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Supplementary Material

In the Supplementary Material, we first provide the proofs of Theo-
rems 1-3. Then, we introduce the algorithm for the MAVE method. Finally,

we present the summary statistics of the empirical data.

S1 Proof of Theorem 1

To establish the asymptotic theory of A, we first state some prelimi-

naries, stated here for convenience without their proofs.

Lemma 1: Suppose { Mo ;}72, and {M;;};,, ., are independent and within

1=nop+
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each group and they are i.i.d. Define the generalized U-statistic,

Z anonq MijMlz)

i=no+1 j=1

Uno (¢n0,n1 -

No - Ny

with E{t¢ngn, (Mo j, M1;)} =0, and its projection
0 1 <&
no ¢no n1 - Zpo MOJ + — Z p1<M1,i)7

1=ng+1

where po(Mo,j) = E{%Uno,m(Mo,j, Ml,i)|MO,j} and py (M ;) = E{l/)no,nl(Mo,j, Ml,i)|M1,i}7
respectively. If 0 < limn /ng = 1 < oo, where n = no+ny and E{¢n, n, (Mo ;, M1;)*} =
o(ng) + o(ny), then,

nk (Uno¢no,n1 - Uno¢no7n1)z] =o(1).

Proof of Lemma 1: This conclusion is an extension of Theorem 5.4A in
Serfling | (1980) for two samples. [

Lemma 2: Under our setting, consider the function m(z) = E(Yy|Z; = 2)

with Z; = 8, X;. Suppose that m/(z) is continuous. Define

= %OiKh(Zj —2)Y; [fc(z)} . (SL.1)

where fc(z) = nio Z;Li n(Z;—z). Suppose that m’(z) uniformly converges
to m’'(z), and § — By = P~ L O(X,Y)) + op(ng ng'’?). Then, we have

M(BTx) mﬁT - Zm 50 (/5( . Y5) +op(n 1/2)7
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where

i ZKhz—BTX ZKhz—BTX)

Proof of Lemma 2: This conclusion can be proved using Lemma 1 in
Heckman, Ichimura and Todd | (1998). O

Proof of Theorem 1: For a given 3, we can estimate m(Z;) = E(Yy;|Z;)

2) = >l 2y, @) (s12)

where Z; = BT X; and f.(z) = nio > e Kh(z—Zj). Then, A = n% > gt [YM

and we have

(a8 L

Z {Vi — E(Yw)] — [m(Z;) — E(Yo)]} — . Z [m(Zz) - m(Zz)]

A/ N
z no+1 1 1=ng+1

= Il — ,[2. (813>

Now, we focus on I,. By Lemma 2, we have

n(Z:) —m(Z;) = Z¢ 5 Y5) + 0p(ng 7).
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Notice that for i =ng+1,...,n,

LS KZ - Vi = = D Kl — Z) i) + (m(Z)) () + &)

= fe(Zi)m(Z; +n—OZKhZ Zi) [m(Z;) = m(Z;) + &5].

(S1.4)
Combining (S1.1)) and - ) leads to
(2 —m(Z) = e Kn(Z; - Zj‘) (m(Z;) —m(Z;) + 5;‘].

Therefore,
(Z) —m(Z) = (Z) —m(Z;) +m(Z;) — m(Z;)

L Ky(Z; — Z; —m(Z; b —-1/2

LK f)([)( ) -mz) e Z¢ XY + onfn

Hence,

"o Kn(Zj — Z;) Im(Z;) — m(Z;) + ¢4

b= \/_ , Z+ f.(Z)

n

1 ; T 1 1o

1=ng+1

i= Iy + oo + 0p(1). (S1.5)



S1. PROOF OF THEOREM 1

For the term I, we have

1 & g g KnlZ = Z0) [m(Z) — m(Zi) + ¢

[0y = ——
4 \/_1i:n20+1 fC(Zl)
1 —~ < Kn(Z; — Zi) [Im(Z;) — m(Z;) + ¢
= \/n_ Ng - N z%:-i-l ; fc(Zz)
(Y;, Z;, Z:)
i=nog+1 j=1

where Uy, (Y, Z;, Zi) = Kn(Z; — Zi) [m(Z;) — m(Z;) + €;]/ fo(Z:). No-
tice that

Bl 2] £ b5, ]}

> {E { Ku(Z; — Zi)~[m(zj) —m(Z;)]

and

— m(Zi)]

P
—%/

{/K m(Z; + ht) —m(Z )]fc(Zi+ht)dt}~[1+Op(h2)+0p (\/%)}
o [ty + 2 2+ sz )

[1+O (h?) + 0, ( ! >}=Op(h2),

noh

where m”(z) is the second order derivative of m(z) and f.(z) is the first
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order derivative of f.(z). Clearly F [¢n07n1(Yj,Zj,Zi) ZZ} = O(h?) and

E [1/}”0,711 (YJ7 Zj? ZZ)] - O(hQ) Now, define 1/;”0,711 (YJ7 Zj? ZZ) - wno,m (Y;7 Zj? Zi)_

E g (V5 Z3, Z0)): TO0S, B (G, (Y5, Zis 20) | i) = OU2) and E [ty s (Vi Z4, Z0)| =
0. Meanwhile,

E [&no,nl(yb Zj7 Zz)

Y. 2| = B {ngm (V5. 23, 2) = Bl (V3. 25, 2)

Y}’ ZJ’}

E {wno,nl (}/;7 Zja ZZ)

Y, Z;} + Op(?).

Notice that

LK) [(Z)) —m(=) + )]
nay=i) fl2)

h
_ { / K (t) [m(Z;) — m(Z; + ht) + &) r(Z; + ht>dt} - [1 O () + 0 (ﬁ)}

E {wno,m (Y;’ Zj7 Zi)

fi(2)dz

= {/ K(t)[m(Z;) — m(Z; + ht)|r(Z; + ht)dt + ¢; /K(t)r(Zj + ht)dt}

<|rro0)+0, (=)

It is obvious that

/ K(#) [m(Z; + ht) — m(Z,)] 7(Z; + ht)dt
2t2
2

= /K(t) {htm’(Zj) + m”(Zj)} [r(Z;) + htr'(Z;)] dt = O,(h?).

Also,

242

[ Koz = [ K@) |12+ 10(z) + ) + o) ar = r(Z)10,02),
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where 7”(z) is the second order derivative of r(z). Then,

E{ o, (Y5, 25, )

¥, 2} = 0,0+ {r(2) [ +0,02) +0, (i )] + 0t o
and

E [@Eno,m(yj? Zj> Zi)

Y, ZJ} - {r(zj) {1 +0,(h%) + 0, (\/%)] + 0(h2)} ei+0,(h?).

Hence, I5; can be written as

1 n n0o
Iy = +/n1 Z Z ¢no,n1(yj7 Zj; Zi)

ng - n
0" o+l j=1

Vit 3 S (Y5 2, Z) 4 Bl (Vi 25, 2001

i=ng+1 j=1

1 n no _
o 2o 2 e (Vi Zy Z) + 0p(1)

i=no+1 j=1

= /1
= i21 + Op(l).

It follows from Lemma 1 that Iy, is asymptotically equivalent to

1 Qo ~ 1 <& -
\/n_l {n_O ZE [wno,m(y}a Zjv ZZ) Y}’ Zj] + n_1 Z E [wno’nl(y}’ Zj’ ZZ) Zl:|}
P i=ng+1

no

- Z_; \/Ln_o > {r<zj> [1 +0,(h?) + 0, (\/%)] + O(h?)} gj +0p(1)
np 1 &

=\ o Vi ; r(Zj)ej + o0p(1),
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so that

no

=)+ o). (SL6)

[21 =

Next, we write Io9 as

n

1
I = o [— Z m/(Zz')XiT

ny | n
0 L imnot1

1 o

no

nq 1 ny 1 0
- 1] | —— X, V)| = /M XY, 1
o 00+ 0p(1)] [\/n—ojzz;gb( i Y) o \/n—ojz:;&ﬁb( i Yj) +0p(1),
(S1.7)
where 8, = E [m/(Z;)X]].
By (815), (ST.8) and (S17), we have
1 &
L= n—= [r(Z))e; + 0.0(X;,Y;)] + 0,(1). (S1.8)

/o =
From (S1.3]) and (S1.8)), it can been seen that

J (A - A) 1 - \/ﬁ\/%_o g [1(Z))e; + 6a(X;, Y5)] + 0p(1).

Obviously, I; and \/ﬁ\/% > i1 [r(Z))ej + 0ad(X, Y;)] are independent. By

the central limit theorem, we obtain the conclusion of Theorem 1. [J

S2 Proof of Theorem 2

Now, we introduce some notations before moving to the proof of The-
orem 2. Let P be the distribution of the original data and use P* to
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denote the distribution of the Bootstrap sample, which is the distribu-
tion of {X;, Y/ }i2, and {X/, Y}, ., conditional on {Xj, ¥;}72, and
{Xi, Yi}is, 41, respectively. We also use E* to denote the expectation with
respect to P*. Furthermore, let S7, Sy ... be a sequence of random variables
and aj, ag, ... be a sequence of positive real numbers. Define S, = o} (a,)
if for any € > 0 and € > 0, lim,, oo P{P*(|S,/a,| > €) > €} = 0. Similarly,
Sp = O} (a,) means that if for any ¢ > 0 and € > 0, there exists M > 0
such that limsup,, ,. P{P*(|Sn/an| > M) > €} < e.

Proof of Theorem 2: Notice that

- %_2 { ¥; - ni;y> - m (x5 - nili:%mw B)] }
N Z+ i ((0)787) =i ((X2)75)
=1 - I3, (52.1)
where
i ((X)78) = %ZK (x7 i — ey a) vy [ (e

with f (067)75) = 3 Syt 6 (X750 - (6007,
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Now, we focus on the term I3. Notice that for ¢ =no+1,...,n,

=7 ((x)TB) i (xX)TB) + nio Z_j Ka (X768 = (x0)78) { [m(X]B) —
(S2.2)

-1

e (000)78) = o 3 8 (375 000 8) v [ (e A)]
j=1 (S2.3)

where f,(u) is defined in - Combining (S2.2) and - leads to

i ((X0)78) =

Furthermore, following the proof of Theorem 1 in Zhang, Huang and Liu
(2020), one has

A B niz Y5)&; + op(n 1/2)7

where &, j = 1,---,ng, are the random disturbances generated in the

a (1x75) = Ly K (X5 - (X;)Té) {[mexa) - ((
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Bootstrap procedure. Using Lemma 2, we have

Ak * A* ~ %k * A A/ * D * 1 - * -
m ((Xz ) B )—m ((Xz )T5> =m ((Xz )T5> (X7 )Tn_ Z o(Xj, Yj)fj"‘op(no 1/2>-
0=
(52.5)
Then, by combining (S2.4) and (S2.5)), we obtain

. ((X:)TB*> S ((X:)TB> :nio 21 K <X]TB - (XZ*)T/§> {[m(X]TB) — <(Xz*)TB)] n 5;}

fo((x)7B)
i (C6)7B) (6T >0 00X, Vi) +ojls).

0 j=1

Notice that the term I3, can be written as

o Ly mEhE (278 - x78) { [m(x] ) =i ((x)75) ] +2;}
4 \/n_l i=ng+1 fc ((X;‘)TB)
Lo e K (T = ) E) { [Ty = m ((X)78)] + e}

2

Mo, 2o = fe ((Xi*)TB)

NG
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One can easily show that

P Sh (x76- <X:>TB} é([m(ﬁ - ((x)78)|}

1=no+1 j=1 fc

Then,

1 noomw K (XJTB - (XZ*)TB> 5;
Mo -m, S fc ((X;)TB)

Iy = v

1

Ng - Ny

DD Yo (VL (XN TB) + 0p(1) = I3y + 0 (1),

i=no+1 j=1

— i

where Y, n, (V7 (X7)TB) = K (XT3 = (X2)78) e/, (X)7B). Obvi-

ously,
B [y (V7 (X0)TB)] =0 and B [0, (V] (X)) | (X0)7B] =0

Meanwhile, following the same arguments as in the proof of Theorem 1, we

can show that

B [ (V72 (X))

vy| = 0;0%) + {ux}ﬁ) [1 O () + O (\/%)] + O;(hz)} .



S2. PROOF OF THEOREM 2

Then, it follows from Lemma 1 that 1:5‘1 is asymptotically equivalent to

ZE* [nons (Y7, X 3.(X2)7B)

- x74]

no\/— { (X[ 5) [1+O;(h2)+();(\/;_h)]+O*(h2)}5j+o;(1)

no\/_z r(X] B)e; + oj(1),

\f\/_ )l + 05 (1). (S2.6)

By Taylor expansion, we have

so that

r(Z5) = r(Z;) +"(Z) X[ (B = fo) + 7“ "(Z;)(B = Bo) X, X[ (B = o).

which implies that

nQ s

r"(Z3)e; XX /ig(B — Bo).

and - 3700 7(Z;)e; X \/io(B = fo) =
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05(1). Hence, (S2.6) implies

*

3 = no\/_z )e; + 03(1). (S2.7)

Next, we consider the term I;,. Notice that

152:[ fz i’ ((X7) )(X:)T]niofaxj,m-

i=ng+1

Then, as n; — oo, it can be seen that

Also notice that

— Z ( ) 3) (x5 = E* [m' ((X;)TB) (X;)T] toi(1) = E [m/(Z) X, ]+03(1).

i=ng+1

Hence,
sl 1 0
Ly=,]——— E 2.
22 no\/n—oj:1 0. 0(X;, Y;)E; + o ( ) (52.8)
where &, = E [m/(Z;)X]"].

Combining (S2.1)), (S2.7) and (S2.8)), we have

\/n—l(A*—A):J{—J;I—I;:If—f\/l_i[( e+ 800, V)6 4051,

Obviously, I and \/ﬁfz [z )€} +5a¢( j,Y;)&;] are independent
conditional on the original sample {X;, Y;}72, and {X;, Yi}i, ;. Fur-
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thermore, it follows from the central limit theorem that, conditional on the

original sample, I A N(0, 0%) with

0% = lim Var (Y,» - m(XjB)) = Var(Yi; — m(Z))).

nip—o0

Similarly, by the central limit theorem, conditional on the original sample,

1
\/n—o § : [T(Zj>5; + 5a¢(va Y;)f]} i N (07 U% + 032, + 25(1223) )
Jj=1

where 03 = lim Var (r(Z;e})) = Var (r(Z;)e;), 03 = lim_Var (0a00(X;, Y))E5) =
no—roo no—roo
53—250(5&, and 223 = hiﬂ Cov (¢(Xj, Sfj)fj,T<Zj)€;> = Cov (gb(X Y‘),T’(Zj)éfj).
Ny —00

RS
Hence, conditional on the original sample, we have

N (A* . A) 4 N(0,02),

where 03 is defined in Theorem 1. This completes the proof of Theorem 2.
OJ
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S3 Proof of Theorem 3
In the following, we provide some lemmas to prove Theorem 3. Define

no

Qno (g, 8) = > _[Y; — (BT X;)]* + ng Zpiijm 1Bl),

j=1

where s is the local linear estimate of the link function m(z) = E[Y;|87 Xj]

using { X, Y;}72, for a given S.

Lemma 3. Suppose the conditions required by Theorem 3 are satis-
fied, there is a local minimizer 8 of Q,, (s, 5) such that ||§ — Bo|| =

Op(V/ dny /70)

Proof of Lemma 3. According to [Fan and Gijbels | (1996)), msz can be

written as

s (BT X;) ZWO BTXZ ﬁTX EL Ty, (S3.1)
where

W <5TXz - BTXJ'> _ K (BT X — BT X){Sno2 — (B' X1 — BT X) S}
0 hl Sno,OSno,Q - Sgo,l

with Sy, = 37370 Kn, (BT X0 — BT X;)(X) — X;)P.
Let oy = v/dny /Mo and 5 = By + an,u, where u is a d,,, X 1 vector. We
need to show that for any given ¢, there exists a C' > 0 such that for large

enough ny,

PR inf Quy(rivg, B) > Quy(irg,, Bo) p =1 —¢, (S3.2)

[lul|=C
[1811=1

which implies that with at least 1 — ¢ probability, there exists a local min-
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imum

Be{B: ||B—Boll < Cany, [|BI] =1}

Since py,, (0) = 0 by definition, we have

. 0 - 2
Qno(mﬁa B) - Qno(mﬁov BO) > Z |:<Y} - mB(BTXJ)> - (Y; - mﬂo(ﬁ(]TXj»ﬂ
+ g Z [P (1Bl) = PP ([ Bo)|
=M, + M,. (93.3)

Note that |Bk] — |G| > 0 for k = 1,---,s. Since the SCAD penalty
function is flat for large coefficients and \,, — 0, we have M, = 0 for large
n.

Next, we focus on the term M;. Denote Zj = 5TX]- and Z; = 3, X;

then M, can be written as

YJ»—ZW(«ZZhZ 3 ’?—ZWZZ
ZWO Zlhl ZW 1y, — ZWO
7j=1
+Z ZWO 1)y, — ZWO
j=1 =

= M11 + M12.

.S
23|y
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We first consider the term Mj,. Since Y; = m(Z)) + ¢,

2

R IR A N A
B IR Wl
j=1 Li=1 =1

m(z) =3 Wl 2

V()

1

— 7
1

no [ no Zl
:Z ZWO( n
j=1 Li=1
ng Zj

7o 70 — . —
=3 | = S

2

j=1 Li=1 =1
no no 7 _ 7 no Z_Z 0 7 — 7.
F2 D (T mlz) = S Wo( T m I Wo( 7 )e -
j=1 I=1 =1 =1

=Vi+ Ve + Vs (S3.4)

For any 8 = (b1, -+ ,04,,)" € B :== {8 € R¥ : 5 > 0,[|p|]> =

0
Sy B = 1}, we can write § = (1= 4% 8)1%, 85, .., fa,, ) - Denote

Bo1= (B, 7Bdn0)T and
0p (—62/\/1 - Hﬁ_lH?)

Jg = =
508, Li,,—1

where I, —1 is the order d,, — 1 identity matrix. Notice that

no ~ = no
AR Z— 4
D WS = miZ) = 3 W = m(Z)

=m(Z;) — m(Z;) —m/(Z;)(B-1 — Bo—1) " T3, E(X;|Z;) + Op(h3)

=m/(Z;)(B-1 — Bo,-1) T4, [X; — E(X;1Z))] + Op(h}). (S3.5)

no
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We have
s 2= 2 N i
— Nm(Z)) — m(Z
Vi Z > Wol = = mi) = 3 Wo(=5=H)m(2)

=n0(5—1 - 50,—1)TJ[;|;2‘]50(6—1 — Bo,—1) + n0||6~_1 — Bo,-1]] - Op(h%) + Op(nohéll)a

where ¥ = E{[m/(Z;)]*|X; — E(X;|Z;)|[X; — E(X;]Z;)]"}. By Assump-

tion B2, we have

(B-1 — 50,—1)TJ5TO,_12Jﬁo,_1(5—1 — Bo1) > ||B-1 = Bo1|I*.

Since [|B]| = 1, [|6o]| = 1, and ||8 = Boll = C\/dny /10, [|5-1 = Bo,-1]| has
the same order as || — (|| and is greater than ¢;+/d,,, /no for some ¢; > 0.
Under Assumption B4, noh}/d,, — 0. Hence,

Vi >ng ¢ ci(dpg /10) + 0p(dny) > a - dp, (S3.6)

for some a > 0 in probability.

For the term V3, we have

no = =
Zy— Z; Z
Zy) — Wi ]
() = 3 W=

%=Z{[ZWO(ZZ,;ZJ'

j=1 = I=1
From ([S3.5), we know that

() = S o2 L) = 0,15 — ol + 1)

0 7 — 7
> Wo(=—
=1 h

ym(Z)]S Wl ,;Zﬂdel _

0

=1




20 FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

Furthermore, according to [Fan and Gijbels | (1996, we know that

Zi-7;, 1
hy nofs,(Z;)

Wo( Kn(Z1 — Z;)[1 + 0p(1)].

Then by the mean value theorem, we have that

Zl—Zj ZI*_Z]* Xl_Xj

Wo(Z) = (P = Wi (T - )T (R )

KL (2 -2 (B80T (0-X)) |

= ol Z) » [1+0,(1)].
Hence,

> - WP = 0, (fftrand)) . (3)

So we have

no

Vs :Z{Op(IIB—BoH +h2). [ZWO(ZI—ZJ-)EZ Nl
=1

=1 h =1 ha
no no = =
. Zi— 7 77
= 015 = foll +1) - Y- 3 [o(E— ) - (P
I=1 j=1

= 0 [V o) - (15 = il 4 12)

= 0, [/ /1 (13 - ol + 1)

=0, [viis - (13 = Boll + )] (3.5)
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Hence, according to (S3.4)), (S3.6)), (S3.8) and V5 > 0, we obtain that

Mi=Vi+Va+Vs>a-d,, +0+0,(1/dn,)

for some a > 0 in probability.
Next, we consider the term Mj;. Noting that Y; = m(Z;) +¢;, then we

know that

%Mll :Z m

j=1

I:Fl -+ FQ.

For the term Fi, notice that

3 K
+Z ZWO

no Zl
Zj) + €5 — Z Wo(
=1

Zz

1

TEORIE

Z 0 Z
L)Y = Wo(=
=1

S w2
=1

no ad ad
_ ZWO(ZI - 4

€4

-3

(S3.10)

(93.9)

_iWO(Z
=1

(m(Z) + el

7~

h

Zj)

€1&;
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By we know that
> w2 - w2 ,;Zfd () = Op(115 = foll + 1),
=1
then we can easily show that
Fy =0, (Vg - (118 = Bol | + 13)) = 0y(dn,). (83.11)

For the term F5, by the property of local linear regression, we have that

& 7~ Z Z— 7 -
Fy —; {lz:; Wo( hl L) — Wo( I L) | [m(Z) +5ﬂ} m(Z;) —;WO(
1 10, 0 7y — 7. 7 — 7
=0,(——— W, 1y — J 7 .
p(\/m) 7j=1 Il=1 0( h’l ) 0( hl ) [m( l> +8l]
Again, by (S3.5) we know that
10, o 7 — 7 Z— 7
SO [ Wo(F—) = Wo(==—2) | m(Z)
hq hq
7j=1 [=1
= {m’(Zj)(5—1 — Bo1) "4, [X; — B(X;1Z))] + Op(hf)}
j=1

=0, (VAo (118 = ol | + 1))

since E{m/(Z,)(6_1 — Bo,1) " J4,[X; — E(X;]Z;)]} = 0. ALso, by 1' we
know that

>3 (W) - w2 e = 0, (Vi (ratd)).
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Therefore, we have that

1 By
Fa = 0y ) - Oy (Vi (1 = ll 1) + o 1) = 0y
(93.12)
By (S3.10), (S3.11)) and (S3.12), we have that
M11 = Op<dn0). (SBl?))

Combining ((S3.3)), (S3.9)) and (S3.13)), we obtain that (S3.4]) holds for large

ng. This completes the proof of Lemma 3. [J

Lemma 4. Suppose the conditions required by Theorem 3 are satisfied.

Then with probability approaching 1, for any B 4 satisfying || B A — Boall =

O,(\/dn, /o) and any constant b > 0,

3 3
Quolmpom (b= min__ Qufmggar e ()}

0 HBACHSI)V dno/nO ﬁAC

Proof of Lemma 4. It is sufficient to show that, with probability tending

to 1 as ng — oo, for any (4 satisfying ||BA — Bo.all = Op(v/dny/10), and
for some small £,,, = by/d,,, /1o with b > 0, we have

9Qno (113, ) >0 for fa = fa, |8 < n, for I € A%, and §; > 0,

OBk
($3.14)
%W<O fOl"ﬂA:BAa |ﬁl|<€n0 fOI"lEAC7 andﬁk<0’
k

(S3.15)
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forany k € A% ={s+1,...,d,}
Notice that

O P20 0D 9> 1 — g5 Xt (57 X) X+ o (B (150D) s
j=1

no

= =2 eis(BT X)Xk — 2 [m(B] X;) — mp(B87 X5 (87 X;) X
j=1 '

7j=1
oy (P84 sen(5)
= 20, — 20, + g (piij(mkD)'sgn(@k). (S3.16)

According to Fan and Gijbels (1996), we have

?:01 Khl (ﬁTXl - ﬂTXj)[Sno,O(ﬁTXl - BTXj) _ Sno,l]}/l

Al TX‘ —
mIB(/B J) Sn()’[)SnO,Z _ SELOJ
0 X, — 87X,
=Y Sy (83.17)
=1

where S, = >0 Ky (87X — 87 X;)(X; — X;)P and

BTX, — BTX;

_ Kn (BTX1 = BTX))[Sng0(B" X1 — BT X;) — Sy
hi '

2
S’no,U‘Snoy2 =S

ng,1

Wl(

)
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Then

253 szwl ﬁ Xl 6 s —)Y

—Zaj szwl PR X m(5y x0) 41
—zg] ]kzwl X - p1% Xl 5 X0 ym(8T X)) +Zgj ]kzwl B P Xi=b X
= Iy + Lo (83.18)

It can be seen that
ﬁ X; T B
I = /ng: \/_Zfa szwl ——————)m(By X1)| = Op(v/n0).

In addition, we have

BTX —-pTX; 1 8TX, - 87X, N .
Wl( hy )_ nOh%fﬁo(ﬁTXj). Lo Khl(ﬁ XZ_B XJ)[1+OP(1>]7

(93.19)
where py = [w?K(u)du. Then it can been shown that E(I}2) = O(hl_?’/z)
and Var(I,) = O,(hi®). Hence, Iy = O,(hy*?) = 0,(\/10/dny), which
implies that

I = 0,(\/no). (S3.20)
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The term I can be written as

no

I = 3 (B3 X,) — ris(87 X )iy (87 X;)X

j=1
Z[ (ﬁo i) — mﬁo(ﬁo i)+ mﬁo(ﬁo i) — mB(BTXj)]m/ﬁwTXj)Xjk
j=1

= > [m(Bg X5) — i (Bg X) s (BT X)X e+ Y [rivs (B9 X;) — i (BT X))y (87 X;) X
j=1 J=1

— 121 + IQQ. <8321>

For the term I3, by Taylor expansion, we know that

g, (Bg X;) — ms(87X;) = 1ils, (Bg X;)(Bo — B)T X + 0,(ng %)
— /(8] X;)(Bo — B)TX; + 0,(ng /),

then

no

Iy =Y [ring, (B) X;)—1na(B7 X;)ils(87 X;) X1, = Op(nol|B—Poll) = Op(v/nodn,).
j=1
(93.22)
For the term Iy, by Carroll et al. (1997), we have that

m(By X;) = 1ivs, (By X;)

= W;Km (83 X1 — B Xj)e1+ (B = Bo) T (5] X;) E(X;12;)

~1/2
+ op(ng / ).
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Since ||8 — Bol| = Op(y/dn,/10), then

no

D (B 50)Tm! (55 X,;) E(X;160 X;)iy (87 X5) Xji = Op(/nodu,)- (53.23)

j=1

By we know that
(57 X) X = jkzwl EX s g x) + <)
— XlB(Y8TX] + Xjkzwmﬁmh;@m + 0.
=1
Then

no

Z[

TZK’H ﬁo Xl 60 ) ] (B X) Jjk — M1+M2+O (\/_)

nOfBo(
(S3.24)
where
M, = Z[;X Z Kn, (B0 Xi — By Xj)a) Xju[E(Y|BTX)],

=
=1 nOfﬁo( 0

no

TX TX
M,y = Z[W;Khl 50 X — 50 51 ngW1 5 ﬁ )8q-

Notice that

no 1
2 WKWJ X, — By X)E(Y|BTX)) X5 = 0,(1),
=1 0 J
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then

— S S ; T AT T
Ml_;{; nofﬁo(ﬁTXj)Khl(ﬁo Xi—p X)[ (Y8 X)] }5,

= 0,(\/m0). (53.25)

N - X BTX, - BTX;
M, = €16 —K Bl X, — BJ X)W a ).
By (S3.19)), we know that
BTX, —BTX; 1

EZnofﬁo g K (X0 = 0 X)W (= = Oy,

Then we have E(M2) = O,(n2/(n2h3)) and My = O,(h*"*) = O,(\/no/dny )-
Hence by (]S3.23[) to (]S3.25|), we know that Isy = O,(1/n0dy,), which implies

that
I, = O,(\/nody,). (S3.26)

Combing ([S3.16]), ((S3.20]) and (S3.26)), we obtain

%ﬁi,ﬁ) — 21y = 2L+ (POP(161)) sn(5)

— 1o (PCAP(1A))) sen(B) + Op(v/mody)
( SCAD<|B |)) O (\/m)

= 19 Ang X sgn () +
no
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scaD(g)y)’
Since lim inf lim inf M

nog—oo  —0+ Ang =1 and\/ dno/”O/)\no — 0, the s1gn of ﬁk

determines the sign of %ﬁi’ﬁ). Hence, (S3.15) and (S3.16)) hold. This

completes the proof of Lemma 4. [J

Proof of Theorem 3. It follows by Lemmas 3 and 4 that Part (a) of
Theorem 3 holds. Now we prove Part (b).

According to Lemmas 3 and 4, BSCAD is a consistent estimator, and
Bscap = (Boana: 0)T € B 1= {B € Rl : B > 0,[|B]]> = L1 B2 = 1}
with probability approaching 1. Denote 841 = (B2,...,3:)". For any
Ba = (B, B, ..., 8T satisfying ||B4]] = 1 and B; > 0, it can written as

Ba=(y/1- ||5A,71H2,ﬁ;,_1)T. We also define

Ja — 964 _ _61,71/\/ 1—{|Ba-1l]? .
P 0B L,
Since BSCAD is a consistent estimator and Sy # 0 for £k =1,2,--- s,
. /
we have P { <p§SOAD(’6kD> = O} — 1 as ng — oo and A,, — 0. Then

1 . aQno(m57 6)
Vo 0Ba-1

no

2 [V =i (BSTCADXJ'”TA”/BSCAD(ﬁSTCADXj>J/3TSCAD7AX]’,A +
j=1

0=

Ba,—1=BscAD,A,—1

no

al- 3~ 3~
o o o

BSCAD
j=1
no
== —2- 1+ 0,()] Y [m(B] X;) — i (BleanXs) + &5l
j=1

(S3.27)

op(1)

2[4 0,(] Y Y5 — i, (Blean X))t (BloanXi) 3,  Xia + 0p(1)

(5STCADXJ‘)J5TO,AXJ‘,A + 0p(1).
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Since that

m(By X;) =ty (BdeanXs)

= —m/(8y X;)(Bscap.a-1 — Boa-1)" T4, Xja

ZKhl — By Xj)er +m(By X;)(Bscap,a—1 — o 1) g, B (X180 4Xj.4)
nofﬁo 60

.7

=m (50 )(5SCADA 1= Bo,a-1) J,BTO,A [E( gAWoA A) = XjA]
WZK’H ﬁoXl ﬁo )517

Equation (53.27)) leads to

Z { ) (Bscap.a—1 — Boa1) JBTO,A [E(X;.4180 4Xj,4) — Xj.4]

1

o F (BT X Kn, (8o Xi— By Xj)er + ¢, B XVJY X a+o0.(1
10 /30 S—Xj)lzl m (Bo Xi 0 Xi)ei ]} (SCAD )BOA JA p(1)

50A

1 ~
- n_ozm,( 0TXj)2JBT°v*‘Xj’A[E( JAWOA JA) = vaA]T‘]/Bo,A'\/nO(BSCAD,A,—l_ﬁO,A,—1>
ng no m (']FX ‘]ﬁoAX
AR (BT X0 — BT X)er + —— S m' (BT X)L X, 42, + 0y(1).
ZZ nofm (B Xy o= ) fZ 0 X) 5, 1 X5+ 0p(1)

(S3.28)
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Notice that
1 &
-~ > m/ (B X;)7 T4, XAl E(Xj.al80 4X5a) — XAl oo
j=1

ZE{m/(ﬁoTXj)QJBTo,AXJ,A[E(Xj,AWoT,AXj,A) - XJ,A]TJ/BO,A} +0p(ng?)
=—F {m'(ﬁoT X3)2 5 E(X;.al 80 4X5.4) = X Al[E(X;.4180 4X.4) — Xj,A]TJﬁo,A} +0p(ng %)

= — Wscap + 0p(1), (53.29)

and

1 & &/ (By X5) T, XA

— A K, (B X — B X)e

VD 3D D s RO R R
2o (By X5) g, 4 X,

1
Vo ZZ n0.f50(53 X;)

A
K, (By Xi — By X;)ei

aVir Z m' (B X;)E[Jg,  Xj.alB0 4X;.Aler + 0p(1). (S3.30)
=1

Thus, combining (S3.28)), (S3.29)) and (S3.30)), we obtain

. RN _

Bscap,a-1 = Poa-1 = - > Wedan g ' (B X){ X4 — B[X;lB0 4 X;al}es + 0y %)
j=1

Also noting that

Bscap.a — Boa = [J5, 4 + 0p(1)] (Bscapa—1— Boa—1)-
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Hence,

A 1 = — —1/2

Ba— Boa e > T Wacan T, 1 (B X){Xja — BIX; .l B0 Xl bej + 0p(ng '),
j=1

which completes the proof of Theorem 3. [J

S4 Calculate Index Vector using MAVE

In the minimum average variance estimation (MAVE) method, the in-

dex vector [y is estimated through solving the optimization problem

no no

Buave = arg %lel]ﬂl Z Z [Yi—a; —b;87 (X, — Xj)]2 wy;,

ll]',b]‘ jzl =1

Where B = {ﬁ € ]Rd . ﬁl > 0, ||ﬁ||2 = ZZ:I 613 = 1}, wlj = Kh1<ﬁT(Xl —
X;)), Kp,(v) = K(v/h1)/h1, K(-) is a kernel function and h, is the band-
width. [Xia | (2006]) proposed an algorithm to solve the above optimization

problem. The algorithmic steps are summarized as follows.

Step 1. For t = 0, set an initial value B(O).

Step 2. For ¢ > 1, given 30D, calculate

-1
. 0 ) - e no R B
L | S G ) A S ) 2
. =1
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-
where Z(t D= (1 BT (X, — Xj)/h()) , and also, obtain

no

A

1 A(— 2 _
Fia (BT X = Sy (B (X = X)) and A = gy (Fia (B
=1

where py,(-) is a trimming function for the boundary points. Xia | (2006))

suggests using pn,(v) = I(v > 2¢on, ") for some constants ¢y > 0 and v > 0.
Step 3. Calculate

no

TXj)) ,

Ny -1
B® = {ZZKhO ( _ Xj)) Agt 1) <B§t1)>2 (X1 — X,)(X; — X]’)T/f(tfl) (B(t_l)TX])}

Jj=1 Il=1
ng no

X D03 (BT = ) ARV = ) (Y= V) (50)

7j=1 [=1

Step 4. Set g = Sgn(Bft))ﬁA(t)/HB(t)H and t = ¢t + 1, where B%t) denotes
the first component of ,@(t). Then, repeat Steps 2 and 3 until convergence

reaches. Finally, let Syave = 8O.

S5 Summary Statistics for the NSW Data
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Table Al: Summary statistics of 10 covariates in the NSW data.

Experimental data

Non-experimental data

Treated (n; = 185) Control (ng = 260)

PSID (no = 2490)

Mean Std Min Max Mean Std Min Max Mean Std Min Max

Covariates

Age 25.82 7.16 17 48 25.05 7.06 17 55 34.85 10.44 18 55

Education 10.35 2.01 4 16 10.09 1.61 3 14 12.12 3.08 0 17

Black 0.84 0.36 0 1 0.83 0.38 0 1 0.25 0.43 0 1

Hispanic 0.06 0.24 0 1 0.11 0.31 0 1 0.03 0.18 0 1

Married 0.19 0.39 0 1 0.15 0.36 0 1 0.87 0.34 0 1

No degree 0.71 0.46 0 1 0.83 0.37 0 1 0.31 0.46 0 1

Farnings in 1974 2095.57  4886.62 0 35040.07 2107.03 5687.91 0 39570.68 19428.75 13406.88 0 137148.7

Earnings in 1975 1532.06 3219.25 0 25142.24 1266.91 3102.98 0 23031.98 19063.34 13596.95 0 156653.2

Unemployment in 1974 0.71 0.46 0 1 0.75 0.43 0 1 0.09 0.28 0 1

Unemployment in 1975 0.6 0.49 0 1 0.68 0.47 0 1 0.1 0.3 0 1
Outcome variable

FEarnings in 1978 6349.14  7867.4 0 60307.93  4554.8  5483.84 0 39483.53  21553.92  15555.35 0 121173.6
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