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Supplementary Material

The supplementary material includes four sections. Some algorithms are presented in Section
S1. Section S2 presents additional results from both simulation and application studies. Some
preliminary lemmas are presented in Section S3, and technical proofs for all theorems appeared
in the paper are presented in Section S4. The indices of assumptions, theorems in this supple-

ment are the same as those in the main paper.

S1 Related Algorithms

This section introduces three algorithms discussed in the main paper: the
Orthogonal Subsampling Algorithm, Simple Average Distance Correlation
Screening based on OSS (SDC-0OSS), and Jackknife Debiased Average Dis-

tance Correlation Screening based on OSS (JDC-OSS).
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Algorithm 1 Orthogonal subsampling algorithm

Input: X, K.

Output: A.
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2:

3:
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Scale the values of each covariate to lie in [—1, 1], and the new design matrix is denoted Z. Set i = 1.
Find the point Z7 in Z with the largest Euclidean norm, include it in Z 3z , and remove it from Z. Let
% be an (N — 1)-vector with each component corresponding to each remaining data point in Z. Set all
components of .Z to be 0.

for all:=1,2,... do

For each z € Z, add l(z|Zj{1) to its corresponding component in .Z, where
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Find z with the smallest component in .# and add it to Z ;..
if N > K? then
ki = N/i
else
k; = N/i"~ !, where r = log (N)/ log(K)
end if
Keep k; points in Z that correspond to the k; smallest components in .Z. Remove z which picked out
in the last step and the other selected points from Z, as well as their corresponding components from
Z.
if |A| = K then
Stop iteration
else
1 =1+1
end if
end for

return: The index set of the subsample obtained by OSS is A
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Algorithm 2 SDC-OSS screening

Input: Y,X,n, B,dy.

Output: M.
1: The nB subsample was extracted by the OSS algorithm and randomly divided into B segments.
Each segment subsample was denoted as Dy, b=1,...,B
2: for all j=1,2,...,pdo
3: for allb=1,...,B do
4: Construct the statistics dcov?b) (X;,Y), dcov(Qb) (Xj,X;) and dcov(?b) (Y,Y) based on the sam-
ples Xp,,Yp,
. deov?,, (X;,Y)
5. )5 = —— ® —
\/dcov(b) (Xj,Xj)dcov(b) (Y,Y)
6: end for
~SDC 1 5 ~
[E*S =5 2 D),
b=1
8: end for
9: Arrange cZJfDC,j = 1,...,p in order from largest to smallest, denoting MSDPC = {j: chDC >
~SDC ~SDC s fati
@) }, where Wiy 1 the do-th largest statistic.
10: return: MSDC as the estimates of the set of significant covariates M.
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Algorithm 3 JDC-OSS screening
Input: Y,X,n, B,dy.

Output: M.
1: The nB subsample was extracted by the OSS algorithm and randomly divided into B segments.
Each segment subsample was denoted as Dy, b=1,...,B
2: for all j=1,2,...,pdo

3: forallb=1,...,B,m=1,...,ndo

4: Construct (10011(2,]77771)(,5(J',Y)7 (10011(2,]77771)(,5(j7 X;) and dCOU?by,m) (Y,Y) based on X3, _pn) =

(Xi:i€Dy,j#m)T,and Y, ) = (Yi:i €Dy, j #m)T

5: Calculate A(b) (X;5,Y), A(b) (Xj,X;), and A(b)(Y, Y) based on Equation (3.4)
——JDC LB 3 —~

6: dcov (X],Y) =B szl{dCO’U (b) (X]7Y) - A(b>(XJ,Y)}
/\ZJDC 1 B /\2 —~

T: deov (X, Xj) = 5 Xpoqideov? ) (X, Xj) — Dy (X, X))
——JDC L —B -

8: dcov? (Y,Y) = 5 3p1{deov? ) (Y, Y) — £ (Y, Y)}

9: end for

——JDC — -~
10:  dcov? (X5, Y) = £ 300 {deov? 4, (X5, Y) — Ay (X5, Y)}

11: end for

—JDC
DC _ dcov? (X;,Y)

12: Arrange LZ)JJ ,j=1,...,pin order from largest to smallest,

/\2JDC ) ) /\QJDC
dcov (X;,Xj)dcov (YY)

denoting MIDC = {j: @jDC > &){dﬁ))C}, where “A)E]dg)c is the dp-th largest statistic.

13: return: M7DC as the estimates of the set of significant covariates M.
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S2  Supplementary Material for Simulation Studies

and Application

In addition to the evaluation above, we also carried out the assessment of
the two proposed procedures in terms of the False Discovery Rate (FDR)
control. For this, we considered a new knockoff of covariate observations
generated by constructing Gaussian distributions corresponding to the sam-

ple expectation and sample covariance of covariate data. The statistics

w!PC(X;,Y) (or wiPY(X;,Y)) and w/PC(X;,Y) (or wiPC(X;,Y)) were
then constructed under the proposed JDC-OSS (or SDC-OSS) method
based on the orthogonal subsample of the true observed data X j; of the

covariate and the corresponding knockoff data X. Furthermore, define the

statistics
I/V]JDC = w}']DC<Xj7 Y)_w}']DC<ij> Y) ] (WJSDC = w}'gDC<Xj7 Y)_w;'gDC<)?j7 Y)) )

and the threshold T,

Ta:min{tGW: 1+#U:Wj§t}}§a}

#{j W =t}
for the given FDR control level o by following Liu et al.(2022), where

w = {|W;| : 1< j <p}/{0}.



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

Table 1:

Simulation results under Model 2 (a).

S
B(dg) Method time(sec) AUC(%) PA 5% 25% 50% 75% 95%

n
Right-censored rate = 20%

10 60(18) JDC-OSS 78.54 99.893 097 4 4 4 4 13

SDC-0OSS 55.18 99.939 096 4 4 4 4 12

JDC-RSS 26.50 99.757 0.915 4 4 4 7 26.05

SDC-RSS 3.61 99.858 0.925 4 4 4 6 24

100(20) JDC-OSS  140.94 99.998 1 4 4 4 4 5

SDC-OSS  109.32 99.999 1 4 4 4 4 4

JDC-RSS 36.98 99.960 099 4 4 4 4 7

SDC-RSS 5.67 99.991 0.995 4 4 4 4 5

20 25(17) JDC-0OSS 76.79 99.988 0.995 4 4 4 4 6

SDC-0OSS 49.56 99.983 0.985 4 4 4 4 6.05

JDC-RSS 28.71 99.899 0945 4 4 4 5 23.6

SDC-RSS 2.15 99.909 0.955 4 4 4 5 14.1

40(19) JDC-OSS 119.44  99.999 1 4 4 4 4 4

SDC-0OSS 85.49 99.998 1 4 4 4 4 4

JDC-RSS 36.19 99.996 1 4 4 4 4 4

SDC-RSS 2.84 99.996 1 4 4 4 4 4.05
Right-censored rate = 40%

10 60(18) JDC-OSS 78.84 99.998 1 4 4 4 4 5

SDC-0OSS 54.77 99.997 1 4 4 4 4 5

JDC-RSS 27.04 99.983 099 4 4 4 4 5

SDC-RSS 3.60 99.977 0.995 4 4 4 4 5

100(20) JDC-OSS  149.90 100.000 1 4 4 4 4 4

SDC-0OSS 115.65 100.000 1 4 4 4 4 4

JDC-RSS 40.10 100.000 1 4 4 4 4 4

SDC-RSS 5.97 100.000 1 4 4 4 4 4

20 25(17) JDC-0OSS 75.43 99.999 1 4 4 4 4 4

SDC-0OSS 47.45 99.999 1 4 4 4 4 4

JDC-RSS 29.47 99.999 1 4 4 4 4 4

SDC-RSS 1.98 99.998 1 4 4 4 4 4

40(19) JDC-OSS  109.62  100.000 1 4 4 4 4 4

SDC-0OSS 78.97 100.000 1 4 4 4 4 4

JDC-RSS 32.58 100.000 1 4 4 4 4 4

SDC-RSS 2.92 100.000 1 4 4 4 4 4
Right-censored rate = 60%

10 60(18) JDC-OSS 75.95 99.996 1 4 4 4 4 5

SDC-0OSS 53.33 99.997 1 4 4 4 4 5

JDC-RSS 25.83 99.988 099 4 4 4 4 6

SDC-RSS 3.40 99.982 099 4 4 4 4 6.05

100(20) JDC-OSS 13420 100.000 1 4 4 4 4 4

SDC-0OSS 104.63 100.000 1 4 4 4 4 4

JDC-RSS 34.51 100.000 1 4 4 4 4 4

SDC-RSS 5.56 100.000 1 4 4 4 4 4

20 25(17) JDC-0OSS 78.24 100.000 1 4 4 4 4 4

SDC-0OSS 48.88 99.998 1 4 4 4 4 4

JDC-RSS 31.51 99.998 1 4 4 4 4 4

SDC-RSS 2.04 99.997 1 4 4 4 4 4

40(19) JDC-OSS  110.64 100.000 1 4 4 4 4 4

SDC-0OSS 79.44 100.000 1 4 4 4 4 4

JDC-RSS 33.16 100.000 1 4 4 4 4 4

SDC-RSS 2.92 100.000 1 4 4 4 4 4
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Table 2: Simulation results under Model 2 (b).

S
n__ B(dg) Method time(sec) AUC(%) PA 5% 25% 50% 75% 95%

Right-censored rate = 20%

10 100(20) JDC-0OSS 240.15 99.917 0.845 10 10 10 14 63
SDC-0SS 176.41 99.883 0.815 10 10 10 15 76.15
JDC-RSS 48.69 99.768 0.695 10 10 13 24 86.6
SDC-RSS 9.09 99.752 0.690 10 10 13 23.25 97.1

150(21) JDC-OSS  360.13 99.990 0.985 10 10 10 10 13
SDC-OSS  296.07 99.986 0975 10 10 10 10 14
JDC-RSS 60.24 99.941 0900 10 10 10 12 40.2
SDC-RSS 11.78 99.958 0935 10 10 10 12 33.35

15 40(18) JDC-OSS  159.60 99.895 0.785 10 10 11 15.25 47.15
SDC-0OSS 96.60 99.876 0.795 10 10 11 16 67.15
JDC-RSS 40.52 99.556 0.515 10 11 16.5 45.5 200.45
SDC-RSS 5.46 99.581 0.540 10 11 16 44.25 175.7

60(19) JDC-OSS 219.11 99.975 0.920 10 10 10 11 26
SDC-0OSS 150.09 99.971 0925 10 10 10 11 24.1
JDC-RSS 50.01 99.862 0.805 10 10 10 14.25 102.75
SDC-RSS 7.61 99.869 0.825 10 10 11 14 72.4

100(21) JDC-OSS  333.28 1.000 1.000 10 10 10 10 10
SDC-OSS  271.05 1.000 1.000 10 10 10 10 10
JDC-RSS 60.66 1.000 0.995 10 10 10 10 11.05
SDC-RSS 8.21 1.000 0.980 10 10 10 10 11

Right-censored rate = 40%

10 100(20) JDC-OSS  238.24 99.964 0940 10 10 10 10.25 21
SDC-OSS  174.54 99.953 0935 10 10 10 11 21.05
JDC-RSS 47.76 99.930 0.895 10 10 10 13.25 34.1
SDC-RSS 9.05 99.903 0.855 10 10 10 13 43.05

150(21) JDC-OSS  370.59 99.999 1.000 10 10 10 10 10.05
SDC-OSS  307.65 99.997 0.995 10 10 10 10 11
JDC-RSS 62.32 99.988 0.980 10 10 10 10 13.05
SDC-RSS 13.04 99.988 0975 10 10 10 10 15

15 40(18) JDC-OSS 160.02 99.963 0.905 10 10 10 11.25 25.05
SDC-0SS 96.36 99.956 0.900 10 10 10 12 27.05
JDC-RSS 39.99 99.885 0.790 10 10 11 16 71
SDC-RSS 5.61 99.863 0.780 10 10 11 16 59.25

60(19) JDC-OSS 216.32 99.996 0.995 10 10 10 10 11
SDC-0SS 148.99 99.989 0.995 10 10 10 10 11
JDC-RSS 49.02 99.972 0935 10 10 10 10 21.15
SDC-RSS 7.08 99.977 0945 10 10 10 10 22

100(21) JDC-OSS  325.63 1.000 1.000 10 10 10 10 10
SDC-OSS  272.76 1.000 1.000 10 10 10 10 10
JDC-RSS 56.68 1.000 0.990 10 10 10 10 10
SDC-RSS 8.27 1.000 0.990 10 10 10 10 10

Right-censored rate = 60%

10 100(20) JDC-0OSS 236.64 99.970 0.950 10 10 10 11 19.25
SDC-0SS 177.16 99.956 0.940 10 10 10 11 22.1
JDC-RSS 47.70 99.899 0.860 10 10 10 13 52.2
SDC-RSS 9.92 99.891 0.845 10 10 10 14 58.45

150(21) JDC-OSS  364.63 99.999 0995 10 10 10 10 10
SDC-OSS  305.40 99.999 0995 10 10 10 10 10
JDC-RSS 64.41 99.990 0.980 10 10 10 10 14
SDC-RSS 13.01 99.990 0985 10 10 10 10 12.05

15 40(18) JDC-OSS  153.79 99.963 0.900 10 10 10 12 30.25
SDC-0OSS 94.08 99.946 0.895 10 10 10 11 37.05
JDC-RSS 40.94 99.918 0.820 10 10 11 15 51.2
SDC-RSS 6.75 99.910 0.v80 10 10 11 17 55.5

60(19) JDC-OSS 216.31 99.997 0.995 10 10 10 10 12
SDC-OSS  151.28 99.995 0.990 10 10 10 10 11
JDC-RSS 50.36 99.961 0.945 10 10 10 11 29.1
SDC-RSS 7.68 99.954 0.940 10 10 10 10.25 26.1

100(21) JDC-OSS  328.68 1.000 1.000 10 10 10 10 10
SDC-OSS  271.97 1.000 1.000 10 10 10 10 10
JDC-RSS 57.70 1.000 1.000 10 10 10 10 10
SDC-RSS 791 1.000 1.000 10 10 10 10 10
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Table 3: Simulation results under Model 2 (c).

S
PA 5% 25% 50%

n_ B(dg) Method time(sec) AUC(%) 75% 95%
Right-censored rate = 20%

10 100(20) JDC-OSS 227.49 97.748  0.295 7 16 49 150.25 435.15

SDC-0SS 165.37 97.439  0.240 7 21 56.5 155.25 500.65

JDC-RSS 49.63 95.387 0.080 13.95 56 129.5 297 610.3

SDC-RSS 7.87 95.108 0.060 18.95 58.75 131 315.25 6774

200(23) JDC-0OSS  500.17 99.246  0.575 6 7 17 55.25 205.4

SDC-OSS  434.97 99.206  0.555 6 7 16 56.25  220.8

JDC-RSS 79.51 98.209  0.350 6 16.75 39 115 425.25

SDC-RSS 13.63 98.025  0.325 6 17 49.5 152 432.55

300(24) JDC-0OSS  598.92 0.999 1.000 6 6 6.5 12.75 20.3

SDC-OSS  508.54 0.998 0.800 6 6.25 8.5 22 53.7

JDC-RSS 107.70 0.991 0.400 6 16.5 61.5 85 122.3

SDC-RSS 15.18 0.989 0.300 7.35 19.75 62 104.5 147.2

20 80(22) JDC-0OSS  250.56 99.462 0.730 6 6 8.5 26 238.35

SDC-OSS  205.91 99.485 0.715 6 6 9 27.25 165.65

JDC-RSS 49.27 98.650  0.570 6 8 18 64.25 429.2

SDC-RSS 5.15 98.663  0.575 6 8.75 17.5 58.75  389.7

100(23) JDC-OSS  329.16 99.692  0.855 6 6 7 13 103.45

SDC-OSS  258.02 99.710  0.850 6 6 7 13 106

JDC-RSS 79.10 99.164  0.620 6 7 13.5 42 255.75

SDC-RSS 5.57 99.187 0.615 6 8 16 49.25 247.25
Right-censored rate = 40%

10 100(20) JDC-OSS  131.53 97.981 0.285 7 17.75 43 142 466.45

SDC-OSS  101.52 98.084 0.315 7 14.75 48.5 122 418.75

JDC-RSS 34.93 96.028 0.075 16  39.75 120.5 258.75 565.55

SDC-RSS 5.39 95.860 0.075 16.9 54.5 130 272.75 566.2

200(23) JDC-0OSS  325.29 99.522  0.720 6 7 9 25.75 1594

SDC-OSS  263.24 99.512 0.685 6 7 10 27.25 159.35

JDC-RSS 73.86 98.504 0.435 6 9.75 31 104.25 3914

SDC-RSS 9.88 98.442  0.450 6 11 30 104.75 374.65

300(24) JDC-OSS  593.41 99.936  0.900 6 6 6 8.25 23.95

SDC-OSS  503.65 99.896  0.900 6 6 6 6.75 39.5

JDC-RSS 106.40 99.190 0.600 6.9 9.25 17 51.5 198.25

SDC-RSS 14.72 99.155 0.600 6.9 9.25 16.5 80.5 179.3

20 80(22) JDC-0OSS 384.31 99.768  0.870 6 6 6 9 98.1

SDC-0SS 313.02 99.796  0.895 6 6 6 10.25 72.2

JDC-RSS 65.52 99.457  0.745 6 6 9 23 199.3

SDC-RSS 7.54 99.419 0.755 6 6 9 21.25 202.35

100(23) JDC-OSS  524.90 99.922  0.945 6 6 6 7 24.35

SDC-OSS  441.82 99.918  0.945 6 6 6 7 26

JDC-RSS 73.99 99.719  0.820 6 6 7 13.25 71.05

SDC-RSS 9.09 99.715 0.835 6 6 7 14.25 87.8
Right-censored rate = 60%

10 100(20) JDC-OSS 135.23 98.021  0.350 7 15.75 42 122.25 465.25

SDC-0SS 105.50 97.972 0.320 7 15 39 134.75 449.35

JDC-RSS 35.18 95.707  0.090 11 56.5 132 281.5 641.35

SDC-RSS 5.31 95.349 0.080 13.9 60 136.5 314.25 669.25

200(23) JDC-0OSS  499.71 99.493  0.685 6 6 10 37 140.15

SDC-OSS  435.07 99.477  0.615 6 6 10 42.25  140.8

JDC-RSS 79.22 98.619  0.465 6 11 26.5 115.25 313.05

SDC-RSS 13.63 98.504  0.445 6 11.75 32.5 108 343.3

300(24) JDC-0OSS  609.56 0.999 0.900 6 6 7 9.5 39.4

SDC-OSS  517.65 0.998 0.800 6 6 7 16 48.9

JDC-RSS 108.72 0.993 0.800 6.45 7.25 8 16 219.05

SDC-RSS 15.16 0.995 0.900 6 6 7 14 141.8

20 80(22) JDC-0OSS  241.72 99.869 0.885 6 6 6 8 54.85

SDC-OSS  183.21 99.890 0.885 6 6 6 8 50.05

JDC-RSS 65.47 99.558  0.745 6 6 9 23 140.3

SDC-RSS 4.81 99.557  0.765 6 6 9 20 143.05

100(23) JDC-OSS  370.51 99.958 0.970 6 6 6 7 21

SDC-OSS  311.35 99.958  0.950 6 6 6 7 21.15

JDC-RSS 65.45 99.682  0.830 6 6 7 14 114.2

SDC-RSS 6.55 99.690 0.830 6 6 7 14 79.55
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Table 4: Simulation results under Model 3.

S
n__ B(dg) Method time(sec) AUC(%) PA 5% 25% 50% T75%  95%

Right-censored rate = 20%

8 100(19) JDC-OSS  97.56 97.648 0.055 19 60 116.5 207.75 503.6
SDC-OSS  68.43 97.031 0.015 26.95 72.75 132 272.75 618.1
JDC-RSS 34.68 96.526 0.015 46  95.5 175.5 318.25 633.55
SDC-RSS 4.81 95.697 0.005 44.95 111.5 205 358 672.45

150(20) JDC-OSS  160.88 99.092 0.235 12 21 42.5 111 277.95
SDC-OSS  121.28 98.865  0.19 12 2575 53 118.25 299.5
JDC-RSS 48.13 98.607 0.115 14.95 32 62.5 139.25 345.15
SDC-RSS 7.25 98.157 0.09 17.95 41.75 84 171.25 482.65

200(22) JDC-OSS  236.07 99.529  0.54 10 13 20.5 48 208.55
SDC-OSS  186.45 99.384  0.45 10 14 26.5 68.25 250.45
JDC-RSS 61.07 99.197  0.33 11 18.75 36.5 90.25 260.55
SDC-RSS 9.76 98.986  0.22 12 2475 47 112.25 300.2

10 80(19) JDC-OSS  97.77 98.483 0.105 16 33 74.5 152.75 359.95
SDC-OSS  67.66 98.164 0.06 16.95 37.75 87.5 180.5 429.5
JDC-RSS 34.97 97.554  0.06 19 50.75 109.5 262.5 560.6
SDC-RSS 4.03 97.179  0.03 22 62 121 274.75 607

100(20) JDC-OSS  127.40 98.987 0.335 10 17  41.5 109.75 352.3
SDC-OSS  92.22 98.926 0.255 11 20 425 117.25 360.1
JDC-RSS 41.40 98.537 0.095 14.95 35 63.5 142 359.5
SDC-RSS 4.95 98.158 0.085 17 36 78.5 181.5 440.75

Right-censored rate = 40%

8 100(19) JDC-0OSS  97.40 98.514 0.145 13 33  62.5 149.25 410.15
SDC-OSS  68.51 98.295 0.115 14.95 30.75 68 190.25 461.05
JDC-RSS 34.25 97.917 0.065 18 44.75 93 208.25 470.5
SDC-RSS 4.76 97.717 0.045 20 47 102 211.75 475.45

150(20) JDC-OSS  161.32 99.421 0435 10 13.75 23 75 222.6
SDC-OSS  121.58 99.336 0.425 10 14 27 81 226.3
JDC-RSS 48.22 99.327 0.295 11 18 36 74 243.35
SDC-RSS 7.27 99.256 0.265 12 19.75 39.5 81.25 214.2

200(22) JDC-OSS 235.17 99.685  0.65 10 11 15 32.25 134.6
SDC-OSS  185.76 99.605 0.595 10 11 17 43 197.2
JDC-RSS 60.89 99.598 0.565 10 12 19  43.25 184.1
SDC-RSS 9.81 99.541  0.57 10 12 18.5 49 191.7

10 80(19) JDC-OSS  97.22 99.116  0.33 11 17 35,5 775 325
SDC-OSS  67.75 99.036 0.285 11 17.75 35.5 93 317.3
JDC-RSS 34.14 98.796 0.16 1295 22 45 129.5 371.45
SDC-RSS 4.00 98.650 0.14 14 26 49.5 148.5 3744

100(20) JDC-OSS 129.14 99.482 0.465 10 12 22 52.5 189.25
SDC-OSS  93.28 99.463 0.505 10 12 20  55.25 245.55
JDC-RSS 41.70 99.425 0.4 11 15.75 27.5 64 202
SDC-RSS 5.05 99.331 0.345 11 17 31 72 224.85

Right-censored rate = 60%

8 100(19) JDC-OSS  97.77 98.459 0.125 15 32 68 153.75 467.25
SDC-OSS  68.53 98.288 0.08 1595 39 78 171 530
JDC-RSS 34.69 97.807 0.065 19 455 89 208 525.65
SDC-RSS 4.82 97.656  0.04 20.95 48.75 100.5 224.25 583.7

150(20) JDC-OSS  159.60 99.384  0.38 10 15 28 76.25 211.35
SDC-OSS  120.64 99.292  0.35 10 15.75 33.5 85.25 239.55
JDC-RSS 47.36 99.217  0.32 11 17 34 86.75 247.6
SDC-RSS 7.18 99.034 0.27 11 19.75 41 88 323.1

200(22) JDC-OSS  237.29 99.676 0.655 10 11 14 33 168.2
SDC-OSS  187.39 99.639 0.64 10 11 15 39.25 167.15
JDC-RSS 61.55 99.593 0.61 10 12 17 40.25 158.45
SDC-RSS 9.74 99.507 0.555 10 12 21 48.75 221.1

10 80(19) JDC-OSS  97.51 99.248 0.325 11 17.75 35 78.25 286.15
SDC-OSS  67.82 99.208 0.275 11 19  34.5 88  290.25
JDC-RSS 34.44 98.777  0.21 13 23 52 129.5 380.05
SDC-RSS 3.97 98.652 0.19 13 24 58 138.5 457.6

100(20) JDC-OSS 127.44 99.479  0.42 10 13 25.5 53 232.1
SDC-0OSS 92.30 99.491 0.445 10 14 26.5 54 218.9
JDC-RSS 41.18 99.186 0.3 11 17 36.5 87.75 257.1
SDC-RSS 4.92 99.109 0.31 1095 18 35 97.5 231.55
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8 Right-censored rate: 20%
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Figure [I| presents the FDR control for the two proposed methods with

n = 20, B = 100, p = 5000 and o = 0.10,0.15,0.20,0.25 or 0.30 based on

200 replications. Here the true failure times were generated under Model

1 with the true parameter being 8 = (219, 01‘0—10)T and the censoring rate is

20%, 40% or 60%. That is, there exist ten important or relevant variables.
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Figure 2: The comparison of JDC-OSS and SDC-0SS in different n with B = 300.

Table 5: The screening results for the SEER data with 50 covariates and their interaction

terms.

DC JDC-0SS SDC-08S JDC-RSS SDC-RSS

Covariat
ovarates (B=100) (B=100,n=15) (B=100,n=15) (B=100,n=15) (B=100,n=15)

Year.of.diagnosis*CS.Schema.AJCC.6th.Edition
Year.of.diagnosis
Year.of.diagnosis*Site.recode.ICD.0.3.WHO.2008
Year.of.diagnosis* TNM.7.CS.v0204..Schema.recode
Year.of.diagnosis*Site.recode.ICD.0.3.WHO.2008.for.SIRs
Year.of.diagnosis*Histology.recode.Brain.groupings
Year.of.diagnosis*SEER.Brain.and. CNS.Recode
Year.of.diagnosis*Behavior.code.ICD.O.3
Year.of.diagnosis*Behavior.recode.for.analysis
Year.of.diagnosis* AYA site.recode. WHO.2008
Sex*Year.of.diagnosis
Year.of.diagnosis* TNM.7.CS.v0204.Schema.thru.2017
Site.recode.rare.tumors*Breast.T
Primary.Site*Histologic. Type.ICD.O.3

Site.recode.rare.tumors*RX.Summ.Surg.Prim.Site

v
v
v

L«
LA
LK
LA K
L L

LA

Site.recode.rare.tumors*Breast.Stage
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In the figure, three metrics were calculated and they are the average of
empirical FDR (FDR), the average of empirical sensitivity (SEN) and the
average of empirical powers (Power). One can see from the figure that
overall both methods gave good and consistent performances. Also the
two procedures are similar in terms of FDR and Power but the SDC-OSS

method seems to yield higher SEN values than the JDC-OSS method.

S3 Preliminary Lemmas

Before the proof of our main results, we introduce the following preliminary
lemmas. The first two are extracted from Lemma 5.6.1.A and Theorem

5.6.1.A of Serfling (1980) for which the proof is omitted.
Lemma 1. Let p=E(Y). If Pr(a <Y <b) =1, then
Elexp{s(Y — u)}] < exp(s*(b—a)?/8), for any s> 0.

Lemma 2. Let h(xy,...,x,) be a kernel of the U-statistic U,, and 6 =

E(h(z1,...,xm)). If a < h(xy,...,2m,) < b, then for any t > 0 and n > m,
Pr(|U, — 0| > t) < 2exp(=2|n/m|t*/(b— a)?),
where |n/m| denotes the integer part of n/m.

Lemma 3. Suppose 71,7, and 3 are estimates of parameters v1,7s, and

v3 based on a size-n sample, respectively. Assume 5 > 0,73 > 0 and
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M Z 2max{7177277377?17§27;?3}' If
P(Fy\k’ - ’Yk| > 6) S C1 eXp<_02n1_H€2) + nexp(—c3n“), k= 1a 27 37

for some positive constants ¢y, ¢y, c3. Then we have

Pr ZlA AT < 5cp exp{—con'"e*yy} + 5nexp(—cyn”),
V7evs 2703

where 7o = min{y373/4M*, 33 /AM*}.

Proof of Lemma . Some 1, Y2, Y3, 71, Y2, V3 are bounded by M /2. It

is easy to verify that

Pr([727s — 1273 > 2¢) = Pr([%(35 — 73) + (32 — 12)73] > 2¢)

<Pr(|7; — 3| > Ai) + Pr(|7s — 7| > i)
V2 73
2e

)+PT(|/’?2—’}/2’>M)

2e

<Pr([75 — 3| > i

<2c; exp(—con' " 4e? /M?) + 2n exp(—csn”).
If event {|\/3273 — /7273] > 2¢} is true, then we have
2ev/ 1% < VBV V] < [V AAs LV T vl = Rl
Thus,

PT(|\/ Yoz — /23| > 25) (S3.1)

SPT(WQ% — V23] > 25\/’72’73)

<2c1 exp(—con' Fyoysde? /M?) 4 2n exp(—csn®).
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Let v = /7273 and ¥ = 1/7273. For any 0 < e < 1, we have
1 1 N ~
Pr(|§ - ;I > s) = Pr([5 — 1> 177le)

~ ~ ~ g ~ 2
(5=21> Al = 1) + Pr(Al < 1)
2
~ Y ~ Y
(h—v! > 56) +Pr<h—vl > 5)

7 g
<Pr([i—al>Le) + Pr(|7 -1 > 3¢)

~ . 3
SQPT(W — 7] > min{y?, 7}5)-

The second inequality sign in the above equation is due to {|7]| < v/2} =
{F—v<—/2 ={y—-7>1v/2} and [y — 7| > v — [7| > 7/2. Therefore,
we have {|7] < v/2} C {|7 — | > v/2}. The third inequality is because

¥ =] >~/2> 2e. From (S3.1), we have

52

<4y exp ( — cony’ min{y?, 72}4—]\42)
2

. € .
<4cq exp ( — cont v 4M2) + 4n exp(—c3n”),

where 7' = min{y373,7272}. As a result

7
Pr(‘ — ‘ > 5)
vV 7273 V7273

1
:P<% "1 >:PT< -
v

€ R €
§Pr<] 2—%> + Pr(|’yl — M| > 77)

1
’71( -
Y 8 Y

1
_|>
Y

=) =
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1 1
gm(]; s =

7 M>+Pr(|ﬁl_71|>6_7)

2
2

404

K ’

<4c¢; exp ( — con' Ty + nexp(—czn®)

K 1-k 6272
) + 4nexp(—c3n”) + ¢1 exp ( —con T)

<5c; exp ( — Cin_”z—:Qyo) + bnexp(—czn”),

3.3 ~2-2
where 79 = min{%’y3 1273 ")/2")/3}‘ According to 79 < M/2 and 3 <

AMA AM4A" 4 53 9o
M/2, %32 ?—t%—@ < % can be obtained. Thus 7y = min {Zj\;i, Zﬁi’ 72473} =
min{%%’,,h%'}-
AMA" 4 M4

S4 Technical Proofs

Proof of Theorem 1.

In the following, we will derive the order of the variance for @fD ¢ and

<1)\']DC

5%, respectively.

Part I: Variance order derivation for @fDC.

~

Define Dj - (Sj17 ceey Sjg)T, and ﬁ(b),j = (S(b),jla ceey S(b)Jg)T with

~

St)jnsh = 1,...,8 are the corresponding estimates of Sg) jn, h = 1,...,8

Tr1+xox3—2T4
\/{Eg +ZI!% —2x¢ w7+z§ —2xg

based on the data segment D,,. Define function g(x) =

with & = (z1,...,25)". In order to reduce the symbolic complexity, we omit

A~

the covariate index in the subsequent proof. So that g(Dw)) = &w), 9(D) =

w and @°P¢ = B! Zszl We) = B! 25:1 Q(D(b))-

o~

Take Taylor expansion of g(D()) and since the derivative of g(-) is
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bounded, there is C; > 0 such that ||¢/(D)||max < C1. We can get the
following inequality

A~ A~ A~ ~

9(Dg)) = g(EDg) +g'(EDw) ' (D) — EDy).

According to Condition (C2) and the proof of proposition 1 in Li et al.

2020), we can get the variance of Si Tyoens S s as follow
(b), (b),

Var(g(b),l) = Var<< )1 zn: Z I1X; Xjk”l”Yi_Yk||2) = O(%),
ik T Q{ik)
VCLT’(SA'(b)Q) = VCLT<< )l i Z || - Xjk”l) - O(%),
ik T Q{ik}
Var(Se)s) :Var(( >_1i S Yi= Yl = ( ;).
ik 2 ik

Var(g(b)A) = Var(( ) Z Z | X; ijH1HYk—Ysz) = O(%);

ik Q{ikl}

ey

Var(é'(b),g) :Var<< ) Z Z 1Y = Yull2[[Y5 — Y2 ) < )

ik Q{ikl}

According to the relationship between correlation coefficient and covariance

and the value range of correlation coefficient (that is, 0 < % <1),

it can be obtained

~

. N A 1
(COU(S(b)J, S(b)72))2 S Var(S(b)yl)Var(S(b),z) = O(—),

nt

A

and then C’ov(é'(b)ﬁl, S(b),g) =0 (n2> Similarly, we can get COU(S(b 1,50)3) =

O(),Cov(Su, Swa) = O(2 ) Cov(Sur, Sis) = 0= ).
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Thus
Var(g(D))
8 A A A A A
<> cvar(Sun - E(Sma)) + Z C3Cov (S = E(Swm) S — (S
h=1 hi7#h2

= CfVar(S(b)ﬁh) + i CfCOU(g(b),hl,g(b),hg)

h=1 h1#hs
=0(33) +0(;3m) +055)

Then, combined with condition B = O(N®) and n = O(N"), we get

Var(@) = Var (5 Zg W) = 5Vor(6(D)

~0( ) + O avers) + O ors )

for j € 1,...,p. Therefore,

s V05771 = 0{ 1) + 0 st) 0 )

.7_ 7777 P

Part II: Variance order derivation for @3] DC,

Define D; = (Sj1, S;2, 553, S;4) T, and Dy s = (Styi1> Sy.i2s Stv) 3 Sy ja) |
with g(b),jmh = 1,...,4 are the corresponding estimates of Sy jn, h =
1,...,4 based on the data segment D,. After removing the m-th sam-
ple in data segment D,, the estimation based on the remaining (n — 1)
samples is denoted as D(b —m) = (S b—m),jls S(b,—m),j% S’(b,fm),jSv g(b,fm),jzl)T-

Define function g(x) = 1z + zow3 — 224 with € = (21,29, 23,74)". In
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order to reduce the symbolic complexity, we omit the covariate index in
the subsequent proof. So that the distance covariance of the population
is dcov*(X,Y) = g(D), the distance covariance estimation for the data
segment D, _py) is g(ﬁ(b7,m)), and for the data segment D) is g(ﬁ(b)).

There have

n

Z (Dgy—m)) — (n = 1)g(Dyy))]

N —1
D

——JDC -1
deov?yy (X,Y) = ( Ul

g(ﬁ(b,_m>). (S4.1)

m=1

ASDC)

Similar to the above proof procedure of Var(w , we can also derive

Var(g(Dg) = 0 (- 5) +0(- ) +0(%), (54.2)

Var(g(Dg—m)) = 0((n_11)2) + O(W) + 0((n_11)3), (S4.3)

and

Cov (ng(ﬁ(b)), ! ; ! > g(ﬁ(b,—m)))
m=1

=0(1) + O(#) + O<l>. (54.4)
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Combining equations [S4.1][S4.2] [S4.3] and [S4.4] we can obtain

—— JDC
Var(deov?y, (X,Y))

~ n—1 " ~
=n*Var(g(D)) + ( " )2 " Var(g(Dg,—m)))
m=1
~ n—1 " ~
+ Cov (ng(Dw)), . > g(Dw,—m)))
m=1
1
=0 + O(m/?) - O(ﬁ)‘
——— JDC
By the definition of dcov?  (X,Y),
—— JDC
Var(dcov?  (X,Y)) Var( chozﬂ ) ))

~0() +Ol(s) + ()

——_JDC
And similarly, we can get Var(dcov? (X, X)) = O(%) + O(ﬁ) +

oy ) =0(5) +0(5ks) +0(&).

JDC

O(ﬁ) and Var(cﬁo?2

Given the definition of @””%, we construct the function f(z1,xs,x3) =

———JDC ——JDC —— JDC
such that @/P¢ = f(dcov?  (X,Y),dcov? (X, X),dcov? (Y,Y)).

f\ﬁ

It can be obtained that the elements of the first derivative of the func-
tion f(xy,xq,x3) are bounded. By combining condition B = O(N®) and

= O(N") with the Taylor expansion of

——— JDC

——— JDC ——JDC
fldeov?  (X,Y),dcov? (X, X),dcov? (Y,Y))
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at point (dcov2JDC(X, Y), dconJDC(X, X), dcov2JDC(Y,Y)), we obtain

Var(@’PY)

——— JDC —— JDC —— JDC
=0 (Var(dcov2 (X,Y)) + Var(decov? (X, X))+ Var(dcov? (Y,Y))

—— JDC ——— JDC —— JDC —— JDC
+ Cov (dcov2 (X,Y)),dcov? (X, X)) + Cov (dcov2 (X,Y)), dcov?

—— JDC —— JDC
+ Cov (dcov2 (X, X), dcov? (Y,Y)))

——JDC —— JDC —— JDC
=0 (Var(dcon (X.Y)) + Var(dcov? (X, X))+ Var(dcov? (Y,Y))

—— JDC JDC 1/2
+ (Var(dcon (X, Y))Var(dcov2 )

—_JDC JDC 1/2
+ (Var(dcov2 (X, Y))Var(dcov2 >

—_JDC JDC 1/2
+ (Var(dcon (X, X))Vcw"(dcov2 ) )

~0(7z) + 0 (7o) +0(ﬁ)7

forall j €1,...,p. Thus,

e, Ver(@”) = 0(55) + 0z ) + O ()

This completes the proof of Theorem 1.

Proof of Theorem 2.

We will prove the sure screening properties of SDC-OSS and JDC-OSS,

separately.

Part I: The proof of the sure screening property of SDC-OSS

Building upon the symbols and notation introduced in Theorem 1,

(Y.Y))
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Part I, which are hereby adopted for use in this part, we proceed with the
analysis of the Taylor expansion of the difference &°P¢ —w. Given that the
derivative of the function g(-) is bounded, there exists a constant C; > 0

such that ||¢/(D)|max < C1. Thus, we can derive the following inequality

5P¢ — w| = | B! Zg T(Dy) — D)‘g‘B‘lzicl[S(b),h—Sh]‘.

Therefore, the event satisfies relation

(S4.5)

Now we just need to focus on the relationship between each compo-
nent estimate and its truth value. First deal with B! Zle S(b),l. Let
ha(Xi, Yi; Xk, Yi) = [| Xi — Xi|[1]Y: — Yk |2 be the kernel of the U-statistic.
We decompose the kernel function h; into two parts: hy = hyI(h; >
M) + hiI(hy < M) where M will be specified later. The U-statistic can

now be written as follows,
Sy = Z P (X )i Y 0),i5 Xy ks Y 0),6) L (A1 (X vy, Y (0,63 Xy Yo)0) < M)

(n - 1) #k

+ thl Xw),i> Y (), Xy oo Y ()6 L (P (Xwy.i Yoy,i5 Xy Yoyu) > M)
i#k
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~

éS(b),n + g(b),12-
Accordingly, we decompose S; into two parts:

+ Elh (X, Y3 Xi, Yi) I (ha (X5, Y35 X, Yy) > M)

éSn + Sia.

Clearly, S(b),ll and S((b)JQ are unbiased estimators of S;; and Sis, respec-
tively.
We deal with the consistency B~* Zle g(b),ll of first. With the Markov’s

inequality, for any ¢ > 0, we can obtain that

B B
Pr (B‘l S Sy — S = ) < exp(~te) exp(—tSu)E{ exp (tB~ Y Soy ) |-
b=1 b=1

Serfling (1980, Section 5.1.6) showed that any U-statistic can be represented
as an average of averages of independent and identically distributed (i.i.d)
random variables. That is, g(b),ll = (n!)7! Z: (X1, Yoy - Xy, Yo)n)s
where Z denotes the summation over all poésible permutations of (1,...,n),
and each (X1, Y5 -3 Xoym Y(b),n) s an average of m = [n/2] i.i.d

random variables (i.e.,Q; =m™ > hY)I(hY) < M)). Since the exponential

function is convex, it follows from Jensen’s inequality that, for 0 < t < 2sy),

Blop (153 S) )
b=1
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B

e E{ eXp <tB_1 Z(TL'>_1 Z Ql(X(b),l7 Y(b),l; . ;X(b)/n, Y(b)7n>> }
n!

b=1

B
S (n!)—l Z E{ exp <tB_1 Z Ql(X(b),la Y(b),l; . ;X(b),mY(b),n))}
b=1

n!

= EmB{ exp (t(mB)_th)](hY) < M)) }7

which together with Lemma [1| entails immediately that

B
Pr <B_1 Z S’(b),ll — 511 Z 6>
b=1
< exp(—te) E"?{ exp (tmB) W 1(h{) < M) — Sy1]) }
< exp(—te + M*t*/(8mB)).

By choosing ¢ = 4emB/M?, we have Pr(B™! Zszl 5’(17)711 — S >€) <
exp(—2e>mB/M?). Therefore, by the symmetry of U-statistic, we can ob-

tain easily that

P

Next we show the consistency of B~! Zle S, ),12- With Cauchy-Schwartz

B
B! Z S(b)ﬁ -S| > e) < 2exp(—2¢mB/M?). (54.6)
b=1

and Markov’s inequality, for any s’ > 0, we have
S2, < E{h3(Xi, Yi; Xi, Yi)}Pr(hy (X, Yi; Xi, Yi) > M)
< E{h3(Xs, Y5 Xi, Yi) YE[exp(s'hy (X;, Yi; Xk, Y4i))]/ exp(s’M).
Using the fact (a® +0%)/2 > (a +b)?/4 > |ab|, we have

ha (X, Yy Xi, Yi) = {(Xi — X0)2(Ys = Y) T (Y, — Yy) } /2
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< 2{(X7 + XD)(1Y4]13) + [Yxl5H7
< {(X7 + XE A+ (YGl13) + Y el13)?} 72
= X7 X IYlls + 1Y,
which yields that
Elexp(s'ha(Xi, Yi; Xi, Yi))] < Elexp(s'(X7 + Xg + [ Yills + 1 Yll3))]
< E{exp(25'X7) } E{exp(25'| Yil[3)}-
The last inequality follows from the Cauchy-Schwartz inequality. If we

choose M = CoN©@+t9)7 for 0 < v < 1/2 — k and a nonnegative constant Cs,

then Sj5 < ¢/2 when N+ is sufficiently large. Consequently,

B B
PT(‘B_I ZS’(b)’12 - Slg Z 6) S PT’(‘B_I ZS(”)J? Z €/2>
b=1 b=1

It remains to bound the probability Pr(‘B_l Zle g(bm > 6/2). We

observe that the events satisfy

B
{ ’B_l Z S(b),12
b=1

To see this, we assume that X7 , + [[Yg)ll3 < M/2 for all 1 < i <

> 6/2} C {X(Zb)ﬁi + 'Y w)ill5 > M /2, for some 1 <i<mn,1<b< B}

n,1 < b < B. This assumption will lead to a contradiction. To be
precise, under this assumption, hi(X;, Y;; Xi, Yi) < M. Consequently,

‘Bl 25:1 S’(b)ﬂ = 0, which is a contrary to the event

B Spyae| >

€¢/2. This proves that the above event inclusion relation is correct.
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By invoking condition (C2) and Markov’s inequality, there must exist

a constant C5 such that, for s > 0

Pr(Xgy + [['Y@lls > M/2)

S PT(HX(ZJ),Z‘”% > M/2) + PT(HY(b),iH% > M/Q)

E{exp(s]| Xw.ll1)} | E{exp(sl|Yw)ill3)}
exp(sM/4) exp(sM/4)

< 2C5exp(—sM/4).

Consequently,
B A
PT’(‘Bl Z S(b),l? — 512’ > 6) <S47>
b=
;
S PT<|B_1 Z S(b),l?‘ Z €/2>

b=1

n

B
<3O Pr((X + Y wal3) > M/2)
b=1 =1

< 2N Oy exp(—sM/4).

Recall that M = C,N(@+)" Combining the results , and - we

have
B
pr(|B- 123b)1—51| > 4e) (54.8)

B B
SPT<B IZ 11_811|Z€>+PT(‘B_IZS’(I)),12_512’ZE)
—1 b—1

< 2exp ( . 62N(a+L)(172'y)/022) 4 2N(a+L)CB exp ( _ SC2N(OZ+L)'Y/4).
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Following arguments for proving (S4.8]), we can show that
B
Pr([B1Y Sy — S| = 4e) (54.9)
b=1
<2exp (— NI /C2) 4 aN@TI Oy exp (— sCoN@T7/4) h = 2,3,5,7.

In the sequel, we turn to B~' 31 | St .4 where S 4 = m > i 1 X )i~
Xyl - 1Yoy e — Yyull2- Here, we define ho(X;, Y3 Xi, Yi: X0, Y)) =
| X; — Xi|[1|[Y& — Yi|2, which is the kernel of U-statistic Sy. Following the
arguments to deal with B~} 25:1 S(bm, we decomposed hy into two parts:
hy = hol(hy > M) + hol(he < M). Accordingly

1
n(n—1)(n — 2)

1
n(n—1)(n — 2)

Z hawy I (hagy > M)
ey

D oI (hay < M) +
ikl

5‘(5)74 -

= g(b)Al + g(b),42,

where

hawy = ha(Xwy,is Yoyi: Xoy o Y )05 Xoyts Y o)1),

and
S4 = E{hg[(hg < M)} + E{hgl(hg > M)} = 541 + 542.
Following similar arguments for proving (S4.6)), we can show that

Pr

where m’ = [n/3] because g(b)Al is a third-order U-statistic.

B

B! Z g(b),41 — Su

b=1

> e> < 2exp(—2¢2m'B/M?), (S4.10)
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Then we deal with B! Zle 5'((,)742. We observe that
ho(Xi, Y X, Yi; X0, Y1) = 4(X7 + X3 + X7+ [[Yall3 + Y415+ 11Y213) /6,

which will be smaller than M if X(Qb)ﬂ. + Y@l < M/2 forall 1 < i <

n,1 < b < B. Thus, for any € > 0, the event satisfy

B
{’B_l ZS(b)AZ

b=1

> 6/2} C {X(zb),i + 'Y w0l > M /2, for some 1 <i<mn,1<b< B}
By using the similar arguments to prove (S4.7)), it follows that
B
P7‘<|B_1 Z Sv)a2 — 5’42} > e> < 2N exp(—sM /4). (S4.11)

b=1

Then combine the results (S4.10) and (S4.11) with M = CoN©@+)7 for

some 0 < < 1/2 — k, we can obtain
B
Pr([B" S — S| = 4e) (S4.12)
b=1
<2exp (— 2 N2 /(3C3)) + 2N Cqexp ((— sCoN@TI7/4).
In addition, following arguments for proving (54.12)), we can show that
B
PT’(‘Bil Z S(b),h - Sh‘ Z 46) (S413)
b=1

<2exp (— 2N /(3C3)) + 2N Cqexp (— sCoN*H7/4) b = 6, 8.

Combining (S4.5), (S4.8), (S4.9), (S4.12) and (S4.13)), let € = cN—(aFux,

where 0 < k + v < 1/2, we thus have

Pr(je™PC — w| > eNToHr) = O<eXP (— e NOFI0=20729) 4 N exp (- C2N(Q+L)’y)>7
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for some positive constants ¢; and c¢y. Therefore,

~SDC —(a+u)k
Pr(lrgjaé) [@F wj| > cN ) (S4.14)

=0 (plexp (= e NEHI0=20729) N oxp (= g N ).

The first part of Theorem 2 for SDC-OSS is proven.

Now we deal with the second part of Theorem 2 for SDC-OSS. If
M M\, then there must exist some k € M such that d)fDC < eN~(etur,
It follows from condition (C3) that |0fP¢ — w;| > cN~(@+)% for some
k € M, indicating that the events satisfy {M ¢ M\} C {JoiPC — wy| >
cN~F)5  for some k € M}, and hence & = {maxper |0FPC — wi| <

eN—(e+ts} C IM C .//\/l\} Consequently,

Pr(M C @ > Pr(&)=1-Pr(&)=1- Pr(lgreliMn |FPC — wy| > CN*(OHrL)H)
=1— |M|Pr(|ogP¢ — wi| > cN_(aJ”)")

>1— O(|./\/l] [exp (— ClN(aJrL)(lf?nyn)) + N©@H) exp (- C2N(Q+L)'y):|)’

where | M| is the cardinality of M. This completes the proof of the second

part of the method SDC-OSS.

Part II: The proof of the sure screening property of JDC-OSS
The symbols and notation introduced in Theorem 1, Part II, are

hereby adopted for use in this Part. Then, the jackknife debaised estimation
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based on data segment Dj is expressed by the function

> [9(Dppmy) — (n = 1)g(Dy)].

m=1

This leads to the jackknife debiased simple average distance covariance

—~_JDC ~ n—1
dcon(b) (X,Y) =g(Dw) —

n

estimator defined as follows:

B
D,
bz;< (b nB

—JDC
For |[dcov?  (X,Y)—dcov?(X,Y)|, we can organize it into the follow-

JDC -1

deov? (X,Y) =

Wl
HMw
|
=
p>
=

1

ing form,

deor?” "< (X, Y) — deov? (X, Y)|
= i ) [n[9(Dw) — 9(D)] = (0 = V) [9(Dis,m)) — 9(D)] \
-5 ij "Dy = (n =) Do, —m) = D] = (n = 15/ (€2) = ¢'(61)) [Ds.—m) — D] \

n

2 316~ )] (B D).

[
q'(&
(&

1)
)T [nﬁ(b)—(n—l)ﬁ(b,,m)—D] + (n

IN

1
nB
where ¢'() is the derivative of ¢(-), and & = D + Gl(ﬁ(b) — D), & =

D + GQ(ﬁ(b,,m) — D) with 0 < 61,605 < 1. There exist a positive constant

n

Cy such that [[(n — 1)(¢'(&2) = ¢'(&1))lloe = Ca. As for - 32 [nﬁ(b) —(n—

m=1
1)Dgy, )] = nDgy — =1 Z D), using z S =m-2)Y and
m=11i£k#m i#k
> > =(n-3) >, wehave
m=1 i£k£l#m i#k#l

~ n—1 no
nSp),1 — - Zs(b,—m),l

n—lzhl (i; k) n—QZZhl(b

i#k m=1i#k#m
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R , 1 < _
:n ] Zhl(b)(zv k) — n Zhl(b)@?k)

itk itk

n _ 1 Zhl Z k’ 5(5)71,
z;ék

and

N n—1 o
NS4 — - Zs(b,—m)A

1
:(n—l th (i, k, 1) T Z Z hag (i, k., 1)

;ék;él m=1i#£k#l#m
(_1( Qth (i, k1) ZhQ(bzkl
n n= z;ék;rél z#k;él
1 N
) Z ha) (i = S(b),45
z;ék:;él
where
hawy (i, k) = ha(Xwyi, Y )05 Xy ks Y (0),1)
and

Pow) (3, k, 1) = ha(Xw)is Y b).63 Xoy oo Y o), Xo),05 Y (b),0)-

Similarly, we have n.S@); — =2 > Sp—m)j = Spyjd = 2,3,5,6,7,8 and
m=1

% > [nD(b) —(n— 1)ﬁ(b7_m)} = ﬁ(b). Therefore,

—— JDC
|dcov?  (X,Y) — dcov*(X,Y)|

nB Z g (&))" [Dg,—m) — D]|.
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Thus, the event satisfies

—JDC
{|dcov?  (X,Y) — dcov*(X,Y)| > €}

(s reron-ol-ofis

The corresponding probability satisfies the following inequality:

n

W6 ~o [Bu-w =Dl > 5

—JDC
Pr(|dcov? (X,Y) — dcov®(X,Y)| > €) (S4.15)

h=1,...,4 b=1
B n
+ Z PT(}(HB)ilzZS(b,m)h Sh) > ﬁ)
h=1,...,4 b=1 m=1
= A+ Dy

As for Ay, the proof in Part I of this theorem gives us
N = O(exp ( — 0162N(Q+L)(1_27)) + N©@F) exp ( — CQN(O‘+L)7)). (54.16)

For Ay, we have get

2= 3 Pr(|mB) ZZS(b mM—SJ_ﬁ) (84.17)

h=1,...4 b=1 m=1

First of all, we will deal with (nB)~ Zb D S(b —m)a- Let b (X5, Y3 X3, Yy) =

I|X;: — Xkll1]Ys — Yi||2 be the kernel of the U-statistic. We decompose the

™M
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kernel function A into two parts: hy = hyl(hy > M)+ hiI(h; < M) where

M will be specified later. The U-statistic can now be written as follows,

S’(b,—m),l
" (n—1)( Z hi(X @), Xb) s Y 0),6) L (M (X w),6, Yoy00 X oo Y (o)) < M)
z;ék:;ém
MO Z hn(X 65 X o)k Y ) 1)L (01 (X )0 Y )55 Xy b Yoy ) > M)
'L;ék;ém

és’(b,—m),ll + g(b,—m),lQ-
Accordingly, we decompose Sy into two parts:

S1 =E[h(Xi, Yi; X, Yi) I (ha (X3, Yis Xy, Yi) < M)
+ Elh (X, Yi; Xi, Y ) L (ha (X5, Y3 Xi, Yi) > M)

é5’11 + Sia.

Clearly, S (v),11 and S(b 12 are unbiased estimators of Si; and Sis, respec-
tively.
We deal with the consistency (nB) ™' S0 | S | S(p_my11 of first. With

the Markov’s inequality, for any ¢ > 0, we can obtain that

B n
PT((TLB>_1 Z Z g(b,—m),ll — 811 Z E)
b=1 m=1

n

Mm

<exp(—te) exp(—tSll)E{ exp (

)

Serfling (1980, Section 5.1.6) showed that any U-statistic can be represented

b=1 m=1
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as an average of averages of independent and identically distributed (i.i.d)

random variables. That is,

n

Z&b =3 530D I Xl - Yl

z;ém k#m;k#m

1
= 1 X5 — Xil[1]Yi = Yilf2
n(n—1)(n — 2) i;m

= (n)~! Z DXy, Yoyu5- -5 Xy Yoy
n!

where ) denotes the summation over all possible permutations of (1, ..., n),
n!
/3]

i.i.d random variables (i.e. = (m/)"'SSAV IR < M)). Since the

and each Q4 (Xw)1, Y@oy1:---3 Xp)m> Yb),n) is an average of m/

exponential function is convex, it follows from Jensen’s inequality that, for

0 <t < 2sy,
n

IR 9p LIS

= E{ exp (tB Z Z (X1, Y o Xy no Y(b),n))}
< (nh)7! Z { exp < Z (Xw1, Y e ;X(b),mY(b),n)>}
b=

pr
- Em’B{ exp (t(m/B)*lhg’"U(hY’ <M )) }

which together with Lemma [1| entails immediately that

B n
3560 502

b=1 m=1
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< eXp(—tG)Em/B{ exp (t(m’B)’l[hgr)[(hgr) <M)- 511])}

< exp(—te + M*t*/(8m'B)).
By choosing t = 4eB/M?, we have

B n
P?”((TLB)il Z Z S(b,—m),ll — 511 Z €> S exp(—262mB/M2).
b=1 m=1
Therefore, by the symmetry of U-statistic, we can obtain easily that

B n
Pr (‘(NB)_I Z Z g(b,—m),ll —Su

b=1 m=1

> (—:) < 2exp(—2¢*m'B/M?)
(54.18)
Next we show the consistency of (nB)™! Zle o S(by,m)ylz. With
Cauchy-Schwartz and Markov’s inequality, for any s’ > 0, we have
Sty < E{h{(Xi, Y5 Xi, Yi) }Pr(hy (X, Y Xi, Yy) > M)

< E{h3(Xs, Y5 Xi, Yi) YE[exp(s'hy (X;, Yi; Xk, Y4i))]/ exp(s’M).
Using the fact (a® +b%)/2 > (a + b)?/4 > |ab|, we have

P (Xa, Yi; Xi, Y3) = {(Xi — X0)?(Ys = Yo (Y — Y5) /2
<2{(X2 + XD (|[Y3]l3) + [[Yk]3312
< {(XE+ X2+ 1Yall3) + 1Y ]3)2 32

= X7+ X; + Y15+ Y55,
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which yields that

Blexp(s'hi (Xi, Yi; Xk, Yi))] < Elexp(s'(X7 + X3¢ + Y313 + [1Y%[13))]
< E{exp(25'X7) }E{exp(25']| Yil[3)}-
The last inequality follows from the Cauchy-Schwartz inequality. If we

choose M = C3N@+97 for 0 < v+ k < 1/2 and a nonnegative constant Cs,

then Sy < €/2 when N is sufficiently large. Consequently,

Pr(‘ ZZS;, )12 — Slg‘ > (—:) < Pr() (nB)~ ZZS(b —m) 12‘ > e/2>

b=1 m=1 b=1 m=1

It remains to bound the probability Pr<‘( B)~ Zb D (b —m), 12’ >

€/ 2). We observe that the events satisfy

{‘("B)_l XB: i S(b,fmm) > e/2}

b=1 m=1
B
1
B! M‘> 2
{\ Znn_1)<n_2 Zh1h1> ) 6/}
=1 i#£k#m

C {X(Zb)ﬂ- + HY(b),Z-Hg > M/2, for some 1 <i<n,1<b< B}.

To see this, we assume that X7 , + [[Yq)ll3 < M/2 for all 1 < i <
n,1 < b < B. This assumption will lead to a contradiction. To be
precise, under this assumption, hy(X;, Y;; X, Yi) < M. Consequently,
‘(“B)_l Zf:l D omet g(b7—m)712
‘(nB)_l 25:1 Z"m:1 5V(b,—m),m

= 0, which is a contrary to the event

> €¢/2. This proves that the above event
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inclusion relation is correct.
By invoking condition (C2) and Markov’s inequality, there must exist

a constant Cy such that, for s > 0

Pr(Xgy: + Y @allz > M/2)

< Pr(||[ Xgpllf = M/2) + Pr([[Ygll; > M/2)

Efexp(sl| Xall1)} | E{exp(sl[Y.ll3)}
exp(sM/4) exp(sM/4)

< 2Cy exp(—sM/4).
Consequently,

S’(b,fm),12 — SlZl Z 6) (8419)

< 2N@FICy exp(—sM/4).

Recall that M = C5N(©@+)7. Combining the results (S4.18)), and (S4.19)),

we have

n

B
Pr(}(nB)—l SO S — S| 2 4e) (S4.20)

b=1 m=

—_

3

< PT(MHB)l Z g(b,—m),ll — Su’ > 6)

b=1 m=1
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n

S’(b,fm),IQ - 5'12} > €>

+Pr(}(n3)—1g

< 2exp ( _ 62N(Q+L)(1—2’y)/0§) + 2N(a+a)cv4 exp ( _ ngN(a+L)7/4).

m=1

Following arguments for proving ((S4.20)), we can show that

B n
Pr(‘(nB)’l S5 St — Sal = 46) (S4.21)

b=1 m=1

<2exp (— N2 /02) 4 AN exp (— sCaN@T)7/4) h = 2,3,5,7.

In the sequel, we turn to (nB)"' S0 S* S'(b,,m)A where

n n

L 1 1
-1
Y S ma=— > IXwi = Xl 1Yk — Yl
m=1 L (n—1)(n —2)(n—3) itk£l#m
1 n
= Xpi—X Y -Y )
n<n _ 1)(n _ 2>(n _ 3) ‘ Z ” (b), (b)ulHl || (b),k (b),lH2
i#£kFEl#Em

Here, we define hQ(XZ', Yz; Xk, Yk7 Xl; Yl) = ”)(2 _Xl”l”Yk _Yl||27 which is
the kernel of U-statistic S;. Following the arguments to deal with (nB)~' 37 S™" S(u_m),l,

we decomposed hy into two parts: hy = hol(hy > M) + hol(hy < M). Ac-

cordingly
n R 1 n
1
n Sth,—m)a = hag,—m)yL (hap,—m) < M)
mzl b=t =t — 1) (n — 2)(n — 3) #;;ém (b,=m) 1 72(5,~m)
1

Z oo, —m) L (R, —m) > M)
ikAltm

Lpt Z g(b,—m),zll +nt Z S(b,—m),427
m=1 m=1

i n(n —1)(n —2)(n —3)
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where
haw,—m) = ha(Xb—m)ir Y (b,—m),is X(br—m)e> Y (=) X (b—m),is Y (b,—m),i)»
and
Sy = E{hyI(hy < M)} + E{hoI(hy > M)} = Sy + Syo.

Following similar arguments for proving (S4.18)), we can show that

B n
Pr <‘ (nB)™! Z Z S(o,—mya1 — Sui

b=1 m=1

> e) < 2exp(—2e*m”B/M?),

(54.22)

where m” = [n/4] because S'(b,,m)Al is a fourth-order U-statistic.
B n
Then we deal with (RB)™' >~ 3 S(,—m)a2. We observe that
b=1m=1
ha(Xi, Yi; Xi, Yi; X0, Y1) = 4(X7 + X7 4+ X2+ | Y3ll5 + [1Y]5 + [[Y0]]3)/6,

which will be smaller than M if X(zb),i + [ Yyall3 < M/2foralll < i <

n,1 < b < B. Thus, for any € > 0, the event satisfy

B n
{30 Y Soma

b=1 m=1

> 6/2}
Q{X(Qb)vi + HY(b),iﬂg > M/2, for some 1 <i<n,1<b< B}.
By using the similar arguments to prove (S4.19)), it follows that

B
Pr <|B1 > Seyaz — Su| = e) < 2N©OH) exp(—sM/4). (S4.23)
b=1
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Then combine the results (S4.22) and (S4.23) with M = C3N©@+97, for

some 0 <y < 1/2 — K, we can obtain

B
Pr(|B1Y Sopu = i = 4e) (S4.24)
b=1
<2exp (— 2 N2 /(3C3)) + 2N Cyexp (— sC3 N7 /4).
In addition, following arguments for proving ((S4.24)), we can show that
B
Pr([B71Y Sy — Si| = 4e) (54.25)
b=1

<2exp (— 22N /(302)) + INFI Oy exp (= sC3Nt97/4) h =6,8.

Combining (S4.17), (S4.20), (S4.21), (S4.24) and (S4.25), with 0 <

K+ v < 1/2, we thus have

B n
N Pr(((nB)—l ;;S(b,m),h — 5> SLCQ) (S4.26)

h=1,...,8

:O(exp ( — 0162N(a+b)(1—27)) + N(a—i-L) exp ( _ CQN(OA+L)7)>’

for some positive constants ¢; and cp;. Combining (S4.15), (S4.16) and

(S4.26), let € = cN =@+ where 0 < k + v < 1/2, we thus have
—— JDC
Pr(]dcov2 (X,Y) — dcov*(X,Y)| > CN*(OHM)N)
:O<exp ( — ClN(a—l—L)(l—Qw—Qm)) + Nlaty) exp ( _ CQN(O(—}—L)’Y))’

for some positive constants ¢; and ¢y. Using Lemma [3| we have

deov (X, X)dcov (Y,Y) deov®(X, X)dcov®(Y,Y) }

Yo = i { AM* ) AMA
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where
M > 2max{dcov(X,Y),dcov(X, X),dcov(Y,Y), CE(;J(X, Y), (Jl/ca;(X, X), @J(Y, Y)}.

Condition (C2) enables us to conclude that M and v, are bounded con-

stants. Thus

Pr(\d)}wc —wj| > cN_(aJ”)“)

:O<exp ( _ ClN(aﬂ)(lfzfyfzn)%) + N (at) exp ( . CZN(OZ+L)’Y)>’

for some positive constants ¢; and c¢o. Therefore,

~JDC —(a+u)k
Pr(lr%ag); |3 w;| > cN )

(54.27)
=0 (p[exp ( — ClN(OH-L)(l—Q’Y—?H)) + Nty exp ( _ CQN(QJFL)V)} )

The first part of Theorem 2 for JDC-OSS is proven.

Now we deal with the second part of Theorem 2 for JDC-OSS. If M ¢
M\, then there must exist some k£ € M such that LDJJ DC < eN-(ator Tt
follows from condition (C3) that |©/P¢ —w;| > cN~(@F% for some k € M,
indicating that the events satisfy {M ¢ /(/l\} C {|0/PC — w;| > cN~(etox,
for some k € M}, and hence & = {maxyep |07PY — wy| < eN~leFr) C

{M C M}. Consequently,

PT(M - M\) > Pr(éa) =1- Pr(é"c) =1- Pr( d},‘gDC — wg| > CN_("+‘)“)

min |
keM

=1— ]M|Pr(]d),;mc — wy| > cN_(O‘+‘)“)
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>1-— O(|./\/l] [exp (— ClN(aJrL)(le’nyn)) + N©@*H) exp (- C2N(a+L)'y)})’

where | M| is the cardinality of M. This completes the proof of the second
part.
Proof of Theorem 3

Under Condition (C3), noting that minges wy > 2¢N~(@+9% and com-

bining (S4.14}), we have

Pr(min @y < max®©y) = Pr(maxd; — maxwy — min Wy, + min wy > min wy)
keM kg M k¢ M kg M keM keM keM

< p ~ > N—(Oé-‘rb)fi P ~ > N—(Oé-‘rb)ﬁ
< Pr( 0 — ] 2 eN~0%) 4 Pr(a 0, — | 2 eN =)

< 2Pr(max |©y — wy| > eN~@HIF),
1<k<p
where the first equation holds because the corresponding distance correla-
tion measure for unimportant variables is 0. By combining Theorem 2, and

plugging them into the equation above, we obtain

PT(%%(@?DC < ]ng}a @fDC) >1-0(p [eXp(_clN(a—h)(l—Qw—Qm)) 4 Nleto) exp(_czN(a+L)7)]> ’

Pr(%%{@.’DC < ?61}\2 ajJDC) >1-0(p [eXp<_clN(a+L)(1—2’y—2/<;)) 1 Nyt exp(_CQN(aﬂ)y)D ‘

This completes the proof of Theorem 3.
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