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Supplementary Material

The Supplementary Material presents the technical details of Remark 2, some additional simulation results

and the technical proofs.

S1. Technical details of Remark 2

We consider a special case to investigate the power function of the max-type
test when ¢q € [1,3]. Let ey = 241 + p2zi—1.1, where zy ~ N (0,1) and p =
O(y/logp/n). Fori € {2,--- ,p}, &;’s are all ii.d. from N'(0,1). {1} =1,
are independent of {4 }1—1... n, @ = 2,---,p. By the Central Limit Theorem,
Vn — kpi;(k )5 N(0,1) for k > 1; Vn—1p;(1 1) -5 N(0,1) for i # j and

— {pu(1) -

1— 392+2p4+3p
(1+p2)%

*Corresponding author.

1+p2}—>/\/'(0 1) for k = 1. Define z, = 2log(Kp?) —
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log log(Kp?) + q,- Define A = {(4,,k)|1 <,7 <p,1 <k < K}. Thus,

P{Tiax — 2log(Kp®) + loglog(Kp®) > qu}

= — k) p2 142
=P {1<ij1<111731}ik<[{(n k:)pw(k) = x&} =P {(n Dpn(1) > xcx}

:p{

N(lx/ﬁp 1_3p2+2p4+3p6)‘2m}+0(1)
—P (N (viip.1)| = vz} + o)

+p* (1+p2)*
=(Vnp = Va) + (=Vnp = v/Ta) + o(1)

for sufficiently small p and diverging p, where N(u, 0®) denotes a random vari-
able that follows the normal distribution with mean y and variance 0. On the

other hand,

P{T3ax — 2log(Kp®) + loglog(Kp®) > qa }

—P{ max (n— k)% (k) > xa}

O Pyt v

<P{(n—1)p%(1) >z, +P — k)2 (k) >
- {(n ) = }+ {(i,j,k)rgj/}%m,l)(n )p”( )= }

—0(V/ip — \/Fa) + B(—v/np — V/Ta) + a + o(1).
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In the last equality, we used the following derivation. By the proof of Theorem
I in Chang et al. (2018)), we have

P{(A  nax (n— k)ﬁfj(k) > xa} — P< max & > :L‘a) — 0,
4,7,

YEA/(1,1,1) 1<I<Kp2—1

where (&1, -, {kp2—1) follows the multivariate normal distribution with zero
mean and the same correlation matrix of {(n — k)57;(k)} . jkeas11). After
some calculations, we have cor {(n — k)p11(k),(n — k — 1)pn(k+ 1)} — 2p,

2

cor {(n — k)p11(k), (n — k — 2)pu(k + 2)} — 7% and the other correlations

1+

between (n — k)p7;(k) are all zeros. By Theorem 1 in the supplementary and

condition p = O(y/log p/n), we have P (max,<j<xp21 & > 2a) — a.

Hence, the power function of the max-type test is

nlggloo@(\/ﬁp = Vo) + nginooq)(—\/ﬁp — VZa) < Puax(p)
<a+ lim ®(vVnp—/x,)+ lim ®(—/np—\/z,).
n,p—00 n,p—00

Note that z, ~ 2y/logp. When p = co\/logp/n, we have: (1)if 0 < ¢y < 2,
then cov/logp — /Ta — —00, —coy/logp — \/Ta — —o0 and Puax(p) €
(0,); (2) if ¢g > 2, then cov/logp — /Ta — 00, —co\/logp — \/Tq — —00
and fByax(p) = 1. On the other hand, when /np = +/4logp + c1+/Iogp,

we have /np — /T, — c1/4 and —\/np — \/To — —00, then Puax(p) €
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(®(c1/4), + D(c1/4)). The above analysis indicates that when ¢y € [1,3],
different power result can occur depending on the specific alternative situation

and no universal power conclusion can be drawn.

S2. Some additional simulation results

S2.1 Results under a polynomial-type tail distribution

Here, we consider the situation where the distribution of z;; has a polynomial-
type tail, named distribution (iii). Specifically, we set z; S t(8)//4/3 for
i €{l,---,p}and t € {1,---,n}, keeping all other simulation parameters
consistent with those outlined in Section 3 of the main text. The empirical sizes
of the tests MAX, SUM, LY, and FC are reported in Tablem The power curves of
these four tests are illustrated in Figures [1| and |2 respectively. These results are
very similar to those presented in Section 3 of the main text, which demonstrate
that the tests proposed in this paper has a certain robustness for distributions with

different types of tails.

S2.2 Results when K is relatively large

In this subsection, we explore the performance of the proposed tests when the
value of K is relatively large. We set K = 10, keeping all other simulation

parameters identical to those outlined in Section 3 of the main text. The empir-
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Table 1: Size performance in the case of €, = Az; with distribution (iii): z; o t(8)/4/4/3.

K=1 K =2 K =3
n p MAX LY SUM FC MAX LY SUM FC ‘ MAX LY SUM FC
Setting (I)

100 30 | 1.0(0.3) 4.2(0.6) 5.2(0.7) 4.3(0.6) | 1.5(0.4) 3.6(0.6) 5.7(0.7) 3.9(0.6) | 1.2(0.3) 2.5(0.5) 6.0(0.8) 3.6(0.6)
100 60 | 1.2(0.3) 3.3(0.6) 4.7(0.7) 3.4(0.6) | 1.0(0.3) 1.3(0.4) 4.9(0.7) 3.1(0.5) | 0.9(0.3) 1.0(0.3) 4.9(0.7) 2.9(0.5)
100 90 | 1.4(0.4) 2.6(0.5) 4.7(0.7) 2.9(0.5) | 1.5(0.4) 0.6(0.2) 4.8(0.7) 3.2(0.6) | 0.4(0.2) 0.2(0.1) 4.0(0.6) 2.3(0.5)
100 120 | 1.00.3) 1.1(0.3) 4.3(0.6) 2.1(0.5) | 0.6(0.2) 0.4(0.2) 3.8(0.6) 2.0(0.4) | 0.6(0.2) 0.1(0.1) 5.0(0.7) 2.0(0.4)
200 30 | 1.3(0.4) 5.1(0.7) 5.9(0.7) 4.4(0.6) | 1.8(0.4) 4.3(0.6) 5.1(0.7) 4.2(0.6) | 1.4(0.4) 3.9(0.6) 5.7(0.7) 4.2(0.6)
200 60 | 1.6(0.4) 4.5(0.7) 5.9(0.7) 4.3(0.6) | 1.0(0.3) 3.3(0.6) 5.2(0.7) 3.6(0.6) | 1.1(0.3) 1.7(0.4) 5.0(0.7) 2.8(0.5)
200 90 | 1.3(0.4) 2.8(0.5) 4.6(0.7) 3.3(0.6) | 1.2(0.3) 1.5(0.4) 4.6(0.7) 2.5(0.5) | 1.0(0.3) 0.4(0.2) 4.2(0.6) 2.6(0.5)
200 120 | 1.2(0.3) 2.5(0.5) 4.8(0.7) 3.0(0.5) | 1.6(0.4) 1.7(0.4) 5.2(0.7) 3.5(0.6) | 1.9(0.4) 0.5(0.2) 4.4(0.6) 2.4(0.5)
Setting (II)
100 30 |2.1(0.5) 4.1(0.6) 5.3(0.7) 4.5(0.7) | 1.0(0.3) 3.8(0.6) 6.1(0.8) 4.4(0.6) | 1.6(0.4) 2.5(0.5) 5.2(0.7) 4.3(0.6)
100 60 | 0.9(0.3) 3.0(0.5) 5.00.7) 2.8(0.5) | 0.4(0.2) 1.4(0.4) 4.4(0.6) 2.8(0.5)|0.6(0.2) 1.3(0.4) 6.5(0.8) 2.9(0.5)
100 90 | 0.8(0.3) 2.0(0.4) 4.4(0.6) 2.2(0.5) | 0.8(0.3) 0.8(0.3) 5.0(0.7) 2.0(0.4) | 0.7(0.3) 0.4(0.2) 4.3(0.6) 2.0(0.4)
100 120 0.9(0.3) 1.3(0.4) 3.9(0.6) 2.8(0.5) | 0.8(0.3) 0.9(0.3) 5.9(0.7) 3.7(0.6) | 1.1(0.3) 0.2(0.1) 5.4(0.7) 2.7(0.5)
200 30 | 1.7(04) 5.1(0.7) 5.5(0.7) 5.2(0.7) | 1.3(0.4) 4.2(0.6) 5.3(0.7) 3.9(0.6) | 1.9(0.4) 4.4(0.6) 6.6(0.8) 5.7(0.7)
200 60 | 1.4(0.4) 3.3(0.6) 5.4(0.7) 4.8(0.7) | 1.6(0.4) 2.2(0.5) 3.7(0.6) 4.2(0.6) | 1.8(0.4) 1.6(0.4) 4.0(0.6) 2.6(0.5)
200 90 | 1.2(0.3) 3.6(0.6) 5.4(0.7) 3.2(0.6) | 1.5(0.4) 1.8(0.4) 4.8(0.7) 3.4(0.6) | 1.9(0.4) 1.0(0.3) 5.6(0.7) 3.5(0.6)
200 120 | 1.6(0.4) 3.3(0.6) 5.0(0.7) 4.1(0.6) | 1.3(0.4) 1.6(0.4) 6.0(0.8) 3.3(0.6) | 2.0(0.4) 0.6(0.2) 5.9(0.7) 3.5(0.6)
Setting (TII)
100 30 | 0.8(0.3) 4.7(0.7) 5.2(0.7) 4.4(0.6) | 0.3(0.2) 4.1(0.6) 6.1(0.8) 3.7(0.6) | 1.1(0.3) 2.9(0.5) 5.5(0.7) 3.2(0.6)
100 60 | 0.9(0.3) 3.7(0.6) 5.0(0.7) 2.6(0.5) | 0.6(0.2) 2.3(0.5) 5.4(0.7) 3.1(0.5) | 0.9(0.3) 1.1(0.3) 5.7(0.7) 2.9(0.5)
100 90 [0.9(0.3) 1.7(0.4) 3.9(0.6) 1.6(0.4) | 0.8(0.3) 1.2(0.3) 5.1(0.7) 2.8(0.5) | 1.0(0.3) 0.3(0.2) 3.9(0.6) 2.5(0.5)
100 120 | 0.4(0.2) 2.1(0.5) 5.6(0.7) 2.1(0.5) | 0.6(0.2) 1.0(0.3) 5.2(0.7) 2.6(0.5) | 0.6(0.2) 0.2(0.1) 4.9(0.7) 2.2(0.5)
200 30 | 1.3(0.4) 4.1(0.6) 5.1(0.7) 5.0(0.7) | 1.3(0.4) 4.9(0.7) 5.8(0.7) 4.6(0.7) | 2.1(0.5) 3.4(0.6) 5.0(0.7) 4.4(0.6)
200 60 | 1.7(0.4) 4.0(0.6) 5.3(0.7) 4.5(0.7) | 0.9(0.3) 3.2(0.6) 5.3(0.7) 3.0(0.5) | 1.1(0.3) 3.1(0.5) 6.1(0.8) 3.6(0.6)
200 90 | 1.6(0.4) 4.3(0.6) 5.3(0.7) 4.5(0.7) | 0.9(0.3) 2.5(0.5) 5.8(0.7) 3.3(0.6) | 1.3(0.4) 2.1(0.5) 5.4(0.7) 4.0(0.6)
200 120 | 1.7(0.4) 3.2(0.6) 4.8(0.7) 3.6(0.6) | 1.1(0.3) 2.0(0.4) 5.2(0.7) 3.0(0.5) | 1.1(0.3) 0.9(0.3) 5.0(0.7) 3.1(0.5)

ical size results of this setting are presented in Table 2 The findings indicate
that the LY test tends to exhibit excessive conservatism under this setting, while
the proposed SUM test demonstrates effective control over the empirical size in
most cases. In addition, the MAX test appears to lean towards conservatism, a

trait attributed to its slow rate of convergence. FC is reasonably conservative
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MAX ~& LY -= SUM FC

VAR(1) VMA(1)

25 50 100 25 50 75 100

Figure 1: Power curves of the involved tests in situation where
{1,2,---,10} and (n, p) = (200, 60).

VARMA(1)

2 N H(8)/\/A]3, m €

and maintains the size well. Figure [3| presents the power curves of the involved

tests under distribution (i) with X' = 10 and (n,p) =

(200, 60). Comparing

it with the figures obtained in the main text for smaller values of K, it can be

observed that the performance of the MAX test is not sensitive to the choice of

K. In contrast, the proposed SUM test is sensitive to the value of K. It exhibits

poor power performance when K is large, possibly because the signal may be

weakened as K increases. Therefore, we recommend not using an excessively
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VAR(1)

o
i 0.50-
x

MAX -+

LY = SUM FC

VMA(L)

VARMA(1)

Figure 2: Power curves of the involved tests in situation where z;; o t(8)/4/4/3, m €

{172’..

-,10} and (n, p) = (200, 90).

large K in the proposed tests. FC is clear winner in terms of power in all cases.

S2.3 Comparison with the test proposed by Chang et al.| (2017)

Table 3| presents the empirical size performance of the test proposed by (Chang

et al.| (2017), abbreviated as CYZ, using the same parameters as in the main

text. In addition, the simulation results under distribution (iii) that was consid-

ered in Section S2.1 is included in this table. It suggests that CYZ is generally
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Table 2: Size performance in the case of £, = Az; with K = 10 and (n, p) = (200, 60).

(i) N(0,1) (ii) Ga(4,0.5) — 2 (iii) t(8) /A /4/3
n p| MAX LY SUM FC | MAX LY SUM FC ‘MAX LY SUM FC

Setting (I)

100 30 | 0.8(0.3) 0.0(0.0) 4.3(0.6) 2.5(0.5) | 1.7(0.4) 0.1(0.1) 4.5(0.7) 4.5(0.7) | 1.2(0.3) 0.1(0.1) 4.6(0.7) 2.6(0.5)
100 60 |0.7(0.3) 0.0(0.0) 3.8(0.6) 1.5(0.4) |2.1(0.5) 0.0(0.0) 4.8(0.7) 3.7(0.6) | 0.9(0.3) 0.0(0.0) 3.2(0.6) 1.7(0.4)
100 90 | 0.3(0.2) 0.0(0.0) 4.8(0.7) 1.9(0.4) | 1.5(0.4) 0.0(0.0) 5.3(0.7) 4.0(0.6) | 0.5(0.2) 0.0(0.0) 4.7(0.7) 2.5(0.5)
100 120 | 0.4(0.2) 0.0(0.0) 3.9(0.6) 1.2(0.3) | 1.8(0.4) 0.0(0.0) 4.5(0.7) 3.2(0.6) | 0.4(0.2) 0.0(0.0) 4.4(0.6) 2.1(0.5)
200 30 |0.7(0.3) 0.3(0.2) 5.6(0.7) 2.6(0.5) | 3.6(0.6) 0.0(0.0) 3.9(0.6) 5.6(0.7) | 1.3(0.4) 0.2(0.1) 5.3(0.7) 3.7(0.6)
200 60 | 1.5(0.4) 0.1(0.1) 5.0(0.7) 2.3(0.5) | 3.6(0.6) 0.0(0.0) 3.7(0.6) 3.7(0.6) | 1.3(0.4) 0.0(0.0) 4.6(0.7) 3.0(0.5)
200 90 | 1.7(0.4) 0.00.0) 4.6(0.7) 3.5(0.6) | 3.1(0.5) 0.0(0.0) 4.4(0.6) 4.5(0.7) | 1.0(0.3) 0.0(0.0) 3.8(0.6) 2.3(0.5)
200 120 | 0.8(0.3) 0.0(0.0) 5.0(0.7) 3.1(0.5) | 2.8(0.5) 0.0(0.0) 4.9(0.7) 4.7(0.7) | 1.6(0.4) 0.0(0.0) 4.8(0.7) 3.2(0.6)
Setting (II)
100 30 | 0.8(0.3) 0.1(0.1) 5.1(0.7) 2.9(0.5) | 1.7(0.4) 0.0(0.0) 4.6(0.7) 3.2(0.6) | 1.1(0.3) 0.1(0.1) 4.5(0.7) 2.8(0.5)
100 60 | 0.8(0.3) 0.0(0.0) 5.7(0.7) 3.4(0.6) | 1.9(0.4) 0.0(0.0) 6.1(0.8) 4.6(0.7) | 0.7(0.3) 0.0(0.0) 4.6(0.7) 2.1(0.5)
100 90 | 0.6(0.2) 0.0(0.0) 4.1(0.6) 1.9(0.4) | 1.7(0.4) 0.0(0.0) 4.9(0.7) 2.6(0.5) | 0.6(0.2) 0.0(0.0) 4.0(0.6) 1.7(0.4)
100 120 | 0.4(0.2) 0.0(0.0) 4.8(0.7) 2.3(0.5) | 1.9(0.4) 0.0(0.0) 3.9(0.6) 2.8(0.5) [ 0.3(0.2) 0.0(0.0) 4.2(0.6) 1.9(0.4)
200 30 | 0.8(0.3) 0.5(0.2) 4.3(0.6) 3.2(0.6) | 2.2(0.5) 0.1(0.1) 4.3(0.6) 4.0(0.6) | 1.6(0.4) 0.3(0.2) 5.4(0.7) 3.7(0.6)
200 60 | 0.7(0.3) 0.1(0.1) 4.00.6) 2.5(0.5) | 3.5(0.6) 0.0(0.0) 4.7(0.7) 4.0(0.6) | 1.0(0.3) 0.0(0.0) 5.2(0.7) 2.4(0.5)
200 90 | 0.8(0.3) 0.0(0.0) 6.0(0.8) 3.7(0.6) | 3.3(0.6) 0.0(0.0) 4.0(0.6) 4.3(0.6) | 1.5(0.4) 0.0(0.0) 4.7(0.7) 2.7(0.5)
200 120 0.6(0.2) 0.0(0.0) 4.5(0.7) 2.1(0.5) | 3.9(0.6) 0.0(0.0) 5.2(0.7) 4.8(0.7) | 1.4(0.4) 0.0(0.0) 5.8(0.7) 3.0(0.5)
Setting (III)
100 30 | 1.0(0.3) 0.0(0.0) 3.9(0.6) 2.6(0.5) | 1.9(0.4) 0.1(0.1) 5.3(0.7) 4.5(0.7) | 0.7(0.3) 0.0(0.0) 4.4(0.6) 2.3(0.5)
100 60 | 0.6(0.2) 0.0(0.0) 5.3(0.7) 2.2(0.5) | 2.5(0.5) 0.0(0.0) 4.2(0.6) 3.8(0.6) | 0.6(0.2) 0.0(0.0) 5.4(0.7) 2.1(0.5)
100 90 | 0.5(0.2) 0.0(0.0) 3.9(0.6) 1.4(0.4) | 1.6(0.4) 0.0(0.0) 3.8(0.6) 2.9(0.5) | 0.6(0.2) 0.0(0.0) 4.5(0.7) 2.5(0.5)
100 120 | 0.2(0.1) 0.0(0.0) 4.8(0.7) 1.1(0.3) | 0.8(0.3) 0.0(0.0) 4.5(0.7) 3.1(0.5) | 0.4(0.2) 0.0(0.0) 4.1(0.6) 1.7(0.4)
200 30 | 1.3(0.4) 0.3(0.2) 5.3(0.7) 3.1(0.5) | 2.4(0.5) 0.4(0.2) 5.1(0.7) 5.4(0.7) | 1.9(0.4) 0.3(0.2) 3.8(0.6) 3.1(0.5)
200 60 | 1.1(0.3) 0.0(0.0) 5.7(0.7) 3.5(0.6) | 2.4(0.5) 0.0(0.0) 5.3(0.7) 4.4(0.6) | 1.8(0.4) 0.0(0.0) 4.1(0.6) 3.1(0.5)
200 90 | 1.0(0.3) 0.0(0.0) 4.4(0.6) 2.3(0.5) | 2.1(0.5) 0.0(0.0) 3.7(0.6) 3.3(0.6) | 1.4(0.4) 0.0(0.0) 4.1(0.6) 2.4(0.5)
200 120 | 1.4(0.4) 0.00.0) 4.6(0.7) 1.9(0.4) | 2.4(0.5) 0.0(0.0) 4.1(0.6) 4.3(0.6) | 1.8(0.4) 0.0(0.0) 5.2(0.7) 3.4(0.6)

conservative.

FigureH|illustrates the power curves of MAX and CYZ, under identical con-
ditions as in the main text, with (n, p) = (200, 60) and distribution (i). It suggest-
s that CYZ outperforms MAX, possibly due to the application of bootstrapping,

which tends to provide more precise estimation of the variances. However, the
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MAX -+ LY -= SUM FC

VAR(1) VMA(L) VARMA(1)

Figure 3: Power curves of the involved tests under distribution (i) with K = 10, m €
{1,2,---,10} and (n, p) = (200, 60).

computational time consumed by CYZ is about several hundred times that of
MAX. Therefore, the decision to opt for either of these two methods hinges on

the specific computational time constraints.

S2.4 Comparison with the test proposed by |Chang et al.  (2023)

Chang et al.| (2023) proposed a method for testing the martingale difference in
high dimensions, which can be applied to testing white noise. We implement
this method in the following way, and compare it with the methods proposed in
this paper. We set ¢(x) = x, then the corresponding test statistic in|Chang et al.

(2023) takes the form

K K
Teys = Z Tn,k = max nl/Q‘ﬁij(k)"
k=1

1<i,j<p
k=1 J

In a manner akin to |(Chang et al. (2017), the test based on 7¢;s, abbreviated as
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Table 3: Size performance of the max-type test proposed by |Chang et al.|(2017) in the case of
€t = Azt.

() N(0,1) (ii) Ga(4, 0.5) — 2 Gii) ¢(8)//4/3
n p|K=1 K=2 K=3|K=1 K=2 K=3|K=1 K=2 K=3
Setting (I)

100 30 | 1.3(0.4) 0.3(0.2) 0.6(0.2) | 0.0(0.0) 0.0(0.0) 0.1(0.1) | 0.1(0.1) 0.3(0.2) 0.1(0.1)
100 60 |0.5(0.2) 0.0(0.0) 0.3(0.2) | 0.0(0.0) 0.0(0.0) 0.0(0.0) | 0.0(0.0) 0.0(0.0) 0.0(0.0)
100 90 |0.4(0.2) 0.3(0.2) 0.0(0.0) | 0.0(0.0) 0.0(0.0) 0.0(0.0) | 0.0(0.0) 0.0(0.0) 0.0(0.0)
100 120 | 0.1(0.1) 0.0(0.0) 0.0(0.0) | 0.0(0.0) 0.0(0.0) 0.0(0.0) | 0.0(0.0) 0.0(0.0) 0.0(0.0)
200 30 | 1.8(0.4) 2.1(0.5) 1.5(0.4) | 1.4(0.4) 0.7(0.3) 0.4(0.2) | 0.7(0.3) 1.0(0.3) 0.3(0.2)
200 60 | 1.4(0.4) 1.0(0.3) 0.9(0.3) | 0.3(0.2) 0.4(0.2) 0.1(0.1) | 0.5(0.2) 0.1(0.1) 0.1(0.1)
200 90 | 1.0(0.3) 1.0(0.3) 0.6(0.2) | 0.2(0.1) 0.2(0.1) 0.0(0.0) | 0.3(0.2) 0.1(0.1) 0.0(0.0)
200 120 1.1(0.3) 0.8(0.3) 0.3(0.2) | 0.3(0.2) 0.0(0.0) 0.0(0.0) | 0.1(0.1) 0.0(0.0) 0.2(0.1)
Setting (II)
100 30 |0.7(0.3) 0.4(0.2) 0.3(0.2) | 0.2(0.1) 0.0(0.0) 0.0(0.0) | 0.0(0.0) 0.2(0.1) 0.1(0.1)
100 60 |0.3(0.2) 0.5(0.2) 0.2(0.1) | 0.1(0.1) 0.0(0.0) 0.0(0.0) | 0.0(0.0) 0.0(0.0) 0.0(0.0)
100 90 | 0.0(0.0) 0.0(0.0) 0.2(0.1) | 0.0(0.0) 0.0(0.0) 0.0(0.0) | 0.0(0.0) 0.0(0.0) 0.0(0.0)
100 120 | 0.1(0.1) 0.0(0.0) 0.1(0.1) | 0.0(0.0) 0.0(0.0) 0.0(0.0) | 0.0(0.0) 0.0(0.0) 0.0(0.0)
200 30 |2.0(0.4) 1.9(0.4) 1.5(0.4)]|0.7(0.3) 0.9(0.3) 0.5(0.2) | 1.7(0.4) 0.4(0.2) 0.2(0.1)
200 60 | 1.4(0.4) 1.1(0.3) 0.5(0.2) | 0.4(0.2) 0.0(0.0) 0.2(0.1) | 0.3(0.2) 0.2(0.1) 0.0(0.0)
200 90 | 1.4(0.4) 0.9(0.3) 0.8(0.3) | 0.2(0.1) 0.0(0.0) 0.1(0.1) | 0.3(0.2) 0.2(0.1) 0.0(0.0)
200 120 0.4(0.2) 0.5(0.2) 0.5(0.2) | 0.2(0.1) 0.1(0.1) 0.1(0.1) | 0.1(0.1) 0.2(0.1) 0.0(0.0)
Setting (I1I)
100 30 | 1.1(0.3) 0.5(0.2) 0.3(0.2) | 0.2(0.1) 0.1(0.1) 0.1(0.1) | 0.2(0.1) 0.0(0.0) 0.0(0.0)
100 60 |0.2(0.1) 0.3(0.2) 0.0(0.0) | 0.0(0.0) 0.0(0.0) 0.0(0.0) | 0.0(0.0) 0.0(0.0) 0.0(0.0)
100 90 |0.1(0.1) 0.0(0.0) 0.0(0.0) | 0.0(0.0) 0.0(0.0) 0.0(0.0) | 0.0(0.0) 0.0(0.0) 0.0(0.0)
100 120 | 0.1(0.1) 0.0(0.0) 0.0(0.0) | 0.0(0.0) 0.0(0.0) 0.0(0.0) | 0.0(0.0) 0.0(0.0) 0.0(0.0)
200 30 | 1.8(0.4) 1.8(0.4) 0.7(0.3) | 0.7(0.3) 0.7(0.3) 0.7(0.3) | 1.2(0.3) 0.3(0.2) 0.2(0.1)
200 60 |1.2(0.3) 0.6(0.2) 0.9(0.3) | 0.5(0.2) 0.4(0.2) 0.2(0.1) | 0.4(0.2) 0.3(0.2) 0.0(0.0)
200 90 |0.9(0.3) 0.6(0.2) 0.5(0.2) | 0.3(0.2) 0.0(0.0) 0.0(0.0) | 0.4(0.2) 0.0(0.0) 0.0(0.0)
200 120 | 0.4(0.2) 0.8(0.3) 0.5(0.2) | 0.2(0.1) 0.1(0.1) 0.1(0.1) | 0.1(0.1) 0.0(0.0) 0.0(0.0)

CJS, employed a simulation-based method to compute the critical value. Hence,
it is also time-intensive. Table 4| reports the empirical size results of CJS under
the same settings as in Section S2.3. It suggests that CJS is conservative in
general.

Next, we will compare the empirical power performance of CJS with the
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Table 4: Empirical size performance of CJS in the case of e, = A z;.

(i) N(0,1) (ii) Ga(4,0.5) — 2 (i) £(8) /+/4/3
n p|K=1 K=2 K=3|K=1 K=2 K:S‘K:l K=2 K=3
Setting (I)

100 30 |0.7(0.3) 0.4(0.2) 0.2(0.1) | 0.8(0.3) 0.2(0.1) 0.1(0.1) | 0.3(0.2) 0.2(0.1) 0.0(0.0)
100 60 |0.6(0.2) 0.2(0.1) 0.1(0.1) | 0.1(0.1) 0.0(0.0) 0.0(0.0) [ 0.1(0.1) 0.0(0.0) 0.0(0.0)
100 90 [0.5(0.2) 0.3(0.2) 0.00.0) | 0.000.0) 0.0(0.0) 0.0(0.0) [ 0.2(0.1) 0.1(0.1) 0.0(0.0)
100 120 | 0.200.1) 0.1(0.1) 0.0(0.0) | 0.2(0.1) 0.0(0.0) 0.0(0.0) | 0.1(0.1) 0.0(0.0) 0.0(0.0)
200 30 | 1.8(04) 2.0004) 0.6(0.2) | 1.1(0.3) 0.50.2) 0.1(0.1) | 1.1(0.3) 0.3(0.2) 0.2(0.1)
200 60 |1.4(0.4) 0.7(0.3) 0.2(0.1) | 0.50.2) 0.0(0.0) 0.0(0.0) | 0.4(0.2) 0.2(0.1) 0.0(0.0)
200 90 |0.9(0.3) 0.6(0.2) 0.0(0.0) | 0.4(0.2) 0.0(0.0) 0.0(0.0) | 0.3(0.2) 0.1(0.1) 0.0(0.0)
200 120 | 1.1(0.3) 0.3(0.2) 0.2(0.1) | 0.4(0.2) 0.0(0.0) 0.0(0.0) [ 0.1(0.1) 0.1(0.1) 0.0(0.0)

Setting (II)

100 30 | 1.10.3) 0.6(0.2) 0.3(0.2) | 0.30.2) 0.1(0.1) 0.0(0.0) [ 0.3(0.2) 0.3(0.2) 0.0(0.0)
100 60 |0.6(0.2) 0.5(0.2) 0.3(0.2) | 0.2(0.1) 0.0(0.0) 0.0(0.0) | 0.00.0) 0.2(0.1) 0.0(0.0)
100 90 |0.7(0.3) 0.1(0.1) 0.0(0.0) | 0.000.0) 0.0(0.0) 0.1(0.1) [ 0.1(0.1) 0.0(0.0) 0.0(0.0)
100 120 | 0.4(0.2) 0.1(0.1) 0.0(0.0) | 0.0(0.0) 0.0(0.0) 0.0(0.0) | 0.1(0.1) 0.1(0.1) 0.0(0.0)
200 30 |2.6(0.5) 1.50.4) 1.000.3) | 1.800.4) 0.4(0.2) 0.1(0.1) | 1.2(0.3) 0.9(0.3) 0.2(0.1)
200 60 |1.70.4) 0.8(0.3) 0.6(0.2) | 0.7(0.3) 0.2(0.1) 0.0(0.0) | 0.6(0.2) 0.3(0.2) 0.0(0.0)
200 90 |1.8(0.4) 0.5(0.2) 0.0(0.0) | 0.2(0.1) 0.1(0.1) 0.0(0.0) | 0.1(0.1) 0.1(0.1) 0.1(0.1)
200 120 | 1.4(0.4) 0.4(0.2) 0.0(0.0) | 0.7(0.3) 0.000.0) 0.1(0.1) | 0.2(0.1) 0.0(0.0) 0.0(0.0)

Setting (III)

100 30 | 1.8(0.4) 0.3(0.2) 0.2(0.1) | 0.90.3) 0.1(0.1) 0.2(0.1) [ 0.4(0.2) 0.1(0.1) 0.0(0.0)
100 60 |0.7(0.3) 0.3(0.2) 0.0(0.0) | 0.1(0.1) 0.0(0.0) 0.0(0.0) | 0.4(0.2) 0.0(0.0) 0.0(0.0)
100 90 |0.4(0.2) 0.0(0.0) 0.0(0.0) | 0.1(0.1) 0.0(0.0) 0.20.1) [ 0.1(0.1) 0.0(0.0) 0.0(0.0)
100 120 [ 0.3(0.2) 0.1(0.1) 0.0(0.0) [ 0.1(0.1) 0.000.0) 0.1(0.1) | 0.0(0.0) 0.1(0.1) 0.0(0.0)
200 30 |2.1(0.5 0.8(0.3) 0.7(0.3) | 1.00.3) 0.4(0.2) 0.2(0.1) | 1.00.3) 0.2(0.1) 0.3(0.2)
200 60 |2.7(0.5) 0.3(0.2) 0.4(0.2) | 0.8(0.3) 0.20.1) 0.0(0.0) | 0.5(0.2) 0.0(0.0) 0.0(0.0)
200 90 |2.0004) 04(0.2) 0.1(0.1) | 0.4(0.2) 0.0(0.0) 0.0(0.0) | 0.3(0.2) 0.0(0.0) 0.0(0.0)
200 120 | 1.1(0.3) 0.20.1) 0.0(0.0) | 0.2(0.1) 0.0(0.0) 0.0(0.0) | 0.0(0.0) 0.0(0.0) 0.0(0.0)
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MAX -+ CVZ

VAR(1) VMA(L) VARMA(1)
1.00- 0

% os0- 0s0- X 0s01

Figure 4: Power curves of our proposed MAX tests and |(Chang et al.| (2017)’s test under distri-
bution (i) with m € {1,2,--- ,10} and (n,p) = (200, 60).

proposed combination test procedure FC. The simulation settings are the same as
those outlined in Section 3 of the main text. Figure [5]illustrates the power curves
of these test procedures under different sparsity levels with (n,p) = (200, 60).
The curves indicate that under sparse alternatives, CJS performs better than FC
in power comparison, whereas under dense alternatives, FC performs better than
CJS. These results inspire us to consider how to establish new combination tests

based on statistics similar to CJS in future work, which may significantly en-
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hance the power of the combination tests.

Cis -+ FC

VAR(1) VMA(1) VARMA(1)

Figure 5: Power curves of our proposed combination test and |Chang et al.| (2023))’s test under
distribution (i) with m € {1,2,--- ,10} and (n, p) = (200, 60).

S3. Technical proofs

S3.1 Proof of Theorem 1

First, we present some technical results for the proof of Theorem 1.

We restate Theorem 2 in [Feng et al| (2024) as the following Proposition [I]
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in which the following condition is imposed.

(CAl) Let ¥ = {o0y;}1<ij<p- For some p € (0,1), assume |o;;| < p for all
1 <i<j<pandp > 2. Suppose {J, : p > 1} and {k, : p > 1} are
positive constants with 0, = o(1/logp) and kK = k, — 0 as p — oo. For
1<i<p,defineB,; ={1<j<p:loy|>6}andC,={1<i<p:

|B,;| > p"}. Assume that |C,|/p — 0 as p — oo.

Proposition 1. Suppose (Zy,--- ,Z,)" ~ N(0,X) and Condition (CAI) holds.
Then, we have max<;<, Z? — 2log p + log log p converges to a Gumbel distri-

bution with cdf G(x) = exp( \}e‘“"’m) asp — oo.

The following lemma is from the proof of Theorem 2 in|Feng et al.| (2024)).

Lemma 1. Suppose (Zy,--- ,Z,)" ~ N(0,X) and Condition (CAI) holds. For

anyxr € Randany 1 <t < p, let

or = P{|Z| > 2, ,|Z,| > 2}, 2 = (2logp —loglogp + z)'"”,
where the sum runs over all iy < --- < iy withiy--- iy € D, ={1,--- ,p}\C,.
Then,

: 1 —t/2 —tx/2
lim oy = =7 "“e ) (S3.1)
p—00 t!
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Lemma 2. (Bernstein’s inequality) Let X1, ..., X, be independent centered
random variables a.s. bounded by A < ¢ in absolute value. Leto* =n~ 3 " E(X?).

Then for all x > 0,

n x2
P X; > < — :
(Z "= x) = &P < 2no? + QAJ:/S)

=1

Define 67 = 1 7' | €7, and 07 = var(ey).
Lemma 3. Suppose Condition (C2) holds. Then, under H,

(1) if (C1)-(i) holds, we have

A2 2 n \ _ -1
p (llga;; |67 — 7| > Ologp) =0(p), (83.2)
(2) if (C1)-(ii) holds,
P (max 67 —o}| = C n ) = O(n~¢/®), (S3.3)
1<i<p logp

as €, = max { (log p)"/¢/n!/2, (logp) ™'} — 0.

Proof. We first assume that (C1)-(i) holds. It suffices to show that, for any 6 > 0,

n

1
o Z (521' - Eéii)

k=1

n

logp | _5
P{lnéllfcg) >C } —O(p ) (S3.4)
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Define
Eki = kil {|5kzz| < 7/log(p + n)} ;

where 7 is sufficiently large. We have

1/2
Ee7, — Egizl <C (EsiiE [[ {\Em\ > 7+/log(p + n)H)
—r2p/2 4 -1, _2\11/2
< C(n+p) {Eey;exp (27ner,) }

< C(n+p) "2 (S3.5)

where C' does not depend on n and p. Thus, it follows that

1 — ]
P{mx p 2 (ki —Bel)| = © in}
- k=1
1 e  _ N _ log p
<P - 2 _ R\ > ¢
: {m PG ]

+ npP {Iaml > 74/log(p + n)} :

where

npP {I%I > 7/log(p + n)} < np(n+p) " "Eexp (ne};) = 0 (p~°).
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Lett = 7 (872) "' \/logp/n and Z; = &2, — E£2,. Then, we have

n

l 2 a2 log p
P{nZ(eki Eg;,) > C " }

k=1

( Cty/nlogp )HEexp (tZk:z>
<e p( Cty/nlogp )g{HEtzzmexp( \Zk)}
<e p{ C’tm—i- Y Etzzgiexp <t‘2m>}
k=1
<ex { Cn (877) 10gp+cm10gp}§0p’5,

where c;,, is a positive constant depending only on 7 and 7. Similarly, we can

show that

n

1 .~ [logp -5
P{HX:(@CZ Es,) < —C }gC’p :

n
k=1

which leads to (S3.4)).

It remains to prove this lemma under (C2)-(ii). Define

glm - Ekz]l {‘gkz‘ < n/ lng) }
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Then, as in (S3.5)), we can show that |Ec2, — Eé2,| < Cn™0/4 Tt follows that

n
P{m > (B[ 2 }

k=1 -~ logp
- 22 a2 —1ﬂ 2 "
= {{gag; kz—; (B — B 2.2 1ogp} i {Ig’%x il 2 (logp>8}

<Cp*exp {—C(logp)*} + Cn~¢/3,

where the last inequality follows from Lemma [2{ and (C2)-(i1). Then, the proof

of this lemma is completed. 0

Define ['(k) = {5 ()} cs ey = diag{2(0)}~/22(k) diag{Z(0)} /2.

We have the following results for p;; (k).

Lemma 4. Under Hy, we have

(1) if (C1)-(i) holds, we have

P { max nﬁfj(k’) > IBZ} < CIA{1 = ®(2)} + O(p~?).
(i,j,k)EA

(2) if (C1)-(ii) holds, we have

p {(max np; (k) > xz} < CIA{1 = ®(2)} + O(n~/®)

i,5,k)EA

uniformly for 0 < x < \/8logpand A C {(i,j,k) : 1 <1, <p,1 <k <
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K.

Proof. Rewrite

2

npz] < E U 0 gtlet-i-k j)
2

(Zt Lo toy 5n€t+k;)

—2_2 2
n—k -2 2 9 § :U O gtzgt-i—kj

=1 05 U E4iCtk,j

By the self-normalized large deviation theorem for independent random vari-

ables (Theorem 1 in Jing et al.| (2003)), we can get

2

(Zt 10 1‘7 6tl€t+k]> )
max P >z <C{l—®(x)} (S3.6)
Isisjsplsksk Zt 105 %0, 25@5?%]

uniformly for 0 < z < (8 logp)1/2. By Lemma 3 in Cai et al.|(2013)), we have

(1) if (C1)-(i) holds, we have

€n _
{ E o J 25?15?+k] 1| > Clogp} :O(p 6)7 (83.7)
(2) if (C1)-(ii) holds,
€n e
{ Za 07 eheting — 1| 2 Ologp} =O0(n~/%),  (S3.8)

for any 6 > 0. Thus, together (S3.6), (S3.7) with (S3.8), we can complete the
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proof of this lemma. U
Now, we are ready to present the proof of Theorem 1.
Proof of Theorem 1 Define T, n = MaXj<r<k Tn,k, where

no - /2|~
Top = max n""|pi; (k)]

Conditional on the event {maxi<;<, [67 — 07| > C'j52}, we have

T2 — 72| < OT), .
log p

Thus, by Lemma [3| we only need to show that

P {Tn —2log(Kp*) + loglog(Kp*) < y} — exp {—77’1/2 exp(—y/2)}.

Restate that p;;(k) = 2 ;:f o; laj_letiet%’j. Without loss of generality, we

T on

assume that o; = 1 for all i. After some simply calculation, we have cov {n'/?p;;(k), n'/?ps, (1)} =

=0 Pyt v >

with N = Kp?. Letv = (vy,--+ ,vy) ', then
cov(v) = {ajj}1<ijon = diag{I'(0) ® T'(0),--- , T(0) @ T'(0)},  (S3.9)

where ® denotes the Kronecker product and diag{I'(0) ® I'(0),--- ,I'(0) ®
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I'(0)} denotes the block diagonal matrix composed by I'(0) @ T'(0), - - - ,T'(0) ®
I'(0). For 1 <i < N, define By,; = {1 <j <N a4l > 5p} and Cy = {z :
|Bn,i| > p*}. By the definition of a;;, we have |Ciy| = |C,].

Define = = {2log(N) — 2loglog(N) + y}/2. By Lemma [} if (C1)-(i)

holds, we have

1 e v/2

P(n] 2 2) < C{1 = ®()} + 02 < C—="— + 0()
if (C1)-(ii) holds, we have

Pl > 2) < C{1 — @ O < 0= L opers

(lvil =2 2) < C{1 = @(2)} + O(n™") < N (n™%)

Thus, by Condition (C3),

P ( ax |v;| > z) <|Cn|-P(lvs| > 2) —0
eln

)

asn,p — oo. Set Dy = {1 <i<N:|By, <p*}. By Condition (C3),

|Dn| /N — 1as N — co. Obviously,

P (max lvi| > z) <P < max_|v;| > z) <P (max lvi| > Z) +P (max|1/,-| > Z) .
1€DpN 1<i<N i€DpN 1€Cn
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Therefore, to prove this theorem, it is enough to show

1
lim P | >2)=1- ——e /2
g P (gl = =) =1 o (")

as N — oo.

We redefine v, = n'/2p;;(k) = n~'/2 Z;:lk Eri€irhy = n /2 E?Z_Ik Zys.
Let Z,, = Z, J(Zys < 1) — B{Z,,1(Zys < 7,,)}. Here, 7, = 7~ '8M log(p +
n), if (C1)-(i) holds, and 7,, = +/n/(log p)®, if (C1)-(ii) holds. Define i; =
n~23F 7, and ¢ = | Dy|. If (C1)-(i) holds, then

1 n

1<k<q

<Cv/n max max E|Zy|I{|Zy| > n '8Mlog(p+n)}

1<I<n 1<k<q

<C+/n(p+ n)_4 max max E|Zy|exp {n|Zi|/ (2M)} < Cyv/n(p + n)_4.

1<i<n 1<k<q
If (C1)-(ii) holds, then

1 n
— S .
12h2 vn ;ElZlkMﬂZm\ > /n/(logp)®}

SC\/E max max E ’Zlk| I {|Zlk3| Z \/ﬁ/(logp)g} S Cn—’}/o—€/8.

1<i<n 1<k<q
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Thus, we have

ol > -1
p {121/??(1 lve — k| > (logp) }

<P (max max | Zy| > Tn>
1<k<q 1<I<n
<nP < max max |e4€i1s ;] > Tn>
1<i,j<p 1<s<K
<n max max {P(|5ti| > r/?) + P(lerss] > 75/2)} =O(p~t+n8).

1<i,j<p 1<s<K

Note that

2 2 v v o2
max v, — max | < 2 max || max |v — | + max |vg — 0"
1<k<q 1<k<q 1<k<q 1<k<q 1<k<q

(S3.10)

Therefore, to prove this theorem, it is enough to show

1
lim P s> ) =1— e
ti P (e > =) =1 (-7

as N — oo. Then, by Bonferroni inequality,

2k 2k+1
t—1 y t—1
g (1) <P (zrggi]( 7| > z) < g (—1)" "oy

t=1
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for any k£ > 1, where

*
0% = ZP(|521| >zt 7|D'it| > Z)

for 1 <t < N, and the sum runs over all ©; < --- < 4, and 41, --- ,%; € Dpy.

First, we will prove that

1
NliE;O ap = Ew—t/%—w (S3.11)

for each ¢ > 1. All the assumptions in Theorem 1.1 of Zaitsev (1987) are satis-

fied. Thus, we have

> P{IZ] > 2+ Culog N) V2 - | Zy,| > 2+ Gu(log N)~1/2}

| Dy| n/2¢
— 15/2 S
c |~ 477

*
SZP{‘ﬁh’ >z 7|ﬁit| >Z}

<> P{1Z,] > 2= Gullog N) 72 v | Z,,| > 2 = (a(log N) 72}

| Dx| n/2¢
15/2 S

where (Z; , Z;,) " follows a multivariate normal distribution with mean zero

17...
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and the same covariance matrix with (;,, -+ ,%,)". By Lemma we have
- 1
SOP{1Zu] > 24 Gullog N) M2, - 2] > 2 4 Gullog N) M2} — 20,
- 1
Y P{IZi] > 2= Cullog N) V2 o | Zi| > 2 = Gu(log N) 72} — yﬁ_t/Qe_tym,

with (,, — 0 and N — oo. Additionally,

|D | 1/2 1/2

. cot3(log N)1/2 . cot3(log N)1/2
for (;, — 0 sufficiently slow. Thus, we have
- y y | —
ZP(|V¢1‘>Z,--‘7|Vit|>2)—>ﬁ’ﬂ' e Ve
Let N — oo, we have
2% t
Z(_l)tfll’ (Lex/Q)
— th \ /7
<liminf P (max |7;] > Z>
N—o0 i€Dpn
2k+1 1/ 1 t
<1 P vi > < -1 t—1- [ _— —xz/2
<tmow? (el > =) < 305 (o

t=1
foreach k > 1. By letting £ — oo and using the Taylor expansion of the function

1 — e™*, we obtain the result. ]
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S3.2 Proof of Theorem 2

Define (io, jo, ko) = arg maxi<i<j<pi<i<x |pij(k)]. Let vy = E(ehe, ) — o}
By the condition of Theorem 2, the long-run variance v = lim, o {7vio +

2> (1 —=1/n)vy;} is bounded. Hence,

n—=ko
Z gzot _O-zov

n— ko
( Z 52()75) :_{E zot) } + = Z{E zot‘gzos - 04
s<t

n—1

1 2
n’yo + n l§:1( /n>70l

k LN .
Thus, we have £ >~ " e2 = o2 . Similarly, we have

1 n—ko 92 P 9 1 n—ko
n Zt 1 Ejot 705 and n Zt 1 Eiot€o,t+ko L Tinjo (Ko)-

Thus, iy (ko) = pinjo (ko). As n,p — oo, we have

P{ max max np;;(k) — 2log(Kp?) + loglog(Kp*) > qa}

1<k<K 1<i<j<p
> P {2, (ko) — 2log(Kp?) + log log(Kp?) > g}

— P {npj, ;, (ko) — 2log(Kp®) + loglog(Kp®) > ¢a} = 1

by the condition p;,j, (ko) > 31/logp/n > /2log(Kp?)/n. O
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S3.3 Proof of Theorem 3

Define X = (¢},---,e})" € R, d=npande; = (e1;,--- ,&n;) . Consider

the Gaussian setting and a simple alternative set of parameters

F =B E=di In7"'7In7Z 7In7"'7In71§k§ )
(p) iag{ (p) } p

k—1
where
1 p O 00
p 1 p - 0 0
0O p 1 - 00
3(p) =
000 1 p
000 p 1

Let p1, be the uniform measure on F(p) and p = co(logd/n)*/? for some
small enough constant ¢y < 1. Let prg denote the probability measure of
Ny(0,E) and pr, = [ przdp,(E). Let pr, denote the probability measure of
N4 (0,1,) . Note that, for any set A, we have

sup prg (AC) > pr,, (AC) , 1=pr, (AC) + prMP(A)
EeF(p)
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and

pr,,, (A) < pro(4) + |pr,, (A) = pro(A)] -

Letting A = {1, = 1}, the above equations yield

inf sup (7, =0)>1 —a— sup
Ta€Ta,B€F(p) prg ( ) A:pry(A)<a
1
21 a- )
2

b, (4) = pro(4)|

pr,, — PTg

Y

TV

where [|-[|7v denotes the total variation norm. Setting L,,,(y) = dpr,, (y)/dpry(y),

and by Jensen’s inequality, we have

pr,, — PTo

o= 1) = 1] dony (0

1/2
~Epr, | Ly, (V) = 1] < [Epr, {£2,01)} = 1] .
Therefore, as long as E;, {Lip(Y)} =1+ 0(1), we have
inf sup(T, =0)>1—a—o(1) > 0.

Ta€Ta,2EF(p) pr=

We then prove that E,,, {LZP(Y)} = 1+ o(1). By construction, we have

1 1 1
Lﬂp = — Z {W eXp {—523 (Q — Id) Zz,}:| 5
)
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where Q = E! and {Z; . : 1 <: < n} are independent and identically dis-

tributed as AV (0,1;). We have

I

1 1 1 1 .
:—2 Z E [—1/2W exp {_§ZZ, (Ql + QQ - 2]d) Zu}

E1,E26F(p) B

where Q; = E;! fori = 1,2. We write

1 1

]Epro {Lip(Y)} = P E [|=1|1/2 |:2|1/2 exXp {—52% (Ql + QQ - 2Id) Z’h}

171 1
L IE {— exp {—ézf, (2Q — 2I) ZH
p 9

—
=
e

=F, + Es,

where F; represents the set of (2, E,) with B, # E,, and E, represents the
set of (21, E,y) with E; = H,. By standard argument in moment generating

functions of the Gaussian quadratic form, we have

{oxp (—WTAW ) b= a(A)) (14 A A

={det(I, + A)} /2

if W ~ N(0,I,) and A € R?*%. Without loss of generality, define 2, =

diag{%(p),L,, -+ ,1,} and By = diag{L,,3(p), 1., -+ ,I,}. Thus,

=
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Ey| = |X(p)|. Additionally, define 2, = diag{3(p) ', L,,--- ,1,} and Qy =

diag{L,,X(p) ', L,, - ,L,}.

|El|1/2 |EQ|1/2 9 Ty

E [LLexp{ 1ZT (1 +Qy —21y) Z;.. }

1 1 1 T —1 1 T -1
:]E (WW exXp {—521,. {2(,0) — In} ZL' — 5227. {E(p) — In} ZQ’.

1
= 3(p)~ _In+In|71/2‘2(p>71 _In+In’71/2 =1

% (p)]

Thus,

1
Ei=2""—1401) (S3.12)

as p — oo. Similarly,

1 1 1
K [_ exp {—EZE (29 — 2Id> Z@.}}
p b

P—
=
e

s e 57 s ) 2 ]
1 1
(

2%(p) ' —1,|7 V2
p\z ,I (p)~ |

p)



S3. TECHNICAL PROOFS

By (10.1) in Daniels (1956), we have |X(p)| = (1 — p*)"~!. Define

010 0 0

1 01 0 0

010 0 0
A=

000 - 0 1

0 00 1 0

Then, X(p) = I, + pA. By the Taylor expansion, we have (I, + pA)~! =

ZZiO(—p)kAk and

2% (p) "t — I, =2(L, + pA) ' — I, = 2(I, — pA + p*A> — pPA% + ... ) 11,
=1, — 20A + 2p°A%> " (—p)* A"

k=0

=I, — 2pA +2p*A*(1, + pA)~ "
Because p*A%(I, + pA)~! is positive definite, we have

25(p) " — L| > L, — 20A] = (1 — 4p%)" .
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Thus,

By <pt(1—p) " (1 —4p*) "2 = p~Lexp(3cdlog p){1 + o(1)} — 0

(S3.13)

if p = co(logp/n)'/? and ¢ < 1/3. Combining (S3.12) and (S3.13), we

have E,, {Lip (Y)} = 1+ o(1). Lastly, we can easily show that for p =

co(log p/n)'/?,

[F(e) : corp{(e}, -+ ,e,) "} € F(p), F(e) is Gaussian| C [F(e) : R{F(e)} € U(c)],

wheree = {1, -+ ,&,} and R{F(e)} = {corp(est1,€:), - ,corp(errr, €r) }-
Thus,
inf sup  prg (T, =0) > inf sup prg (7, =0) > 1—a—o(1) > 0.

Ta€Ta R{F(e)}elU(c) Ta€Ta meF(p)

This completes the proof. U

S3.4 Proof of Theorem 4

Firstly, we restate Lemma 2.1 in |Srivastaval (2009) on the quadratic forms.

Lemma 5. Under Condition (C4), for any mxm symmetric matrix A = {aij }lﬁi,jsm
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and B = {b;; }1<i j<m of constants, we have

E{(z] Az)?*} AZ@ + 2tr(A?) + {tr(A)}?,
var(z] Az,) AZ@ + 2tr(A?),
E{(z] Az)(zI Bz,)} =A Z agbii + 2tr(AB) + tr(A)tr(B),
=1
where A = E(z}) — 3.

Now, we are ready to present the proof of Theorem 4.

Proof. Let

K K
Tsum Z_: nn—1) ZZst € sHlssH ;Tl

t<s

We will show that foreach [ € {1,--- , K},

T

4 N(0,1). (S3.14)

n(n271)tr2(22)

Define V,,; = n~'(n — 1)~ 3277} 1 € €jgiej, j € {l+2,--- ,n}and
Wi = ZZ o Vo k€ {l+2,--- ,n}. Let F; = o{e1, - ,€;} be the o-field
generated by {e,},<;. Itis easy to show that E(V,,;|F;_1) = 0 and it follows that

{Wir, Fr : 1 +2 < k < n} is a zero mean martingale. Let v,,; = E(V2|F;_1),
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[+2<i1<nandV, =

ZZ 142 Uni- The central limit theorem (Hall and Hyde,

1980) will hold if we can show

and for any € > 0,

Z n*tr?(X%)E

=042

It can be shown that

i—1

(S3.15)

[Véﬂ{!Vmbe n—%r?(z:?)}m_l}&o. (S3.16)

1
:m { Z (sj_lsj_l)%;fpilej +2 Z s:_lsj_ls:_lek_le?Esk} .

I+1<j<k<i

j=l+1

Then,

W
Var(Wnn)

n(n— 1)tr?(

icnl + On2-

i= l+2] I+1

+22 >

i=I42 1< <k<i

{Z Z lejlgTEej

T T T
€, 1Ej-1E;_Ek—IE; E.sk}
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Simple algebras lead to
(n—=0DMn—-1-1)

n(n —1) ’

2(n_12tr E[> Z{ (e 1gj0) (el Ze))? — ' (%)}

i=l4+2 j=l+1

By Lemma 5} we have E { (/' S¢;)? — tr?(22)} = O{tr(Z*)}. Next, we will
show that E {(e ,g;_)* — tr?(2?)} = O{tr(E*)}. Define /28312 =
{wr hr<ki<p-

E{(€j€s)4} =E {(ziTEZs)4} =K (Z UklZiijl>

k=1

Z owE(z)E ]l +ZzaklastE 2 ) E( JZ)E(Zgz‘t)

k#£l s#t

+2 Z Z Uksakt js ]t + Z Z UklaktUStUSl]E zk)E( )]E( )E<Z]2t>

k=1 s#t kAl st
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Note that tr*(3%) = (3°,,0%)° = Y4, 00 and

m 2
S ot < (z) |
k,l

k=1
m m 2
33 ety < (Set)
k=1 s#t k.l
m m
sz’izf’i < Z Uftaiz,
k#l s#t k,l,st
m m
Z Z OkiORtOstOs1 < Zw,%l < szl = tr(Z4).
kAL st k£l k,l
Thus, we have
E{(e/e,)*} — tr*(2?) = O{tr(Z4)}. (S3.17)

Hence, var(C,;) — 0 due to tr(X*) = o{tr?(X?)}. Then, C,,; = 1. Similarly,

E(Cy2) = 0 and

tr2(X4)

var(Cha) = O(nd)tr‘l(E?)

— 0,

which implies C),o 0. Thus, (S3.15) holds.

It remains to show (S3.16). Since

E {v;.n {\vm-y > 6\/n2tr2(22)} |E-1} < E(Vy|Fioa) /{efn 0% (22)},



S3. TECHNICAL PROOFS

we only need to show that

n

D E(V) = o{n (27}

=042

Note that

n n 1—1 4
S B — 0 3" B (z ) |

i=1+2 i=1+2 j=l+1
which can be decomposed as 3¢) + P with

n i—1

-8 T T T T T T T T
Q=0(n""%) E E E (e/ jesi6) €8] 18118/ EiniE] €sELEiE] €18 €;)
=142 s#t

n i—1

P=0n"*) Y > E{(el g0 (ele)'}

=142 s=1

Note that Q = O(n~)E?*{(el¢;)?} = o{n~*tr*(X?)} by Lemma[5| By (S3.17),
we have P = O{n 4r}(Z1)} = o{n ' (X?)}. And then (S3.16) follows
immediately. This completes the proof of (53.14). Finally, after some simple

algebras, we have E(T;T}) = 0if [ # k. Thus, we have

K
2z Ti 4 N(0,1). (S3.18)

n(ilfn tr?(X2)

Here, we complete the proof. 0
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S3.5 Proof of Proposition 1

Proof. Under H, due to Proposition A.2 in|Chen et al. (2010) and the condition

tr(X4) = o(tr?(X?)), we have

—

E{tr(32)} =tr(X?),

var{tr(£2)} =4n" tr* (X*) + 8n~ ' tr (£*) + 4An"" tr (X% 0 X?)

£O{nt 0 (52) + -t (81} = of (59},

where A o B = {a;;b;;} for two matrix A = {a;;} and B = {b;;} . Hence, we

complete the proof of this proposition. 0

S3.6 Proof of Theorem 5

Proof. Recall thate; = Agz; + A1z, and K = 1. Actually,

T
1
Gy Zm ; (Apzs + A1Zs—1)T (Aoz + A1z11)
(Apzi—1 + A1Zt—2)T (Apzs—1 + A1zs2)

=G(I)+GII)+GIII),
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where
G(I)
T
1
:n(n — 1) Z (z;rA;]rAOzt'thflA;]erzsfl + z;rflA;rAlztflthi2AIA1zsi2
s#t

TAT T T T T T T
+Zs AO A()tht72A1 Ale_Q + ZsflAl Alzt_lztfle Aozs_l)

G(I)
T
1
im > (2{ AjArziz Aj Aoz + 2] (Al Agziz) A Agz,
sF£t

T T T T T T T T

-+ zs—lAl Alzt_lzt_lAO A1ZS_2 + Z5_1A1 Alzt_lzt_QAl Agzs_l
TAT T T TAT T T

+ 24 AO A()tht72A1 A(]Zsfl + Z AO A()thtflAO Al,ZS,Q

TAT T T T T T T
+ZS A‘O A]_thlzt_zA.l A]_ZS72 + Z8_1A1 A.Otht_2A.1 A.lZSfQ)

G(III)
T
1
im Z (z:AOTAlzt,lth_leTAlzs,g + 2z (AT Avziz) J AT Agz, )
s#£t

TAT T AT T AT T AT
+ZS AO A12t712t72A1 Aozsfl + zsflAl A()thtilAO Ale,Q) .
After some tedious algebra, we have

E{G(I)} = tr(Xo%1), E{G(II)} = 0, E{G(II])} = %trz(f]m)



FENG LONG, BINGHUI LIU AND YANYUAN MA

and

2 - = 6 S
var{G(I)} :EtrQ(Eg +32) + ﬁtrQ(Eozl)

+ 1 [2 tr <iog1>2 + (va = 3)tr {D2 (2021> }} T T,

n

8 & < = = 16 & < S
VaI'{G(II)} :ﬁtr(zmzoﬂ)tr(xg + 2%) + ﬁtr(Ele)tr(EmEo)

16 < - e - e
+ ﬁtr(zo + 21) {tr(EOTlEOlEO) + tr(E(nEglEl)}

16, < “ 9 “ 0 S
+ ﬁtr(Em) {tI‘ <23231> + tr <E%201> + 2tr <2120120>}

4 o~ o~ ~ o~ ~ o~~~
+ E tr (E(TIEME% + 2012312% + 228—12120120) + T,

4 (e e 12 ./~ -
var{G(I11)} =— tr (201231231201> + i (2012§1>

16 ~ - -
+ ﬁ tr (201) tr <2012§128—1> + Tn,

4 L 4 .
cov{G(I), GII1)} =— tr* (20201> + i (21201> .

cov{G(I),G(I])} =ry, cov{GUI),G(III)} =1p.
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Similar to the proof of (S3.14), we can show that each element of G(I), G(II)

and G(I11) is asymptotically normal distributed. Thus, we have

Tsum — i>./\/'(0 1)
051 ’

S3.7 Proof of Theorem 6

First, we present some technical results for the proof of Theorem 6.
The following is a well-known formula for conditional distributions of mul-

tivariate normal distributions; see, for example, p.12 from Muirhead (1982).

Lemma 6. Let X ~ N (u, X) with X being invertible. Partition X, pu and 3 as

X, 1 Y XY
X = y o = s Y= )

Xy o Yo Yo
where Xo ~ N (g, £92). Set Xgo.1 = Bog— 91 X' B9, Then Xo—39 271 X ~

Ni(po — Zo1 7 1, Xoo.1) and is independent of X,.

Lemma 7. For any x € R and y € R, define A, = {Ti% < z}andl, =

(2log N —loglog N + y)'/? and B; = {|Z;| > 1,,}. Then, for each fixed integer
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Y. [P(A4Bi - Bi) —P(4,)-P(B; - By,)| =0

1<ip < <ip <N

as p — oo.

Proof. The argument is divided into two steps.

Step 1: appealing independence from normal distributions.
Note that (41, ,&s) ~ N(0,X). Take X4y = (g41,- - ,&1a) ' and Xyg =
(Etasts - ,&?tp)T. First, we assume that B;,,--- , B;, only dependent on X;;
with d < 2h. Recall the notation in Lemma [0 Write X, = U; + V,,
where U, = X — 203Xy ~ N(0,255) and V, = 5 3'X,; ~

N(0,35,37'215). By Lemma@

U, and {&4, -+ , &4} are independent. (S3.19)
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Write

Tsum

el e.e] €511
n_lZZZt

=1 t#s

=1 t#s

1 T T T
S Y S UL UV UV Vi XX
=1 t#s

X (U Usni + U Ve + Usit Vi + Via Ve + X X o)

n_J_EZE:E:UTUILHUHr+ E:E:E:UTUILH%H

=1 t#s =1 t#s

n(n — 1 Z Z ZUTU V;f (Ve + Z Z ZUTU Xt+l 1<% s+1,1
=1 t#s =1 t#s

n(n — 1 Z Z ZUTVUH‘ZUS‘H + Z Z ZUTVUH-Z‘/SH
=1 t#s =1 t#s

n_1 ZZZUTVVHI s+z+ ZZZUTVXt+z1Xs+11
=1 t#s =1 t#s

n _ 1 ZZZX;{XslUtJFZUerl + ZZZX£X51Ut+l%+l
=1 t#s =1 t#s

n(n — 1) ZZZX?IXQVZ Vi + ZZZXtTlel 11,1 X s 1,1
=1 t#s =1 t#s

11
n(n—1) Z > 2 U/UUL U+ z; Oy
s

=1 t#s

=S, + R,
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Next, we will show that, for any d > 1 and ¢« > 0, there exists ¢ = ¢, > 0 with
limy_,~ t, = 00 and integer py > 1 such that

1

P(6y] 2 105) <

(S3.20)

as p > po. Here we only consider ©,. The proof of the other parts are similar to
0.
By the decomposition, we know that {V;}}, is independent of {U;}} ;.

Thus, conditional on {U,}}" ;, © has the normal distribution. Hence, we have

K

2

P(|@1| 2 LJs) S ZP ( mz ZUZUSU;Z‘{?JM Z Las/K>
=1

t#£s
I { > LJs/K} I{Ut}?1] )

2 T T
mz ZUt UsU, Vi
K K
_ 221@{1 —® (“’_S)} ~ ZE{ 2 e—(Klb5flUs)2/2}7
Koy V 27TK_1L5'Z—10'5

t#s
=1

-t
P on2(n —1)2

> U/U U 55 505U, U, U

t,m#s

Here, a,, ~ b,, denotes that a,, /b, — 1. Similar to the proof of Proposition 1, we
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have
~2
o
4 2 l 3 51
n(nfl)tr(222-l)tr(222~1 : 221211 212)
Thus,
- tr(X?)
K™t R
Lo, O'S Ktr1/2(2 )tr1/2(222_1 . 2212;11212)
and

tr { oot - (1B T12) } < Aax (Bana) - tr (T X1 1)

Dnax(B) - 1 (21277 12) < Annax (B) Amax (B17) -t (Z12301)

1

:Amax Y
( ))\min (211)

tr (212221) S de)\maX(E).

In fact, in the above, we use the assertion A, (211) is bounded by Condition

(C2) and the fact that

212221 Z Z Ui2j S de

i=1 j=d+1

Additionally, 3oy = oo.1 + 2oy 21’11212 and all three matrices are non-negative
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definite. Hence, we have tr(X?) > tr(22, ). Thus,

L tr(X?) o trl/2(32?)
K trt2(22, )02 (Ba01 - Boi X1 E12) — K \/dMpd o (Z)

Then,

K
ZE{ 2 e(K_lLﬁ'lla's)Q/Q}
vV 271’K71L5'l_105

=1

2 2
<K 1 2 exp{ L tr(3?) } <yt

= oL w2 K2 AM M (2
% /AMpAmax () b ( )

by Condition (C6) with t, = 5 (log p)*~'. Note that tr(2?,) < Cj is bounded.

Similarly, it can be proved that for the other parts O, - - - , O,
P(|02] > woy)
1 2 2 tr2(3n2
SK, /o L tr(32) P [_%tr(EQ )tr E((E )2_12 )2}
4 K trl/Q(Egzq)trlm{(Ezl 2;11212)2} 22:1 s ~12
1 2 /2 tr(Ez)}
<K exp {—— < p*tp
- L trl/2(22) 2 2Ar2 [ — ’
V2r L= K* d*M;

P
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P(|0;] > 105)
1 2 52 tr2(22)
\/% B tr(3?) ) P {_ﬁtr(Zgz,l)tr(Efl) }
2 tr(2

K trl/2 22 )trl/Q(EQ

12 N -

< _— < P

S b o S
Cd

P(|©4] > tog) ~ P(|01]| > wos), P(|O5] > tos) ~ P(|Os] > 1og),

P(|©¢] > tog)
1 2
/ L tr(32)
2m Kt trl/2(Xoa. 1221211 312) tr1/2{(2212 312)2 }
/2 tr?(X?)
X exXp ~ 75 3
K tr(222.1221211 Elg)tr {(2212 212> }
1 2 322 .
K =) Lot
VT L tr(X?) — eXp{ K2 d3M§)\max(E) =P
B2 2 A ()} /
P(|©7] > o)
1 2 { 12 (%) }
eXp§ — 75 —
/ L tr(X22) 2 1 2
T K a2 (B 50D St 2(32,) K2 t1(E020 B 3y Do )tr(24,)
1 2 2 3?2
(32 exp {_L_2 ) } <p "
Ko e = K2 Cad Mo (%)

{CadMpAmax(2)}
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P(|0g| > tog) ~ P(|O3] > tos), P(|O9| > 1os) ~ P(|©7] > tos),

P(|@10| Z L0'5)

SK »2 eXp __2 -1 2
N tr(%?) K2 tr {(221211 212)2} tr(X31,)

K tr1/2{(22121_11212)2}trl/Q(zfl)

<K 1 2 2 otr3(X?) < —tr
expl —— ———=
= Ver e PR ez f =P

K cl2am,

Thus, we have

P(|R,| > 105) < —. (S3.21)

1
pir

Now, for clarity, we will revise the definition of A, as follows

T
Ay(x) = { SIM < x}, r € R,

gs
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for p > 1. Due to the fact that Tsyn = S, + R, we see that

1
P{A,(x)B;, ---B;} < P{Ap(:p)Bil ...B EJ < L} b=

S Pt
Sp
< P(—Sx—ﬂ, B, Bzh)+—t
gs
S, 1
_ P(—”< )~PBl B )+ —
as_x—l—l, ( L h)—l—pt

by the independence appeared in (S3.19). Hence,

S S R 1
P(—p§m+L> < P(—p§$+L,M<L>+—t
os os os p

1 1 1
P{U—S(Sp + Ry) <z + 20} + o <P{A,(z+20)} + o

Combine the two inequalities to get

P{A,(2)B;, -~ B} <P{A,(x+2)}-P(By---B;,) + 2 (322

pt

Similarly,

1
< P(-gx—L,Bil---Bih,—<L>+—<P(§§x, Bil---Bih)+—
p
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By the independence from (S3.19),

P{A,(z)B;, - By} > P(é <a—1) P(By e By) -

gs

Furthermore,

T T R S 1
P< SUM < x—2L> < P( SUM < x—2, M < L)+— < P(—p < x—e)—l——
os os gs p

where the fact Tsym = S, + R, is used again. Combining the above two in-

equalities, we get

2
P{A(2)B;, --- Bi,} =2 P{Ay(x — 2)} - P(Bi, -+~ By,) — o
This together with (S3.22)) concludes
2
[P{Ap(x)Biy - Bip} = P{Ap(2)} - P(Biy - By )l < B P(Biy - Bin) + 5
(S3.23)

as p > po, where

Ape = [P{A(2)} = P{Ap(x + 20)}] + [P{Ap(2)} — P{A,(x — 20)}]

= P{A(r+20} - P{A,(x — 2)}
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since P{A,(x)} is increasing in x € R. An important observation is that the
derivation of is based on three key facts: inequality (S3.20)), the iden-
tity Tsum = S, + R, and the fact U, and {1, - - , €44} are independent from
(S3.19).

Thus, the three corresponding key facts aforementioned also hold for the

quantities related to A = {iy,--- ,i,}. Therefore, similar to the derivation of

(S3.23)), we have

|P{Ap<x>BZ1 T Bih} - P{Ap(x)} ’ P(Bil T Blh)‘

2
< A,,-P(By-B;,)+—

pt
as p > po. As aresult,

C(N,h) = Z |P{A,(2)B;, - -+ B;, } — P{A,(x)} - P(Bj, - -~ By,)]|

1<i1 < <ip, <N

< Y A P@B+ 5}

1<i1<--<ip<N

<A, H(h,N)+ (N) : (S3.24)

2h

'Bﬁ_ll\g

where

H(h,N)= > P(B,-B,).

1<i1 < <ip, <N
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In the following, we will show lim, o limsup,, ., A,, = O and limsup,_, H(h, N) <
oo for each d > 1. Assuming these are true, by using (é\,z) < p*" and (S3.24)), for
fixed h > 1, sending p — oo first, then sending ¢ | 0, we get lim,, .o (N, h) =
0 for each d > 1. The proof is then completed.

Step 2: the proofs of “lim, o limsup, ., A,, = 0”and “limsup,_, . H(h,N) <
oo for each h > 1.

Under Condition (C5), Theorem 4 holds and we have

T
S s N(0,1) weakly (S3.25)
os
as p — oo and hence
Ay, = P+ 20) — O(z — 20) (S3.26)

as p — oo, where ®(z) = \/%; I e~*/2 dt. This implies that

limlimsup A, , = 0.
40 p—r00

Second, under the normality assumption, by Conditions (C2) and (C3), The-

orem 1 holds. Hence, by identifying “H (¢, p)” here as “«;” in (S3.11)) for each
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t > 1, we obtain

1
lim H(h,N) = ﬁw—h/%—’w/? (S3.27)
for each d > 1. The proof is finished. U

Now, we are ready to present the proof of Theorem 6.

Proof. By Conditions (C2), (C3) and (C5), Theorems 1 and 4 hold. By Theorem

4,

P(TSUM < g:) — () (S3.28)

as p — oo for any v € R, where 05 = {2Kn~?t?(X?)}/2 and ®(z) =
\/% [* e ¥/2dt. Define N = Kp? and Ziy (j_1ypy v_1yp2 = 12 (k), 4,5 =

1,---,p, k=1,---, K. From Theorem 1, we have

1
P ( max Z2 —2log N + loglog N < y) — G(y) = exp ( — Te—yh)
T

1<i<N

(S3.29)

as N — oo for any y € R. To show asymptotic independence, it is enough to

prove

T
lim P( SUM < 2, max Z? —2log N +loglog N < y) =d(z) - G(y)

N—o0 ggs 1<i<N
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forany r € Rand y € R. Set

Ly = max |Z;| and Iy = (2log N — loglog N + y)"/?, (S3.30)

1<i<N

where the latter one makes sense for large N. Because of (S3.28), the above is

equivalent to that

lim P(TSUM <z, Ly> 1N> — d(x)- {1—G(y)} (S3.31)

N—o00 g

for any = € R and y € R. Recalling the notation in Lemma(7] we have

Ay = {TSUM < x} and B, = {|Z] > In} (S3.32)

gs

for 1 < ¢ < N. Therefore,

N
P(TSUM <z Ly> 1N> - P(U ApBZ). (S3.33)
=1

gs

From the inclusion-exclusion principle,

P(L]jApBi)s S P(ABy) - Y P(ABLBy) -+

1<i1 <N 1<i1<ia<N

S P(4Bi, - By, (S3.34)

1<i) << 1 <N
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and
N

P<UApBi>Z > PAB)- Y PAB,B,) A+ —

i=1 1<i1<N 1<i1 <ia<N

1<iy < <igp <N

for any integer £ > 1. Define

H(N.d)= >  P(B,--By,)

1<i1 < <ig <N

for d > 1. From (S3.27) we know

lim limsup H(N, d) = 0. (S3.36)

d—00  p oo

Set

()= 3 {P(A4By - Bi) = P(4,) - P(By - Bi,)}

1<i1 < <ig <N

ford > 1. By Lemmal[7]

lim ¢(N,d) =0 (S3.37)

pP—0o0
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for each d > 1. The assertion (S3.34) implies that

P(L]jApBi) <P 3 PBL) - Y PBLBL) -

i=1 1<i1 <N 1<ii<ia<N

2k
S P(B,-- Bm)} + 3 ¢(N,d) + H(N, 2k + 1)
1<i1 < <igp, <N d=1

N 2k

<P(4,)- P(U Bl-> + 5 C(Nd) + H(N, 2k +1), (S3.38)
=1 =

d=1

where the inclusion-exclusion formula is used again in the last inequality, that
is,

p(UB) = > PB)- Y P(B.B)

i=1 1<i1<N 1<i1 <ia<N

4o — Z P(B;, ---Bi,)

1<i1 < <igp <N
for all £ > 1. By the definition of [ and (S3.29),

N
P<UBi> = P(Ly > ly) = P(L% — 2log N + loglog N > ) = 1 — G(y)

i=1

as p — 0o. By (53.28), P(4,) — ®(z) as p — oc. From (53.33), and

(S3.38)), by fixing k first and sending p — oo, we obtain that

Tsum

limsup P (

pP—00 gs

<, Ly > lN> < O(x){1 - G(y)} + lim H(N,2k + 1).
p—00



S3. TECHNICAL PROOFS

Now, by letting £ — oo and using (S3.36) we have

lim supP<TSUM <z Ly> zN) < ®(2){1 - Gy)}. (S3.39)

p—o0 0s

By applying the same argument to (S3.35), we see that the counterpart of (S3.38)

becomes

N
P(U4B) = PU){ X PB)— > PB.Bu)++
i=1 1<i1 <N 1<i1<ia<N
2k—1

S P(Bye By )f+ Y C(Nd)— H(N,2k)

1<i1 < <o 1 SN d=1

> P(A)-P(UB) + X C(N.d) — H(N.28),

k
d=1

where in the last step we use the inclusion-exclusion principle such that

N
P(UB,») < Y PB,)- > P(B,B)
i=1 1<i1 <N 1<iy<ig<N

+ .o+ Z P(Bil"'Bi%ﬂ)

1<i1 < <dop 1 <N

for all £ > 1. Review (83.33)) and repeat the earlier procedure to see

lim ian(TSUM <z, Ly> zN) > o) {1 — G(y)} (S3.40)

p—00 gg

by sending p — oo and then sending & — oo. Here (S3.40) and (S3.39)) yield
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(S3.31). The proof is then completed. U

S3.8 Proof of Theorem 7
Proof. By the Slutsky’s Theorem, we only need to show that

2 N 2 2
P { g o 0 () — 2108(K72) + loglog(5*) < 2. T /o <y}

—G(7) - D(y), (S3.41)

Define

K
1 T T
Wy, -, x,) = o Tos Z Z th T Ty Ty

=1 t#s

Hence, Tsum/0s = W (e, -+ ,€n).

For 2 = (z1,...,2,) € RP, consider the function

Fy(z) = " log (Z exp wzj>> ,

where 3 > 0 is the smoothing parameter that controls the level of approximation.

An elementary calculation shows that for all z € R?,

0 < Fs(z) — max z; < B logp.
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In the following, we define 3 = n'/1?log p. Define

K n—k
V(xy, - ,x,) = ﬁfl log [Z Z exp {ﬁnl/Qailajl (nl Z xt+k’ixtj> }] .
t=1

k=1 1<i,j<p

Then, V(ey, - ,€,) = B 'log [Zszl D 1<ij<p OXD {ﬁnmﬁij(k)}] Because

B~ ogp = n~/12 — 0, we only need to show that

p {V2(€17 e )671) - 210g<Kp2) + IOgIOg(KPQ) < z, W(Ela e 7€n) < y}

—G(z) - (y). (S3.42)

Suppose &1, - - - , €, are independent and identical distributed as A/(0, X) and in-
dependent of (g1, - - - ,€,). Next, we show that {W (ey,--- ,&,),V(e1, - ,€,)}
has the same limited distribution as ({W (&, - ,&,), V (&, -+ ,&,)}. Then,
according to Theorem 6, we will obtain the result.

It is known that a sequence of random variables {&, } -, converges weakly
to a random variable ¢ if and only if for every f € €2(R?), Ef (£,) — Ef(€);
see, e.g., |Pollard (1984)), Chapter III, Theorem 12. We use this property to give
a metrization of the weak convergence in R2.

Thus, we only need to show that

E[f{W(e1, -+ ,en),V(er, -+ ,€n)}] —E[fAW (&1, -+, &), V(&1 €n)} = 0
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for every f € ¢ (R?) as n, p — oo. Define

Wd: W(€1,"‘ 7€d—17€d7”' 7€n)7 ‘/d == V(Eh"' 7€d—17£d7"' 7£n)

We have

E[f{W (€1, -+ ,&n), V(er, -+ &)} = E[f{W (&1, -+ &), V(&rr- -, &)

< E{f(Wa, V) } = B{f (Wara, Var) }.

d=1

In the following, we only proof the result with & = 1. For the other fixed integer
K, the proof are very similar.

Define

Wao = n(n — 1 E E @ Cct+137s+1 + E E x/x wt+1ws+1

1<t7és<d 2 d+1<t7és<n
d—2 n

2 T T
+ n(n —1)og Yo wlwalmo,

t=1 s=d+1
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which only relies on F; = o{ey, - ,€4_2,&411, -, &€n}. Hence,
1 d—2 1 n
Wyg— Wy =———"— € |E4E E1p) + —————— e) L
d d,0 n(n— 1)05; d—1¢tSq t+1 n(n— 1)052 d—1€t d€t+1
1 d—2
+ Tek) €
n(n _ 1)0-,5‘ ;gd t£d+1 t+1

1 T T 1 T T
+ n(n—Dos ;Ed §€ar1&i1 + n(n — 1)Ussd_1£dsd €ar1,

d—2 n
1 1
Wis1 — Wi =——— €] (EE E _— ey Lie
d+1 d,0 n(n—1)og ; d-1Et€q €41 T n(n—Dog ; a-18t€q &1
1 d—2 1 n
+ — €1 €€, (€41 + ———— el &e)
n(n—1)os ; d Et€q+1€t+1 n(n —1)og ; q &t€q118t1
+ ;85_1€d€;€d+1.
n(n —1)og
Without loss of generality, we assume thato; = 1,7 =1,--- | p. Define

d—2 n—1
Vo = ""log [ Z eXp {6 (n_1/2 thﬂ’i‘gtﬂ' +n Z gHLi&j) }] |
t=1

1<i,j<p t=d+1

which also only relies on F,. For simplicity, we define [ = i + (j — 1)p and

A =t S easy T Y i for all pairs (i, 7). Then,

p2

Vd,o = ﬁil IOg Z €xXp <ﬁn1/2ﬁl(d,0)>

=1
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Similarly, we define define [ =i 4 (j — 1)p and

p() p§d0)+n €d1i€d_aj +n teq€a 1 +n a1

for all pairs (i, 7). Then,
v’
V= B ' log Z <ﬁn1/2 )

Define f = f(r,y) and & = fi(z.y), & = fole.y), 22 = fule,y),

gg = fol(x,y), ai«ay fi2(x, y). By Taylor’s expansion, we have

FWa, Va) — f(Wao, Vio)
=f1(Wao, Vao) Wa — Wap) + fa(Wao, Vao)(Va — Vao)
%fn(Wd,o, Vo) (Wa — Wao)? + %f22(Wd,0; Vo) (Va — Vao)?
2 Fis(Wao, Vo) (Wa = W) (Vi = Vao)

2
+O{|(Va = Vao) I} + O{|(Wa — Wao) [’}
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and

FWas1, Varr) — f(Wao, Vao)

=f1(Wao, Vao) Wasr — Wao) + fo(Wao, Vao) Varr — Vao)

1 1

+ §f11(Wd,07 Vo) Warr — Wag)? + §f22(Wd,0, Vo) Varr — Vao)?
1

+ §f12(Wd,o, Vo) Warr — Wao) (Varr — Vayo)

+O{|(Var = Vo) P} + O{|(Wasr = W)’}
Because E(g;) = E(&;) = 0 and E(g;e/ ) = E(&:£/), we can verify that

E(Wq — Waol|Fa) = E(Wap1 — Waol Fa),

E{(W4 — Wa0)?|Fa} = E{(Way1 — Wao)?| Fa}.
Thus,

E{f1(Wa0, Vao)(Wa — Wao)} = E{fr(Wa0, Vao) War1 — Wao)},

E{f11(Wa0, Vao)(Wa — Wa0)*} = E{fi1(Wao, Vao) War1 — Wao)?}.

Next, we consider V; — V. Define zq9 = (n*/25{*% ... nV/ Qﬁl(;l’o))T
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and zg = (n*/2p\?, - . ,nl/zﬁz(g))T. By Taylor’s expansion, we have
Vi — Vao
»’ P’
od  u n od v v
=n'* " 0 Fs(za0) (5 — 11°) + 5 DD 0 Fs(za0) (5 — 57 (5% — 51°)
=1 I=1 k=1

2 2
1 P P P’ g 5 y y y
+ 52D DY 0Dk Fp{za0 + 020 — Zao) Mo — A7) (04— ) (0] —

=1 k=1 g=1

(S83.43)
By E(e;) = E(&;) = 0 and E(g,e/ ) = E(&:€]), we can also verify that

E{(p) — 5 ") Fay = E{(0™ = 7)1 Fa}s

E{(7 — 7 "1 Fay = E{(5 — 5°)* 1 Fab,

By Lemma A.2 in |Chernozhukov et al. (2013), we have

p> p* PP
> YD 0,000 Fs(2a0 + (24 — 2a0))| < CB?

=1 k=1 ¢=1

for some positive constant C. By Condition (C1’), if &; has polynomial-type

tails, we have

P( max |eq| > Cno %) < np(Cne=0)00t6+eR (|, /o010 H0+) — 0,

Il ol LT Bt S

+d,0
Py

).
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where 0 < 0 < And for random variables &; ~ N (0, 1), we also

€
6(670+6+€)

have

P{ max  |&y] > Clog(np)} — 0.
p

1<t<n,1<i<

Thus, we have

2 2 2

p p

1 L o g
o 00O F{za0 + (24 — za0) }p — o) (o — 0) (52 — p20)
=1 k=1 q=1

<Oy /62
as probability tending to one. Hence, we have

IE{ fo(Wao0, Vao) (Va — Vo) — E{fs(Wao, Vao) (Var1 — Vao)}| < BPn~7/67%,

Similarly, we can show that

|E{ foo(Wa0, Vao) (Vi — Viao)*} — E{ fax(Waa0, Vo) (Va1 — V)’ < B~

E{ fia(Wa0, Vao) Wag — Wao)(Va — Vao)}

_E{f12(Wd,Oa Vd,o)(WdH — V[/(LO)(VC[Jrl _ Vd,o)} §52n—7/6—25.
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Hence, we can have

D E{f(Wa, Va)} = BLfF (Waga, Vi) 3|

d=1

<CA*n M 42 “[B{|(Va — Vao) P} + B{|(Wa — Wao)P}].

d=1

By (S3.43)), we have E{|(Vy — Vy0)]?} = O(n~17%) and

D E[(Wa—Wao)P < [B{(Wa — Wae)* 1.

= d=1

Similar to the proof of Theorem 4, we have E{(1W; — W,0)*} = O(n™2). So we

have

> E{f(Wa, Va)} = B{f (Wara, Var))} < CBn7 Y52 4 O + O~ — 0

d=1

as n — oo. Then, we obtain the result. If €; has sub-gaussian-type tails, we can

also prove the result by the similar arguments.

S3.9 Proof of Theorem 8§

Similar to the proof of Theorem 7, we only need to prove the result under the

normality assumption. Without loss of generality, under the assumption of The-
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orem 8, we assume that

A-Oll 0 A—lll 0
AO = ) Al =

0 Agop 0 0
Under the alternative hypothesis, we have X;; = A1y + A111Yy;_1, Where
Y: = (211, ,2a) " is independent of Xyo = Agoa(2tar1, - 21p) - As & =

(X}, X5)", we can decompose Tguy as follows

Tsum
1 T T
“n(n— 1)2;#2:@ Es€111€s+1
1
:—n(n =) Z Z(XJXQ + X;XSQ)(X;MXSJFL1 + X;LQXS“,Q)
t#s
1 1
- =D X XaX/ X+ ————3 Y X\ XXX
n(n— ) tts n(n_ ) e

1 1
S S XXX K+ 3 S XXX K
n(n —1) o n(n —1) s
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Similar to the proof of Theorem 5, we have

_ 1 d?
0'512V&I' mz ZX;EXSlX;l,lXS-FLl = O (—) y

2
t#s p
-9 1 T T d
Ogp var —Z ZXt1X81Xt+1,2Xs+1,2 =0|(-],
n(n —1) o P
-9 1 T T d
Ogy var —Z ZXt2X82Xt+1,1Xs+1,1 =0(-),
n(n —1) e P

by the condition that the eigenvalues of X are all bounded. Thus, we have

1
Tsum Imz Y XXX\ X2+ E(Tsum) + 0p(0s1)
t#s

=T + E(Tsum) + 0p(051).
Furthermore, taking the same procedure as the proof of Theorem 1, we have

Thiax

= max [n'?f;(1)] + 0,(1)
p

1<i,j<

1/2 ~

= max{ max |n'?p;(1)],  max_[n"?5;(1)], max [n'25;(1)[} + o,(1),

1<ij<d 1<i<d,d+1<j<p T d+1<i,j<p

By the independence between X;; and X9, we know that max; <, j<q [n'/%5;;(1)]
is independent of T}, Due to Theorem 6, we have maxy.1<; <, [n"/25:;(1)|

is asymptotically independent of TS%)M Because X is independent of X o, we
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also can prove that max;<j<q.q+1<j<p |n/%pi;(1)| is asymptotically independent
of TS%)M by taking the same procedure as Theorem 6. Thus, we can prove that
Tyiax 1s asymptotically independent of TS%)M. By Lemma 7.10 in Feng et al.

(2024)), we can complete the proof.
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