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Supplementary Material

The Supplementary Material is organized as follows: Section S1 con-
tains additional numerical experiments, followed by an additional empirical
application in Section S2. The proofs of all theoretical results are provided
in Section S3, and the proofs of some lemmas used in Section S3 are given
in Section S4.

NOTATIONS. For any square matrix A, (A);; denotes the (7, j)-th entry

of A, tr(A) denotes the trace of A, ||A|lr denotes the Frobenius norm of

*co-corresponding authors.



matrix A, ||Al| denotes the operator norm of A, Ajax(A) denotes the largest
eigenvalue of A. Let A and B be the two matrices, we define A ® B as the
Kronecker product of A and B; when A and B are two square matrices of
the same order, define A o B as the Hadamard product of A and B, that
is, (A oB);; = (A);;(B);;. For 1 <i < T, let e; be a T-dimensional vector,
where the i-th element is 1 and the rest are 0. Let 70 = (1,1,...,1)" € RT.
The notation Iy denotes the T' x T identity matrix. For any two real
numbers z and y, let Vy = max(x,y) and xAy = min(z, y). For any vector
v € RT, |jv|| denotes the Euclidean norm of v; Throughout the paper, C,

C' e, cq,cq,- -+, denote positive absolute constants.

S1 Additional simulation results

S1.1 Simulation results in asymmetric situation

Assumption 1 assumes that the density function of (Z); is symmetric, which
in turn implies that the density functions of €; and €; are also symmetric

under the null hypothesis. Consequently, we have

E(pi;)=E 2oy G =0 (S1.1)
Pij) = 2 7 )1/2 o ‘

T - N
(Dt €5 2o E?t
where the last equality may not be true for an asymmetric distribution.

To demonstrate this result, we conduct numerical simulations using the
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data generating process outlined in (3.16). Let ¢, = I'z., where z, =
(2i1,..,2i7), for 1 < i < N, T = O'BO € R™*T B = diag{b} and
b= {by,...,br}. In particular, the first 7'— 1 elements of b are independent
and identically distributed from U[1,1.1], while the remaining one is set
to be 3. The construction of matrix O € RT*T is related to S € RT*T,
where each component of S is independent and identically distributed from
N(0,1). We define the QR decomposition of S as S = UV, where U is
an orthogonal square matrix and V is a upper-triangular matrix. We then
let O = UT', where I' = diag{sign(ry),...,sign(rr)}, and r; denotes the
(t,t)-th entry of V, for all 1 <t <T.

For comparison purposes, we independently generated z;; from the fol-
lowing three distributions (1) AV(0,1); (2) {Exp(2) — 0.5}/4/0.5; (3) (x5 —
2)/+/4, where Exp(2) represents an exponential distribution with rate pa-
rameter 2. In addition, for the choices of p, N and T', we set p =3, T = 10
and N € {200,400, 600, 800, 1000, 1200, 1400, 1600, 1800, 2000}.

Figure S.1 displays the average values of the two statistics, Sy and
SN /sy, under three different distributions and the null hypothesis. As N
increases while p and T are fixed, the average values of Sy and Sy/ds,
remain close to 0 under normal distribution, while the average values of

the two statistics move away from 0 under the exponential distribution and
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Figure S.1: Average of two statistics obtained under three different distributions based
on 500 replications.

the chi-squared distribution. This suggests that when the distribution is
asymmetric, the expectation of p;; may not be exactly 0, which means that
the last equation in (S1.1) may not hold when errors follow an asymmetric
distribution. As a result, we assume in Assumption 1 that the distribution

is symmetric to avoid bias in the test of Sy.
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S1.2 Simulation results for very dense alternatives

We use the data generation process in (3.17), where €}, are generated from

the following setting.

(III) Very dense case. Let (€f,---,ey.) = WY2(ep, --- en.), where € =

(e, -+ ,ep) and €. = (€1, -+ ,€7), for all 1 < ¢ < N. Here, ¢
are generated from settings (i)-(ii) with distributions (1)-(3). W is
constructed as follows. Let (W); = 1, for 1 < ¢ < N. The non-zero

number of non-diagonal elements of W is 2| N°/*|, and the number

of non-zero positions is randomly selected. When 1 <1 # 57 < N if

22 N 22 N

(W);; # 0, then (W)ij%iU[ ilOgT,\/ilogT}. Here, |x] denotes

the greatest integer less than or equal to x € R.

Table S.1 presents the empirical power for this very dense situation. When
compared to the non-sparse case in Setting (I), Setting (III) is much denser.
In this scenario, Ly does not perform as well as Sy and T¢, with Sy
outperforming T-. However, a review of Tables 2, 3, and S.1 reveals that

Tc demonstrates robust performance across all these cases.

S1.3 Simulation results in situation of factor structure

To further compare the empirical power of the involved tests, we consider

another common error structure with common factors. We consider the



Table S.1: The empirical power of the three tests at 5% level under case (IIT).

Setting (i) Setting (ii)

N T | 200 300 400 500 | 200 300 400 500 | 200 300 400 500 | 200 300 400 500

Normal distribution

100 Sy | 75.3 89.3 958 99.0 | 73.3 87.8 953 99.2 | 69.0 84.2 933 974 | 643 81.6 928 97.1

Ly | 45 8.6 121 171 | 49 82 100 192 29 52 116 14.0 | 34

3
Y

82 136

Tc | 684 86.1 943 982 | 656 829 942 978 | 588 79.1 914 954|562 760 89.1 96.0

200 Sy | 583 79.0 883 948|600 79.0 899 950|527 71.8 831 91.0 | 542 717 841 84.1
Ly | 22 36 47 6.5 1.9 37 46 65 | 1.8 28 44 54 | 12 25 32 32

Tc | 471 70.6 84.7 92.1 | 499 724 832 924 | 404 624 752 859|411 627 768 76.8

tg-distribution

100 Sy | 746 89.6 96.1 99.0 | 73.7 87.4 953 988 | 67.5 84.0 931 972|669 823 91.0 96.6
Ly | 49 72 110 188 38 55 120 171 | 33 6.7 83 112 | 28 4.1 8.4 121

Tc | 66.9 85.1 94.6 982 | 649 842 938 98.0 | 57.0 79.8 90.1 955 | 56.8 76.8 89.7 949

200 Sy | 61.2 782 89.0 952|609 788 89.6 952|533 720 833 909 548 705 821 924
Ly | 33 44 58 6829 40 51 59|15 28 39 60 |20 28 40 46

Tc | 504 715 844 919 | 50.6 70.4 829 923|429 628 76.8 86.5|425 619 769 86.8

x2-distribution

100 Sy | 75.0 90.1 96.3 989 | 76.1 89.7 958 99.1 | 67.3 849 944 973 | 686 83.7 924 983

Ly | 53 75 138 194 | 52 79 123 192 | 3.7 64 95 164 | 42

ot
S

93 145

Tc | 669 86.9 951 988 | 69.1 841 949 986 | 57.4 80.0 91.5 97.0 | 60.4 76.6 894 96.8

200 Sy | 61.6 789 909 972|633 771 914 952|543 715 855 926 | 56.2 724 86.5 91.1

Ly | 25 51 62 81|35 47 81 79 1.6 3.7 49 73 1.8 34 47 56

Te | 539 71.7 871 948|519 728 864 91.5| 458 61.5 794 88.6 | 449 643 784 869

data generating process outlined in (3.17), where
Ert:)\ift—FEit, forizl,...,N, tzl,,T
are generated from the following two settings.

(a) Non-sparse case. We generate f, "SN(0,1), A; = (log N/T)V4¢;, for
i=1,2,3and \; = 0.7/TY*/NV2¢u;, for i = 4,..., N, where fi%lxg,
iid

u; ~ Up'/2 4p?/3], and e; are generated from settings (i)-(ii) with dis-

tributions (1)-(3). Here, ¢ = T//N.
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Table S.2: The empirical power of the three tests at 5% level under case (a).

Setting (i) Setting (ii)

N T | 200 300 400 500 | 200 300 400 500 | 200 300 400 500 | 200 300 400 500

Normal distribution

100 Sy | 53.6 81.7 945 984 | 53.7 80.5 934 983|355 624 796 899 | 36 609 79.6 91.1
Ly | 31.9 35.6 404 453|327 36.3 421 439209 231 285 304|213 259 274 285

Tc | 58 80.7 926 96.7 594 79 915 975|376 605 76.1 86.9 | 394 586 762 87.9

200 Sy | 17.8 331 492 633 | 187 353 499 674|123 20.1 29.1 408 | 13 21.6 30.7 44.2
Ly | 282 342 362 362 | 30 352 346 358|181 234 259 258|175 233 224 248

Tc | 339 456 56.9 672 | 36 48.7 57.6 69.5 | 21.8 29.7 374 46 | 223 328 37.7 473

tg-distribution

100 Sy | 55.8 834 933 97.6 | 56.3 823 94.1 98.7 | 349 612 79.6 909 | 35.7 59.8 80.2 914
Ly | 332 359 371 451|301 345 41.3 41.7 221 243 253 299 | 21.1 241 286 284

Te | 583 80 915 97 | 583 799 925 973 | 40 59.6 76 889 | 39 59.7 747 874

200 Sy | 17.7 30.6 476 67.5 | 19.7 31.8 49.5 67.2 | 11.3 19 284 442|131 20 31.8 46.1
Ly | 289 299 359 394|293 326 333 37 |17.1 199 238 27.8| 188 21.6 232 26.2

Tc | 33.8 414 547 707 | 348 44 579 70.1 | 221 276 371 503|224 299 377 481

x2-distribution

100 Sy | 56.2 81.5 954 989 | 58.7 83.4 950 98.7 |37.6 631 80.7 90.6 | 41 60.1 80.3 93.6
Ly | 319 404 39.1 454 | 31.7 384 39.6 436|215 286 28 29.6 | 22 253 263 30.3

Te | 574 81.7 924 97.7 | 61.2 826 932 98.2| 39 626 773 87.8| 44 59 779 892

200 Sy | 209 312 512 67.7]205 359 504 64.5| 14 207 31.3 438 | 142 21.8 328 422
Ly | 305 35 355 405|291 341 36.7 381209 255 256 28 |17.6 247 279 27

Te | 37.7 487 573 72 | 36.1 479 587 683|257 328 394 50.9 |223 321 40.1 476

(b) Sparse case. We generate f; Z.miﬁi./\/((), 1), A\; = 2.5(log N/T)"*&u;, for
i=1,...[NY2| and \; = 0, for i = |[NY2] +1,..., N, where & <2,
iid

u; ~ U[0.2,0.4], and ¢;; are generated from settings (i)-(ii) with distri-

butions (1)-(3).

The results in Tables S.2 and S.3 are similar to those in Tables 2 and
3, respectively. In general, Sy performs better than Ly in the non-sparse

case, and Ly performs better than Sy in the sparse case. It is worth noting



Table S.3: The empirical power of the three tests at 5% level under case (b)

Setting (i) Setting (ii)

N T | 200 300 400 500 | 200 300 400 500 | 200 300 400 500 | 200 300 400 500

Normal distribution

100 Sy | 133 146 14 17.1 | 154 153 149 155 | 95 108 103 11.9 | 127 125 11.1 11
Ly | 744 78 778 805 | 755 749 787 827|558 61 623 66.6| 564 598 636 689

Te | 715 76.6 76.7 799 | 725 744 779 808|527 588 60.9 629 | 55 592 62.1 658

200 Sy | 13.6 145 158 183 | 146 153 174 183|104 11.2 11 13.5 1109 121 133 13.5
Ly | 848 87.7 924 91.1 | 89.1 89.8 91.3 91.2 | 66.5 744 803 80.6| 726 749 794 80.6

Tc | 83 864 90 91.1 | 86.1 87.3 90.6 899|635 717 776 793|685 727 79 788

tg-distribution

100 Sy | 141 158 15 149|139 17 145 151|104 11.8 107 11.1 | 11.1 122 11 125
Ly | 77 773 79.7 808 | 721 765 79.4 838|577 582 648 687|547 608 639 689

Te | 746 747 78 795|708 739 781 83 | 556 56.8 624 66.8 | 521 59.2 614 66.9

200 Sy | 139 152 148 183|136 16 166 17.1 | 10 11.5 10 134|111 121 127 125
Ly | 83.6 888 903 907|869 893 91.4 91.8|66.7 748 79 805|684 761 791 80

Tc | 831 879 89 89.3 | 843 882 89.7 916|639 709 773 789|657 751 772 794

x2-distribution

100 Sy | 133 157 158 155 | 148 141 14 159|104 116 121 11.6 | 11.6 10.7 10.2 122
Ly | 716 79 797 796 | 73 774 785 795|535 629 645 66 | 553 63 634 65.1

Te | 69.6 76.7 769 786 | 71.6 749 756 786|515 59.1 62 63.7| 528 61.6 604 626

200 Sy | 166 162 182 194 | 158 172 163 17.2 | 127 11.6 13.5 14.7 | 122 129 126 127

Ly | 883 874 912 91.7 | 8.1 922 90.1 929|702 75 822 80.1|70.2 788 768 80.5

Te | 86 87.1 89.9 90.4 | 834 909 885 909|666 729 79 77.6|683 763 746 79.6

that Tx performs well in both cases.

S2 Additional empirical application

We now apply the proposed tests to analyze the securities in the S&P
500 index. To account for the changes to the composition of the index over
time, we compiled weekly returns on all the securities that constitute the

S&P 500 index that have been listed over the period from January 2005
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to September 2018. Because the securities that make up the index change
over time, we only consider N = 424 securities that were included in the
S&P 500 index during the entire period. A total of T = 716 consecutive
observations were obtained. The time series data on the safe rate of return,
and the market factors are obtained from Ken French’s data library web
page. The one-week US treasury bill rate is chosen as the risk-free rate (7).
The value-weighted return on all NYSE, AMEX, and NASDAQ stocks from
CRSP is used as a proxy for the market return (r,,;). The average return
on the three small portfolios minus the average return on the three big
portfolios (SM B;), and the average return on two value portfolios minus
the average return on two growth portfolios (HM L;) are calculated based
on the stocks listed on the NYSE, AMEX and NASDAQ.

We use the Fama-French three-factor model proposed by Fama and

French (1993) to describe the above panel data, which is given by

Yio =rie — 10 = 0 4 Bt (Pt — 75¢) + BioSM By + BisHM Ly + €, (52.2)

for each 1 < ¢ < N and 1 < ¢ < T, where 7, — 7y is referred to as the
market factor. Since cross-sectional dependence among the errors may lead

to misspecified inference (Bernard, 1987), we are interested in testing

Hy: €., €., ..., €x. are independent random vectors. (S2.3)



Before applying the proposed tests to the above panel data under the
Fama-French three-factor model, we need to investigate whether there exists
serial correlation in the residuals under such model. To this end, we applied
the Box-Pierce test, a traditional test for autocorrelation, to the residual
sequence of each security under the Fama-French three-factor model. Fig-
ure S.2 is the histogram of the p-values of the residual sequences, which
suggests that for many securities the Box-Pierce tests are rejected. Fur-
thermore, we applied a high-dimensional white noise test proposed by Li
et al. (2019) to the sequences of the residual vector and the resulting p-
value is 0, which also suggests rejecting. These results indicate that there
exists serial correlation in the residuals under the Fama-French three-factor
model. This may be because the model fails to take into account all the
useful factors with serial correlation. See Schwartz and Whitcomb (1977)
and Rosenberg and Rudd (1982) for further discussions on causes of serial
correlation in the residuals. Hence, it is reasonable and necessary for us to
use a test that allows serial correlation for the above panel data under the
Fama-French three-factor model.

To accomodate the residual serial correlation, we used Sy, Ly and T¢
to test the null hypothesis in (S2.3), and obtained the p-values 0, 0.92 and

0 respectively. This seems to suggest a dense residual correlation matrix
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Figure S.2: Histogram of the p-values of the Box-Pierce tests for all residual sequences

under the Fama-French three-factor model.

with weak signals overall. To verify this, we plotted the histogram and
heat map of the absolute values of the cross-sectional correlations between
all pairwise residual sequences of the securities in Figure 5.3, which indicate
that there are extensive non-zero correlations with small absolute values.
This explains why the sum based test Sy and Fisher’s combined probability
test Te are able to detect the deviation from H,. In conclusion, because
both Sy and T¢ reject the null hypothesis, we reject the null hypothesis,
and have the knowledge that the error correlation is nondiagonal with off
diagonal values dense with mostly small magnitude.

Furthermore, we analyze the stock data using the Fama-French five-

factor model. The model is defined as follows:

Yiio =ris — rp = @ + Bia(rime — 7p1) + BioSM By + BisHM L,
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Figure S.3: Histogram and heat map of the absolute values of the correlations be-
tween all pairwise residual sequences of the securities under the Fama-French three-factor

model.

+ BuuRMW, + BisCM A, + €, (52.4)

Here, the average return on the two robust operating profitability portfolios
minus the average return on the two weak operating profitability portfolios
(RMW,), and the average return on the two conservative investment port-
folios minus the average return on the two aggressive investment portfolios
(C'M A) are also calculated based on the stocks listed on the NYSE, AMEX
and NASDAQ.

Similarly, we used the Box-Pierce test to examine autocorrelation within
the residual series. The histogram of the p-values for the residual sequences,
depicted in Figure 5.4, also suggests that the Box-Pierce tests are rejected

for many securities. We utilized Sy, Ly and T to test the null hypothe-
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Figure S.4: Histogram of the p-values of the Box-Pierce tests for all residual sequences

under the Fama-French five-factor model.

sis in (52.3), which yields the p-values of 0.00, 0.93 and 0.00, respectively.
Moreover, in Figure S.5, we plotted the histogram and heatmap of the abso-
lute values of the cross-sectional correlations between all pairwise residuals.
The results indicate that there are extensive non-zero correlations with
small absolute values, which are very similar to the results obtained under
the Fama-French three-factor model.

The above results imply that in addition to the three or five observed
factors, there may be some unobserved factors that lead to cross-section
correlations. Hence, we may assume that €;; = X, f; +uy in (S2.2), where f;
is a r X 1 unobserved factor time series, A; is a r X 1 unknown constant factor
loading matrix and r is the number of factors. Similar to Bai (2009), we
estimated the unobserved factors and their loadings based on the residuals.

Specifically, we applied the method proposed in Lam et al. (2011) to the
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Figure S.5: Histogram and heat map of the absolute values of the correlations between all
pairwise residual sequences of the securities under the Fama-French Five-factor model.
residuals at different values of r to obtain the estimates of f; and \;, where
the time lag is set to 25, and removed the estimates of X, f; from the residuals
to get the further residuals. Then, we applied the Sy, Ly and T¢ tests to
the further residuals. For example, when r = 80, the p-values obtained from
the Sy, Ly and T¢ tests are 0.69, 0.00 and 0.00, respectively. In fact, the
Ly and T¢ tests rejected Hy because there are a few number of very large
cross-sectional correlations, such as 0.93, -0.60. This situation occurs even
when r is larger. We plotted the histogram and heatmap of the absolute
values of the cross-sectional correlations of the further residuals in Figure
S.6, which suggest that most cross-sectional correlation coefficients are very
small. To further investigate the differences between these tests, we applied

them to the data within the sliding windows constructed by 50 consecutive
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Figure S.7: The curves of the rejection rates of the Sy, Ly and T¢ tests.

weeks with r € {40, 50, 60, 70, 80,90, 100}. The curves of the rejection rates
of the Sy, Ly and T¢ tests were presented in Figure S.7, which indicate

that the Ly and T¢ tests outperform the Sy test, and the T test exhibits



very robust performance in terms of the number of unobserved factors.

S3 Proofs of the theorems

This section introduces a total of 14 lemmas. The first four lemmas are
mainly used as proof tools. Next, We will concisely elucidate the role of the
remaining ten lemmas in sequence.

Lemma S.5, which was proven by Feng et al. (2022), provides an upper
bound on the distance between the sample correlation coefficient of the
residual and that of the error.

Under Assumptions 1-3 and the null hypothesis Hy, Lemma S.6 estab-
lishes that &;; converges to (X);; in distribution uniformly for all 1 <4, j <
T. Meanwhile, Lemma S.7 shows that Py converges to 1 in distribution.

Similarly, under Assumptions 2-5 and local alternative hypotheses, Lemma
S.8 proves that &;; converges to (X);; in distribution uniformly for all
1 <4,7 <T. Furthermore, Lemma S.9 demonstrates that Py converges to
|®||%/N in distribution.

Under Assumptions 1-3 and Hy, Lemma S.10 presents the asymptotic
null distribution of Sy, and Lemma S.11 shows that g, is a ratio-consistent
estimator of the variance of Sy. Moreover, Lemma S.12 establishes the

premise that if T, max and Sy are asymptotically independent, it can be in-
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ferred that Ly and Sy are also asymptotically independent, where T =
max;<;<;j<n(€.€;.)/ | Z|% Lastly, Lemma S.13 and Lemma S.14 respec-
tively prove the two key results of asymptotic independence, which are
formulas (2.13) and (2.14).

Let my = F (Zﬁ) , where Z;; is the element at row ¢ and column ¢ of
matrix Z. In order to analyze the moments of the quadratic form, we define

some notations:

m1:O, mgz]_, ms = 71, m4:72+3, m5:73+1071,
me = Y1 + 1572 + 1077 + 15, m7 = 75 + 2173 + 357271 + 10571,

mg = 6 + 2874 + 567371 + 3573 + 2107, + 28077 + 105.

Note that by Assumption 1, we can conclude that ~q, 2,73, V4, V5, V6 are
finite.
To facilitate the theoretical derivations, we recall some useful lemmas

as follows.

Lemma S.1. (Lieberman, 199/; Pesaran and Yamagata, 2012) Let X =
(X1, X7)" be a T-dimensional random vector. Let A and B be T'x T
nonstochastic matrices, where A is symmetric, B is semi-positive definite,
and suppose that Xy --- , X7 are independently and identically distributed

(iid) observations with zero mean and one variance. Denote the [-th cumu-



lant of X'BX by k; and the m+1 order, m+k degree generalised cumulant
of the product of (X'AX)* and X'BX by kpm. If the following three condi-
tions are true: (i) Forl=1,2,..., we have k; = O(T); (ii) fork =1,2,...,
we have Ky = E{ (X’AX)k} =0 (Tk); (111) for k,m =1,2,..., we have

Kem = O (Tl), with | < k; then, we have

X'AX\"|  B{(X'AX)"} »
b { <X’BX) } - {B(xBX)}! thu+0(T7). (83.5)
where
; _k(k+1) E {(X/AX)k} 2l K1 oY)
S (B (X'BX)}F (E(X'BX)}FT ’

K =E {(X’AX)’“ (X’BX)} _E {(X’AX)’“} E(X'BX).

Remark S.1. Lieberman (1994) proposed the Laplace approximation of
moments of the ratio of quadratic forms, where requires B to be a positive
definite matrix. Pesaran and Yamagata (2012) relaxed this condition and

allowed B to be a positive semi-definite matrix.

Lemma S.2. (Baltagi et al., 2016) Set M; = P;3P; for all1 <i < N. For
any fixed positive number k, we have (1) %tr (Ek) =0(1); (2) %tr (Mf) =

O(1); (3) for 1 <iy,ig,--- ,ixg < N, tr (M;;M,, ---M,;,) = O(T).

Lemma S.3. (Abadir and Magnus, 2005) Let A and B be the same order

square matrices.
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(1) tr(A o B) < /tr(A2)tr(B2?), tr(A o A) < tr(A?), when A, B are
symmetric;

(2) tr(AoB) < Ctr(B) when A, B are non-negative definite matrices and

Amax(A) < C for some constant C > 0;

(3) AoB is positive semidefinite when A, B are positive semidefinite (See

Theorem 7.5.8 in Bernstein (2009));
(4) 77 A o Bty = tr(AB’) and tr*(AB’) < tr(A’A)tr(B'B) for any the
same order square matrices A and B (See Exercise 12.5 and 12.32 in

Abadir and Magnus (2005)).

Lemma S.4. (Bao and Ullah, 2010) Suppose that & = (&1,&,, ..., &), and
&1, &, ..., & are iid observations with zero mean, one variance, v, = E (£},
Yo =E(&§) = 3,73 = E(&) — 107,74 = E (&) — 15795 — 1077 — 15,75 =
E (&) — 2193 — 357971 — 10571 and 6 = E (&) — 2874 — 567371 — 3573 —
2107, —280~7 —105, for allt = 1,2,...,T. Suppose that A;, j = 1,2,3,4 are
T x T real symmetric matrices, and 70 = (1,1,--- ;1) is a T-dimensional

vector. Then
E(EA£) =tr(Ay),
E[(£'A1€) (§'A28)] = yotr [(Ag 0 Ag)] +tr (Ay) tr (Ag) + 2tr (A1 A,),

E[(§'A1€) (§'Az€) (§'As€)] = yutr (A 0 Ay o Ag) + yatr (Ay) tr (Ag 0 Ag)



+ yotr (Ag) tr (A 0 Ag) + Yotr (Asg) tr (Ag 0 Ag) + 4yatr [Ag o (AsAs)]
+ 4yotr [Ag o (A1A3)] + 4yatr [As o (A As)]

+ 297 [17 (I 0 Ay) As (Ir 0 Ag) 7]

+ 297 [17 (I 0 Ay) Az (I 0 As) 77] + 277 [ (Ir 0 As) Ay (I 0 As) 77
+ 472 [T (A 0 Ay o Az) 7p] + tr (A) tr (Ay) tr (As) + 2tr (A) tr (A As)
+ 2tr (Ag) tr (A1A3) + 2tr (Az) tr (A1As) + 8tr (A1 ALA;3),

E[(§'A1€) (§'A2€) (§'AsE) (§'A4L)] = tr (Aq) tr (Ag) tr (As) tr (Ay)
+2[tr (Aq) tr (Ag) tr (AgAy) + tr (Aq) tr (Ag) tr (AAy)

+tr (Aq) tr (Ay) tr (AoAs) + tr (Ag) tr (Ag) tr (A1Ay)

tr (Ag) tr (Ag) tr (AgAg) + tr (Ag) tr (Ay) tr (A Ay)]

+4[tr (A1As) tr (AsAy) + tr (A1 As) tr (AgAy) + tr (A1 Ay) tr (AsAs)]
+ 8[tr (Aq) tr (AgAsAy) +tr(Ag) tr (A;AzA,) + tr (Asz) tr (A1AAy)
Ftr (Ayg) tr (A AsA3)] 4 16 [tr (AjA3ALA,) + tr (A1 AL ALA;)

+tr (A1 AL A3AY)| + Y2y + Yafou + Y65 T 0 2 + 202 1 s

where according to Bao and Ullah (2010), we can obtain the expressions for

f’yzaf’wa’yﬁaf'y%affy% and f'Yl’YB'

Now, we are ready to present the proofs of the theorems in Section 2.



S3. PROOFS OF THE THEOREMS

S3.1 Proof of Theorem 1

Recall that for any 1 <i < N, ¢;, = RZ;.,

/ !/ /
€;.€5. ZiNZ;. €;.€5.

T. = — = e
v B AR PRIV Pk

Al lAlg

where A = R'R. Because ¥ = RR/, we have tr(X) = tr(A), tr(X?) =
tr(A?), and the matrices X and A have the same eigenvalues. Hence, we

have @Z = ].:)ZE{ZZ

Lemma S.5. (Feng et al., 2022) Set B; = x; (x/x;)”'x}, for 1 < i < N.
Then,

e; Biej.
max |p; — pij| <14-( max ———— ).

1<i<j<N ISiSjSN - €€
We now are ready to derive the asymptotic null distribution of L.

First, we will show that for y € R, under Hy,

1 y
12 _ < N _ <__> X
P <1<1H5;}<(N TU Alog NV + loglog V y) P { \/8_7T P 2 }

By Theorem 1 in Arratia et al. (1989), we have

< biy + bay + b3y

‘P( max T2 < tN> —e N
1<i<j<N

where ty =4log N —loglog N +y, v = Y. >, P (ng > tN> :

1<i<j<N

=35> % P(Tg >tN>P(T,fl >tN> < N? [P (ng >tN>]2,

1<i<j<N (k,l)€B;j



bony = ZZ Z P (TZ > tN,Tlgl > tN)

1<i<j<N (k1)EB;i;\{(4,5)}

bov = S5 B[P {75 > tulo(T: (6.0 ¢ B}~ P (Th > tw)| =0

1<i<j<N

forall1 <i<j <N, Bj={(k1l):1<k<l<NAkI}n{i,j} # o},
and the third term b3y on the right side of the inequality is equal to zero
because for four different indices i, j, k, [, Tij and T}, are independent. Note
that according to Theorem 1.1 in Rudelson and Vershynin (2013), we have

for any large M > 0, there exists some ('} > 0 such that

75 N2 7,
P21 <2N M
(et = 1va) <2y

where £; = C14/log N/tr(A?). By Corollary 3.1 in Saulis and Statulevicius

(1991) and tr(A2) = ||A||2, we have

P <T32 > tN) —p ( Tpo| > m)
—P {—|Zit§i§)| > Vi }

. Zh N2 7,
<P s iy, T <1 e S3.7
- { tr(A2) YA 1 (537)
75 N2 Z,,
Pl=2—"=>1
+ ( tI‘(AQ) > —|—61)

<P
VLN Z, | 1+er
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!
<p|plr(14AZ]l | Viv (Zz. L oONM
N
!
<E!P |21 A% | . Viv Zo | b 42N M
\/ ZéA.2ZQ 1 + &1
—{1+40(1)} \/227 exp /2 oM
N
=0O(N7?), (S3.8)

where last equality holds due to Proposition 2.1.2 in Vershynin (2018), I(-)

denotes indicative function, and M is sufficiently large. Similarly, we have
P10 -+ (] )

| Z1. A2 |
{ tr(A2) = \/E}

|21 AZy | 7, 22,
<P — < WVily,——>1—
: { wan) YV e T

Zh N*Z,,
(2—2 < 1_51>

tr(A?)
Z|AZy| Ty }HN_M,

<P <
\/Zé.A2Z2. 1 — &1

e

then

| Z1. A2y |

1—P<T122<tN> 21—P{
Hence, we have

ZP{ 124 A Zs |

N

NV

1—81

Viv } — 2N~ M,



2
\/27TtN

={1—-0(1)} exp N2 aN~M
=O(N7?).
This shows that 7 ~ \/+37re_9/2 and biy < CN~L. For byy, we have

P<T122 > tNaT123 > tN) S P<|T12—T13| Z 2\/tN>+P<|T12+T13| Z 2\/tN>.

Again, by Theorem 1.1 in Rudelson and Vershynin (2013), for any large

M > 0, there exists some C5 > 0 such that

p ((ZQ — Zg.)/AQ(ZQ. — Zg)

2(1 < INM
tr(A2) > 2 +€2)) = !

where g5 = Cy4/log N/tr(A?). By Corollary 3.1 (Cramér type moderate

deviation results) in Saulis and Statulevicius (1991), we have

P ( Tig — Tha| > 2\/5)
SN ZLA(Zy = 7))
_P{ tr(A2) = 2\@}
21 A (Zs. — Zs)| (Zs, — Zs ) N*(Zs. — Zs)
<p { ) > 21w, o(A2) <2(1+ 52)}
+P { (22 — Zg't)r/(j}xg()ZQ' — %) 2(1 + 82)}
SP{ |21 A (Zy. — Zs.)] > \/E} L oN-M
\/(ZQ - Zg.)/AQ(ZQ. - Zg) 1+ €2
<{1 4 0(1)} V28N Nty

2y
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where M is sufficiently large. Similarly,

P(\TH +Tys| > 2@) — {1+ 0(1)}—\/21(\)5;\[]\[_46_?;.

Combining these inequalities, we have byy < CN~1y/log N and

(cf.e5)”
_ <
P (152);\[ HAH% 4log N +loglog N <y (S3.9)
1
— G(y) = exp {_\/% exp (—g) } . (S3.10)

Similarly, due to Theorem 1.1 in Rudelson and Vershynin (2013), we have

P (maX e e, — tr (A)| > C'/Tlog N) =0 (N, (S3.11)

1<i<N
where M > 0 is sufficiently large, C" is a constant that depends on M. Due

to (53.9), we have

tr2(A Len)?
p(& max (€i.¢;.) —4logN—|—loglogN§y>

T2 A 1=y 2

s exp {— \/;_ﬁ exp (—%)} . (93.12)

eetr(A)  €eitr(A) 22 (A) log N
= — <
@ {g%?zv T 2| SN

Obviously, due to (S3.11), we have

€ €. n €; €. _ 2t (A) - 2C1T [log N
T T T AV T

€ €. n €; €. _2tr (A) - 2C log N
T T T Mo AV T

P (Q°) SP{ max

1<i<j<N

SP{ max

1<i<j<N




gP{ max

1<i<N

S C [log N
Amax (A) T

€} €. _tr(A) Ch logN | Y
T T |V (T

We claim that for some constant C3 > 0 such that
P €.€i€;.65.  tr2(A) . c log N 0
1§I£%§N T2 T2 3 T
as N, T are sufficiently large. Notice that

€ ee e tri(A log N
P(max - jj—r()‘>03 08 )
1<i<j<N

—|—P{max

1<G<N

T2 T2 T
€.6.€.65.  tr2(A) log N
< RN S c
<P <1<I?<%}<<N T2 T2 ‘>C3 74 + P (92),

we just need to prove that

€ .€.€565.  tri(A) log N
Ay B} o
P (152};1\/ T 7 ‘ S iy A

In fact, due to (S3.11), for sufficiently large Cj satisfying C5 —2C; > Cg\/g

and % > (', we have

P<1Srir§})§(N 62‘62162}.6} - trzgf)) > @)g&
<r{ o (5 - =) (5 - )] e )
<pP{ max e;;. ~ tr;A)‘ N \/53<1o2gTN>1/4}

el [ - va(5e) )
<rf s | - 1 )
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€€ tr(A) Cslog N
J-J o
+P{f§f?ﬁv T T ’>\/ T

—o(N1),
where the last inequality holds due to (S3.11). Then, we can conclude that

€656 tr2(A) log N
7- -1 7 J _ —M
s il ‘>03 2N~ o (v

e €€ €. /T? C. log N
p O]« 3 — L
(1;}2}ch tr2(A) /T2 ‘ A2in(A) T

Thus, with probability tending to one, we have

P max
1<i<j<N

and

tr2(A)/T?
max | ——— s — 1
1<i<j<N €i.€i-€j.€j-/T
/ /
T2 trQ(A) €;.€i.€}.€;j.
< max ———— max 2 2
ISi<j<N € €€ €j. 1<i<j<N | T T
2 2 ! .
tr (A) €;.€.€;.€;5.
<2 max —; ma 2 2
1<i<G<N tré(A) 1<i<i<N | T T

log N

This, together with (S3.12), we have

t2A ! ;2
P(f( ) max m_zllogNleoglogNSy)

| A2 1Si<isN € €€l

tr?(A)
—p ( INE 1<1}2><<pr]. —4log N +loglog N < y)
5 1<i<ys

S exp {— \/;_W exp (—g) } : (93.13)

for any y € R.




Then, we want to prove that

P(trz(A)

||A||2 1<z<]<N

exp ( - y/Q)}
o .

pw —4log N +loglog N < y) — exp{
So, we just need to show that for any € > 0

_ey/tr(A?)
P <1<rzga}<<N |pl] pl]| \/Wtr (A) — 0.

This is because if it holds, we have

¥ (A)
HA“% log IV (1<Hl< <N |pl]‘ - 1<m<ax |pw‘) =0

in probablhty Set A = maxi<i<j<nN |16U| — mMaXj<i<j<N |p2.7| . Then

AR itz

tr?(A) s tri(A) tr2(A) .,
= i+ max  |pi;| A+ A”.
T SRR TV Y

The Slutsky lemma and (S3.13) say that

(tr?(A)
AR / log N2 12i<i<n

X |pij| = 2

in probability. Consequently,

tr2 (A)

2
IAIZ , ( tr*(A) )
log N 1<rlria}<N |pis log NA) — 0

trQ(A)Az_[ tr2(A) loe N ]2 1 0
B Az log N
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in probability. Then, we can obtain that

tr?(A) tr2(A)
A7 1<Hia)<(N‘ pul” = A7 1<i<i <N|pU’ +op(1).
So, we will prove
P| max |pi — pij| > eyt (A — 0. (S3.14)
1<i<j<n 'Y ! \/log VIog Ntr (A)

By Lemma S.5,

p E > e/ tr (A2)
max |pij — pij| > ———=——
1<igien P9 T P e N (A)

' Bye. 2
<N? max P(e], € - e{/tr (A?) )
€

1<i<j<N L€ 144/log Ntr (A)

¢ Bjer. e/ tr (A2)
<N? P|1t—>
=N S ( €).€1. 14+4/log Ntr (A)

€1.B;er. ey/tr (A?) tr(A)
<N? plLt—> Le1 >
=N BT [ < €1.€1. 14y/log Ntr (A)’El’61 2

+P (61 €. < tr(A))

2
[ tr (A2 tr(A

<N max |P (e B > YEAD N L p(grpg oA
1<i<N 28+/log N 2

[ tr (A2
<N? max |P (e'l,Biel. > < r(A%)

e 2 —no T’
73 rgN)Jr exp (—no7T)

Here, by Theorem 1.1 in Rudelson and Vershynin (2013), there exists a

constant 19, C' > 0 such that

tr(A)

P (Z{,AZL < ) < Cexp(—nT).



Note that tr(R'B;R) = tr(B;X) < pAnax(X) and
tr(R'B;XB;R) < t1(B;2?) < pAnax(Z)%.

Again, by Theorem 1.1 in Rudelson and Vershynin (2013) and Assumption

3, for some constant C' > 0, we have

tr (A2
P <€ll,Bi61. > w)

28+/log N
€/ tr (A?)
<P | € .B;e. > tr(R'B,R N S S——
= (61' 1. >t )+56¢m>

<2exp {—C’\/T/logN} ,
where the first inequality holds because that for sufficiently large N, T, for

all i = 1, N, ri(RBR) < pAuax(E) < e/t (27)/{56Iog N}. As
p > 0 is fixed, we have
P ( max |y — pyl >~ )
1<i<j<N \/mtr (A)
<aN?exp (~C/T/log N ) +2N2exp (=) — 0.

By the slutsky lemma again, we can obtain that

tr?(A
P( (A) pU —4logN—i—loglogN<y>

||AH2 1<Z<j<N

s exp {—\/;_ﬂ exp (—%) } . (93.15)

Because tr?(A) = tr?(X) and ||A|2 = ||Z||7, then, we complete the proof.

|
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S3.2 Proof of Theorem 2

Lemma S.6. For any € € (0,1) and sufficiently large T,

o+ (1+ 0310 2
P(|5m‘—02‘j| ZI\/ Rl ]\PQD ”) < Cexp (—%(1—6)),

uniformly for x € (0, N%/\(%’%)), where C' does not depend on i, .

Lemma S.7. Under the same assumptions as in Theorem 2. Let

- i.€j- R - 1 .
I=( T] )1§z',j§N77N = |IT|% - T{tr(]:‘)}2,

2
and yxv = N (u(z)) . We have

where {ay} are real numbers satisfying 1 — ¢1/T < ay < 1+ coN/T for

some constant c1,co > 0,{bx} are random variables satisfying

E (%) :0(%).

With preparations earlier, we are now ready to prove Theorem 2. Ac-

cording to (53.15), we have

63(%)/ |3 max 7 = Oy(log ).

1<i<y

Notice that

W), 6 .

BRSNS




tr2(3 2(3) |31
L ( 2) max_ 4, tFN(E) H2 .
|8 1=y Y H|S)R tr%(3)

To obtain the limit null distribution of Ly, we only need to show that

(D) IS
121 ()

—1=o0,{log”" N}.

So, similar to the proof of Theorem 2.1 in Chen and Liu (2018), we can

obtain that

tr2(§~3) ||E||% log T' min(1,2—7) B
=)= _ 340 < ) — 140 {log" N1,
DI R N +0,{log™" N}

(S3.17)
due to Lemmas S.6 and S.7. Then, we complete the proof and obtain that

trQ(E) 1 y
P| ———Ly —4logN +loglog N <y —>exp{— exp (__> )
( 1317 V& 2

S3.3 Proof of Theorem 3

We first establish two similar lemmas.

Lemma S.8. Under the same assumptions as in Theorem 3. For any

e € (0,1) and sufficiently large T,

tr( P2 07+ 12
P<|éij—0ij|2x\/ i )(UNZ” Uj))SCexp(—C'ﬁ(l—e)),

uniformly for x € (0, Né/\(%’%)), where C' and C'do not depend on i, j. Here,

forany 1 <4,j <T, 055 = (X)y.
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Lemma S.9. Under the same assumptions as itn Theorem 3. Let

Al A

~ €;.€;.

NPT B
I= (- T )1§i,j§N”7N =TI - ?{tr(I‘)}2,

2
and YN = <tr£_pz)) | ®]|%. We have

V]g - VWNaN + by, (93.18)

where {ay} are real numbers satisfying 1 — ¢1/T < axy < 1+ coN/T for

some constant c1,co > 0,{bx} are random variables satisfying

1
2\
By) =0 <TéV(i—é)) |
We are now ready to prove Theorem 3. Because for any 1 <¢ < j < N,
e =2 {60} ) o A] 2
and ¢; Byej. = 7' {(b},ﬂ(qﬁ}@)’} ® (R’BiR)] Z, where ¢l1./2 € RY denotes
the I-th row vector of matrix L and

Z:(2117"‘JZlT7Z217'"7Z2T7"’7ZN17"‘7ZNT)'

Note that tr(A) = tr(X) and tr(A?) = tr(X?). Similar to (53.14), we can

use the similar approach to prove that

_e/tr(22)
P .
(KHia’iN"’” pal > ) 0
and

€.€i€i€.  tr’(X)
T2 T2

log N

’>cg : ) O (NMY.

P max
1<i<j<N



In addition, similar to the proof of Theorem 2.1 in Chen and Liu (2018),

we can also prove that

IS 02(®) log T min(12-7
I ) —1+0, ( = ) , ($3.19)

due to Lemmas S.8 and S.9. Note that

Var (¢6;) = [ B} (ducs + 63) +vetr [{61/%(0)%)} o {01 %(6}/)} | tx(A 0 A),

where ¢;; denotes the (7, j)-th element of matrix ®. Note that we assume

that ¢; = (®); = 1, for all 1 <i < N, so, we have

tr [{6/2(6) )} o {6%(0))'}] tr(A o A) < ().

Without loss of generality, we can assume that ¢ > §1/[|2[|2/tr2(X) log N
for some constant § > 2. Note that for some constant C' > 0, by Theorem

1.1 in Rudelson and Vershynin (2013) and Assumption 3, we have

P ( log N €].€2. — ¢p12tr(X)

T VIEIE

for all € > 0. Then, there exist a constant M > 0 satisfying

> 5) <2exp{—CelogN} — 0,

pl [ 5 > /Alog N — loglog N +
- m i —
IS 12y P og oglog N + wq
tr2(2
sp (L 2)ﬁ12 > \/4log N — loglogN+wa>
1215
tr?(X) My/log N
>P =y P12 > \/4logN — loglogN—l—wa(l + —) +0(1)
1213 VN
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tr?(X)
>p Wplg > \/4logN —loglog N +w, +o(1) | +0o(1)
F

P tr?(X) €}.€2. — tr(3) P12 > —(5 — 2)y/log N/2> +o(1),

123 ¢ ey e

6’1,62. - tr(2)¢12
P —(6—2/log N/2 | +0(1
- N g/>+()

6/1,62. — tI‘(Z)gblg
=1-P —(6 —2)y/log N /2 o(1
( = < —( )\/g/>+()
Zl_p(

6/1,62. — tr(2)¢12
=1—O(N") +o(1) — 1,

Sl > (5—2)\/10gN/2> +o(1)

where g, = C{(§ — 2)/2}* > 0, for some constant C' > 0. Consequently, we

complete the proof of this theorem. a

S3.4 Proof of Theorem 4

Define

I )2
- ax (ei.€5)

= lna 2
iV |12]g

Av ={(,j);1<i<j< N}

AN = {SN/USN S l’} and B[ = {‘E;,Ej.l 2 ZN} (8320)

for any I = (i,j) € Ay, where ay = 4log N — loglog N + y and

Iy = /ISI2 [tlog N — loglog N + 3] = /I ax.




To make a clear presentation, we impose a trivial ordering for elements
in Ay. For any I} = (i1,71) € Ax and Iy = (i, jo) € Ay, we say I} < I if
11 < 19 O i1 = i but j; < Jo.

Recall that under certain assumptions, Baltagi et al. (2016) established
the asymptotic property of Sy that under the null hypothesis, Sy/dg, —
N(0,1) in distribution when min(N,T) — oco. Since the assumptions in
this paper are slightly different from those in Baltagi et al. (2016), we
reconsider the asymptotic properties of Sy under our Assumptions 1-3.
Similar to Theorems 2-3 in Baltagi et al. (2016), Lemma S.10 presents the
asymptotic null distribution of Sy, and Lemma S.11 presents that g, is a

ratio-consistent estimator of the variance of Sy.

Lemma S.10. Under Assumptions 1-3 and Hy, we have Sy /os, — N(0,1)

in distribution, as min(N,T) — oo with ~ lim  N/T = v € (0, +00).

min(N,T)—o0

Here, M; = P,XP;, for any 1 <1 < N, and

2

e = T O Dot (ML) o (M)t (M)

1<i<j<N
Recall that
2
~2 / _ / _
0g, = ——— v (v; — vi5) v, (v — Uy5) (S3.21)
v N(N—1)1;<j§vﬂ 7

Q_Jl'j = Zl<k;7éi,j<NUk/(N_ 2) and Vi = ék/Hék” for all 1 S k S N.
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Lemma S.11. Under Assumptions 1-3 and Hy, with lim N/T=~¢

min(N,T)—o0
(0,400), we have 6% /0% — 1 in probability, as min(N,T) — co.
Next, the following lemmas are provided for establishing the asymptotic

independence between the two test statistics Sy and Ly.

Lemma S.12. Assume that Assumptions 1-3 hold, under Hy, if Sy/osy
and Tyax —41log N +loglog N are asymptotically independent, then SN/Gsy
and Lytr*(2)/||2||2 — 4log N + loglog N are also asymptotically indepen-

dent when min(N,T) — oo and N/T — ~.

Lemma S.13. Under Hy and same assumptions in Lemma S.12, let

H(N, k) = > P(B;,By,---By,).

L<Ia<--<ILEAN

Then limy, ;o0 M SUP (v 1) 00 H(N, k) = 0 when min(N,T) — oo and

N/T — ~.
Lemma S.14. Under the assumptions of Lemma S.12,

> [P (ANBp, By, -+ By,) = P(An) - P (BB, -+ B, )] = 0

L<Ix<--<Ip EAN
as min(N,T) — oo and N/T — ~ for each k > 1.
Next, we are ready to prove asymptotic independence stated in Theorem

4. By (5S3.9) and Lemma S.10, the following hold,

2
(ei.€5.)

ma. 2
e

—4log N +loglog N — G(y) in distribution;  (53.22)



S
N, N(0,1) in distribution, (S3.23)
O'SN

where G(y) = exp {—exp(—y/2) /v8r}. To show asymptotic indepen-

dence, according to Lemma S.12, it is enough to show the limit of

2

N

S /
lim P[22 < T, max (€i.c;
min(N,T)—00 Osy Isi<ysN HEHF

< aN> =d(z) - G(y), (S3.24)
for any z € R and y € R, where ®(z) = (2m)~ /2 [* e~ "*2dt and
ay = 4log N — loglog N + v,

which makes sense for large N. Because of (S3.22) and (53.23), the above

is equivalent to that

lim P (S—N <z, max @ > aN> =®o(z) - {1 -G},

min(N,T)—o0 OSy 1<i<j<N HEHF
(S3.25)
for any z € R and y € R. Review notation Ay, Ay and B; for any [ =
(7,7) € Ay in (S3.20). Write

SN (¢h€;.)
Pl2Y <q NG s ay | =P AxBr|.  (S3.26
(osN s E T ) e

IeAN

Here the notation Ay By stands for Ay N Br. From the inclusion-exclusion

principle,

(U ANBI) < Z (AnByp,) — Z P(ANBpBp) + -+

IGAN IlGAN 11<IQGAN
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> P (AxBp By, -+ By,,,) (S3.27)
I <Ip<--<Ig41€EAN
and
P(U ANB[) > Z P(ANle)— Z P(ANBth)_}_..._
IEAN IlGAN 11<IQGAN
(S3.28)
Z P(ANBhBlz'”BIm)
L<Ip<-<Ig€AN
for any integer [ > 1. Reviewing the definition
H(N,k): Z P<B11B12"'Bfk>7
L<Ia<--<IpeAN
for k > 1 in Lemma S.13, we have from the lemma that
lim limsup H(N,k)=0. (S3.29)
k=00 min(N,T)—00
Set
C(N, k) = > {P(ANB By, -+ By,) — P(An) - P (B Br, -+ Bp,)},
L <lao<--<IpeAN
for T'> 1. By Lemma S.14,
lim  ((N,k) =0, (S3.30)

min(N,T)—o0

for each k > 1. The assertion (53.27) implies that



SP(AN){ Z P(Bh)_ Z P(BI1BI2)+”'_

I1eAN I1<I2eAN

Z P(B[lBIQ'--BIQ,)}—I-{ZC(N,I{:)}+H(N,QZ+1)

11<]2<"'<1216AN

gPMM-P(LJ&>+{§iQM@}+HU%%+U, (S3.31)

IeA N k=1

where the inclusion-exclusion formula is used again in the last inequality,

that is

P (UIGAN BI) Z {leeAN P (Bh) - le<lgeAN P (BhBI2) +o =

211<12<~~-<1216AN P (BhBIz o szz)} )

for all [ > 1. By the definition of ay and (S3.22),

I = max an
1si<i<y |37

(cf.e5)”
=P<¢ max ——2 —4logN +loglog N >
{MSN T

—1-G(y),

as min(NV,T) — oo. By (53.23), P (Ayx) — ®(x) as min(NV,T) — oco. From
(S3.26), by fixing [ first and sending min(N,T) — oo, we get from (S3.30)

that

S 'e;)’
limsup P <—N <z, max M > aN>

min(N,T)— 00 TSy <i<isN |27

<P(z)-{1-G(y)} + limsup H(N,2[+1).

min(N,T)—o0
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Now, let [ — oo and use (53.29) to see

limsup P <S—N <z, max M > aN) < P(z)-{1-G(y)}.

min(N,T)— 00 OSn RECE N ][
(93.32)

By applying the same argument to (S3.28), we see that the counterpart of

(53.31) becomes

P ( U ANBI> zP(AN){ > P(By)— > P(ByBp)+---+

IeAy LeAN L<IseAN

Z P (BI1BI2 e szz—1) +

L<Ia<-<Iy_1EAN

{Zlcuv, k)} — H(N,21)
B 20—1
>P(Ay)- P ( U BI> + {ch, k)} — H(N,2l),
k=1

IeAN

where in the last step we use the inclusion-exclusion principle such that

P(U Bz) < { SN PBy) - Y. P(ByBp)+-+

IeAN LeAN Li<I2€AN

Z P (BhBIz T BI2171) )

Ii<la<--<Ig_1€EAN

for all I > 1. Review (53.26) and repeat the earlier procedure to see

/)2
limsup P (S—N <z, max (GEZDN > aN> > d(z)-{1-G(y)},

min(N,T)—00 OSy TISi<GSN ||2H%
by sending min(N,7T) — oo and then sending | — oo. This and (S3.32)

yield (S3.25). The proof is completed due to Lemma S.12. O



S4 Proofs of the lemmas

In this section, we will prove the lemmas used in the previous section.

S4.1 Proof of Lemma S.6

Recall that M,L = PlZPZ, B,L = X (X;Xi)_l X"

(2

(A);; is the element at
row ¢ and column j of matrix A, for any square matrix A. Hence, we
define the element at row ¢ and column j of matrix M; = P;XP; as o0yj,
1 <i<j <N Let wy; = tr{(R'Pie;e/PR) o (R'Pre;ePR)} < 03,055,
for1<i<j<T;1<I[I<N.

Then, we claim that

(BE), |, [(BEB,), | |[(ZB),,| =0T ""7) (54.33)

ij ij
forany 1 < [,s < N, 1 < 4,7 < T. To simplify the expression, we let
biji = (Bi)ij, for any 1 <1 < N, 1 <4, j <T. Under Assumption 2, we

have maxj<j<n ’bij,l| = O(T_1>
T T
‘(Bi))“ = ’Zbik,ﬂkj < Z ikt || ok
K k=1 k=1

T
O(T™) ) lowl.
k=1

IN

Due to Assumption 3, we have Y°1_, |o;x|” < C for some 0 < 7 < 2 and

1<j<T. So, if 0 <7 <1, we have Z;‘Czl low;] < 22:1 |akj|7\akj\1_7 =
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O(1). If 1 < 7 <2, from a convex inequality we have

T 1 T /7
{(ZWI)T} S{TT_lzlokle} <O(T' 7).

So, ) (BZZ)U

and ‘(BZZBS>

= O(TV-7)

o(T~V~ ) Similarly, we have ‘(EBI)..
ij

=O(T™! V_’) Then, due to P;XP; =X - B;X — XB, +

i
B,;XB,, we can conclude that

N

Z 9ijl — Tij
N

=1

= O(T7V77)

and

N 2
Z 0410451 + UW 0ii0j; — 05

_ -1v-1
- — OV ).

=1
Recall that E.j = Zf\il éj/N,1 < j < N, wehave ¢;; = ﬁ Zl]\il €i€1j—

%éiéj Since Cov (€, €) = 045, we obtain that Var (€,€,) = afjl +
0ii,10551 + Yewij;. By classical Cramér type large deviation results for in-
dependent random variables (see Corollary 3.1 in Saulis and Statulevicius

(1991)), we have for any £ > 0,

(‘ Ly (s — o) > 2) (S4.34)
\/Zl 1 z]l+ 1+|72|)0—’L’Ll0-]]l)

(\ Ly (i) — 0ija) > x) (S4.35)
\/Zz 1 Uzllaml + azjl + 72‘*’1]1)
<Cexp { - %(1 — 5)} (54.36)

uniformly in z € [0,0(v/N)). For é;, we have Var (¢;) = SO 0/ N2.

By (54.33), Var (é.j) < CN7!, uniformly in 1 < j < T. Again, by classical



Cramér type large deviation results for independent random variables, we

have for any € > 0,

P (\é.j| > xm) <Cexp{ - “‘;(1 -9}

uniformly in z € [0, o(m)) So

<|e €. | > \/Var Var (¢ )) SQCexp{ —%2(1—6)}

uniformly in @ € [0,0(v/N)). We have, uniformly for x € [0,0(VN)),

\/Var Var (€;) = o(z/v/N). So for any § > 0 and large N

(

uniformly for z € [0,0(v/N)). Hence, the lemma follows from (S4.34) and

2

> 5¢_N) <20 exp{ - %(1 - 5)} (S4.37)

€4€.j

(54.37). O

S4.2 Proof of Lemma S.7

So, according to the definitions in Lemma S.7, we have
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2
+ %E <Z g;,a.) }

i=1
It is easy to verify that ay and by will make the equation (S3.16) true. In

the following, we will prove that ay, by satisfy the properties in the lemma.

We first deal with the term ay. Recall that € ¢;. and P;XP; = M;, we

have
tr(M;M;), i # 7,
E(&.¢.)* = { 2tr(M2) + tr2(M,)
L + ’)/Qtl"{(R,PlR) @) (RIPZR>}, 1= ]
Therefore,
N N
YN B ZZtr (M, M) +Z2tr (M2) + tr%(M;)
i=1 j=1 i#£j

+ %tr{(RP,R) o (RP,R)}.

Moreover, by Lemma S.4,

N
E (Z e;,gi.) Z ZE G

=1 i=1 j=1
N
= BEade) +ZZE (¢.68,¢;)
i i#]
N1 ’ N N
Z tr(M?) + tr* (M) + ) ) tr(M;)te(M
=1 i#]j

+tr{(RP;R) o (RP,R)}.



So we have

T2’YNGN
2
[ZZE &.81.)" — %E (Ze e) ]
i=1 j=1
N
—Z Ztr (M;M;) + Z [2tr(M?) + tr?(M;)
i#£]j =1

+ntr{(RP;R) o (R’Pim}]
B % [Z 2tr(M7) + tr*(M;) + 1tr{(R'P;R) o (R'P;R)}

0D (MM

7]

i (1 - —) + Z Z { - %tr(M»tr(Mj)}

i#j

—(1- f)|72| Ztr{(R’PiR) o (R'P;R)}

2(%)%{&2(2)—% trBE}+ZZ{tr ) — 2tr(X?B;)

=1 i#j

— 2tr(¥*B;) — 2tr(¥B,;B,XB;) — 2tr(XB,B,;XB;) + 2tr(B,X°B;) }

- —ZZ {tr*(2) + r(B;X)tr(B,;X) } — |2 Z{tr(22) +tr(B,EB;X)}

7]
Ntr trQ(E)
>Ntr?(X2) —
>Nt (8) — 2pNtr(S)C ZZ{ it }
1#]
2C°N(N -1
— 10pC’2N(N — 1) — p ¢ 7(1 ) — ‘72|C'2NT _ ’,}/2’]\/‘])02

C
s (1-2).



S4. PROOFS OF THE LEMMAS

for some constant ¢; > 0. Moreover, we have

T2’YNGN
1 (& i
E (€.é;.)— =F € &
N
_Z Ztr (M;M;) + Z [Qtr(M?) +tr3(M;) + tr{(R'P;R) o (R'P,R)}
1#] i=1

- % [Z 2tr(M?) + tr*(M;) + 1tr{(R'P,R) o (R'P;R)}

+3° Ztr(Mi)tr(Mj)]
1#]
< 0> {tx(2?) + 2t1(IB,EB)) + 2tr(B,£°B;) + tr(EB; IB;)
ij

—2t1(SB,;B,EB)} + Y _ {tr*(Z) + tr*(TB,)}

=1
(1—= |72| Z{tr ) + tr(B;XB;X)} + 2C2NT
<C?’N(N —1)T + 11pC?N(N — 1) + 2C*NT + Ntr*(Z) + p*C*N
+ [72| C*NT + |72 NpC?

coN

for some constant co > 0. This proves that ay satisfies the inequality in the

lemma.



It remains to calculate by. We have

{ZZ&’@ } {Zzg’@ }

=1 j=1 =1 j=1

Note that ¢ # 7 # k means that ¢, 7, k are not equal, and i # j # k # [
means that 4, j, k,[ are not equal. Let II; = R'P;R for any 1 < i < N.

First, by Lemma S.4, we have

N N 2

£ {ZZ(&W}]
i=1 j=1

N

:Z 6’61 }+2ZZE{€I€J }—FZZE{EQ eej }

i=1 o i#£j N NHéJ

+4ZZE{(€;'€T € €:) }+4ZZZE{66J (€.6x)°}
i#£] i#£j#k
N N N N N N N

S Y B ) + 353D E (e )
i#j#k i#£jFk#L

N
=> {48tr(1v[;*) + 32tr(M3)tr(M;) 4 12tr*(M?) 4 12tr(M?)tr*(M,)
=1

+ 0 (M) + Y2y + o Ve Sre T 012 + 5 0 + 7173f7173}

N N
+2) ) [Gtr(MiMj)2 + 3tr}(M; M)
i#]
+ 372tr{(R'P]MzP]R) o) (R/P]MZPJR)}

+ 1 Etr{(R'P;Pe; ¢, P;P,R) o (R'P;Pje; ¢, PP, R)}]

+ Z Z( [260(M) + tr*(M;) + 72t {(IL;) o (IL)}]

i#]

X [2t0(M3) + 0 (M) + 72tr{(TL;) o (IL;)}] )
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+43° % [74tr {(IL,) o (IL,) o (R'P,M,P;R)}
i#]

+ 27otr (1) tr {(IL;) o (R'P;M;P;R)}

+ Yotr (R'P;M;P;R) tr {(IL;) o (IL;) }

+ 8yotr [(IT;) o (HiRlPiMjPZ-R)] + 4ryotr [(R/PiMjPiR) o (ILIL)]
+ 497 [r7 {Ir o (IL) } IL; {Ir o (R'P,M;P;R)} 77

+ 297 [ {17 o (IL;) } R'P;M,;P,R {17 o (IL,) } 77]

+ 477 [rp {(IL;) o (IL;) o (R'P;M;P;R) } 77]

+ tr (IT;) tr (IT;) tr (R/PiMjPZ-R) + 4tr (IL;) tr (HiRIPiMjPiR)

N N N
+43 3% [Qtr(MjMiMkMi) + tr (M M) tr(M; M)
itk
+ ptr{(RP,M,P;R) o (R'P,M,P,R)} + tr(M?)tr(Mij)}

N N N

+23 3 N " [0(My) + ptr{ (TL) o (I;) }] tr(M; M)
i#j#k

33NN {r (MM ) er(M M) }

i#jFRF

Here, because the diagonal elements of (II;); are greater than 0 and less

than C', we can obtain that

fr, =6tr (IL;) tr (IL;) tr {(IT;) o (IL;) }



+ 1277 {(IL;) o (IL;) } 7rtr {(IL;) o (IT;)}
+ 48tr (IL;) tr { (TL;) o (ILIL;) } + 96tr [{Ir o (IL;)} ILILIL]
+ 4877 {Ip o (ILIL) } {Ir o (ILIL;)} 77
<6tr (IL,) tr (TL;) tr { (TT;)° } + 126r% {(T1,)*}
+ 48t (II \/ tr { (IL;)*} tr {(IL)"}

+96Ctr { (I1;)*} + 48tr? (ILIL,)

=0(T?),

fre =4tr (I tr {(TL;) o (IL;) o (TL) }

+ 24tr {(IL;) o (IL;) o (ILIL)} = O(T?),
fro =tr {(IL;) o (IL;) o (TL,) o (I1;)} = O(T),
f2 =247) {1 o (IL;) } II; {17 o (IL;)} rtr (L)

+ 4875 {17 o (IL;) } ILIL; {17 o (IL;)} 71

+ 1677 {(IL;) o (IL;) o (IL;) } 7rtr (II,)

+ 9675 {(IL;) o (IL,) } IL,; {Ip o (TL,) } 7

+ 96tr [IT, {(IT;) o (IL;)} IL;]

T T
<24CZZZ ’ ‘tl” +4802ZZ ’(Hzﬂz)lst

s=1 t=1 s=1 t=1

+ 16 Z Z |(TLIL, |2 tr (T1;)

s=1 t=1
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Fz

f’h%

<3tr? (ILIL,) +24ZZ tt+8

=247, {Ir o (IL;) } {(IL;) o (IL;) } {I7 o (IL;) } 71

3tr {(IL;) o (TL;) } tr {(T1;) o (T;) }

+ 877 {(I1;) o (TT;) o (T1;) o (T;) } 7

M

t

,_l
—_

s=1 t=1 s=1 t=

O<T2)7

=247p {Ip o (I1;) } II; {Iy o (IL;) o (TL;) } 7p

+ 3275 {17 o (IL;) } {(IL;) o (IL;) o (IL;) } 71

<24y (L), (L), (TL);, +32) >~ (IL)}, (I1,)
O(T?).

Then, by Lemma S.4,

2

4tr* (M?) + tr* (M) + 4tr(M3)tr* (M) + y5tr?{(T1;) o (I1,)}



+ dyptr(M7)tr{ (IL;) o (I1;)} + 295tr* (M) tr{(IL;) o (Hi)}]

—i—Z Z [4tr(M?)tr(MJ2») + 2tr(M?)tr? (M) + 2tr(M3)tr® (M)
1#]

+ 1t (M)t (M) + 9t {(TT;) o (TL;) }tr {(I1;) o (T1;)}
+ 292tr (M) tr{ (IL;) o (I1;)}
+ 292tr{ (M) tr(IL) o (II;) }
+ 72t { (M) tr(T1;) o (TI;) }

+ 2tr* (M) er{ (TT) o (T}
+ 3 [2tr2(1\/[i1\/[j) + 8tr(M2)tr(M;M;) + 4tr(M, M, )tr*(M,)
i#]
o+ A tr(MM i (TI) o (L)}
Y [4tr(MiMj)tr(M,»Mk) + 4tr(M, M, )tr(M2)
i£j#k
+ 2tr (MM ) tr® (M) + 279otr (MM ) tr {1}, o TT;}

N N N N

Y>> > {(MM)tr (M M)}

i#j#hAl

So, we have

Var{ZZe &) } O (NT?® + N*T? + N°T + N°T) .
1 j=1

)

Similarly, we can obtain that

N 4
E(Zee)

i=1
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=Y E(¢e) + 32 ZE €L (€6) + 42 ZE{ (€.6:.)°¢,.¢.}
=1 1#] 7]
N N N N N N N
+6> Y D E{(@ )it + Y > > Y E(6 6.8 68 énéré)
i#j#k i#jAkA

= {48tr(1\/[4) + 3260(M3)tr(M;) + 12602 (M2) + 12tr(M2)tr2(M,)

=1

+tr (M ) + 72.](72 +/74f’74 + ,YGf'YG + 71f'y2 + 72.]675 +’71’73f71“/3}

+ 32 Z( [2tr(M?) + tr*(M;) + otr{(I1;) o (I1;) }]

i#]

x [2tr(M2) + (M) + p2tr{ (1) o (IT;)}] )

F437 37 (e {11 0 (1L o (11}

4
+ 3yatr (IL;) tr { (IL;) o (IT;)}

+ 127t {(IL;) o (ILIL;)}

+ 677 [77 {Ir o (TL) } L {(I7) o (TL;)} 7]
+ 4ot [7p {(IL) o (IL;) o (TT;)} 7]

+ tr® (IT;) + 6tr (IT;) tr (TLIL,)

N N N

6> ) 0> [2tr(M?) + tr* (M) + yetr{ (TL;) o (T;) Htr (M ) tr(M,)

ik



+ Z Z Z Ztr j)tr(Mg ) tr (M),

i#i#hAl
where f.,, fy, fryer fy20 f125 foins are the same as above, and

(p(3aa)y

1=

[Zztr (M?2) 4 tr2(M;) + otr{ (TT }—i—ZZtr ]2

i#]

= [4m~ (M2) + tr* (M) + 4tr(M2)tr2(M;) + 4262 {(IL) o (IL)}

=1

o+ 45tr(M2)tr{ (L) © (TL)} + 2360 (M) r{ (T1,) o (L)}
% [4tr(M§)tr(M§) + 260 (M2)tr2(M;) + 2tr(M2)tr2(M;)
i#j

(M) (M) + 336 {(TL;) o (T }er{(T1,) o (T1,))
+ 2t (M2)tr{ (I o (1)}
+ 2t (M2)tr{(IT,) o (IT,)}
+ 2t { (M) r(TT,) o (T1,))
o+ 2t (M )tr{ (I, o (IT ->}}

+ Z Z [Qtr M) + 8tr(M7)tr(M;)tr(M;) + 4tr® (M, )tr (M)
i#£]

o+ 4 tr(M)tr (M)t { (I o (T1,)}

N N N

F30 DS [ (MG e (M (M) + 46 (M e (M) (M3)

i#jF#k
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+ 2t (M ) tr (M ) tr® (M) + 299t (M ) tr(M; ) tr{T1; o I1;}

N N N N

3NN (e (M) tr (M) tr (M) tr(My) }

i#j#kA

So, we have
2 b
Var{(Zé,éi_) } = O(NT® + N2T? + N°T%).
Finally, we have

E(by) <

2Var{2§: (€67 }+ Var{<§:e;,éi.)2}]

i=1 j=1

N2T4

()

S4.3 Proof of Lemma S.8

Recall that E = LZR/, then we have
fuy = 7' [{6%(6° @ {mi(m)'}] 2.

1/2
where Z = (Z11,--- , Zvr, Zor, - Zor, -+ ANty -+, Znt)| € RNT, l,/ S
R denotes the I-th row vector of matrix L, and m! € R” represents the

i-th row vector of matrix P;R. Hence,

N

E ellel_] = Z

=1

Z{d)”z )Y@ {miml)'}| 2.




To simplify notation, we write W; as matrix 31 1{(bl/Q( 1/2) r@{mi(m})'}.
Recall that ||A|| denotes the operator norm of matrix A. So, by the Hanson-
Wright inequality in Rudelson and Vershynin (2013), we can obtain that

for every t > 0,

12 t
NN .. 7 _ "W . — '
P{|Z2W;Z2 — E(ZW2)| > t} < 2exp[ cmin <K4||Wij||%’ K2||WU||>}

Obviously, E(Z’WUZ) = tr(W,;) = Zz]L Guoiji, where ¢y = (®)y, for
1 <1 < N. Recall that we assume that ¢; = 1, for 1 <[ < N. According

to the properties of the Kronecker product, we have

N N
r{ Wy (Wi)} =) > ¢L(PIEP,):(P,ZP,);;.
l,s=1
Due to (PZEPS)]‘J‘ =045 — (BZE)jj - (BSE)jj - (BlEBs)jj and (8433), we
have tI‘{Wij (WU),} = tr(¢2)0ii0jj{1+0(1)} and tr{Wle]} = tr(¢2)0%{1+
o(1)}. Then, we focus on ||[W;||. According to the triangle inequality of

norms, we have
Wil

1/2 12 1/2 12
<HZ¢/ Y @ vi(vy) H+HZ¢/ Y @ {ml(m}) = vi(v;)' Y

S\/Amax<@2>aii0_jj + || ; ¢11./2(¢l1./2), ® {mi(mé)' - ’/z*(’/y*)/} IB

where v;. € RY denotes the i-th row vector of matrix R. Then, using the

definition of spectral norm, we can obtain that for any vector z € RNT with
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norm ||z|| =1,

N
[ ZW V2 @ {ml(mh) — v (1) P

_ﬁ??’ix'@;wm 1y @ (ot = v o) i) = 5} o
N

<maxx’[z¢”¢l/2 1/2 ®{ ) — vy (v) H{m} mé)'—yi.(yj.)’}}x

flzf|=1

+ e @ [Z Z¢l (02 @ {ml(ml) — vy (i) H{mi (m) — ui.(yj.)’}} .
=A; + Ay

Next, we first calculate Ay,

A; =maxz [Z oudy*(0)°) @ {m(m}) — vy (vi) }{mi(m}) - Vz‘-(’/j-)/}}l‘

Jell=1
<tr[2¢,l¢1/2 Y @ {m(m —vj.(vi.)’}{mi(mﬁ-)’—w(w)’}}
<th[¢”¢” V2 @ bl — v ) ) = v ('}
g;¢ztr[{mz<m ) Ml = ()]

< ?1: 62 { iaiii — 2P D)u(PiD)y5 + 010 |

:O_(TOVUD)

where the last inequality holds due to (54.33). Similarly, we have

A = max @ [Z z¢ 292 @ {mb(md) — vy (v Homs(m3) = v ()}

[l]l=1



<tr [Z S oY @ k) — vy ) } i) — va(v;)'} ]

l;és

<Z Ztr[¢zs (@) @ {mh(ml) = vy (vi) }{mi (ms) — Vz'-(”j)'}]

l#s

<3S ] mmty — vy (0 Homd ) = 057}

l;és

3 {(PZP)(PEP.),; — (PiD)u(PE);; — (P.X);(P.D);,
l#s

+ Uiinj}

—O(T"V0-2)).

So, we can conclude that |[W,;|| = O(T%(z27)). Then, according to The-
orem 1.1 in Rudelson and Vershynin (2013), for every t € (0,0(Nz"27)),

there exist a constant ¢ > 0,

> t\/tr(QQ)(aiiajj + agj)> (94.38)

tQtI'(‘I’Q)(O'MO'j]’ + 0'22)
<2exp ( —c J )
K4tI‘{WZ‘j (WU)/}
t2
<zexp (= 45)

where tr{W;;(W;;)'} = tr(®?)0;0;;,{1 + o(1)}, and ¢ > 0 is a positive
constant independent of N and T
In fact, é.j = Zl]\il é€1;/IN can be seen as a linear combination of Zy, 1 <

k,s < N, where Z, is the element at row k£ and column s of random matrix
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Z. Then, by classical Cramér type large deviation results for independent
random variables(see Corollary 3.1 in Saulis and Statulevicius (1991)), we

have for any € > 0,

P <|éj| > a:\/\/ar(é.j)) < Cexp {—%2(1 — s)} :

uniformly in z € [0,0(v/N)). For é;, we have

_qy_1
Var N2 Z d)llo—ul + N2Z Z¢ls P EP O(N v 7')’
l#s

uniformly in 1 < j < N. So, for any ¢ > 0,

°(

uniformly in 2 € [0,0(v/N)). We have, uniformly for z € [0, O(N%/\(%_%))),

¢ jéd] = a*\/Var (&) Var (& )> §2Oexp{—%2(1—g)}

\/Var Var (¢;) = o(z/V'N).

So for any € > 0, large IV, and any § > 0,

"

uniformly and = € [0, O(N%A(%_%))). Then, the lemma follows from (54.38)

> 5%) < 2C exp {—%2(1 - 5)} , (S4.39)

Eat;

and (54.39). O



S4.4 Proof of Lemma S.9

Recall that without loss of generality, we assume that ¢; = 1, for 1 <[ < N.

Similarly, we have

. 1 N N
PR = > > ad

i=1 j=1
1 (& ’
s o
{tr(T")} =73 ;e;ez>
[N N ] 2
Tay = — (DY E(E¢.) - —E (Z ég,@-.)
TN =1 j=1 i=1
1 1 ’
2 _ Al oA \2 Al A Al A \2
R PRI —f(z) DB

it is easy to verify that ay and by will make the equation (S3.18) true.
In the following, we prove that ay,by satisfy the properties in the

lemma. We first deal with the term apy. Recall that
Z =2y, 21,20,y Zary s ZN1, 5 ZNT)
and gzﬁll,/ > € RY denotes the I-th row vector of matrix L, we have
(¢.6) = 2" |{6:(6)*)} @ (R'P.PR) | Z.

Therefore, due to Lemma S.4,

> E(Eé)

1<ij<N
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= > ¢ u{(R'PP;R)’} + ¢}>(R'P,P;R)

1<izj<N
+ Gidy;tr{ (RPPR)RPPR) Y + atr {01 (0))'} 0 {61/(0)/*)}]

x tr {(R'P,P,R) o (R'P,P,R)}
+ Z 202 tr{(T1,)%} + ¢ tr?(IT;)
+ ot {01012} o {01 P61/} %t {(IL) o (1)}

Moreover,

N 2
Al A
E ( E €¢.€z‘~>
i=1
N N
o Al A Al A
= E g E(ei,ei.ej,ej.)

lel

_ZEE 6665 —i—ZZEe eze €.)

i#£]
_Zw tr{ (I1,)*} + ¢ tr*(I1;)
+ oty [{cbw( o {61y () o (L)}

+ Z 22¢2 tr(ILIL;) + ¢y0;;tr(IL;)tr(I1;)
1#£]

3t [{812(01%) Y o {05/2(0)%)} ] tr {0 o (11}

Similarly, due to >2 ;o tr [{¢Z-1./2(¢;./2)/} o {Cbil_/?(@l'.m)/}} = O(N), we



have

T?yyay
N N 1 N 2
[ 8 e 2o ()
i=1 j=1 i=1

= > ¢jtr{R'P;P;R)’} + ¢}tr’(R'P,P;R)

1<i#j<N

+ (bii(bjjtr{(R’PinR) (RIPZ'P]'R),}
3t [{6%(0))} 0 {6%(0)*)}| tr {R'P,P;R) o (R'P,P,R)}

+Z2¢ tr{ (TL;)*} + ¢7tr*(IT,)

9t [{01 (0} o 01 (01} tr (L) o (11,)}

[Zw Ar{(IL;)?} + ¢7; % (I1;)
+ Yt [{M( Yoo 2(0!)}] tr{(TL) o (L)}

+ Z¢Z2¢2 tr(ILIL;) + ¢iigytr (IL;) tr(IL;)
i#]

e [{01 (617 0 161%(0)/%)}] 1 {(IL) o (1)} |
>tr(@H)tr?(X){1 — O(T™H}.

Moreover, we have

T’ yyay = [ZZE &.éi.) ——E (Ze q)QI

=1 j5=1
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= > ¢ u{(RPP;R)’} + ¢}>(R'P,P,;R)

1<i#j<N

+ ¢ud;tr{(R'P;P,;R)(R'P,P,;R)'}
+ 3t [ {0120}y 0 {61%(0)*)} | tr {(R'P:P,R) o (R'P,P,R)}
+22¢ Ar{(IL)?} + ¢t (IL)

+ ot {01201 } o {01 (6)/%)}] 1 (L) o (I0)}

[qus tr{(I1)°} + ¢ 02 (IL,)
+ atr [{W( o)} e {0l (6} e {(IL) o (10)}

+ Z Zw? tr(TLIL,) 4 ¢y tr(TL)tr(T1;)
i#£]

+ate [ {017(01)} o {0}/ (6}")} | 1 {(1L) o (11,)}

<tr(®*)tr*(X){1 + O(NT 1},

This proves that ay satisfies the inequality in the lemma. It remains to
calculate by. We have

R |

i=1 j=1 =1 j=1

First,




=2 P{@a)} - B Q20 B0 - B )

i#]
+Z¢ZE{eez (66)%} - B{(&.&)*}E{(€4;)*}
+42N:¢2N:E{(ég_€j. )2 (€.é:) } E{(é.¢.) }E{(é'éj)}
+2i§;ﬁE{ &)t — B{(é)2 B{(€.é.)%)
+ &éiE {(@&)2(@e)%) — B{(&&)° E{(E &)}

N N N N

+ 3 S S E{(E4.2E )% - E{(6.6.)* Y E{(E.6)%)

i#jAhAL

=Gn1 + Gn2 + Gns + Gna + Gys + Gve + Gy

Recall that Q;; = R'P;P,;R. Let Q;; = ¢,/*(¢}/*) for 1 < i,j < N. First,

we focus on G . According to Lemma S.4, we have

Gn1 = G1, +72G1, + 1G, + 1661, + 711G + 3G + 113G,

where
28054“ tr? (Qui) + 8¢itr® (QF) + 32¢5tr (Qu) tr (Q2)
+ 4865t (QF)
Z 4670 (Qui) tr {3 0 Qi) tr (Qis 0 Qai)

+ 867 tr ( 121) tr {2 0 Qi } tr (Qis © Qi)
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+ 48¢;tr (Qus) tr {2 © ¢y} tr (Qus 0 Q7))
+ 96tr {(IN o Q) CbiQn} tr {(IT 0 Qi) Q},
+ 487y {(Iny © i) (Iy © ¢iiii) } TN T {(IT o Qi) (IT o Qi)} T,

N
G, = Z 4t (Qui) tr {€2 0 Q5 0 ;) tr (Qui 0 Qui 0 Qi)

i=1

+ 24tr {4 0 Q45 0 3 Qi } t1(Qui 0 Qui 0 QF),

N
G, = Z tr {Qu 0 Q0 € 0 Qn} tr (Qu °0Qiio Q0 Qu) )
i=1

N
iy =3 2104 Iy o 2} R (L o Al 7

im1
x 70 {Ir 0 Qui} Qii {Ir © Qui}] Trdiitr(Qui)
+ 4875 {(Ty 0 Q45) ¢ is {In 0 Qii}} 7w
X 7p { (In 0 Qi) Q7 (Iv © Qai) } 71
+ 167y (24 0 Qi 0 Qi) T (Qis © Qi © Qi) Trdsitr (Qy;)
+ 967 (24 0 Qi) Qi (I 0 Qi) ™! (Qii © Qi) Qi (I 0 Qi) 71
+ 96tr {82 (i 0 Qi) Qi } tr {Qus (Qui © Qi) Qui}
G, = f: 2t1r% (24 0 Qi) tr? (Qui © Qi)
im1

+ 247y (Iy 0 Q) (R4 0 Qi) (I 0 Qi) T

X 7p (Ir 0 Qi) (Qui © Qi) (Ir 0 Qi) 7



+ 87']/\; (Qm 0 080 Qm) TNT’} (Qm 0QiioQy0 Qu) T,
N
G, = Z 327y (In © Qi) (i 0 Qi 0 Qi) TN Ty (Ir 0 Qi) (Qui © Qui © Qi) 77
i=1
X 7 (Ir 0 Qi) Qi (Ir 0 Qi 0 Qyi) 71
Obviously, G1, = O(NT?). Due to Lemma S.3 (1), we have

N
= Z 407 % (Qus) tr {2 0 Qi } tr (Qui © Qui)
i=1

+8¢7tr (QF) tr {2 o Qi tr (Qui 0 Qui)

+ 48¢tr (Qu) tr {82 0 ¢} tr (Qui 0 Q2)

+96tr { (I 0 i) 67 } tr { (I 0 Qi) Q3

+ 487 {(Ty 0 6:82%) (Iy 0 ¢:i)} e { (Ir 0 Q%) (Tr 0 Q2) } 71
=O(NT*) + O(NT?) + f: A8¢iitr (Qii) tr {2 © 91} tr (Qii 0 QF)

i
+96tr { (Iy 0 Qi) 67 } tr { (Ir 0 Qi) Q3
+ 487 {(Iy © 6::) (Iy © 6::)} vy { (I 0 Q%) (I 0 Q2) } 71

N T
=O(NT?) + O(NT?) + 248%%@ Qi) D ()% D (QF)ss(Qii)ss
=1 s=1 s=1

T T
n 96%2 )% D (Q2)es(Qii)ss +48¢“Z (e
= s=1 = s=1

<O(NT®) + O(NT®) + 248¢ [t (Qui) || Z(Q?x’)SS(Qii>88’

=1 s=1
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+ 96¢u| Z ss sz SS| + 48¢”| Z zz EE
=O(NT?*) + O(NT?) + O(NT).
Then,
N
Gy, = Z 4piitr (Qus) tr {25 0 Qs 0 Qi } tr (Qys 0 Qui 0 Qi)
i=1
+ 24tr {Q” o Qu < ¢uﬂu} tr(sz Qn u)
N T
_Z4¢“tr Q“ Z Q Z Q’L”L>ss
= s=1 s=1
T
+ 24@5“ Z 3 Z Qu ss
s=1

s=1

T

<Z4¢u’tr QM || Z Qll |+24¢ZZ|Z Q“ SS ) |
s=1

=O(NT?) + O(NT).

Similarly, we can easily obtain that G, = O(NT'). Note that for any square

matrix A € RTxT

T T

3N (Al < VT (AAY).

So, we next have

N
1, = Z 247y [{In 0 i} Qs {Iyv 0 Qi }] 7w

=1

X 7p [{Ir 0 Qii} Qis {Ir 0 Qi }] Trdpiitr(Qus)



+487y {(In 0 Qi) 0 {In 0 Qi }} a7y {(IN 0Qii) Q7 (Iyo Qu)} Tr
+167y (4 0 Qi 0 Q) TnTr (Quis © Qui © Qi) Trdiatr (Qii)
"‘967'1/\/ (sz o Qu) Qy; (IN o sz) TNTT! (Qu o sz) Qii (IT o sz) TT

+96tr {Q“ (Q“ 0 ;) i} tr {Qui (Qui 0 Qi) Qui }

_224 w ss zz st zz ttzz sz ss sz st sz)

=1 t=1 s=1 t=1
N T

N T
+48¢n Z Z(Qu)ss(ﬂu)st(gzz)tt Z Z Qu ss zz st Qu)
=1

s t=1 s=1 t=1
N T

N
+16¢:tr (Qii) Z Z(sz)gt Z Z(Qu)gt
s=1 t=1 s=1 t=1
N N N

+96 3 ) > (i)ar( i) ()2 YD D (Qui)ar( Qi) (Qui),

s=1 t=1 q—l s=1 t=1 g=1

T T
+96¢” Z Z sz st u ts Z Z(sz)?t(Qi)ts

s=1 t=1 s=1 t=1

N T
SZZ4¢?¢ZZCI(Qn)m| +48¢3~ZZO|<Q?@-)“|
i=1

s=1 t=1 s=1 t=1

1645t (Qu1) ZZC (Qui)2 + 96¢>§;ZZ| (Qii)at (Qii)(QF) g

s=1 t=1 t=1 ¢=1

+9667 Z Z C(Qu)3i

s=1 t=1

=O(NT??) + O(NT?) + O(NT).
Similarly, for G, we have

Z 2tr? (2 0 Q) tr? (Qii 0 Qi)
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+ 247y (Iy 0 Q) (R4 0 i) (Iy 0 Qi) T
X 7 (Ir 0 Qi) (Qui © Qi) (Ir 0 Qi) 1

+ 87'1/\1 (Qu 0§08 0 sz) TNT% (Qu 0Q;;0Q0 sz) T

_22{2 i ss} {Z Q“ ss} +8 zz ;Ltz QZZ st
s=1 t=1 s=1 t=1
T
+ 2422 [ st zz ss 'L'L tt ZZ Qll st Q” sSs Q“)
s=1 t=1 s=1 t=1

N
<3 2046%(Q2) + 240, ZZC Qii)? + 863 ZZO(QM-)@

i=1 s=1 t=1 s=1 t=1

=O(NT?) + O(NT).
Furthermore, we have

N
Gy, = Z 247y (Iy 0 Q) Qi (Iy 0 Q5 0 Qi) T

i=1
X 7 (Ir 0 Qi) Qi (I 0 Qi 0 Qui) 7r

+ 327’]/\/ (IN o Qm) (Qm o0 sz) TNT} (IT o Qu) (Qn 0 Q0 Qu) T

—22422 i st zz ss u ?tzz Qu st Qu 88 Qll)tt

s=1 t=1 s=1 t=1
T T
+ 32 § E i st u Ss E E sz st Qu Ss
s=1 t= s=1 t=1

1
T T
C|(Qii)et| + 325 Z Z C(Qa)%
1

t=1 s=1 t=1

N
SZM 3
=1

=O(NT??) + O(NT).

S=



Combining the above calculations, we can get Gy, = O(NT?). Similarly,
we adopt similar steps for G o, Gn3, Gna, Gns, Gng and G 7, and even-
tually we can get Gyo = O(NT? + N?T?), Gyz = O(N?T?), Gny =
O(N2T5/2 4 NWVC-UNT3) G s = O(NVE-2DT3) 1 O(N3T?), Gyg =
O(NWG=2/NT3) L O(N3T?)+O(N2VG-UNT5/2) and Gy = O(N2VU-2/1)T3) 4
O(N3VE=UDT2) L O(N3VE-YDT5/2) L O(NAT?/?). Combining G n1,- -+ , Gy,

we can conclude that

var[ (33 @Y

i=1 j=1

_ O(N4T3/2 + N2T3 4 N3T5/2 4 N2V(-2/m)3 | N3\/(471/T)T5/2).

Similarly, for

N N
Z &= 7 (Qu®Qu)Z= Z’{Z Qi @ Qui) }Z;Z’Jz.
i=1 i=1 i=1

So, we have Varq ( > ._ 1 € €;. } = Var{ <Z’JZ> } Again using Lemma

/—"\

S.4, we have
2
Var{ (Z’JZ) }
4 2
_E (Z’JZ) _ B2 (Z’JZ)
=K + 72Ky + 74Ks + 76 K4 + 17 Ks + 73 Ko + 1173 K7,
where

Ky =8tr* (J) tr (J%) + 8t (J7) + 32tr (J) tr (I%) + 48tr (J*),
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Ko =4tr () tr (J) tr (J o J) + 87y (J o ) 7nrtr (J 0 J) + 48tr (J) tr (J 0 J?)
+ 96tr { (Inr 0 J) I°} + 48747 (In7 0 I?) (In7 0 I?) 7o,

Ky =dtr (J)tr(JoJoJ)+24tr (JoJoJ?),

Ky=tr(JoJoJolJ),

Ks =247y (Inyp o 1) I (Inp 0 J) mnptr (3) 4 48757 (Inp 0 J) I2 (Inp 0 J) 7ar
+ 16757 (Jo T o J) yrtr (J) + 96741 (J 0 J) I (Ing 0 ) Tt
+96tr (J (Jo0J)J),

K =3tr(JoJ)tr (JoJ) + 2470y (Inp 0 J) (J0J) Ing o J) 7ar
+87yr (JoJoJoJ) mnr,

K7 :24T]/VT (INT @) J)J (INT oJ OJ) TNT + 32T]/VT (INT @) J) (J oJ OJ) TNT-

First, we have
N
= Z ¢iitr(Qi;) = O(NT),

ZZgbz tr(QuQ;;) = O(NT).

=1 j5=1
Then, due to Assumption 3 and

N N N

Z Z |GijPindir| = O(NlV(372/T))’
=1 k=1

=1 j=1 k=

we have

N N
J3 = Z Z Z ¢z]¢jk¢zktr QuQ]j Qkk)

=1 j=1 k=1



N N N

=tr (®°) tr (£?) + Z Z Z Gij bt {tr(QuQy; Qur) — tr (£°) }
i=1 j=1 k=1

<ir (89) r (8) 4 O(N™-2) — O(NT)

Next, due to Assumption 3 and

N
> 1bibindrul

M=
M=
WE

i=1 j=1 k=1 I=1
N N /N
< Z Z (Z |3 i Z | Priuil )
1;1 k;l ]];1 N _
<> (Z ¢ Zqﬁik)
i=1 k=1 j=1 j=1
N N
<D> C=0(0),

s
I
—
e
I
—

we can get

N N N
tr (J*) = Z Z Z Z Gij Dk Priduitr( Qi Qi Qi Qu)

i=1 j=1 k=1 [=1

=tr (<I>4) tr (24)

i=1 j=1

N
Z 010 kP {tr(QuQ;;QueQu) — tr (X4) }

1 =1

NE

e
Il

<tr (®*) tr (%) + O(N?) = O(NT).

Similarly, according to the above formulas, we have K; = O(N*T3) = K,

K; = O(N?T?), K, = O(NT), K5 = O(N®T?), K¢ = O(N*T?) = K;.
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Then, we can conclude that
N 2
i=1
Finally, by Assumption 3, we can obtain that

2Var{§:§: (€.¢;) }+ Var{(ié;_éi)z}]

i=1 j=1

0 (rn)

Eb3) <

N2T4

3=
N

S4.5 Proof of Lemma S.10

Recall that Mz = P)ZEJ].:)Z Let éz = Pzez = PZRZZ, where Zz = (Zﬂ, R ZiT)/
is the i-th row vector of Z. Define Q;; = R'P,P;R, then, we have Q;; = I,.

Obviously, by Assumption 1, we have E (Sy) = 0. Then, we have

/ !
2 N GZ-.PZ'P]'EJ'. GSPSPth
E(sv) = -1 NV 1222220 (HPMH AP IPsesll - [[Poed]

1<J s<t
€ P Pjﬁj.)2
—1 Zqz: {IIPzez I [1Pe; |I”
6 P;M,Pje;.
5 ZZ VP

+ (Ej-PjMinej-) ) {2tr(M?) + 72tr(Qz‘z' o sz)}
i3 (M) [|Pje;. ||*
2(€; P;M;Pje;.) + yotr{(R'P;Pje;.€; P;PR) 0 Qy}]
tr2 (M) | Pje;. || ]

+0(T7?)




tr MM 9
_1 ZZH )+O(T )
= a5, {1 +o(1)},

where the third equality holds due to Lemmas S.1 and S.4, and the last
equality above holds because of Lemma S.2, and the last second equality
above holds because of Lemmas S.1, S.2 and S.4, tr(Qq; 0 Qi) < tr(Q%) =
tr(M?) = O(T) and

) < tr{(RIPinQf;.PJ’PiR) o Q“} < Ctr(R’Pinej.eg-,PjPiR) _ O(l)
= IPe, ]| - IPje ]

The normality of Sy has yet to be proven. Define Z?:z Z; where
Z; = Z \/7@], Let F; = o{e1., -+ ,¢€;.} be the o-field generated
by {€;.,i < j}, where €. = (€;1,- -+ ,€;7)". Because €., -+, €y. are mutually
independent under Hy. Obviously, E(Z; | F;—1) = 0 and it follows that
{Z?ZQ Zi, Fr;2 < k < N} is a zero mean martingale. According to the
Martingale central limit theorem in Hall and Heyde (2014), we only need

to show

N
Zj:QE (Z]2 | ‘7:3'—1) P
3 —1,
o
Sn

(S4.40)

and

E {Z E (Z;‘|fj_1)} = o{c}, }. (S4.41)
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We first focus on (54.40). It can be shown that

N N 7—1
(==t
Z1
>0

Jj= Jj=2

N j—1

:Z N(N E{ PinjPing| Fn,j- 1}
Jj=2 i1=11i5=1
N 9 j—1 j—1

:Z N(N -1) . E A pirjPias| Fnj-1)
322 11:1 7,2:1

~A+B,

where A = +=— Z] 22 E{ fij) ‘]—“w 1}, and
4 N j-1 j-1
B N(N — 1) ;Z:<;:E (ﬁiljﬁizﬂ Fn,j—l)'

First, we consider A. By Lemmas S.1, S.3 and S.4, we have

Ao 2 iv: ! {tr (€. M,é.) FE (e;,Pjéifg,Pf’ ) Var (¢ Pje;.)
~N(N —1) L (M) € e tr3 (M) €. ¢;.
_E (E;'.Pjéi~€g.PjEj~€;‘ij€j~)2 —F (i;AP]ézéine]) E (GQijEj.) } n O (T_2>
tr? (M) €, €;.
2 ij‘l [tr (E.Mé)  tr[(RPPie.c,PiP,R) 0 Q)]
N(N -1) = (M) tr? (M) €, ¢;.
| 2tr (6MFé) N tr (€ Mjé;.) {2tr (M3) + 7atr(Qy; o ij)}] Lo
tI'2 (M]) g;él tr3 (MJ) égéz



8 tr (€. M, €;.) tr (€. M, €;.
i T s{mmn
1 — — tr (M) € é.tr (M}, ) €. €.

N j-1 . .
4 t " M€, 8
S o1 S LT S
N2(N —1)2 &= 4 tr? (M) (€..é;.) N2(N —1)

p{ )} ol
(ei,q,) (ei,ei.)

where the last second equality holds because

5 { tr2 (& M,é;.) }
tr2 (M) (¢,.¢.)°
tr2 (M; M) + 2tr (M;M,; M, M)
- tr2 (M) tr2 (M)
»tr[(R'P;M,P,R) o (R'P,M,P,R)|
tr? (M) tr* (M)

+O0{T ' (M)}
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- tI'2 (MJ) tI'2 (Ml)

+O0{T 'r* (M)}
=0(T?).

Hence, we can conclude that A; = 0%+ 0, ((TSN) Then, we have

N L Tt (el My j€i) {2t (M3) + |[tr(Qy; 0 Qy;)}
B (|4y]) < ZZE{ tr( (M)ﬁel_l. ]

=2

) =L otr (Mg) - |72|tr(ij 0 Qyj) [ tr (€. M,é,)
TN(N-1) 2 Z b { }

j=2 i=1 (M € i

B 2

~N(N —1)
+0(T7) }

=0T =0 (e4,),

i)
—! oty (Mz) + |72|tr(ij 0 Qy) [ tr (M;M;)

'MZ

<
Il
2o

where the last two equality holds due to tr(Q;;0Q;;) < tr(M,;M;) = O(T).

Hence, we have Ay = o, (a%N) by Markov inequality. Next, we have
N j—1 ~f 2 A
2 2tr (6-.M 61)
E(Ay) =——— E{ —2 7 7~
(43) N(N —1) 2 {u? (M,) &, é.. }

4 a 1 tr (€, M2¢;.)
TN(N-1) ZZ tr? (Mj)E{ e }




N j-1
2 tr[(R'P;P;e;.€. P,P;R) o Q]
E A - - E R A A T S 73
(A1) ==y 2o tr2 (M) ¢ ¢,
j=2 i=1 J7 >
__ 2 ZN:H 5 [ H(RPPic.,P.PR)
=N 1) tr2 (M) &.é,
j=2 i=1 J7 >
j—1

Il
=
=&

WE

t

tI‘(E;PZM]PZEZ)
tI‘2 (MJ> é;éz

:N(]%TC— 1) ]é : {ter(rlsdhf)ji\iﬁdi) o <Ttr2;(Mg)) }

Because A3 and A, /72 are non-negative, we have A3 = o, (JgN) and Ay/v2 =

2
op (02,) . Second, we focus on B.

4 N j—1j5-1
B PIE R
N(N . 1) JZ2 — £ 17172] J
4 N 7j—1 5—-1
= E(ﬁz‘ iDi ‘|]:n,'—1)
T {z ol Fo
N 4 7j—1 5—-1
Sl S
7j=2 11 <12

where we denote that 6;,;, = E ( pi,jpi,j| Fnj—1). Obviously, £ (B) = 0 due
to the law of total expectation. By Lemmas S.1 and S.3, we have

&, M;é;,. €, Mjé;, {2tr(M3) + 72tr(Qy5 0 Q) }
€;,.€iy. €1, €ip b1 (M) €, .€1y.€1, €ip. tr% (M)
28, M3é, + tr[(R'Pyé,.6, PjR) 0 Q]

~ ~ A~ A 2
€;,.€i,.€6, €5, 177 (M)

i1i2 =

+0(T7?)
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for any 1 < iy < iy < j < N. Moreover, we have

E(5:)

<se{

N ~ 2 ~ ~ 2
(6;1 Mj%-) I 5E (2 + ”}/2|)2 (E;QAMJ'Q'I.) tI'2 (M?)
6;1 éll é;z €12 tl"2 (MJ) €;1,€i1.€;2,€2‘2.tr6 (M]>

4 (&, M2, 202[(R'P,é,, ¢, P,R
+5E{, A(A, L i }+5E{%TBA A )OQ”]}
€ €€, €,.trt (M) € €€, &, trt (M)

12- 11-

+0 (T
5tr (M, M,;M;,M,) 5(2 + o])?tr (M, MM, M) tr* (M)
~tr? (M) tr (M, ) tr (M) tr (M, ) tr (M, ) tr® (M)
20tr (M, MM, M?) 5C%42Ttr (M;, M) tr (M;,M;) 5
P e My e ) T e e ) O

—0(T%).
where the last two inequality holds due to
0 < tr’[(R'Pje;, €, P;R) 0 Q] < T'C?(€, Mye, ) (€;, Mjey, ),

by Lemma S.3, for some constant C' > 0. So, we can calculate E(B?),

j—1 7—-145-1 j5-1
E(B’) <NZ No( N 2)2 (Z > 25“1251324)

11<i9 13 <14

N j—1j-1

NV —2p 2 2 2 (O,

: 11 <i9
=0(T77) = o(05,)

then, we obtain that B = o, (0% ). Next, we will focus on (S4.41) and



prove that

N
Y E(Z}) =ofod.}
Jj=2

due to EXSN VB (ZY4F;) b = SV, E(2Y). We divide SN, E (72
Z] 2 J1va j=2 J j=2 J

into two parts:

4 N j-1 12 N j-1j-1
) 22 A2
_]\72(]\7—1)22 E( ?])+N2(N_1)2 ZZ E(pmplzj)
7=2 =1 J=2  i1ig

By Lemma S.1, we have

E(pj)

=E{E (pjle)}
(é’ €j) tr? (M)
1otr[(R'P&;.€, P;R) o (R'Pié;.¢,P,R)]
(é’ €j. ) tr? (M)
3E { (€. Pyé;. € Pie;. ) |ej.} {2tr (M?) + 7t1(Qyi 0 Qi) }
(.6;)7 tr* (ML)
2K { (EQPZQ@/PZEZ) (EZPZEZ) |€j.}

+ +0(172)

(€,.¢;. ) tr? (M)
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2F { (€;PZ€]€,P161)2 ‘Ej.} E (EQPZQ)
(& ¢;.)° tr3 (ML)

J

+

Then, by Lemma S.4, we have

_E“ePgqu)(dﬂqﬂq}—E{@Pqef%J|q}E@PM)
=7str [(R'P;¢;.¢, P;R) o (R'P;é;.¢; P;R) o (IL)]

+ 27otr (R'Pyé;.¢; P;R) tr [(R'Pyé;.¢, P;R) o (IL)]

+ 8yotr [(R'Psé,.¢, P;R) o (R'P;¢;.¢, P;RIL)|

+ dyotr [(IL;) o (R'Pé;.¢, P,RR'P;é;.¢; P;R)]

+ 497 [ {Ir o (R'P;¢;.¢, P;R) } R'P;é;.é; PR {1y o (IL;)} 77|
+27; [ {Ir o (R'P;¢;.¢; P;R) } IL {Ir o (R'P;é;.¢; P;R) } 7]
+ 497 [ {R'P;¢;.¢, P;R) o (R'P;¢;.¢, P,R) o (IL;) } 7]

+ 4tr (R'Pié;.¢, P,R) tr (R'Psé;.¢,. P,RIT;)

+ 8tr (R'P;¢,.¢; P,RR'P;¢;.¢; P,RIL)

>tr {(R'Py¢;.¢; P;R) o (R'Pé;.¢; P;R) o (IL) }

+ 29ty (R'Pyé,.¢, PiR) tr {R'P;¢;.¢, P;R) o (IL,) }

+ 87otr [(R'P;é;.¢; P;R) o (R'P;é;.¢; P;RIT;) |

+ 4yotr [(TL;) o (R'Pyé;.€; P;RR'P;é;.€, P;R) |

+¢hh{hoRP@jPR}RP@§PRHWw i)} 7r]



+ 293 [7 {1 o (R'Pié;.¢, PR) } I {Iy o (R'P;¢;.¢, P;R) } 77

J ]

+ 477 [7p { R'P;¢;.6, P;R) o (R'P;é;.¢; P;R) o (1) } 77| ,

where the last inequality holds because the last four terms on the right side
of the first equation above are all greater than or equal to zero, according
to Lemma S.3.

Then, we have

£ (p)
cp B heD (EME)" 33+ @+ hel) (M) o (M7)
- (.6;)% tr* (ML) (.6;)% tr* (ML)

+ 2tr_3(1\/[i) <€;€]>_2
{4uﬁRP@jPR)(RP@jPRJ(Hn
+ 29otr (R'Pyé;.¢; P;R) tr {(R'Pé;.¢;, P;R) o (IL) }

+ 8yotr [(R'P;é;.¢; P;R) o (R'P;é;.¢; P;RIT;) |

+ dyptr [(IL;) o (R'Pé;.¢; PRR'Pié,.¢, PR)] + O (T7)
+ 497 [77 {Ir o (R'P;é;.¢, P;R) } R'Pé;.é; PR {1y o (IL;)} 77|
+ 271 [ {Ir o (R'P;¢;.¢; P;R) } IL {Ir o (R'P;¢;.¢; P;R) } 7]

+MﬂﬁﬁRP@jPR)(RP@§PR)(mnﬁqn

p (3+ ) (8. M;é;.)" N 33+ |72) (2 + |7al) (€. Mé;.) tr (M?)
B (&.6,)" tr2 (M) (&.6;)" tr* (M)

J: J
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+%f%Mm%@){CquRP@jPRRP@jPR)

+ 2C |, tr (R'Pié;.¢; P;R) tr (R'P;é;.¢; P;R)

+ 8] (€. M)/ (&) Me; )12

+ 4C|e|tr (R'Piéjé, PRR'Pé;.¢; P;R) + O (T?)

+ 497 [77 {Ir o (R'P;¢;.¢;, P;R) } R'P;é;.é; PR {1y o (IL;)} 77|
+ 27} 17 {Ir o (R'P¢;.€; P;R) } IL; {Iy o (R'P;¢;.¢, P;R) } 7]
+MﬂﬁﬁRP@jPR)(RP@jPR)am}ﬂ})

Because 8|7y2| (¢} M;¢;.)%/2(&) Mie;. )2/ (€.¢;.)* = O(1),

MJ@H@oRPQZPR}RPQZPRHﬂW )} 7]
(€}.65.)2
T ~ A A
R'P;¢;.¢; P;R R'P;.¢. P;R
<SS (R (R
=1 h—1 sk Ej.ej-

R'P;¢,.¢, PR ?
SOGTEY S o)

>SS (HZ)kk

<4470(1 T2tr

/\,A

and

13 [ {(R'P ;¢ PR) o (R'P¢, &, P.R) o (1)} 7] }

L~ (RPi¢.¢, PR
<471 Z Z ( A/j ¢ )Sk (Hi)sk
s=1 k=1
RE@jPR)
e A

6] €5

§47120(1)tr<

=0(1),



we have

E (pi;)
B+ l) 33+ )2+ |a))tr (M2) (& Me;.)”
{tr2<Mz-> ! o? (M) }E{ (@5) }

+Eb4mﬂ@ﬁﬁ &ﬂmHﬂﬂ%H¢@%M%M@Y

+29% [ {Ir o (R'P¢; &, PR)} I {Iy o (R'Pi¢; &, PiR) } 77] }|

+0(T7?)
(3 4 |2]) 3B+VMM2+hﬂﬁHNﬁ)+CWA+2Chﬂ+4Chﬂ
tr? (M) trt (M) tr3 (M)
tr? (M)
72tr{(R’P]M1PJR) o (RIPJMlPJR)} 1
T
+ 07 (ML) +0(T7)
+27fE{TT {Ir o (R'Pi¢;.¢, PiR) } II; A{IAT o (R'Pi¢; €, PiR) }TT}
tr? (M) (€}.¢;.)
+0(T7?)
=0 (1)

where the last equality holds because of the fact

2937} {Ir o (R'P;¢;.¢ PR)} I, {Iy o (R'P;é;.¢, PR) } 7

(€.6,.)?

R'P;¢; &, PZ-R>
kk

IR P:¢;.¢, PR
SQ%ZZ( & & >85(Hi)sk< &é

s=1 k=1

T .oz T £ €
<2770(1) Z <M> Z (RIP o jP R)kk
€€ k=1 €

s=1
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R'P,¢, ¢, PR
<220(1)er? (ST o), S4.42
1 /

66]

So, C =0 (N72T7%) =0 (04, ) . Next, we consider D.

B (36%) < \JE (04,) E (01,) = O ().
Then, D = O (N7'T7?) = 0 (0}, ) and ZjVZQE (Z}) = o{od,} Then, we

complete the proof. a

S4.6 Proof of Lemma S.11

Recall that

Ty = ZZU — i) v; (v — Vij)

1<7,<]<N

where 7;; = 7 ZKT#’KN vy and v, = €../||é€,.]|. We have

Toy = Z D v (v — i) V) (03 — vy)

1<z<]<N
2 / !~
E E ’U U] — m E E U@'Ujvjvij
1<z<]<N 1<i<j<N
2
f— =
— ( E E UU”UJUZ (N 1) E E vivijvjvl-j
1<’L<]<N 1<i<j<N

:Fl —F2 —F3+F4.

Obviously, E (Fy) = 0%, {14 o0(1)} and E (F;) = 0 for i = 2,3, 4. Then, we

just need to prove that Var (Fy) = o (0§, ) and

E(F7) = o(0s,)



fori=2,--- 4.

Var (F2)
SN 1)y Z 2 E { viv;) }
1<i<j<N
Z Z ZE { UHUU qu% 2}
- 1 11 <12<13
_1 ZZZE{ UzS Uls 2}
11<12<13
_1 QZZZE{ UHUW 1}12%3 2}'
11 <12 <13

Because E {(U§1Ui2)2 (vglvm)Q} < \/E{(Uglvi2)4} E{(vglvi3)4} and
E{(viva)'} = B (5h,) = O (T72),

we have Var (F£) = O (N7'T72) = 0 (0%, ) . We next deal with F.

ZZUUJUUZJ: NN ZZZUU]’UUT

1<’L<]<N 1<z<]<N T#4,J

So,

E (FS)

(N—l (N —2)2 ZZ Z ZZ Z EU“U]lUleTleQU.nU]QvT?)

1<i1<j1 <N 11#41,j1 1<i2<j2 <N To#i2,j2

4
:N (N 12 ZZZE UU]UUTUU]UUT)

1<i<j<N 7#i,j

)2(N
8
+N (N 12N 2 2222 Z vvhv VLU; ?}]21]]21)7-).

<j1<j2  T#iJ1,j2
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Because

E (vjvo}v v, ) :E{(v vjvhv,) } E(0%0%,) <\/E (3L) E (5,
=0 (T7?).

and

B (0,0 vr0l0500,) <\ E{ (vy,0,0,)” YE{ (vfoiy0)” Y = O (T72).

we have E (F3) = O (N72T7%) = 0 (04, ) . Similarly, we have F3 = o, (0% ) .

Now, we consider Fj,

2
NN = NN =1 Z Zv Ui VUi

1<i<j<N

2
SNV DN 2R 2 2 D vimtivn

1<i<j<N T1#4,j T2F#1,]

— NV = S {ZZZUUTUUTJrZZ Z vvnv]vm}

1<i<j<N T%#i,j 1<i<j<N T1#T2#1,j

=Fy + Fyo.

So,

E (F421) :Nz(N — 2 4 Z Z Z U UTlv Ur Uy U7—2UJ/UT2)

1<i<j<N 711,72#1,j

_O \/E v vnv]vﬁ)QE (v Uy U 072)2

—0 (NIT2).



Similarly, we have E (Fj) = O(N*T72%). Next, we can conclude that

E(F}) =o0(0%,) due to E(F}) < 2E (F3 + F}) , which leads to
63,/0%, = 1,

in probability. a

S4.7 Proof of Lemma S.12

By Theorem 1 and Lemma S.10, the following hold,

tr2(3

|Tf§||2> Ly —4log N + loglog N — G(y) in distribution; (S4.43)
F

Sn/0sy — N(0,1) in distribution. (S4.44)

First, we will prove that if i —log N +loglog N and Sy /0s, are asymp-

tr2(2)
[

totically independent, then Ly —log N + loglog N and Sy/og, are

also asymptotically independent. Due to (S3.9), (S3.13) and (S3.19), we

have

tr2 (2 .
LQLN — T — 0, (S4.45)
12]1%

in probability. Then, to show asymptotic independence, it is enough to
show

li P(S / < tI"2(5)[, 4log N + loglog N < >
1m g Xr, —— — 410 4+ log lo
min(N,T)—oc0 N/OSy = ||Z||2 N g g 10g Sy

= ®(x) - G(y), (54.46)
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for any z € R and y € R, where ®(z) = (2m)~ /2 [* e~ "*2dt and

1
V8T

G(y) = exp {— exp (-%)} (N —1)(N —2)?

Let
ay = 4log N — loglog N + y.
Due to (S4.43) and (S4.44), we know (S4.46) is equivalent to that

lim P (SN/O'SN <z, tr;L%)LN > aN> =&(z) - {1-G(y)},

i (N.T) BER

for any x € R and y € R. By the assumption, we know that

lim P (SN/GSN < 2, T > aN> —B(z) {1-G(y)}, (S4.48)

min(N,T)— o0

for any x € R and y € R. We show next that (S4.48) implies (54.47). By

(S4.45),
tr2 (3 .
r~( Q)LN_ max — 0
1311%
in probability. Given e € (0,1). Set
tr2 (32
Q:{ r~( 2) N 7 4{max <6}'
[pA1IF
Then
lim P(Q)=1. (54.49)

min(N,T)—o00



Now,

OnQ, if tr%(%) Ly > ay then
1=

- tr?(3)

tr2(2)
max — =~ o &N —
13215

= N —
117

Define

ay = 4log N —loglog N + y — 2e,

which makes sense for large T'. Thus,

(ZN—&N>E,

and (54.51) conclude that

Tmax Z (NlNu

as p is sufficiently large. Review (S4.50). We have

tr(3
P <SN/USN <, ‘%5”2) Ly > aN)

SP (SN/USN S $7Tmax Z dN) +P(QC)

Immediately from (54.48) and (S4.49) we get

)<
h
limsup P (SN/O'SN < x,w

min(N,T)—o0

(S4.50)

(S4.51)
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for any € € (0,1). Inspect that the left-hand side of the above does not

depend on €. Letting € | 0, we obtain

limsup P (SN/USN <u, @LN > CLN) < O(x) - {1 -G(y)},

min(N,T)—00 13|12
(54.52)

for any x € R and y € R. In the following we will show the lower limit.

Evidently,

tr3(3
P (SN/USN <z, r~( 2)LN > GN)
132]1%
tr3(3
ZP (SN/O'SN S Z, LJLN > CLN,Q> . (S453)

13217

Set

iy =4log N —loglog N + y + 2¢,

Therefore, a’y > ay + €. It is straightforward to verify that

5 . tr2(2
{Tmax > d’N,Q} - {Tmax >ay + e,Q} C { ﬁéHQ)LN > aN,Q} ,
F

(54.54)
as N is sufficiently large, where the last inclusion follows from the definition

of Q. By (54.53),




Thus, from (54.48) and (S4.49) we get

liminf P (SN/USN <z, ~—)LN > aN) > d(z) - {1 -Gy +2)},

min(N,T)—o0

for any € € (0,1). Sending € | 0 we see

liminf P (SN/USN <z, ~—2)LN > CLN) > ®(x)-{1-G(y)},

min(N,T)—o0

for any z € R and y € R.

We have proved that %LN — 4log N + loglog N and Sy/og, are

asymptotically independent. Similarly, it is easy to prove that t‘T;(H%)L N —
F
4log N + log N and Sy /dg, are also asymptotically independent. Conse-

quently, we complete the proof. O

S4.8 Proof of Lemma S.13

For I; appeared in H(N, k), write I, = (i;,j;) for [ = 1,--- k. Now we
classify the indices I} < Iy < -+- < I;; € Ay in the definition of H(N, k)
into three cases. Let I'y; be the set of indices (11, - - - , I;;) such that no two
of the 2k indices {i, ji;1 =1,--- ,k} are identical. Let 'y o be the set of
indices (I1,-- -, Ix) such that either iy = --- =g or j; = --- = j. Let I'y 3
be the set of indices [} < Iy < --- < [, € Ay excluding I'y; UI'x 2. In the

following we will estimate

D, = > P(B;,By,---By,)

Li<lp<--<Ip€lpn
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for j = 1,2, 3 one by one. We will see D; contributes essentially the sum in
the expression of H(N, k) by an easy argument; the term D, is negligible
and its computation is trivial; the term Dj is also negligible but its estimate
is most involved.

Step 1: the estimate of Dy. Recall By = {|€}.€;.| > In}if I = (4,7) € An.

By the definition of I'y ;, we know that By, By, --- , By, are independent.

k

For large N,
! > < ¢
max P (By) = Pilee;| 2 In} < 7
where the inequality holds due to (53.7). Then,
o N(N-1) C

Step 2: the estimate of Dy. Evidently, the size of 'y is no more than

(]f) . (]Z) -2 < 2N*+1 Recall that Z,. is the i-th row vector of matrix

Z. Similarly, there exists some C3 > 0 such that for fixed & > 0 and
a € {~1,1}, 1 <1 < k, that

( S @zZz->/A2 ( S alZl_>
tr(A2)

> k(L +e3) | <2N73F

where €3 = C34/log N/tr(A?). Again, by Cramér type moderate deviation
results in Statulevicius (1966) and Theorem 1.1 in Rudelson and Vershynin

(2013), for ji # ja # -+ # Jk,

P (BI1BI2 e BIk)



=P (]6;1,6]-1.] >y, e, legl,ejk.\ > ZN)

4| o)

aje{-1,1} =1
k
< Z P{ ZQI,A<Zalel.>‘ > k- \/aNtr(Az)}
are{-1,1} =

Zi A (leal jl>’ ) \/%}
\/ (Shiaz,) 22 (S az,) VItes
{ Zaz gl (Zal ]Z) > k(1 +€3)tr(A)}

‘lel Zl 2 Jl>‘ \/M o .
[ {\/Zl TN ) N ,Z]k.}]

ale{ 1 1} {

(IZG{ 1 1}

alE{ 1,1}
+ 2k+1N73k‘

Z {14+ 0(1)} _exp(—k:aN/Q)JerHN_?’k
alE{ 1,1}
2k+1<27r) 1/2

~ VAdklog N
<" (log N)M*7Y2 N exp(—ky/2) + 257 N9, (84.56)

exp [~2klog N + kloglog N/2 — ky /2] + 2FF1 N =3k

where kay = 4klog N — kloglog N + ky. So, for k > 2, we have

Dy <2N*. P(By, By, - By,)

— QNFHL. 2R (log N)YM27Y2 N2k oxp(—ky /2) — 0. (S4.57)

Step 3 : the estimate of Ds. Fix a tuple (I1,1s,---,1;) € I'ys. By the
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ordering imposed on Ay, we see that 1; < iy < --- < 4. Let’s assume that

11 =1 =" "+ =1n,
Z7L1+1 = ZTL1+2 == Zn1+n27
bngteotne_1+1 = Ingbeebne 142 = 000 T gt

where ny+- - -+n, = k. Let F; be the set of random vectors {e;,., €., €;,.;2 <

[ < k}. Similar to (S4.56), for sufficiently large constant C' > 0, we have

P(By, By, -+ Br,)

=E {P (Blefz ' "Bfk ’ F1>}

i k
=K P{lgllin = ejl]>lN|.7:1}-l1_[H[(Bll)}
i o
i k
e ¥ rll > >lN\]-"1} [T ) }
L ae{-1,1} I=1 -
i "
<K Z P{|6;1,(Z ae;,.) > Iy | ]:1}
'alE{—l,l} =1
moaZy) NS @) logN | 1
[{( 1=1 W45, 1=1 W45, 140 } I(B
X i (A2) Z O Ay 11 7B
l=n1+1
moaZy ) NS @) logN | T
E I{( =1 W45 1=1 W4 1 _} I(B
* [ nitr(A?) >1i+c tr(A2) 11_[+1 (Br)
-
k
gO(N‘in)E{ 1T ](BIZ)} +oN
l=n1+1

<O(N~*™)P (By,,,, - By) + 2N,



In the same way, we finally obtain

P (BB, By,) :P(ﬁBh> P ﬁ B;)
=1

l=ny_1+1

C

= N2t 2n,
< C
— N2k7

for some constant C' and sufficiently large N. Recall I, = (i;,j;) for each
1 <1 < k. In view of the definition of I'y 3, there are at least two of the 2k
indices from { (i, 7;) ;1 <1 < k} are identical for any (Iy,--- , ;) € I'ns. Let
k= |{i, ji; 1 <1<k} for such (1, I, -+ ,I;) . Easily, k+ 1 < k < 2k — 1.
To see how many such (Iy,--- , I;) with | {i;,j;; 1 < | < k} |= k&, first pick
x many indices from {1,2,---, N}, which has the total number of ways
(JZ) < N*, then use the x many indices to make a (Iy,---,I;) € 'y 3. The

total number of ways to do so is no more than x?*. Therefore,

2%k—1
Tyl < Z N* . k% < (2k)% . N%1
k=k+1

Similar to the (S4.56), for fixed k, we can have P (B, By, - - - By, ) = O(N %)
and

D3 <(2k)* - 2% (log N)*/*/2 N=* exp(~ky /2)

(log N)k/?—l/?
N

<(2k)** - 2F exp(—ky/2) -0

as N is sufficiently large. a
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S4.9 Proof of Lemma S.14
For I < Iy < - - < I € Ay, write I} = (i, 5;) for [ =1,2,--- | k. Set
Mg ={Gd)iin < j < N <1< B J{G,a);1 < i< i1 <1<k}

for k > 1. Tt is easy to check that [Ayx| = S35, (N — i+ j; — 2) . since

1; < j; for each [, we see that

k
E(N = 1) < [Aykl <D (N + i) < 2kN.

=1

Recall

for N >3 and for N > k > 1,

9
LI S E— Dij.
! NN =1) (i.5)EAN & ’

Observe that By, By, --- By, is an event generated by random vectors { Pijs

k

(i,7) € ANJC}. A crucial observation is that Sy — S% is independent of

B, By, -+ - By,,. It is easy to see that
S . o o b
NV NN -1 {(irg)ir<j<NI<I<k}
B
N(N —1) {(a<i<ii<i<ky !

9 k k
NN oD DD b

s=1 t=1



=Dy + Dy2 — Dy 3.

Fix € € (0,1), for even 7 and 7 > 2, we have

27‘/2

N
Z laizj

k T
T T—1
E|Dnal" <k NT/Q(N—1)7/22E<, ' >7
=1 j=i+1

(3 e () 1)

By Lemma 2 in Feng et al. (2022), there exists a constant K, > 0 depending

where

on 7 only such that

N T N
E{ ( > ,am) } S KN =)y E{(pug) |}
=i+l J=itl
So, we have
or/2 k N
B0l < W Sy 2 W= 3 BIE{ ()l

By Khintchine’s inequality (Exercise 2.6.5 in Vershynin (2018)) and Lemma
S.1,it’s easy to obtain that E [E {(p;,;)"| €;,.}] < (7/2)7/10 (T~7/?) . Hence,
together with g, = O (T~/2), we obtain that

E|Dy|”
05, €
KTkTTT/427/4

ET

P(’DN,1| > O'SNE) <

10) (N—T/Q) ’

where the last equality holds due to Assumption 2. Similarly,

kﬂ' 7/427/4
P(|Dya| > ogy€) < ~———— O (N772) |

ET
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Lastly, for even 7 and 7 > 2,

) o7/2 Tﬁ E k o
E(Pnsl') = Sy =1y TS Y B bl
s=1 t=1
27’/2

KTE (11,4,

T).

<
— NT/2(N _ 1)7/2

So, we have

| ]k\:[‘ !/ k27—7—7-/4
Pl — > <0 —
{O’SN == N7/2 7

for large N, where C” is a constant depending on e but free of N.

Fix I < I < --- < I, € Ay. By the definition of Ay,

P{Ax(z)B, By, --- B, }

|5 | il

SP{AN(JT)BABIQ'”BIM oo <ep+C- N2
S — S% alls
SP{?SI-i—QBth”'BIk +C

kQTTT/4

Sy — S ,
=P —§$+€ 'P(B[lsz"'B]k)—i—C'W,

O'SN

by the independence between Sy — S% and By, By, - - - By,. Now

ok
AL

gs

N
S _Sk Sk k27 T/4
SP{u§x+e,‘N}<e}+0/- 7—2
O'SN O'SN NT/
S k,27’ T/4
SP{—NSx—i—Qe}—I—C'- T2
OSy N7/
kQTTT/4

<P{An(z+20}+C" =



Combing the two inequalities to get

P{An(z)By, By, --- By }

k27 T/4
<P{An(z+2¢)}- P (B, By, - By,) +2C" - N:/2 . (94.58)
Similarly,
Sy — Sk
P{u <zx- ethB[z Blk}
O’SN
_ qk
<P M <z —e€ BBy By,
O'SN
‘S]k\/’/‘ L2 /4
< c'-
Ty ert NT/2
SN k,2‘r7_7'/4
SP{ES.T,BHBb"‘B[k}—'—C,' NT/2 .
In other words, by independence,
P{An(z)Bp, By, - B, }
SN _ S]’i] k,ZT,]_T/4
ZP{?SZE—E 'P(B[le"'B[k)—O/'W.
Furthermore,
P {S—N <zx-— 26}
SN
Sk k27 7/4
<P S—gx—26,|—N<e yo BT
O'SN O'SN NT/2
SN—S]]% ’ k32TTT/4

The above two strings of inequalities imply

P {AN(JZ)BHBIQ e Bfk}
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>P{S—N < J]—26} : P(BIIB[2 Blk) — 20,

= T

kQTTT/4

which joining with (S4.58) yields
|P{An(z)B1, By, --- By, } — P{An(2)} - P (B, Br, -+~ Br,)|

k2777/4

SAN,E - P (BllBIQ s B[k) + 40/ . W,

where
Awe = [P {Ax(2)} — P {Ax(z + 2} + [P {Ax(2)} — P {Ax(z —26)} .
In particular,

Ayne = |P(x + 2¢) — O(x)] + [P(x — 2¢) — P(2)], (54.60)
as min(N,T) — oo by Theorem 1. As a consequence,

Q(N,/{?) = Z [P(AN(x)Blefz'”Bfk)_

L<Ia<-<IpeEAN

P{Ax(x)} - P (B, Br, - B,

kQTTT/4
< > {AN’E'P(Blefa”'BIk)Jr‘lC/' }

NT/Q
L<Ia<-<IpeEAN

W (IN(N —1)\ E>r7/4

where

H(N,k) = > P (By, By, - By,)

L<Ia<--<IpEAL



as defined in Lemmas S.13 and S.14, we know lim sup,,,nv.1)—00 H (N, k) <
C'/k!, where C' is a universal constant. Picking 7 = 6k, and using the trivial

fact (:) < r® for any integers 1 < i < r, we have that

— 0.

%N(N _ 1) k277_‘r/4 ok kQTTT/4 k:ZTTT/Zl
. < . <
k N7/2 — N7/2 — Nk

Hence, from (54.60)

limsup ((N,k) <

min(N,T)—oc0

=Q

limsup Ap,
min(N,T)—o0

=Q

{10z + 2€) — ()] + [P(x — 2¢) — (2]},

for any € > 0. The desired result follows by sending € | 0. O
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