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Supplementary Material

In the Supplementary Material, we first provide the proofs of Theo-

rems 1-3. Then, we introduce the algorithm for the MAVE method. Finally,

we present the summary statistics of the empirical data.

S1 Proof of Theorem 1

To establish the asymptotic theory of ∆̂, we first state some prelimi-

naries, stated here for convenience without their proofs.

Lemma 1: Suppose {M0,j}n0
j=1 and {M1,i}ni=n0+1 are independent and within

*Corresponding author: Ming Lin (linming50@xmu.edu.cn).
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each group and they are i.i.d. Define the generalized U-statistic,

Un0(ψn0,n1) =
1

n0 · n1

n∑
i=n0+1

n0∑
j=1

ψn0,n1(M0,j,M1,i)

with E{ψn0,n1(M0,j,M1,i)} = 0, and its projection

Ûn0(ψn0,n1) =
1

n0

n0∑
j=1

p0(M0,j) +
1

n1

n∑
i=n0+1

p1(M1,i),

where p0(M0,j) = E{ψn0,n1(M0,j,M1,i)|M0,j} and p1(M1,i) = E{ψn0,n1(M0,j,M1,i)|M1,i},
respectively. If 0 < limn1/n0 = η <∞, where n = n0+n1 and E{ψn0,n1(M0,j,M1,i)

2} =

o(n0) + o(n1), then,

nE
[
(Un0ψn0,n1 − Ûn0ψn0,n1)

2
]

= o(1).

Proof of Lemma 1: This conclusion is an extension of Theorem 5.4A in

Serfling (1980) for two samples. �

Lemma 2: Under our setting, consider the function m(z) = E(Y0i|Zi = z)

with Zi = β>0 Xi. Suppose that m′(z) is continuous. Define

m̃(z) =
1

n0

n0∑
j=1

Kh(Zj − z)Yj

[
f̃c(z)

]−1

, (S1.1)

where f̃c(z) = 1
n0

∑n0

j=1Kh(Zj−z). Suppose that m̃′(z) uniformly converges

to m′(z), and β̂ − β0 = 1
n0

∑n0

j=1 φ(Xj, Yj) + op(n
−1/2
0 ). Then, we have

m̂
(
β̂Tx

)
− m̃

(
βTx

)
=

1

n0

n0∑
j=1

m′
(
β>0 x

)
· x>φ(Xj, Yj) + op(n

−1/2
0 ),
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where

m̂(z) =
1

n0

n0∑
j=1

Kh(z − β̂TXj)Yj

[
1

n0

n0∑
j=1

Kh(z − β̂TXj)

]−1

.

Proof of Lemma 2: This conclusion can be proved using Lemma 1 in

Heckman, Ichimura and Todd (1998). �

Proof of Theorem 1: For a given β̂, we can estimate m(Zi) = E(Y0i|Zi)
with Zi = β>0 Xi as

m̂(Ẑi) =
1

n0

n0∑
j=1

Kh(Ẑi − Ẑj)Yj
[
f̂c(Ẑi)

]−1

, (S1.2)

where Ẑi = β̂>Xi and f̂c(z) = 1
n0

∑n0

j=1Kh(z−Ẑj). Then, ∆̂ = 1
n1

∑n
i=n0+1

[
Y1i − m̂(Ẑi)

]
,

and we have

√
n1

(
∆̂−∆

)
=

1
√
n1

n∑
i=n0+1

[(
Y1i − m̂(Ẑi)

)
− E (Y1i − Y0i)

]
=

1
√
n1

n∑
i=n0+1

{[Y1i − E(Y1i)]− [m(Zi)− E(Y0i)]} −
1
√
n1

n∑
i=n0+1

[
m̂(Ẑi)−m(Zi)

]
:= I1 − I2. (S1.3)

Now, we focus on I2. By Lemma 2, we have

m̂(Ẑi)− m̃(Zi) = m′(Zi)X
>
i

1

n0

n0∑
j=1

φ(Xj, Yj) + op(n
−1/2
0 ).
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Notice that for i = n0 + 1, . . . , n,

1

n0

n0∑
j=1

Kh(Zj − Zi)Yj =
1

n0

n0∑
j=1

Kh(Zj − Zi) [m(Zi) + (m(Zj)−m(Zi)) + εj]

= f̃c(Zi)m(Zi) +
1

n0

n0∑
j=1

Kh(Zj − Zi) [m(Zj)−m(Zi) + εj] .

(S1.4)

Combining (S1.1) and (S1.4) leads to

m̃(Zi)−m(Zi) =
1
n0

∑n0

j=1Kh(Zj − Zi) [m(Zj)−m(Zi) + εj]

f̃c(Zi)
.

Therefore,

m̂(Ẑi)−m(Zi) = m̂(Ẑi)− m̃(Zi) + m̃(Zi)−m(Zi)

=
1
n0

∑n0

j=1 Kh(Zj − Zi) [m(Zj)−m(Zi) + εj]

f̃c(Zi)
+m′(Zi)X

>
i

1

n0

n0∑
j=1

φ(Xj, Yj) + op(n
−1/2
0 ).

Hence,

I2 =
1
√
n1

n∑
i=n0+1

1
n0

∑n0

j=1Kh(Zj − Zi) [m(Zj)−m(Zi) + εj]

f̃c(Zi)

+
1
√
n1

n∑
i=n0+1

m′(Zi)X
>
i

1

n0

n0∑
j=1

φ(Xj, Yj) + op(1)

:= I21 + I22 + op(1). (S1.5)
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For the term I21, we have

I21 =
1
√
n1

n∑
i=n0+1

1
n0

∑n0

j=1Kh(Zj − Zi) [m(Zj)−m(Zi) + εj]

f̃c(Zi)

=
√
n1

1

n0 · n1

n∑
i=n0+1

n0∑
j=1

Kh(Zj − Zi) [m(Zj)−m(Zi) + εj]

f̃c(Zi)

=
√
n1

1

n0 · n1

n∑
i=n0+1

n0∑
j=1

ψn0,n1(Yj, Zj, Zi),

where ψn0,n1(Yj, Zj, Zi) = Kh(Zj − Zi) [m(Zj)−m(Zi) + εj]/f̃c(Zi). No-

tice that

E [ψn0,n1(Yj, Zj, Zi)] = E
{
E
[
ψn0,n1(Yj, Zj, Zi)

∣∣∣Zi]}
= E

{
E

{
Kh(Zj − Zi) [m(Zj)−m(Zi)]

f̃c(Zi)

∣∣∣Zi}} ,
and

E

{
Kh(Zj − Zi) [m(Zj)−m(Zi)]

f̃c(Zi)

∣∣∣Zi}
=

1

h

∫
K( z−Zi

h
) [m(z)−m(Zi)]

f̃c(Zi)
fc(z)dz

=
1

fc(Zi)

{∫
K(t) [m(Zi + ht)−m(Zi)] fc(Zi + ht)dt

}
·
[
1 +Op(h

2) +Op

(
1√
n0h

)]
=

1

fc(Zi)

{∫
K(t)

[
htm′(Zi) +

h2t2

2
m′′(Zi)

]
[fc(Zi) + htf ′c(Zi)] dt

}
×
[
1 +Op(h

2) +Op

(
1√
n0h

)]
= Op(h

2),

where m′′(z) is the second order derivative of m(z) and f ′c(z) is the first
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order derivative of fc(z). Clearly E
[
ψn0,n1(Yj, Zj, Zi)

∣∣∣Zi] = O(h2) and

E [ψn0,n1(Yj, Zj, Zi)] = O(h2). Now, define ψ̃n0,n1(Yj, Zj, Zi) = ψn0,n1(Yj, Zj, Zi)−
E [ψn0,n1(Yj, Zj, Zi)]. Thus, E

[
ψ̃n0,n1(Yj, Zj, Zi)

∣∣∣Zi] = O(h2) andE
[
ψ̃n0,n1(Yj, Zj, Zi)

]
=

0. Meanwhile,

E
[
ψ̃n0,n1(Yj, Zj, Zi)

∣∣∣Yj, Zj] = E
{
ψn0,n1(Yj, Zj, Zi)− E [ψn0,n1(Yj, Zj, Zi)]

∣∣∣Yj, Zj}
= E

{
ψn0,n1(Yj, Zj, Zi)

∣∣∣Yj, Zj}+Op(h
2).

Notice that

E
{
ψn0,n1(Yj, Zj, Zi)

∣∣∣Yj, Zj} =
1

h

∫
K(

Zj−z
h

) [m(Zj)−m(z) + εj]

f̃c(z)
ft(z)dz

=

{∫
K(t) [m(Zj)−m(Zj + ht) + εj] r(Zj + ht)dt

}
·
[
1 +Op(h

2) +Op

(
1√
n0h

)]
=

{∫
K(t) [m(Zj)−m(Zj + ht)] r(Zj + ht)dt+ εj

∫
K(t)r(Zj + ht)dt

}
×
[
1 +Op(h

2) +Op

(
1√
n0h

)]
.

It is obvious that

∫
K(t) [m(Zj + ht)−m(Zj)] r(Zj + ht)dt

=

∫
K(t)

[
htm′(Zj) +

h2t2

2
m′′(Zj)

]
[r(Zj) + htr′(Zj)] dt = Op(h

2).

Also,

∫
K(t)r(Zj+ht)dt =

∫
K(t)

[
r(Zj) + htr′(Zj) +

h2t2

2
r′′(Zj) + o(h2t2)

]
dt = r(Zj)+Op(h

2),
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where r′′(z) is the second order derivative of r(z). Then,

E
{
ψn0,n1(Yj, Zj, Zi)

∣∣∣Yj, Zj} = Op(h
2)+

{
r(Zj)

[
1 +Op(h

2) +Op

(
1√
n0h

)]
+Op(h

2)

}
εj,

and

E
[
ψ̃n0,n1(Yj, Zj, Zi)

∣∣∣Yj, Zj] =

{
r(Zj)

[
1 +Op(h

2) +Op

(
1√
n0h

)]
+O(h2)

}
εj+Op(h

2).

Hence, I21 can be written as

I21 =
√
n1

1

n0 · n1

n∑
i=n0+1

n0∑
j=1

ψn0,n1(Yj, Zj, Zi)

=
√
n1

1

n0 · n1

n∑
i=n0+1

n0∑
j=1

{
ψ̃n0,n1(Yj, Zj, Zi) + E [ψn0,n1(Yj, Zj, Zi)]

}
=
√
n1

1

n0 · n1

n∑
i=n0+1

n0∑
j=1

ψ̃n0,n1(Yj, Zj, Zi) + op(1)

:= Ĩ21 + op(1).

It follows from Lemma 1 that Ĩ21 is asymptotically equivalent to

√
n1

{
1

n0

n0∑
j=1

E
[
ψ̃n0,n1(Yj, Zj, Zi)

∣∣∣Yj, Zj]+
1

n1

n∑
i=n0+1

E
[
ψ̃n0,n1(Yj, Zj, Zi)

∣∣∣Zi]}

=

√
n1

n0

1
√
n0

n0∑
j=1

{
r(Zj)

[
1 +Op(h

2) +Op

(
1√
n0h

)]
+O(h2)

}
εj + op(1)

=

√
n1

n0

1
√
n0

n0∑
j=1

r(Zj)εj + op(1),
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so that

I21 =

√
n1

n0

1
√
n0

n0∑
j=1

r(Zj)εj + op(1). (S1.6)

Next, we write I22 as

I22 =

√
n1

n0

[
1

n1

n∑
i=n0+1

m′(Zi)X
>
i

][
1
√
n0

n0∑
j=1

φ(Xj, Yj)

]

=

√
n1

n0

[δa + op(1)]

[
1
√
n0

n0∑
j=1

φ(Xj, Yj)

]
=

√
n1

n0

1
√
n0

n0∑
j=1

δaφ(Xj, Yj) + op(1),

(S1.7)

where δa = E
[
m′(Zi)X

>
i

]
.

By (S1.5), (S1.6) and (S1.7), we have

I2 =
√
η

1
√
n0

n0∑
j=1

[r(Zj)εj + δaφ(Xj, Yj)] + op(1). (S1.8)

From (S1.3) and (S1.8), it can been seen that

√
n1

(
∆̂−∆

)
= I1 −

√
η

1
√
n0

n0∑
j=1

[r(Zj)εj + δaφ(Xj, Yj)] + op(1).

Obviously, I1 and
√
η 1√

n0

∑n0

j=1 [r(Zj)εj + δaφ(Xj, Yj)] are independent. By

the central limit theorem, we obtain the conclusion of Theorem 1. �

S2 Proof of Theorem 2

Now, we introduce some notations before moving to the proof of The-

orem 2. Let P be the distribution of the original data and use P ∗ to
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denote the distribution of the Bootstrap sample, which is the distribu-

tion of {Xj, Y
∗
j }

n0
j=1 and {X∗i , Y ∗i }ni=n0+1 conditional on {Xj, Yj}n0

j=1 and

{Xi, Yi}ni=n0+1, respectively. We also use E∗ to denote the expectation with

respect to P ∗. Furthermore, let S1, S2 . . . be a sequence of random variables

and a1, a2, . . . be a sequence of positive real numbers. Define Sn = o∗p(an)

if for any ε > 0 and ε > 0, limn→∞ P{P ∗(|Sn/an| > ε) > ε} = 0. Similarly,

Sn = O∗p(an) means that if for any ε > 0 and ε > 0, there exists M > 0

such that lim supn→∞ P{P ∗(|Sn/an| > M) > ε} < ε.

Proof of Theorem 2: Notice that

√
n1(∆̂∗ − ∆̂) =

1
√
n1

n∑
i=n0+1

{[
Y ∗i − m̂∗

(
(X∗i )>β̂∗

)]
−

[
1

n1

n∑
i=n0+1

Yi −
1

n1

n∑
i=n0+1

m̂(X>i β̂)

]}

=
1
√
n1

n∑
i=n0+1

{(
Y ∗i −

1

n1

n∑
i=n0+1

Yi

)
−

[
m̂∗
(

(X∗i )>β̂∗
)
− 1

n1

n∑
i=n0+1

m̂(X>i β̂)

]}

=
1
√
n1

n∑
i=n0+1

{(
Y ∗i −

1

n1

n∑
i=n0+1

Yi

)
−

[
m̂
(

(X∗i )>β̂
)
− 1

n1

n∑
i=n0+1

m̂(X>i β̂)

]}

− 1
√
n1

n∑
i=n0+1

[
m̂∗
(

(X∗i )>β̂∗
)
− m̂

(
(X∗i )>β̂

)]
:= I∗1 − I∗2 , (S2.1)

where

m̂∗
(

(X∗i )>β̂∗
)

=
1

n0

n0∑
j=1

Kh

(
X>j β̂

∗ − (X∗i )>β̂∗
)
Y ∗j

[
f̂ ∗c

(
(X∗i )>β̂∗

)]−1

with f̂ ∗c

(
(X∗i )>β̂∗

)
= 1

n0

∑n0

j=1Kh

(
X>j β̂

∗ − (X∗i )>β̂∗
)

.
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Now, we focus on the term I∗2 . Notice that for i = n0 + 1, . . . , n,

1

n0

n0∑
j=1

Kh

(
X>j β̂ − (X∗i )>β̂

)
Y ∗j

=
1

n0

n0∑
j=1

Kh

(
X>j β̂ − (X∗i )>β̂

){
m̂
(

(X∗i )>β̂
)

+
[
m̂(X>j β̂)− m̂

(
(X∗i )>β̂

)]
+ ε∗j

}
=f̂c

(
(X∗i )>β̂

)
m̂
(

(X∗i )>β̂
)

+
1

n0

n0∑
j=1

Kh

(
X>j β̂ − (X∗i )>β̂

){[
m̂(X>j β̂)− m̂

(
(X∗i )>β̂

)]
+ ε∗j

}
.

(S2.2)

Define

m̃∗
(

(X∗i )>β̂
)

=
1

n0

n0∑
j=1

Kh

(
X>j β̂ − (X∗i )>β̂

)
Y ∗j

[
f̂c

(
(X∗i )>β̂

)]−1

,

(S2.3)

where f̂c(u) is defined in (S1.2). Combining (S2.2) and (S2.3) leads to

m̃∗
(

(X∗i )>β̂
)
− m̂

(
(X∗i )>β̂

)
=

1
n0

∑n0

j=1 Kh

(
X>j β̂ − (X∗i )>β̂

){[
m̂(X>j β̂)− m̂

(
(X∗i )>β̂

)]
+ ε∗j

}
f̂c

(
(X∗i )>β̂

) .

(S2.4)

Furthermore, following the proof of Theorem 1 in Zhang, Huang and Liu

(2020), one has

β̂∗ − β̂ =
1

n0

n0∑
j=1

φ(Xj, Yj)ξj + op(n
−1/2
0 ),

where ξj, j = 1, · · · , n0, are the random disturbances generated in the
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Bootstrap procedure. Using Lemma 2, we have

m̂∗
(

(X∗i )>β̂∗
)
−m̃∗

(
(X∗i )>β̂

)
= m̂′

(
(X∗i )>β̂

)
(X∗i )>

1

n0

n0∑
j=1

φ(Xj, Yj)ξj+o
∗
p(n
−1/2
0 ).

(S2.5)

Then, by combining (S2.4) and (S2.5), we obtain

m̂∗
(

(X∗i )>β̂∗
)
− m̂

(
(X∗i )>β̂

)
=

1
n0

∑n0

j=1Kh

(
X>j β̂ − (X∗i )>β̂

){[
m̂(X>j β̂)− m̂

(
(X∗i )>β̂

)]
+ ε∗j

}
f̂c

(
(X∗i )>β̂

)
+ m̂′

(
(X∗i )>β̂

)
(X∗i )>

1

n0

n0∑
j=1

φ(Xj, Yj)ξj + o∗p(n
−1/2
0 ).

Hence,

I∗2 =
1
√
n1

n∑
i=n0+1

1
n0

∑n0

j=1 Kh

(
X>j β̂ − (X∗i )>β̂

){[
m̂(X>j β̂)− m̂

(
(X∗i )>β̂

)]
+ ε∗j

}
f̂c

(
(X∗i )>β̂

)
+

1
√
n1

n∑
i=n0+1

m̂′
(

(X∗i )>β̂
)

(X∗i )>
1

n0

n0∑
j=1

φ(Xj, Yj)ξj + o∗p(1) := I∗21 + I∗22 + o∗p(1).

Notice that the term I∗21 can be written as

I∗21 =
1
√
n1

n∑
i=n0+1

1
n0

∑n0

j=1Kh

(
X>j β̂ − (X∗i )>β̂

){[
m̂(X>j β̂)− m̂

(
(X∗i )>β̂

)]
+ ε∗j

}
f̂c

(
(X∗i )>β̂

)
=
√
n1

1

n0 · n1

n∑
i=n0+1

n0∑
j=1

Kh

(
X>j β̂ − (X∗i )>β̂

){[
m̂(X>j β̂)− m̂

(
(X∗i )>β̂

)]
+ ε∗j

}
f̂c

(
(X∗i )>β̂

) .
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One can easily show that

√
n1

1

n0 · n1

n∑
i=n0+1

n0∑
j=1

Kh

(
X>j β̂ − (X∗i )>β̂

){[
m̂(X>j β̂)− m̂

(
(X∗i )>β̂

)]}
f̂c

(
(X∗i )>β̂

) = o∗p(1).

Then,

I∗21 =
√
n1

1

n0 · n1

n∑
i=n0+1

n0∑
j=1

Kh

(
X>j β̂ − (X∗i )>β̂

)
ε∗j

f̂c

(
(X∗i )>β̂

) + o∗p(1)

=
√
n1

1

n0 · n1

n∑
i=n0+1

n0∑
j=1

ψn0,n1(Y
∗
j , (X

∗
i )>β̂) + o∗p(1) := Ĩ∗21 + o∗p(1),

where ψn0,n1(Y
∗
j , (X

∗
i )>β̂) = Kh

(
X>j β̂ − (X∗i )>β̂

)
ε∗j/f̂c

(
(X∗i )>β̂

)
. Obvi-

ously,

E∗
[
ψn0,n1(Y

∗
j , (X

∗
i )>β̂)

]
= 0 and E∗

[
ψn0,n1(Y

∗
j , (X

∗
i )>β̂)

∣∣∣ (X∗i )>β̂
]

= 0.

Meanwhile, following the same arguments as in the proof of Theorem 1, we

can show that

E∗
[
ψn0,n1

(
Y ∗j , (X

∗
i )>β̂

) ∣∣∣Y ∗j ] = O∗p(h
2) +

{
r(X>j β̂)

[
1 +O∗p(h

2) +O∗p

(
1√
n0h

)]
+O∗p(h

2)

}
ε∗j .
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Then, it follows from Lemma 1 that Ĩ∗21 is asymptotically equivalent to

√
n1

1

n0

n0∑
j=1

E∗
[
ψ̃n0,n1

(
Y ∗j , X

>
j β̂, (X

∗
i )>β̂

) ∣∣∣Y ∗j , X>j β̂]
=

√
n1

n0

1
√
n0

n0∑
j=1

{
r(X>j β̂)

[
1 +O∗p(h

2) +O∗p

(
1√
n0h

)]
+O∗(h2)

}
ε∗j + o∗p(1)

=

√
n1

n0

1
√
n0

n0∑
j=1

r(X>j β̂)ε∗j + o∗p(1),

so that

I∗21 =

√
n1

n0

1
√
n0

n0∑
j=1

r(Ẑj)ε
∗
j + o∗p(1). (S2.6)

By Taylor expansion, we have

r(Ẑj) = r(Zj) + r′(Zj)X
>
j (β̂ − β0) +

1

2
r′′(Z̃j)(β̂ − β0)>XjX

>
j (β̂ − β0),

which implies that

1
√
n0

n0∑
j=1

r(Ẑj)ε
∗
j =

1
√
n0

n0∑
j=1

r(Zj)ε
∗
j +

1

n0

n0∑
j=1

r′(Zj)ε
∗
jX
>
j

√
n0(β̂ − β0) +Rn0 ,

where

Rn0 =
1

2

√
n0(β̂ − β0)>

1

n
3/2
0

n0∑
j=1

r′′(Z̃j)ε
∗
jXjX

>
j

√
n0(β̂ − β0).

It can be shown that Rn0 = o∗p(1) and 1
n0

∑n0

j=1 r
′(Zj)ε

∗
jX
>
j

√
n0(β̂ − β0) =
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o∗p(1). Hence, (S2.6) implies

I∗21 =

√
n1

n0

1
√
n0

n0∑
j=1

r(Zj)ε
∗
j + o∗p(1). (S2.7)

Next, we consider the term I∗22. Notice that

I∗22 =

[
1
√
n1

n∑
i=n0+1

m̂′
(

(X∗i )>β̂
)

(X∗i )>

]
1

n0

n0∑
j=1

φ(Xj, Yj)ξj.

Then, as n1 →∞, it can be seen that

1
√
n1

n∑
i=n0+1

m̂′
(

(X∗i )>β̂
)

(X∗i )> =
1
√
n1

n∑
i=n0+1

m′
(

(X∗i )>β̂
)

(X∗i )> + o∗p(1).

Also notice that

1

n1

n∑
i=n0+1

m′
(

(X∗i )>β̂
)

(X∗i )> = E∗
[
m′
(

(X∗i )>β̂
)

(X∗i )>
]
+o∗p(1) = E

[
m′(Zi)X

>
i

]
+o∗p(1).

Hence,

I∗22 =

√
n1

n0

1
√
n0

n0∑
j=1

δaφ(Xj, Yj)ξj + o∗p(1), (S2.8)

where δa = E
[
m′(Zi)X

>
i

]
.

Combining (S2.1), (S2.7) and (S2.8), we have

√
n1

(
∆̂∗ − ∆̂

)
= I∗1−I∗21−I∗22 = I∗1−

√
η

1
√
n0

n0∑
j=1

[
r(Zj)ε

∗
j + δaφ(Xj, Yj)ξj

]
+o∗p(1).

Obviously, I∗1 and
√
η 1√

n0

∑n0

j=1

[
r(Zj)ε

∗
j + δaφ(Xj, Yj)ξj

]
are independent

conditional on the original sample {Xj, Yj}n0
j=1 and {Xi, Yi}ni=n0+1. Fur-
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thermore, it follows from the central limit theorem that, conditional on the

original sample, I∗1
d→ N(0, σ2

1) with

σ2
1 = lim

n1→∞
Var

(
Yi − m̂(X>i β̂)

)
= Var(Y1i −m(Zi)).

Similarly, by the central limit theorem, conditional on the original sample,

1
√
n0

n0∑
j=1

[
r(Zj)ε

∗
j + δaφ(Xj, Yj)ξj

] d→ N
(
0, σ2

2 + σ2
3 + 2δaΣ23

)
,

where σ2
2 = lim

n0→∞
Var

(
r(Zjε

∗
j)
)

= Var (r(Zj)εj), σ
2
3 = lim

n0→∞
Var (δaφ(Xj, Yj)ξj) =

δ>a Σβ0δa, and Σ23 = lim
n0→∞

Cov
(
φ(Xj, Yj)ξj, r(Zj)ε

∗
j

)
= Cov (φ(Xj, Yj), r(Zj)εj).

Hence, conditional on the original sample, we have

√
n1

(
∆̂∗ − ∆̂

)
d→ N(0, σ2

∆),

where σ2
∆ is defined in Theorem 1. This completes the proof of Theorem 2.

�
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S3 Proof of Theorem 3

In the following, we provide some lemmas to prove Theorem 3. Define

Qn0(m̂β, β) =

n0∑
j=1

[Yj − m̂β(β>Xj)]
2 + n0

dn0∑
k=1

pSCAD
λn0

(|βk|),

where m̂β is the local linear estimate of the link functionm(z) = E[Yj|β>Xj]

using {Xj, Yj}n0
j=1 for a given β.

Lemma 3. Suppose the conditions required by Theorem 3 are satis-

fied, there is a local minimizer β̂ of Qn0(m̂β, β) such that ||β̂ − β0|| =

Op(
√
dn0/n0).

Proof of Lemma 3. According to Fan and Gijbels (1996), m̂β can be

written as

m̂β(β>Xj) =

n0∑
l=1

W0(
β>Xl − β>Xj

h1

)Yl, (S3.1)

where

W0(
β>Xl − β>Xj

h1

) =
Kh1(β

>Xl − β>Xj){Sn0,2 − (β>Xl − β>Xj)Sn0,1}
Sn0,0Sn0,2 − S2

n0,1

with Sn0,p =
∑n0

l=1 Kh1(β
>Xl − β>Xj)(Xl −Xj)

p.

Let αn0 =
√
dn0/n0 and β̃ = β0 +αn0u, where u is a dn0 × 1 vector. We

need to show that for any given ε, there exists a C > 0 such that for large

enough n0,

P

 inf
||u||=C
||β̃||=1

Qn0(m̂β̃, β̃) > Qn0(m̂β0 , β0)

 ≥ 1− ε, (S3.2)

which implies that with at least 1− ε probability, there exists a local min-
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imum

β̂ ∈ {β : ||β − β0|| ≤ Cαn0 , ||β|| = 1}.

Since pλn0 (0) = 0 by definition, we have

Qn0(m̂β̃, β̃)−Qn0(m̂β0 , β0) ≥
n0∑
j=1

[(
Yj − m̂β̃(β̃>Xj)

)2

−
(
Yj − m̂β0(β

>
0 Xj)

)2
]

+ n0

s∑
k=1

[
pSCAD
λn0

(|β̃k|)− pSCAD
λn0

(|β0,k|)
]

=M1 +M2. (S3.3)

Note that |β̃k| → |βk| > 0 for k = 1, · · · , s. Since the SCAD penalty

function is flat for large coefficients and λn0 → 0, we have M2 = 0 for large

n.

Next, we focus on the term M1. Denote Z̃j = β̃>Xj and Zj = β>0 Xj,

then M1 can be written as

M1 =

n0∑
j=1

[
Yj −

n0∑
l=1

W0(
Z̃l − Z̃j
h1

)Yl

]2

−
n0∑
j=1

[
Yj −

n0∑
l=1

W0(
Zl − Zj
h1

)Yl

]2

= 2

n0∑
j=1

[
Yj −

n0∑
l=1

W0(
Zl − Zj
h1

)Yl

][
n0∑
l=1

W0(
Zl − Zj
h1

)Yl −
n0∑
l=1

W0(
Z̃l − Z̃j
h1

)Yl

]

+

n0∑
j=1

[
n0∑
l=1

W0(
Zl − Zj
h1

)Yl −
n0∑
l=1

W0(
Z̃l − Z̃j
h1

)Yl

]2

:= M11 +M12.
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We first consider the term M12. Since Yl = m(Zl) + εl,

M12 =

n0∑
j=1

[
n0∑
l=1

W0(
Zl − Zj
h1

)Yl −
n0∑
l=1

W0(
Z̃l − Z̃j
h1

)Yl

]2

=

n0∑
j=1

[
n0∑
l=1

W0(
Zl − Zj
h1

)m(Zl)−
n0∑
l=1

W0(
Z̃l − Z̃j
h1

)m(Zl)

]2

+

n0∑
j=1

[
n0∑
l=1

W0(
Zl − Zj
h1

)εl −
n0∑
l=1

W0(
Z̃l − Z̃j
h1

)εl

]2

+ 2

n0∑
j=1

{
[

n0∑
l=1

W0(
Zl − Zj
h1

)m(Zl)−
n0∑
l=1

W0(
Z̃l − Z̃j
h1

)m(Zl)][

n0∑
l=1

W0(
Zl − Zj
h1

)εl −
n0∑
l=1

W0(
Z̃l − Z̃j
h1

)εl]
}

:=V1 + V2 + V3. (S3.4)

For any β = (β1, · · · , βdn0 )T ∈ B := {β ∈ Rdn0 : β1 > 0, ||β||2 =∑dn0
k=1 β

2
k = 1}, we can write β =

(
(1−

∑dn0
k=2 β

2
k)

1/2, β2, . . . , βdn0

)>
. Denote

β−1 = (β2, . . . , βdn0 )> and

Jβ :=
∂β

∂β−1

=

(
−βT−1/

√
1− ||β−1||2

Idn0−1

)
,

where Idn0−1 is the order dn0 − 1 identity matrix. Notice that

n0∑
l=1

W0(
Z̃l − Z̃j
h1

)m(Zl)−
n0∑
l=1

W0(
Zl − Zj
h1

)m(Zl)

=m(Z̃j)−m(Zj)−m′(Zj)(β̃−1 − β0,−1)>J>β0E(Xj|Zj) +Op(h
2
1)

=m′(Zj)(β̃−1 − β0,−1)>J>β0 [Xj − E(Xj|Zj)] +Op(h
2
1). (S3.5)
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We have

V1 =

n0∑
j=1

[
n0∑
l=1

W0(
Zl − Zj
h1

)m(Zl)−
n0∑
l=1

W0(
Z̃l − Z̃j
h1

)m(Zl)

]2

=n0(β̃−1 − β0,−1)>J>β0ΣJβ0(β̃−1 − β0,−1) + n0||β̃−1 − β0,−1|| ·Op(h
2
1) +Op(n0h

4
1),

where Σ = E
{

[m′(Zj)]
2[Xj − E(Xj|Zj)][Xj − E(Xj|Zj)]>

}
. By Assump-

tion B2, we have

(β̃−1 − β0,−1)>J>β0,−1
ΣJβ0,−1(β̃−1 − β0,−1) > c||β̃−1 − β0,−1||2.

Since ||β̃|| = 1, ||β0|| = 1, and ||β̃ − β0|| = C
√
dn0/n0, ||β̃−1 − β0,−1|| has

the same order as ||β̃−β0|| and is greater than c1

√
dn0/n0 for some c1 > 0.

Under Assumption B4, n0h
4
1/dn0 → 0. Hence,

V1 ≥ n0 · c · c2
1(dn0/n0) + op(dn0) ≥ a · dn0 (S3.6)

for some a > 0 in probability.

For the term V3, we have

V3 =

n0∑
j=1

{
[

n0∑
l=1

W0(
Zl − Zj
h1

)m(Zl)−
n0∑
l=1

W0(
Z̃l − Z̃j
h1

)m(Zl)][

n0∑
l=1

W0(
Zl − Zj
h1

)εl −
n0∑
l=1

W0(
Z̃l − Z̃j
h1

)εl]
}
.

From (S3.5), we know that

n0∑
l=1

W0(
Zl − Zj
h1

)m(Zl)−
n0∑
l=1

W0(
Z̃l − Z̃j
h1

)m(Zl) = Op(||β̃ − β0||+ h2
1).



20 FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

Furthermore, according to Fan and Gijbels (1996), we know that

W0(
Zl − Zj
h1

) =
1

n0fβ0(Zj)
Kh(Zl − Zj)[1 + op(1)].

Then by the mean value theorem, we have that

W0(
Z̃l − Z̃j
h1

)−W0(
Zl − Zj
h1

) = W ′
0(
Z∗l − Z∗j
h1

)(β̃ − β0)>(
Xl −Xj

h1

)

=
K ′h1(Z

∗
l − Z∗j )

n0fβ0(Zj)

(β̃ − β0)>(Xl −Xj)

h1

[1 + op(1)].

Hence,

n0∑
j=1

[W0(
Zl − Zj
h1

)−W0(
Z̃l − Z̃j
h1

)] = Op

(√
dn0/(n0h3

1)

)
. (S3.7)

So we have

V3 =

n0∑
j=1

{
Op(||β̃ − β0||+ h2

1) ·

[
n0∑
l=1

W0(
Zl − Zj
h1

)εl −
n0∑
l=1

W0(
Z̃l − Z̃j
h1

)εl

]}

= Op(||β̃ − β0||+ h2
1) ·

n0∑
l=1

n0∑
j=1

[
W0(

Zl − Zj
h1

)−W0(
Z̃l − Z̃j
h1

)

]
εl

= Op

[
√
n0 ·

√
dn0/(n0h3

1) · (||β̃ − β0||+ h2
1)

]
= Op

[√
dn0/h

3
1 · (||β̃ − β0||+ h2

1)

]
= op

[√
n0 · (||β̃ − β0||+ h2

1)
]
. (S3.8)
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Hence, according to (S3.4), (S3.6), (S3.8) and V2 ≥ 0, we obtain that

M12 = V1 + V2 + V3 ≥ a · dn0 + 0 + op(
√
dn0) (S3.9)

for some a > 0 in probability.

Next, we consider the term M11. Noting that Yj = m(Zj) + εj, then we

know that

1

2
M11 =

n0∑
j=1

[
m(Zj) + εj −

n0∑
l=1

W0(
Zl − Zj
h1

)Yl

][
n0∑
l=1

W0(
Zl − Zj
h1

)Yl −
n0∑
l=1

W0(
Z̃l − Z̃j
h1

)Yl

]

=

n0∑
j=1

[
n0∑
l=1

W0(
Zl − Zj
h1

)Yl −
n0∑
l=1

W0(
Z̃l − Z̃j
h1

)Yl

]
εj

+

n0∑
j=1

[
n0∑
l=1

W0(
Zl − Zj
h1

)Yl −
n0∑
l=1

W0(
Z̃l − Z̃j
h1

)Yl

][
m(Zj)−

n0∑
l=1

W0(
Zl − Zj
h1

)Yl

]

:=F1 + F2. (S3.10)

For the term F1, notice that

n0∑
l=1

W0(
Zl − Zj
h1

)Yl −
n0∑
l=1

W0(
Z̃l − Z̃j
h1

)Yl =

n0∑
l=1

[
W0(

Zl − Zj
h1

)−W0(
Z̃l − Z̃j
h1

)

]
[m(Zl) + εl] ,

then

F1 =

n0∑
j=1

{
n0∑
l=1

[
W0(

Zl − Zj
h1

)−W0(
Z̃l − Z̃j
h1

)

]
m(Zl)

}
εj +

n0∑
j=1

n0∑
l=1

[
W0(

Zl − Zj
h1

)−W0(
Z̃l − Z̃j
h1

)

]
εlεj

=

n0∑
j=1

{
n0∑
l=1

[
W0(

Zl − Zj
h1

)−W0(
Z̃l − Z̃j
h1

)

]
m(Zl)

}
εj + op(1).



22 FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

By (S3.5) we know that

n0∑
l=1

[
W0(

Zl − Zj
h1

)−W0(
Z̃l − Z̃j
h1

)

]
m(Zl) = Op(||β̃ − β0||+ h2

1),

then we can easily show that

F1 = Op

(√
n0 · (||β̃ − β0||+ h2

1)
)

= op(dn0). (S3.11)

For the term F2, by the property of local linear regression, we have that

F2 =

n0∑
j=1

{
n0∑
l=1

[
W0(

Zl − Zj
h1

)−W0(
Z̃l − Z̃j
h1

)

]
[m(Zl) + εl]

}[
m(Zj)−

n0∑
l=1

W0(
Zl − Zj
h1

)Yl

]

=Op(
1√
n0h1

)

n0∑
j=1

n0∑
l=1

[
W0(

Zl − Zj
h1

)−W0(
Z̃l − Z̃j
h1

)

]
[m(Zl) + εl] .

Again, by (S3.5) we know that

n0∑
j=1

n0∑
l=1

[
W0(

Zl − Zj
h1

)−W0(
Z̃l − Z̃j
h1

)

]
m(Zl)

=

n0∑
j=1

{
m′(Zj)(β̃−1 − β0,−1)>J>β0 [Xj − E(Xj|Zj)] +Op(h

2
1)
}

=Op

(√
n0 · (||β̃ − β0||+ h2

1)
)

since E{m′(Zj)(β̃−1−β0,−1)>J>β0 [Xj−E(Xj|Zj)]} = 0. ALso, by (S3.7), we

know that

n0∑
j=1

n0∑
l=1

[
W0(

Zl − Zj
h1

)−W0(
Z̃l − Z̃j
h1

)

]
εl = Op

(
√
n0 ·

√
dn0/(n0h3

1)

)
.



S3. PROOF OF THEOREM 323

Therefore, we have that

F2 = Op(
1√
n0h1

) ·Op

(
√
n0 · (||β̃ − β0||+ h2

1) +
√
dn0/h

3
1

)
= op(dn0).

(S3.12)

By (S3.10), (S3.11) and (S3.12), we have that

M11 = op(dn0). (S3.13)

Combining (S3.3), (S3.9) and (S3.13), we obtain that (S3.4) holds for large

n0. This completes the proof of Lemma 3. �

Lemma 4. Suppose the conditions required by Theorem 3 are satisfied.

Then with probability approaching 1, for any β̂A satisfying ||β̂A − β0,A|| =
Op(
√
dn0/n0) and any constant b > 0,

Qn0{m(β̂>A ,0)T , (
β̂A

0

)} = min
||βAC ||≤b

√
dn0/n0

Qn0{m(β̂TA, β
T
AC

)T , (
β̂A

βAC

)}.

Proof of Lemma 4. It is sufficient to show that, with probability tending

to 1 as n0 → ∞, for any β̂A satisfying ||β̂A − β0,A|| = Op(
√
dn0/n0), and

for some small εn0 = b
√
dn0/n0 with b > 0, we have

∂Qn0(m̂β, β)

∂βk
> 0 for βA = β̂A, |βl| < εn0 for l ∈ AC , and βk > 0,

(S3.14)

∂Qn0(m̂β, β)

∂βk
< 0 for βA = β̂A, |βl| < εn0 for l ∈ AC , and βk < 0,

(S3.15)
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for any k ∈ AC = {s+ 1, . . . , dn0}.
Notice that

∂ Qn0(m̂β, β)

∂ βk
= −2

n0∑
j=1

[Yj − m̂β(β>Xj)]m̂
′
β(β>Xj)Xj,k + n0

(
pSCAD
λn0

(|βk|)
)′

sgn(βk)

= −2

n0∑
j=1

εjm̂
′
β(β>Xj)Xj,k − 2

n0∑
j=1

[m(β>0 Xj)− m̂β(β>Xj)]m̂
′
β(β>Xj)Xj,k

+ n0

(
pSCAD
λn0

(|βk|)
)′

sgn(βk)

:= −2I1 − 2I2 + n0

(
pSCAD
λn0

(|βk|)
)′

sgn(βk). (S3.16)

According to Fan and Gijbels (1996), we have

m̂′β(β>Xj) =

∑n0

l=1Kh1(β
>Xl − β>Xj)[Sn0,0(β>Xl − β>Xj)− Sn0,1]Yl

Sn0,0Sn0,2 − S2
n0,1

=

n0∑
l=1

W1(
β>Xl − β>Xj

h1

)Yl, (S3.17)

where Sn0,p =
∑n0

l=1Kh1(β
>Xl − β>Xj)(Xl −Xj)

p and

W1(
β>Xl − β>Xj

h1

) =
Kh1(β

>Xl − β>Xj)[Sn0,0(β>Xl − β>Xj)− Sn0,1]

Sn0,0Sn0,2 − S2
n0,1

.
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Then

I1 =

n0∑
j=1

εjXjk

n0∑
l=1

W1(
β>Xl − β>Xj

h1

)Yl

=

n0∑
j=1

εjXjk

n0∑
l=1

W1(
β>Xl − β>Xj

h1

)[m(β>0 Xl) + εl]

=

n0∑
j=1

εjXjk

n0∑
l=1

W1(
β>Xl − β>Xj

h1

)m(β>0 Xl) +

n0∑
j=1

εjXjk

n0∑
l=1

W1(
β>Xl − β>Xj

h1

)εl

:= I11 + I12. (S3.18)

It can be seen that

I11 =
√
n0·
√
n0

n0∑
j=1

εj

[
1

n0

Xjk

n0∑
l=1

W1(
β>Xl − β>Xj

h1

)m(β>0 Xl)

]
= Op(

√
n0).

In addition, we have

W1(
β>Xl − β>Xj

h1

) =
1

n0h2
1fβ0(β

>Xj)
·β
>Xl − β>Xj

µ2

Kh1(β
>Xl−β>Xj)[1+op(1)],

(S3.19)

where µ2 =
∫
u2K(u)du. Then it can been shown that E(I12) = O(h

−3/2
1 )

and Var(I12) = Op(h
−3
1 ). Hence, I12 = Op(h

−3/2
1 ) = Op(

√
n0/dn0), which

implies that

I1 = Op(
√
n0). (S3.20)
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The term I2 can be written as

I2 =

n0∑
j=1

[m(β>0 Xj)− m̂β(β>Xj)]m̂
′
β(β>Xj)Xjk

=

n0∑
j=1

[m(β>0 Xj)− m̂β0(β
>
0 Xj) + m̂β0(β

>
0 Xj)− m̂β(β>Xj)]m̂

′
β(β>Xj)Xjk

=

n0∑
j=1

[m(β>0 Xj)− m̂β0(β
>
0 Xj)]m̂

′
β(β>Xj)Xjk +

n0∑
j=1

[m̂β0(β
>
0 Xj)− m̂β(β>Xj)]m̂

′
β(β>Xj)Xjk

:= I21 + I22. (S3.21)

For the term I21, by Taylor expansion, we know that

m̂β0(β
>
0 Xj)− m̂β(β>Xj) = m̂′β0(β

>
0 Xj)(β0 − β)>Xj + op(n

−1/2
0 )

= m′(β>0 Xj)(β0 − β)>Xj + op(n
−1/2
0 ),

then

I21 =

n0∑
j=1

[m̂β0(β
>
0 Xj)−m̂β(β>Xj)]m̂

′
β(β>Xj)Xjk = Op(n0||β−β0||) = Op(

√
n0dn0).

(S3.22)

For the term I22, by Carroll et al. (1997), we have that

m(β>0 Xj)− m̂β0(β
>
0 Xj)

=− 1

n0fβ0(β
>
0 Xj)

n0∑
l=1

Kh1(β
>
0 Xl − β>0 Xj)εl + (β − β0)>m′(β>0 Xj)E(Xj|Zj)

+ op(n
−1/2
0 ).
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Since ||β − β0|| = Op(
√
dn0/n0), then

n0∑
j=1

(β−β0)>m′(β>0 Xj)E(Xj|β>0 Xj)m̂
′
β(β>Xj)Xjk = Op(

√
n0dn0). (S3.23)

By (S3.17) we know that

m̂′β(β>Xj)Xjk = Xjk

n0∑
l=1

W1(
β>Xl − β>Xj

h1

)[m(β>0 Xl) + εl]

= Xjk[E(Y |β>X)]′ +Xjk

n0∑
l=1

W1(
β>Xl − β>Xj

h1

)εl +Op(h1).

Then

n0∑
j=1

[
1

n0fβ0(β
>
0 Xj)

n0∑
l=1

Kh1(β
>
0 Xl−β>0 Xj)εl]m̂

′
β(β>Xj)Xjk = M1+M2+Op(

√
n0),

(S3.24)

where

M1 =

n0∑
j=1

[
1

n0fβ0(β
>
0 Xj)

n0∑
l=1

Kh1(β
>
0 Xl − β>0 Xj)εl]Xjk[E(Y |β>X)]′,

M2 =

n0∑
j=1

[
1

n0fβ0(β
>
0 Xj)

n0∑
l=1

Kh1(β
>
0 Xl − β>0 Xj)εl]Xjk

n0∑
q=1

W1(
β>Xq − β>Xj

h1

)εq.

Notice that

n0∑
j=1

1

n0fβ0(β
>
0 Xj)

Kh1(β
>
0 Xl − β>0 Xj)[E(Y |β>X)]′Xjk = Op(1),
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then

M1 =

n0∑
l=1

{
n0∑
j=1

1

n0fβ0(β
>Xj)

Kh1(β
>
0 Xl − β>Xj)[E(Y |β>X)]′Xjk

}
εl

= Op(
√
n0). (S3.25)

Since M2 can be rewritten as

M2 =

n0∑
l=1

n0∑
q=1

εlεq

n0∑
j=1

Xjk

n0fβ0(β
>
0 Xj)

Kh1(β
>
0 Xl − β>0 Xj)W1(

β>Xq − β>Xj

h1

).

By (S3.19), we know that

E[

n0∑
j=1

Xjk

n0fβ0(β
>
0 Xj)

Kh1(β
>
0 Xl − β>0 Xj)W1(

β>Xq − β>Xj

h1

)]2 = Op(
1

n2
0h

3
1

).

Then we have E(M2
2 ) = Op(n

2
0/(n

2
0h

3
1)) andM2 = Op(h

−3/2
1 ) = Op(

√
n0/dn0).

Hence by (S3.23) to (S3.25), we know that I22 = Op(
√
n0dn0), which implies

that

I2 = Op(
√
n0dn0). (S3.26)

Combing (S3.16), (S3.20) and (S3.26), we obtain

∂ Q(m̂β, β)

∂ βk
= −2I1 − 2I2 + n0

(
pSCAD
λn0

(|βk|)
)′

sgn(βk)

= n0

(
pSCAD
λn0

(|βk|)
)′

sgn(βk) +Op(
√
n0dn0)

= n0λn0


(
pSCAD
λn0

(|βk|)
)′

λn0

sgn(βk) +Op(

√
n0dn0

n0λn0

)

 .
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Since lim inf
n0→∞

lim inf
θ→0+

(
pSCAD
λn0

(|θ|)
)′

λn0
= 1 and

√
dn0/n0/λn0 → 0, the sign of βk

determines the sign of
∂ Q(m̂β , β)

∂ βk
. Hence, (S3.15) and (S3.16) hold. This

completes the proof of Lemma 4. �

Proof of Theorem 3. It follows by Lemmas 3 and 4 that Part (a) of

Theorem 3 holds. Now we prove Part (b).

According to Lemmas 3 and 4, β̂SCAD is a consistent estimator, and

β̂SCAD = (β̂>SCAD,A, 0)> ∈ B := {β ∈ Rdn0 : β1 > 0, ||β||2 =
∑dn0

k=1 β
2
k = 1}

with probability approaching 1. Denote βA,−1 = (β2, . . . , βs)
T . For any

βA = (β1, β2, . . . , βs)
T satisfying ||βA|| = 1 and β1 > 0, it can written as

βA =
(√

1− ||βA,−1||2, β>A,−1

)>
. We also define

JβA :=
∂βA
∂βA,−1

=

(
−β>A,−1/

√
1− ||βA,−1||2
Is−1

)
.

Since β̂SCAD is a consistent estimator and β0,k 6= 0 for k = 1, 2, · · · , s,

we have P

{(
pSCAD
λn0

(|β̂k|)
)′

= 0

}
→ 1 as n0 →∞ and λn0 → 0. Then

0 =
1
√
n0

· ∂ Qn0(m̂β, β)

∂ βA,−1

∣∣∣
βA,−1=β̂SCAD,A,−1

=− 1
√
n0

· 2
n0∑
j=1

[Yj − m̂β̂SCAD
(β̂>SCADXj)]m̂

′
β̂SCAD

(β̂>SCADXj)J
>
β̂SCAD,A

Xj,A + op(1)

=− 1
√
n0

· 2 ·
[
1 + op(1)

] n0∑
j=1

[
Yj − m̂β̂SCAD

(β̂>SCADXj)
]
m̂′
β̂SCAD

(β̂>SCADXj)J
>
β0,A

Xj,A + op(1)

=− 1
√
n0

· 2 ·
[
1 + op(1)

] n0∑
j=1

[
m(β>0 Xj)− m̂β̂SCAD

(β̂>SCADXj) + εj
]
m̂′
β̂SCAD

(β̂>SCADXj)J
>
β0,A

Xj,A + op(1).

(S3.27)
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Since that

m(β>0 Xj)− m̂β̂SCAD
(β̂>SCADXj)

=−m′(β>0 Xj)(β̂SCAD,A,−1 − β0,A,−1)>J>β0,AXj,A

− 1

n0fβ0(β
>
0 Xj)

n0∑
l=1

Kh1(β
>
0 Xl − β>0 Xj)εl +m′(β>0 Xj)(β̂SCAD,A,−1 − β0,A,−1)J>β0,AE(Xj,A|β>0,AXj,A)

=m′(β>0 Xj)(β̂SCAD,A,−1 − β0,A,−1)>J>β0,A
[
E(Xj,A|β>0,AXj,A)−Xj,A

]
− 1

n0fβ0(β
>
0 Xj)

n0∑
l=1

Kh1(β
>
0 Xl − β>0 Xj)εl,

Equation (S3.27) leads to

0 =
1
√
n0

n0∑
j=1

{
m′(β>0 Xj)(β̂SCAD,A,−1 − β0,A,−1)>J>β0,A

[
E(Xj,A|β>0,AXj,A)−Xj,A

]
− 1

n0fβ0(β
>
0 Xj)

n0∑
l=1

Kh1(β
>
0 Xl − β>0 Xj)εl + εj

}
m̂′
β̂SCAD

(β̂>SCADXj)J
>
β0,A

Xj,A + op(1)

=
1

n0

n0∑
j=1

m′(β>0 Xj)
2J>β0,AXj,A[E(Xj,A|β>0,AXj,A)−Xj,A]>Jβ0,A ·

√
n0(β̂SCAD,A,−1 − β0,A,−1)

− 1
√
n0

n0∑
j=1

n0∑
l=1

m′(β>0 Xj)J
>
β0,A

Xj,A

n0fβ0(β
>
0 Xj)

Kh1(β
>
0 Xl − β>0 Xj)εl +

1
√
n0

n0∑
j=1

m′(β>0 Xj)J
>
β0,A

Xj,Aεj + op(1).

(S3.28)
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Notice that

1

n0

n0∑
j=1

m′(β>0 Xj)
2J>β0,AXj,A[E(Xj,A|β>0,AXj,A)−Xj,A]>Jβ0,A

=E
{
m′(β>0 Xj)

2J>β0,AXj,A[E(Xj,A|β>0,AXj,A)−Xj,A]>Jβ0,A

}
+OP (n

−1/2
0 )

=− E
{
m′(β>0 Xj)

2J>β0,A [E(Xj,A|β>0,AXj,A)−Xj,A][E(Xj,A|β>0,AXj,A)−Xj,A]>Jβ0,A

}
+OP (n

−1/2
0 )

=−WSCAD + op(1), (S3.29)

and

1
√
n0

n0∑
j=1

n0∑
l=1

m′(β>0 Xj)J
>
β0,A

Xj,A

n0fβ0(β
>
0 Xj)

Kh1(β
>
0 Xl − β>0 Xj)εl

=
1
√
n0

n0∑
l=1

n0∑
j=1

m′(β>0 Xj)J
>
β0,A

Xj,A

n0fβ0(β
>
0 Xj)

Kh1(β
>
0 Xl − β>0 Xj)εl

=
1
√
n0

n0∑
l=1

m′(β>0 Xj)E[J>β0,AXj,A|β>0,AXj,A]εl + op(1). (S3.30)

Thus, combining (S3.28), (S3.29) and (S3.30), we obtain

β̂SCAD,A,−1 − β0,A,−1 =
1

n0

n0∑
j=1

W−1
SCADJ

>
β0,A

m′(β>0 Xj){Xj,A − E[Xj,A|β>0,AXj,A]}εj + op(n
−1/2
0 ).

Also noting that

β̂SCAD,A − β0,A =
[
Jβ0,A + op(1)

]
(β̂SCAD,A,−1 − β0,A,−1).
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Hence,

β̂A − β0,A =
1

n0

n0∑
j=1

Jβ0,AW
−1
SCADJ

>
β0,A

m′(β>0 Xj){Xj,A − E[Xj,A|β>0,AXj,A]}εj + op(n
−1/2
0 ),

which completes the proof of Theorem 3. �

S4 Calculate Index Vector using MAVE

In the minimum average variance estimation (MAVE) method, the in-

dex vector β0 is estimated through solving the optimization problem

β̂MAVE = arg min
β∈B
aj ,bj

n0∑
j=1

n0∑
l=1

[
Yl − aj − bjβ>(Xl −Xj)

]2
wlj,

where B = {β ∈ Rd : β1 > 0, ||β||2 =
∑d

k=1 β
2
k = 1}, wlj = Kh1(β

>(Xl −
Xj)), Kh1(v) = K(v/h1)/h1, K(·) is a kernel function and h1 is the band-

width. Xia (2006) proposed an algorithm to solve the above optimization

problem. The algorithmic steps are summarized as follows.

Step 1. For t = 0, set an initial value β̂(0).

Step 2. For t ≥ 1, given β̂(t−1), calculate

 â
(t−1)
j

b̂
(t−1)
j h0

 =

{
n0∑
l=1

Kh0

(
β̂(t−1)>(Xl −Xj)

)
Z

(t−1)
lj Z

(t−1)>

lj

}−1 n0∑
l=1

Kh0

(
β̂(t−1)>(Xl −Xj)

)
Z

(t−1)
lj Yl,
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where Z
(t−1)
lj =

(
1, β̂(t−1)>(Xl −Xj)/h0

)>
, and also, obtain

f̂t−1(β̂(t−1)>Xj) =
1

n0

n0∑
l=1

Kh0

(
β̂(t−1)>(Xl −Xj)

)
and ρ̂

(t−1)
j = ρn0

(
f̂t−1(β̂(t−1)>Xj)

)
,

where ρn0(·) is a trimming function for the boundary points. Xia (2006)

suggests using ρn0(v) = I(v > 2c0n
−ν
0 ) for some constants c0 > 0 and ν > 0.

Step 3. Calculate

β̂(t) =

{
n0∑
j=1

n0∑
l=1

Kh0

(
β̂(t−1)>(Xl −Xj)

)
ρ̂

(t−1)
j

(
b̂

(t−1)
j

)2

(Xl −Xj)(Xl −Xj)
>/f̂(t−1)

(
β̂(t−1)>Xj

)}−1

×
n0∑
j=1

n0∑
l=1

Kh0

(
β̂(t−1)>(Xl −Xj)

)
ρ̂

(t−1)
j b̂

(t−1)
j (Xl −Xj)

(
Yl − â(t−1)

j

)
/f̂(t−1)

(
β̂(t−1)>Xj

)
.

Step 4. Set β̂(t) = sgn(β̂
(t)
1 )β̂(t)/‖β̂(t)‖ and t = t + 1, where β̂

(t)
1 denotes

the first component of β̂(t). Then, repeat Steps 2 and 3 until convergence

reaches. Finally, let β̂MAVE = β̂(t).

S5 Summary Statistics for the NSW Data
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