Xi}ni=1∈D∗n

P
[
∩ni=1 ∩hnsnl=1

{
S∗il|Xi ∼ sub-Exponential(c6{log(npnsn)}1/2

exp{c6qn log1/2(nqnsn)})
}∣∣{Xi}ni=1

]
· P ({Xi}ni=1)

=
∑

{Xi}ni=1∈D∗n

P ({Xi}ni=1) = P (D∗n),

where the second equality holds from (S3.125) and the definition ofD∗n. Togeth-

er with (S3.126) yields that

P
[
∩ni=1 ∩hnsnl=1

{
S∗il ∼ sub-Exponential(un)

}]
→ 1, (S3.127)
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where un = c6{log(npnsn)}1/2 exp{c6qn log1/2(nqnsn)}. Based on (A4.1), it

can be verified that

u6n{log(npnsn)}9/n→ 0. (S3.128)

By combining (S3.113), (S3.127), (S3.128), (S3.121), (S3.122) with part 1) of

Lemma 5, it can be concluded that

lim
n→∞

sup
A∈ARe

∣∣P (T̂ (βHn) ∈ A)− Pe(T̂e ∈ A)
∣∣

= lim
n→∞

sup
t≥0

∣∣P (‖T̂ (βHn)‖∞ ≤ t)− Pe(‖T̂e‖∞ ≤ t)
∣∣ = 0, (S3.129)

under case two that is specified by (S3.124).

Finally, the assertion in Theorem 2 holds from (S3.123) and (S3.129).

Proof of Theorem 3. Given the true βHn , we have

lim
n→∞

∣∣Power(βHn)− Power∗(βHn)
∣∣

= lim
n→∞

∣∣P [‖T̂ (βHn) + n−1/2
n∑
i=1

(ŵ′Fi − Ĕi){b′(α̂0 + E ′iηHn + F ′i η̂Hc
n
)−

b′(α̂0 + F ′i η̂Hc
n
)}‖∞ ≤ cB(α)]− Pe∗ [‖T̂e∗ + n−1/2

n∑
i=1

(ŵ′Fi − Ĕi)·

{b′(α̂0 + E ′iηHn + F ′i η̂Hc
n
)− b′(α̂0 + F ′i η̂Hc

n
)}‖∞ ≤ cB(α)]

≤ lim
n→∞

sup
A∈ARe

∣∣P (T̂ (βHn) ∈ A)− Pe∗(T̂e∗ ∈ A)
∣∣ = 0,

where the last equality is by (S3.123) and (S3.129). This completes the proof.
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Proof of Theorem 4. First of all, it follows from triangle inequality that

Power∗(βHn)

=Pe∗ [‖T̂e∗ + n−1/2
n∑
i=1

(ŵ′Fi − Ĕi){b′(α̂0 + E ′iηHn + F ′i η̂Hc
n
)

− b′(α̂0 + F ′i η̂Hc
n
)}‖∞ > cB(α)]

≥1− Pe∗ [‖T̂e∗‖∞ ≥ ‖n−1/2
n∑
i=1

(ŵ′Fi − Ĕi){b′(α̂0 + E ′iηHn + F ′i η̂Hc
n
)

− b′(α̂0 + F ′i η̂Hc
n
)}‖∞ − cB(α)]. (S3.130)

Moreover, we have that for any t > 0,

Pe∗(‖T̂e∗‖∞ ≥ t) = Pe∗( max
l≤hnsn

|n−1/2
n∑
i=1

e∗i Ŝil| ≥ t)

≤
hnsn∑
l=1

Pe∗(|n−1/2
n∑
i=1

e∗i Ŝil| ≥ t) ≤ 2
hnsn∑
l=1

exp[−{2n−1
n∑
i=1

Ŝ2
il}−1t2]

≤2pnsn exp[−{2 max
l≤hnsn

n−1
n∑
i=1

Ŝ2
il}−1t2], (S3.131)

where the second inequality is by Hoeffding inequality. Plugging t = cB(α) into

(S3.131) yields

cB(α) ≤ {4 log(pnsn) · max
l≤hnsn

n−1
n∑
i=1

Ŝ2
il}1/2.

Together with Lemma 7, there exists a universal constant c1 > 0 such that with

probability tending to 1:

cB(α) ≤ c1 log(n){log(pnsn)}1/2 exp{c1qn log1/2(nqnsn)}. (S3.132)
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To bound the term ‖n−1/2
∑n

i=1(ŵ
′Fi− Ĕi){b′(α̂0 +E ′iηHn +F ′i η̂Hc

n
)− b′(α̂0 +

F ′i η̂Hc
n
)}‖∞, note that

‖n−1/2
n∑
i=1

(ŵ′Fi − Ĕi){b′(α̂0 + E ′iηHn + F ′i η̂Hc
n
)− b′(α̂0 + F ′i η̂Hc

n
)}‖∞

≥Π1 − Π2 − Π3, (S3.133)

where

Π1 = ‖n−1/2
n∑
i=1

(w′Fi − Ẽi){b′(α̂0 + E ′iηHn + F ′i η̂Hc
n
)− b′(α̂0 + F ′i η̂Hc

n
)}‖∞,

Π2 = ‖n−1/2
n∑
i=1

(ŵ − w)′Fi{b′(α̂0 + E ′iηHn + F ′i η̂Hc
n
)− b′(α̂0 + F ′i η̂Hc

n
)}‖∞,

Π3 = ‖n−1/2
n∑
i=1

(Ẽi − Ĕi){b′(α̂0 + E ′iηHn + F ′i η̂Hc
n
)− b′(α̂0 + F ′i η̂Hc

n
)}‖∞.

For Π1, it follows from the definition of Fn that with probability tending to 1,

Π1 ≥ K(ρ1/2n + log n){log(npnsn)}1/2 exp{Kqn log1/2(nqnsn)}. (S3.134)

Before bounding Π2, first note that it follows from mean value theorem that for

any i ≤ n

b′(α̂0 + E ′iηHn + F ′i η̂Hc
n
)− b′(α̂0 + F ′i η̂Hc

n
)

=b′′(α̂0 + F ′i η̂Hc
n

+ ťiE
′
iηHn) · (E ′iηHn) (S3.135)

for some ťi ∈ [0, 1]. Similar reasoning as (S2.21) leads to

max
i≤n
|α̂0 + F ′i η̂Hc

n
+ ťiE

′
iηHn|+ max

i≤n
|E ′iηHn| ≤ c2qn log1/2(nqnsn), (S3.136)
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for some universal constant c2 > 0, with probability tending to 1. Together with

(A1) yields that with probability tending to 1,

max
i≤n
|b′′(α̂0 + F ′i η̂Hc

n
+ ťiE

′
iηHn)| ≤ exp{c2qn log1/2(nqnsn)}. (S3.137)

For Π2, we have

Π2 = max
l≤hnsn

|n−1/2
n∑
i=1

(ŵl − wl)′Fib′′(α̂0 + F ′i η̂Hc
n

+ ťiE
′
iηHn) · (E ′iηHn)|

≤n1/2{max
i≤n
|b′′(α̂0 + F ′i η̂Hc

n
+ ťiE

′
iηHn)|} · {max

i≤n
|E ′iηHn|}·

{ max
l≤hnsn

(ŵl − wl)′(n−1
n∑
i=1

FiF
′
i )(ŵl − wl)}1/2

≤c3ρ1/2n {log(npnsn)}1/2 exp{c3qn log1/2(nqnsn)}, (S3.138)

for some universal constant c3 > 0, with probability tending to 1, where the first

equality is by (S3.135), and the last inequality is based on (S3.136), (S3.137),

and (S2.56). For Π3, we have

Π3 = max
l≤hnsn

|n−1/2
n∑
i=1

(Ẽil − Ĕil)b′′(α̂0 + F ′i η̂Hc
n

+ ťiE
′
iηHn) · (E ′iηHn)|

≤n1/2‖Λ1/2Λ̂−1/2 − I‖∞ · {max
i≤n
|b′′(α̂0 + F ′i η̂Hc

n
+ ťiE

′
iηHn)|}·

{max
i≤n
|E ′iηHn|} · {max

l≤pnsn
n−1

n∑
i=1

G̃2
il}1/2

≤c4{log(npnsn)}1/2 exp{c4qn log1/2(nqnsn)}, (S3.139)

for some universal constant c4 > 0, with probability tending to 1, where the first

equality is by (S3.135), and the last inequality is based on (S3.136), (S3.137),
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(S2.39), and Lemma 2. By choosing K ≥ 4(c1 + c3 + c4) in Fn, it follows

from (S3.139), (S3.138), (S3.134), (S3.133), and (S3.132) that with probability

tending to 1:

‖n−1/2
n∑
i=1

(ŵ′Fi − Ĕi){b′(α̂0 + E ′iηHn + F ′i η̂Hc
n
)− b′(α̂0 + F ′i η̂Hc

n
)}‖∞ − cB(α)

≥4−1K(ρ1/2n + log n){log(npnsn)}1/2 exp{Kqn log1/2(nqnsn)}. (S3.140)

Plugging t = ‖n−1/2
∑n

i=1(ŵ
′Fi − Ĕi){b′(α̂0 + E ′iηHn + F ′i η̂Hc

n
) − b′(α̂0 +

F ′i η̂Hc
n
)}‖∞ − cB(α) into (S3.131) yields that with probability tending to 1:

Pe∗{‖T̂e∗‖∞ ≥ ‖n−1/2
n∑
i=1

(ŵ′Fi − Ĕi){b′(α̂0 + E ′iηHn + F ′i η̂Hc
n
)− b′(α̂0 + F ′i η̂Hc

n
)}‖∞ − cB(α)}

≤2pnsn exp
(
− {2 max

l≤hnsn
n−1

n∑
i=1

Ŝ2
il}−1·

[‖n−1/2
n∑
i=1

(ŵ′Fi − Ĕi){b′(α̂0 + E ′iηHn + F ′i η̂Hc
n
)− b′(α̂0 + F ′i η̂Hc

n
)}‖∞ − cB(α)]2

)
.

(S3.141)

Based on part 3) of Lemma 7, there exists a universal constant c5 > 0 such that

with probability tending to 1:

max
l≤hnsn

n−1
n∑
i=1

Ŝ2
il ≤ c5 log2(n) exp{c5qn log1/2(nqnsn)}. (S3.142)

By choosing K ≥ 4(c1 + c3 + c4 + c5) in Fn, it follows from (S3.140), (S3.141),

(S3.142), and (S3.130) that with probability tending to 1:

Power∗(βHn) ≥ 1− 2n−1.
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This completes the proof.
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