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Appendix A: Preliminary lemmas

We first introduce and recall some notation. For a d1 ˆ d2 matrix M “ pmj`qd1ˆd2 , its matrix %-norm is }M}% “

supt}Mx}% : }x}% “ 1u. Specifically, the 1-, 2-, and 8-norms of M are }M}1 “ max1ď`ďd2

řd1
j“1 |mj`|, }M}2 “

tλmaxpM
JMqu1{2, and }M}8 “ max1ďjďd1

řd2
`“1 |mj`|. The Frobenius norm of M is }M}F “ t

řd1
j“1

řd2
`“1 m

2
j`u

1{2.

Define a random p ˆ p matrix Q “ n´1 řn
i“1 R

´1
i WiW

J
i such that EpQq “ EpR´1

i WiW
J
i q, and denote Qj` as

the pj, `qth element of Q. Denote E˚p¨q and Var˚p¨q be the expectation and variance conditional on X1, . . . , Xn,

respectively. Recall that Wi,j is the jth element of Wi for i “ 1, . . . , n and j “ 1, . . . , p; ωj` is the pj, `qth element of

Ω; and Γj is the jth row of Γ. Finally, we will denote various positive absolute constants by C1, C2, C3, . . . without

mentioning this explicitly.

In this section, we present several preliminary lemmas, whose proof can be found in Appendix C of the supple-

mentary material.

Lemma A1. (Concentration of norms) Suppose that Conditions C1 and C3 hold with a0ppq — p1´δ for some positive

constant δ ď 1{2. Then, for sufficient large p, there exist positive constants c1 and c2 such that

P
!

p´ εpp1`δq{2 ď }U1}
2
ď p` εpp1`δq{2

)

ě 1´ c1 expt´c2p
δα{p4α`4q

u
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and

P
 

p1´ εqtrpΩq ď }ΓU1}
2
ď p1` εqtrpΩq

(

ě 1´ c1 expt´c2p
δα{p4α`4q

u

for any fixed ε P p0, 1q.

Lemma A2. Suppose that Conditions C1, C2 and C3 hold with a0ppq — p1´δ for some positive constant δ ď 1{2.

Then, for any i “ 1, . . . , n,

(i) Ep}Ui}4q “ pEpU4
i,jq ` ppp´ 1q, Ep}Ui}6q “ pEpU6

i,jq ` 3ppp´ 1qEpU4
i,jq ` ppp´ 1qpp´ 2q and

Ep}Ui}8q “ pEpU8
i,jq ` 4ppp´ 1qEpU6

i,j1q ` 3ppp´ 1qtEpU4
i,j1qu

2

`3ppp´ 1qEpU4
i,jq ` ppp´ 1qpp´ 2qpp´ 3q .

In addition, Ep}Ui}2kq “ pk `Oppk´1
q, Ep}U}kq “ pk{2 `Oppk{2´1

q for any positive integer k.

(ii) Ep}ΓUi}4q “ p2
`Opp2´δ

q, Ep}ΓUi}6q “ p3
`Opp3´δ

q. In addition, Ep}ΓUi}q “ p1{2
`Opp1{2´δ

q and Ep}ΓUi}3q “

p3{2
`Opp3{2´δ

q.

(iii) Et}ΓSpUiq}2u “ 1`Opp´1{2
q and Et}ΓSpUiq}4u “ 1`Opp´1{3

q.

(iv) Epν´ki q À ζkp
k{2 for k “ 1, 2, 3.

Lemma A3. Suppose Conditions C1, C2 and C3 with a0ppq — p1´δ for some positive constant δ ď 1{2 hold. Define

a random pˆ p matrix Q “ n´1 řn
i“1 R

´1
i WiW

J
i and let Qj` be the pj, `qth element of Q. Then,

(i) |Qj`| À ζ1p
´1
|ωj`| `Oppζ1n

´1{2p´1
` ζ1p

´7{6
` ζ1p

´1´δ{2
q.

(ii) Qj` “ Q0,j` `Oppζ1p
´7{6

` ζ1p
´1´δ{2

q, where Q0,j` is the pj, `qth element of

Q0 “ n´1p´1{2
n
ÿ

i“1

ν´1
i tΓSpUiqutΓSpUiqu

J.

In addition, Q0 satisfies trrEpQ2
0q ´ tEpQ0qu

2
s “ Opn´1p´1

q.

Lemma A4. Suppose Conditions C1, C2 and C3 with a0ppq — p1´δ for some positive constant δ ď 1{2 hold. Then,

(i) Etpζ´1
1 Wi,jq

4
u À M̄2 and Etpζ´1

1 Wi,jq
2
u Á m for all i “ 1, . . . , n and j “ 1, . . . , p.

(ii) }ζ´1
1 Wi,j}ψα À B̄ for all i “ 1, . . . , n and j “ 1, . . . , p.
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(iii) EpW 2
i,jq “ p´1ωjj `Opp

´1´δ{2
q for j “ 1, . . . , p and EpW 2

i,jq “ p´1ωj` `Opp
´1´δ{2

q for 1 ď j ‰ ` ď p.

(iv) if log p “ opn1{3
q,

ˇ

ˇ

ˇ
n´1{2 řn

i“1 ζ
´1
1 Wi

ˇ

ˇ

ˇ

8
“ Optlog1{2

pnpqu and
ˇ

ˇn´1 řn
i“1pζ

´1
1 Wiq

2
ˇ

ˇ

8
“ Opp1q .

Lemma A5. Suppose the conditions of Theorem 2 hold, then

n1{2θ̃n “ n´1{2ζ´1
1

n
ÿ

i“1

ZiWi ` C̃n , (S.1)

where |C̃n|8 “ Optn
´1{4 log1{2

pnpq ` p´p1{6^δ{2q log1{2
pnpqu.

The following lemma is Nazarov’s inequality, and its proof can be found in Chernozhukov et al. (2017).

Lemma A6 (Nazarov’s inequality). Let Y0 “ pY0,1, . . . , Y0,pq
J be a centered Gaussian random vector in Rp and

EpY 2
0,jq ě b for all j “ 1, . . . , p and some constant b ą 0, then for every y P Rp and a ą 0, PpY0 ď y ` aq ´ PpY0 ď

yq À a log1{2
ppq .

Appendix B: Proof of main results

Proof of Lemma 1. As θ is a location parameter, we assume θ “ 0 without loss of generality. Then, Wi “ SpXiq “

}Xi}
´1Xi “ }ΓUi}

´1ΓUi for i “ 1, . . . , n. The sample spatial median θ̂n satisfies

n
ÿ

i“1

SpXi ´ θ̂nq “
n
ÿ

i“1

Xi ´ θ̂n

}Xi ´ θ̂n}
“

n
ÿ

i“1

Wi ´R
´1
i θ̂n

}Wi ´R
´1
i θ̂n}

“ 0 ,

which is is equivalent to

n´1
n
ÿ

i“1

pWi ´R
´1
i θ̂nqp1´ 2R´1

i WJ
i θ̂n `R

´2
i }θ̂n}

2
q
´1{2

“ 0

as WJ
i Wi “ 1.

Under Condition C2, ζk “ EpR´ki q “ Opp´k{2q for k “ 1, 2, 3, 4. In addition, Lemma A3 indicates that Qj` “

Q0,j` `Oppζ1p
´7{6

` ζ1p
´1´δ{2

q, where Q0,j` is the pj, `qth element of Q0 “ n´1p´1{2 řn
i“1 νitΓSpUiqutΓSpUiqu

J . In

addition, Q0 satisfies trrEpQ2
0q´tEpQ0qu

2
s “ Opn´1p´1

q. Thus, from the similar procedure as in the proof of Lemma
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1.2 of Cheng et al. (2019), we can show that

}θ̂n} “ Oppζ
´1
1 n´1{2

q.

Then, for i “ 1, . . . , n, we have |R´1
i WT

i θ̂n| ď R´1
i }θ̂n} “ Oppn

´1{2
q and R´2

i ||θ̂n||
2
“ Oppn

´1
q. By the first-order

Taylor expansion, the above equation can be rewritten as

n´1
n
ÿ

i“1

pWi ´R
´1
i θ̂nqp1`R

´1
i WJ

i θ̂n ´ 2´1R´2
i }θ̂n}

2
` δ1iq “ 0 , (S.2)

where δ1i “ OptpR
´1
i WJ

i θ̂n ´ 2´1R´2
i }θ̂n}

2
q
2
u “ Oppn

´1
q. By Markov’s inequality, for any ε ą 0,

P
ˆ

max
1ďiďn

R´1
i ě εζ1n

1{4

˙

“ P
ˆ

max
1ďiďn

R´4
i ě ε4ζ4

1n

˙

ď E
ˆ

max
1ďiďn

R´4
i

˙

{pε4ζ4
1nq ď nEpR´4

i q{pε
4ζ4

1nq À ε´4 ,

where the last inequality is due to Condition C2. Thus, max1ďiďnR
´2
i “ Oppζ

2
1n

1{2
q, and consequently, max1ďiďn δ1i “

Opp}θ̂n}
2 max1ďiďnR

´2
i q “ Oppn

´1{2
q. Rewrite (S.2) as

n´1
n
ÿ

i“1

p1´ 2´1R´2
i }θ̂n}

2
` δ1iqWi ` n

´1
n
ÿ

i“1

R´1
i pW

J
i θ̂nqWi

“ n´1
n
ÿ

i“1

R´1
i p1´ 2´1R´2

i }θ̂n}
2
` δ1iqθ̂n ` n

´1
n
ÿ

i“1

R´2
i pW

J
i θ̂nqθ̂n ,

which implies

n´1
n
ÿ

i“1

p1´ 2´1R´2
i }θ̂n}

2
` δ1iqWi ` n

´1
n
ÿ

i“1

R´1
i pW

J
i θ̂nqWi “ n´1

n
ÿ

i“1

R´1
i p1` δ1i ` δ2iqθ̂n , (S.3)

where δ2i “ R´1
i WJ

i θ̂n ´ 2´1R´2
i }θ̂n}

2
“ Oppδ

1{2
1i q satisfies max1ďiďn δ2i “ Oppn

´1{4
q. It is straightforward to

check that n´1 řn
i“1 R

´1
i pW

J
i θ̂nqWi “ n´1 řn

i“1 R
´1
i WiW

J
i θ̂n “ Qθ̂n. From Lemma A3, |Qj`| À ζ1p

´1
|ωj`| `

Oppζ1n
´1{2p´1

` ζ1p
´7{6

` ζ1p
´1´δ{2

q, and this implies that |Qθ̂n|8 ď }Q}1||θ̂n|8 À ζ1p
´1
}Ω}1|θ̂n|8`Oppζ1n

´1{2
`
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ζ1p
´1{6

` ζ1p
´δ{2

q|θ̂n|8.

According to Lemma A4, we have that |n´1 řn
i“1 ζ

´1
1 Wi|8 “ Optn

´1{2 log1{2
pnpqu. Then,

ˇ

ˇζ´1
1 n´1 řn

i“1 δ1iWi

ˇ

ˇ

2

8
ď

ˇ

ˇn´1 řn
i“1pζ

´1
1 Wiq

2
ˇ

ˇ

8

`

n´1 řn
i“1 δ

2
1i

˘

À Oppn
´2
q. In addition, we have that |ζ´1

1 n´1 řn
i“1 R

´2
i }θ̂n}

2Wi|8 À Oppn
´1
q.

Regarding equation (S.3) and the fact that ζ´1
1 n´1 řn

i“1 R
´1
i “ 1`Oppn

´1{2
q , we obtain

|θ̂n|8 À

ˇ

ˇ

ˇ

ˇ

ˇ

ζ´1
1 n´1

n
ÿ

i“1

Wi

ˇ

ˇ

ˇ

ˇ

ˇ

8

` ζ´1
1 |Qθ̂n|8

À p´1a0ppq|θ̂n|8 `Oppn
´1{2

` p´p1{6^δ{2qq|θ̂n|8 `Optn
´1{2 log1{2

pnpqu .

Thus, we conclude that

|θ̂n|8 “ Optn
´1{2 log1{2

pnpqu

as a0ppq — p1´δ. In addition, we have |ζ´1
1 Qθ̂n|8 “ Optn

´1{2p´p1{6^δ{2q log1{2
pnpq`n´1 log1{2

pnpqu and n´1 řn
i“1 R

´1
i p1`

δ1i ` δ2iq “ ζ1t1`Oppn
´1{4

qu. Finally, we can write

n1{2
pθ̂n ´ θq “ n´1{2ζ´1

1

n
ÿ

i“1

Wi ` Cn ,

where Cn satisfies |Cn|8 “ Optn
´1{4 log1{2

pnpq ` p´p1{6^δ{2q log1{2
pnpqu.

Proof of Theorem 1. Let Ln,p “ n´1{4 log1{2
pnpq ` p´p1{6^δ{2q log1{2

pnpq. Then, for any sequence ηn Ñ 8 and any

t P Rp,

P
!

n1{2
pθ̂n ´ θq ď t

)

“ P

˜

n´1{2ζ´1
1

n
ÿ

i“1

Wi ` Cn ď t

¸

ď P

˜

n´1{2ζ´1
1

n
ÿ

i“1

Wi ď t` ηnLn,p

¸

` Pp|Cn|8 ą ηnLn,pq .

According to Lemma A4, Etpζ´1
1 Wi,jq

4
u À ĎM2, Etpζ´1

1 Wi,jq
2
u Á m, and }ζ´1

1 Wi,j}ψα À B̄ for all i “ 1, . . . , n

and j “ 1, . . . , p. According to the Gaussian approximation for independent partial sums in Koike (2021), let
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G „ Np0, ζ´2
1 Bq with B “ EpW1W

J
1 q, we have

P

˜

n´1{2ζ´1
1

n
ÿ

i“1

Wi ď t` ηnLn,p

¸

ď PpG ď t` ηnLnpq `O
´

 

n´1 log5
pnpq

(1{6
¯

ď PpG ď tq `OtηnLnp log1{2
ppqu `O

´

 

n´1 log5
pnpq

(1{6
¯

,

where the last inequality is from Nazarov’s inequality in Lemma A6. It is also worth noting that the order

O
´

 

n´1 log5
pnpq

(1{6
¯

is improved to O
´

 

n´1 log5
pnpq

(1{4
¯

in Chernozhukov et al. (2019). Thus,

P
!

n1{2
pθ̂n ´ θq ď t

)

ď PpG ď tq `OtηnLnp log1{2
ppqu `O

´

 

n´1 log5
pnpq

(1{6
¯

`Pp|Cn|8 ą ηnLn,pq .

On the other hand, we also have

P
!

n1{2
pθ̂n ´ θq ď t

)

ě PpG ď tq ´OtηnLnp log1{2
ppqu ´O

´

 

n´1 log5
pnpq

(1{6
¯

´Pp|Cn|8 ą ηnLn,pq ,

where Pp|Cn|8 ą ηnLn,pq Ñ 0 as nÑ8 according to Lemma 1.

Then, if log p “ opn1{5
q and log n “ opp1{3^δ

q, with sufficiently slow ηn Ñ8, we have

sup
tPRp

ˇ

ˇ

ˇ
Ptn1{2

pθ̂n ´ θq ď tu ´ PpG ď tq
ˇ

ˇ

ˇ
Ñ 0 .

We obtain immediately from Corollary 5.1 in Chernozhukov et al. (2017) that

ρnpAre
q “ sup

APAre

ˇ

ˇ

ˇ
Ptn1{2

pθ̂n ´ θq P Au ´ P pG P Aq
ˇ

ˇ

ˇ
Ñ 0 ,

which leads to the conclusion of this theorem.
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Proof of Theorem 2. Let X̃i “ Xi ´ θ̂n and R̃i “ }X̃i} for i “ 1, . . . , n. According to Lemma A5,

n1{2θ̃n “ n´1{2ζ´1
1

n
ÿ

i“1

ZiWi ` C̃n ,

where C̃n satisfies |C̃n|8 “ Optn
´1{4 log1{2

pnpq ` p´p1{6^δ{2q log1{2
pnpqu.

Denote ĎWn “ n´1 řn
i“1 Wi and rewrite

n1{2θ̃n “ n´1{2ζ´1
1

n
ÿ

i“1

ZipWi ´ĎWnq `

˜

n´1{2ζ´1
1

n
ÿ

i“1

Zi

¸

ĎWn ` C̃n,

where

ˇ

ˇ

ˇ

ˇ

ˇ

˜

n´1{2ζ´1
1

n
ÿ

i“1

Zi

¸

ĎWn

ˇ

ˇ

ˇ

ˇ

ˇ

8

ď ζ´1
1

ˇ

ˇ

ˇ

ˇ

ˇ

n´1{2
n
ÿ

i“1

Zi

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇĎWn

ˇ

ˇ

8
À n´1{2 log1{2

pnpq

according to Lemma A4 (iii).

It is clear that E˚
!

n´1{2ζ´1
1

řn
i“1 ZipWi ´ĎWnq

)

“ 0. Let B̂ “ n´1 řn
i“1 WiW

J
i , then

Var˚
#

n´1{2ζ´1
1

n
ÿ

i“1

ZipWi ´ĎWnq

+

“ ζ´1
1 B̂´ ζ´2

1
ĎWn

ĎWJ
n .

Denote Bj` and B̂j` be the pj, `qth element of B and B̂, respectively. In addition, denote ĎWn,j as the jth element of

ĎWn. Define

∆n “ max
1ďj,`ďp

ˇ

ˇ

ˇ
ζ´2
1 B̂j` ´ ζ´2

1
ĎWn,j

ĎWn,` ´ ζ
´2
1 Bj`

ˇ

ˇ

ˇ
,

then

∆n ď ∆n1 ` max
1ďj,`ďp

ˇ

ˇζ´2
1

ĎWn,j
ĎWn,`

ˇ

ˇ À ∆n1 ` n
´1 logpnpq,
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where

∆n1 “ max
1ďj,`ďp

|ζ´2
1 B̂j` ´ ζ´2

1 Bj`| “ max
1ďj,`ďp

ˇ

ˇ

ˇ

ˇ

ˇ

n´1ζ´2
1

n
ÿ

i“1

tWi,jWi,` ´ EpWi,jWi,`qu

ˇ

ˇ

ˇ

ˇ

ˇ

.

From the properties of the ψα norm, it holds that

›

›

›

›

max
1ďiďn;1ďj,`ďp

|ζ´2
1 Wi,jWi,`|

›

›

›

›

ψα{2

À

›

›

›

›

max
1ďiďn,1ďjďp

|ζ´2
1 Wi,j |

2

›

›

›

›

ψα{2

“ ζ´2
1

›

›

›

›

max
1ďiďn,1ďjďp

|Wi,j |

›

›

›

›

2

ψα

À log2
pnpq .

Let Jn “ max1ďiďn;1ďj,`ďp ζ
´2
1 |Wi,jWi,` ´ EpWi,jWi,`q|, and

σ2
n “ max

1ďj,`ďp
ζ´2
1

n
ÿ

i“1

EtWi,jWi,` ´ EpWi,jWi,`qu
2

À max
1ďj,`ďp

ζ´2
1

n
ÿ

i“1

Et|Wi,jWi,`|
2
u À n .

It also follows that

}Jn}ψα{2 À ζ´2
1

›

›

›

›

max
1ďiďn;1ďj,`ďp

|Wij,Wi,`|

›

›

›

›

ψα{2

` max
1ďiďn;1ďj,`ďp

ζ´2
1 Ep|Wi,jWi,`|q À log2

pnpq .

By Lemma E.1 in Chernozhukov et al. (2017), it holds that

Ep∆n1q À n´1
”

σn log1{2
ppq ` tEpJ2

nqu
1{2 log p

ı

À n´1
!

n1{2 log1{2
ppq ` log1{α`1

pnpq
)

À n´1{2 log1{2
pnpq .
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Then applying Lemma E.2 in Chernozhukov et al. (2017) with η “ 1 and β “ α{2, we obtain that

Pp∆n1 ě 2Ep∆nq ` tq À exp
`

´C1nt
2
˘

` 3 exp
!

´C2ttn log´2{α
pnpquα{2

)

.

Thus, there exist a constant C1 depends on δ such that

P
!

∆n1 ą C1n
´1{2 log1{2

pnpq
)

À p´δ Ñ 0 .

From the multiplier bootstrap theorem and Gaussian comparison in Chernozhukov et al. (2017) and Koike

(2021),

sup
tPRp

ˇ

ˇ

ˇ

ˇ

ˇ

P˚
#

n´1{2ζ´1
1

n
ÿ

i“1

ZipWi ´ĎWnq ď t

+

´ PpG ď tq

ˇ

ˇ

ˇ

ˇ

ˇ

À ∆1{2
n logppq ` tn´1 log5

pnpqu1{4 ,

on t∆n À n´1{2 log1{2
pnpqu, which occurs with probability 1´ p´δ.

Finally, similar to the proof of Theorem 1, we can show that under Conditions C2 and C3 with a0ppq — p1´δ, if

log p “ opn1{5
q and logn “ opp1{3^δ

q, we have

sup
APAre

ˇ

ˇ

ˇ
Ptn1{2

pθ̂n ´ θq P Au ´ P˚pn1{2θ̃n P Aq
ˇ

ˇ

ˇ
Ñ 0

in probability, which completes the proof of this theorem.

Proof of Theorem 3. Theorems 1 and 2 indicates that there exists a positive sequence βn,p Ñ 0 as n, p Ñ 8 such

that

sup
tPR

ˇ

ˇ

ˇ
Ppn1{2

|θ̂n ´ θ|8 ď tq ´ Pp|G|8 ď tq
ˇ

ˇ

ˇ
ď βn,p{2

and

sup
tPR

ˇ

ˇ

ˇ
Ppn1{2

|θ̂n ´ θ|8 ď tq ´ P˚pn1{2
|θ̃n|8 ď tq

ˇ

ˇ

ˇ
ď βn,p
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with probability approaching one when n Ñ 8. Letting q1´τ be the p1 ´ τqth quantile of n1{2
|θ̂n ´ θ|8, that is,

q1´τ “ inftu P R : Ppn1{2
|θ̂n ´ θ|8 ą uq ď τu. Then,

P˚pn1{2
|θ̃n|8 ď q1´τ`βn,pq ě Ppn1{2

|θ̂n ´ θ|8 ď q1´τ`βn,pq ´ βn,p ě 1´ τ ,

with probability approaching one as nÑ8. On the other hand, it holds with the same probability that

P˚pn1{2
|θ̃n|8 ď q1´τ´3βn,pq

ď Ppn1{2
|θ̂n ´ θ|8 ď q1´τ´3βn,pq ` βn,p

“ Ppn1{2
|θ̂n ´ θ|8 ď q1´τ´3βn,p ´ n

´1{6
q ` βn,p

`Ppn1{2
|θ̂n ´ θ|8 ď q1´τ´3βn,pq

´Ppn1{2
|θ̂n ´ θ|8 ď q1´τ´3βn,p ´ n

´1{6
q

ă 1´ τ ´ 2βn,p ` Ppn1{2
|θ̂n ´ θ|8 ď q1´τ´3βn,pq

´Ppn1{2
|θ̂n ´ θ|8 ď q1´τ´3βn,p ´ n

´1{6
q ,

where Ppn1{2
|θ̂n ´ θ|8 ď q1´τ´3βn,pq ´ Ppn1{2

|θ̂n ´ θ|8 ď q1´τ´3βn,p ´ n
´1{6

q can be bounded by

ˇ

ˇ

ˇ
Ppn1{2

|θ̂n ´ θ|8 ď q1´τ´3βn,pq

´Ppn1{2
|θ̂n ´ θ|8 ď q1´τ´3βn,p ´ n

´1{6
q

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ
Pp|G|8 ď q1´τ´3βn,pq ´ Pp|G|8 ď q1´τ´3βn,p ´ n

´1{6
q

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ
Ppn1{2

|θ̂n ´ θ|8 ď q1´τ´3βn,pq ´ Pp|G|8 ď q1´τ´3βn,pq

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ
Ppn1{2

|θ̂n ´ θ|8 ď q1´τ´3βn,p ´ n
´1{6

q

´ Pp|G|8 ď q1´τ´3βn,p ´ n
´1{6

q

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ
Pp|G|8 ď q1´τ´3βn,pq ´ Pp|G|8 ď q1´τ´3βn,p ´ n

´1{6
q

ˇ

ˇ

ˇ
` βn,p

ď C1

 

n´1 log5
pnpq

(1{6
` βn,p,
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for some positive constant C1, where the last inequality follows from the Nazarov’s inequality. Choosing C1

 

n´1 log5
pnpq

(1{6
ď

βn,p, we obtain

P˚pn1{2
|θ̃n|8 ď q1´τ´3βn,pq ă 1´ τ

with probability approaching one. It follows that

Ppq1´τ´3βn,p ă qB1´τ ď q1´τ`βn,pq Ñ 1, as n, pÑ8 .

Therefore,

Ppn1{2
|θ̂n ´ θ|8 ą qB1´τ q ď Ppn1{2

|θ̂n ´ θ|8 ą q1´τ´3βn,pq ` PpqB1´τ ď q1´τ´3βn,pq

ď τ ` 3βn,p ` op1q (S.4)

and

Ppn1{2
|θ̂n ´ θ|8 ą qB1´τ q

ě Ppn1{2
|θ̂n ´ θ|8 ą q1´τ`βn,pq ´ PpqB1´τ ą q1´τ`βn,pq

ě Ppn1{2
|θ̂n ´ θ|8 ą q1´τ`βn,p ´ n

´1{6
q ´ op1q

`Ppn1{2
|θ̂n ´ θ|8 ą q1´τ`βn,pq

´Ppn1{2
|θ̂n ´ θ|8 ą q1´τ`βn,p ´ n

´1{6
q

ě τ ´ 2βn,p ´ C2

 

n´1 log5
pnpq

(1{6
ě τ ´ 3βn,p.

for some positive constant C2, where the second last inequality follows from the Nazarov’s inequality and the last

inequality is from choosing βn,p ě C2

 

n´1 log5
pnpq

(1{6
. Finally, as βn,p Ñ 0,

Ppn1{2
|θ̂n ´ θ|8 ě qB1´τ q ´ τ Ñ 0,
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which completes the proof of this theorem.

Proof of Theorem 4. Without loss of generality, we assume θ0 “ 0. Rewrite the test statistic as Tn “ n1{2
|θ̂n|8, and

let T cn “ n1{2
|θ̂n ´ θ|8, which has the same distribution of Tn under H0. Then, it holds that

Tn ě n1{2
|θ|8 ´ T

c
n .

Therefore, the power of the test based on Tn satisfies

PpTn ą qB1´τ | H1q ě Ppn1{2
|θ|8 ´ T

c
n ě qB1´τ | H1q

“ PpT cn ď n1{2
|θ|8 ´ q

B
1´τ | H1q

Under the conditions of Theorem 2, there exists a positive sequence βn,p Ñ 0 as n, pÑ8, satisfies

sup
tPR
|PpT cn ą t | H1q ´ Pp|G|8 ą t | H1q| ď βn,p, (S.5)

where G „ Np0, ζ´2
1 Bq. Letting q1´τ be the p1 ´ τqth quantile of TCn and qG1´τ be the p1 ´ τqth quantile of |G|8.

Choosing t “ qG1´τ`2βn,p in equation (S.5), we obtain that |PpT cn ą qG1´τ`2βn,p | H1q ´ τ ` 2βn,p| ď βn,p and

PpT cn ą qG1´τ`2βn,p | H1q ď τ ´ βn,p, which implies that q1´τ`βn,p ď qG1´τ`2βn,p .

Note that qB1´τ is the p1´τqth quantile of n1{2
|θ̃n|8 conditional on X1, . . . , Xn. By carrying out similar procedure

as in the proof of equation (S.4), we can show that

PpT cn ą n1{2
|θ|8 ´ q

B
1´τ | H1q ď PpT cn ą n1{2

|θ|8 ´ q1´τ`βn,p | H1q ` op1q . (S.6)

It follows that

PpT cn ą n1{2
|θ|8 ´ q

B
1´τ | H1q ď PpT cn ą n1{2

|θ|8 ´ q
G
1´τ`2βn,p | H1q ` op1q .
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For |G|8, for any t ą 0, applying the tail bound of normal random variable, it holds that

Pp|G|8 ą tq ď 2p expt´2t2{tmax
jďp

vartGjuuu ď 2p expt´C2t
2
u ,

where C2 “ 2B̄´1M̄´1. Choosing t “ C
´1{2
2 log1{2

p2p{pτ ´ 2βn,pqq, we arrive at

Pp|G|8 ą C
´1{2
2 log1{2

p2p{pτ ´ 2βn,pqqq ď τ ´ 2βn,p ,

which leads to

qG1´τ`2βn,p ď C
´1{2
2 log1{2

t2p{pτ ´ 2βn,pqu

for sufficiently large n and fix level τ . It follows that qG1´τ`2βn,p ď 2C
´1{2
2 log1{2

tnpu. Then, if |θ|8 ě Cn´1{2 log1{2
pnpq

for a large enough constant C “ 2C´1
2 C3, which depends on constants B̄ and M̄ , it holds with constant C3 ě 1 that

PpTn ą qB1´τ | H1q

ě PpT cn ď n1{2
|θ|8 ´ q

G
1´τ`2βn,p | H1q ` op1q

ě PtT cn ď 2C
´1{2
2 C3 log1{2

pnpq | H1u ` op1q

ě Pt|G|8 ď 2C
´1{2
2 C3 log1{2

pnpq | H1u ´ βn,p ` op1q

ě 1´ n´2C3 ´ βn,p ` op1q .

We complete the proof of this theorem.

Proof of Theorem 5. Recall that ζ̂1 “ n´1 řn
i“1 }Xi ´ θ̂n}

´1. It has been shown in the proof of Lemma A5 that

}Xi ´ θ̂n}
´1
“ R´1

i

´

1`R´1
i WJ

i θ̂n ´ 2´1R´2
i }θ̂n}

2
` δ̃1i

¯

,
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where δ̃1i satisfies δ̃1i “ Oppn
´1
q and max1ďiďn δ̃1i “ Oppn

´1{2
q. Thus,

ζ̂1 “ n´1
n
ÿ

i“1

R´1
i

´

1`R´1
i WJ

i θ̂n ´ 2´1R´2
i }θ̂n}

2
` δ̃1i

¯

“ n´1
n
ÿ

i“1

R´1
i p1` δ̃3iq,

where δ̃3i satisfies δ̃3i “ Oppn
´1{2

q and max1ďiďn δ̃3i “ Oppn
´1{4

q. By the fact that n´1 řn
i“1 R

´1
i “ ζ1`Oppζ1n

´1{2
q,

we conclude that

ζ̂1{ζ1 ´ 1 “ Oppn
´1{2

q. (S.7)

Let W̃i “ pXi ´ θ̂nq{}Xi ´ θ̂n} for i “ 1, . . . , n. From the proof of Lemma A5,

W̃i “ pWi ´R
´1
i θ̂nqp1` δ̃2iq “Wi `Wiδ̃2i ´R

´1
i θ̂np1` δ̃2iq,

where δ̃2i satisfies δ̃2i “ Oppn
´1{2

q and max1ďiďn δ̃2i “ Oppn
´1{4

q. Let W̃i,j be the jth component of W̃i, then

B̂jj “ n´1
n
ÿ

i“1

W̃ 2
i,j

“ n´1
n
ÿ

i“1

W 2
i,jt1`Oppδ̃2iqu ` n

´1
n
ÿ

i“1

R´1
i Wi,j θ̂n,jt1`Oppδ̃2iqu

`n´1
n
ÿ

i“1

R´2
i θ̂2

n,jt1`Oppδ̃2iqu,

where max1ďjďp |n
´1 řn

i“1 W
2
i,jt1`Oppδ̃2iqu{Bjj ´ 1| “ Optn

´1{4 log1{2
pnpqu,

max
1ďjďp

ˇ

ˇ

ˇ

ˇ

ˇ

n´1
n
ÿ

i“1

R´2
i θ̂2

n,jt1`Oppδ̃2iqu

ˇ

ˇ

ˇ

ˇ

ˇ

À

ˇ

ˇ

ˇ

ˇ

ˇ

n´1
n
ÿ

i“1

R´2
i

ˇ

ˇ

ˇ

ˇ

ˇ

max
1ďjďp

|θ̂2
n,j |

“ Optζ
2
1n
´1 log1{2

pnpqu
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and

max
1ďjďp

ˇ

ˇ

ˇ

ˇ

ˇ

n´1
n
ÿ

i“1

R´1
i Wi,j θ̂n,jt1`Oppδ̃2iqu

ˇ

ˇ

ˇ

ˇ

ˇ

À

˜

n´1
n
ÿ

i“1

R´2
i

¸1{2

max
1ďjďp

$

&

%

˜

n´1
n
ÿ

i“1

W 2
i,j

¸1{2
,

.

-

max
1ďjďp

|θ̂n,j |

“ Optζ1p
´1{2n´1{2 log1{2

pnpqu.

It follows that

max
1ďjďp

B̂jj{Bjj “ 1`Optn
´1{4 log1{2

pnpqu. (S.8)

Recall Ln,p “ n´1{4 log1{2
pnpq ` p´p1{6^δ{2q log1{2

pnpq and Are
“ t

śp
j“1raj , bjs : ´8 ď aj ď bj ď 8, j “ 1, . . . , pu

be the class of rectangles in Rp. Under Conditions C1–C3 with a0ppq — p1´δ for some positive constant δ ď 1{2, if

log p “ opn1{5
q and logn “ opp1{3^ε

q, we have

sup
APAre

ˇ

ˇ

ˇ
P
!?

npθ̂n ´ θq P A
)

´ PpG P Aq
ˇ

ˇ

ˇ
ď OtηnLnp log1{2

ppqu `O
´

 

n´1 log5
pnpq

(1{6
¯

` Pp|Cn|8 ą ηnLn,pq Ñ 0 ,

where G „ Np0, ζ´2
1 Bq with B “ EtW1W

J
1 u. Moreover, for any θ̂nj ´ θ0,j , with choosing ai “ ´8 and bi “ 8 for all

1 ď i ď p and i ‰ j, we obtain

max
1ďjďp

sup
tPR

ˇ

ˇ

ˇ
P
´?

npθ̂nj ´ θ0,jq ď t
¯

´ PtNp0, ζ´2
1 Bjjq ď tu

ˇ

ˇ

ˇ

ď OtηnLnp log1{2
ppqu `O

´

 

n´1 log5
pnpq

(1{6
¯

` Pp|Cn|8 ą ηnLn,pq Ñ 0 .

From (S.7) and (S.8), we have max1ďjďp

ˇ

ˇs2
n,j{ζ

´2
1 Bjj ´ 1

ˇ

ˇ “ Oppn
´1{4 log1{2 npq. Since

ˇ

ˇ

ˇ

ˇ

max
1ďjďp

ˇ

ˇ

ˇ

ˇ

?
npθ̂nj ´ θ0,jq

sn,j

ˇ

ˇ

ˇ

ˇ

´ max
1ďjďp

ˇ

ˇ

ˇ

ˇ

?
npθ̂nj ´ θ0,jq
b

ζ´2
1 Bjj

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď max
1ďjďp

ˇ

ˇ

ˇ

ˇ

?
npθ̂nj ´ θ0,jq
b

ζ´2
1 Bjj

ˇ

ˇ

ˇ

ˇ

max
1ďjďp

ˇ

ˇ

ˇ

ˇ

b

ζ´2
1 Bjj
sn,j

´1

ˇ

ˇ

ˇ

ˇ

“ Oppn
´1{4 logpnpqq ,
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then, for all 1 ď j ď p,

P
ˆ?

npθ̂nj ´ θ0,jq

sn,j
ą t

˙

´ P
ˆ?

npθ̂nj ´ θ0,jq
b

ζ´2
1 Bjj

ą t´ ε

˙

ď P
"

max
1ďjďp

ˇ

ˇ

ˇ

ˇ

?
npθ̂nj ´ θ0,jq
b

ζ´2
1 Bjj

ˇ

ˇ

ˇ

ˇ

max
1ďjďp

ˇ

ˇ

ˇ

ˇ

b

ζ´2
1 Bjj
sn,j

´ 1

ˇ

ˇ

ˇ

ˇ

ě ε

*

.

As a result, by choosing ε “ Cn´1{4 logpnpq Ñ 0 with sufficient slow C Ñ 8, the reverse inequality can be shown

using a similar argument, then, max1ďjďp suptPR

ˇ

ˇ

ˇ
P
´?

ns´1
n,jpθ̂nj ´ θ0,jq ď t

¯

´ Φptq
ˇ

ˇ

ˇ
Ñ 0. Hence, if log p “ opn1{5

q

and logn “ opp1{3^δ
q, we have

sup
0ďxď21{2 log1{2pnpq

ˇ

ˇ

ˇ
P
!

n1{2
pθ̂n,j ´ θjq{sn,j ą x

)

´ t1´ Φpxqu
ˇ

ˇ

ˇ
Ñ 0 . (S.9)

Let T̄n,j “ n´1{2 řn
i“1 Wi,j{tn

´1 řn
i“1 W

2
i,j ´ pn

´1 řn
i“1 Wi,jq

2
u
1{2, and by the Lemma 6.1 in Liu and Shao (2014), it

holds that for any ε ą 0 and some ϑ ą 0,

E
ˆ

ÿ

jPH0

tIt|T̄n,j | ě tu ´ Pp|T̄n,j |q ě tu

˙2

À p2
0G2
κptq

ˆ

1

p0Gκptq
`

exppr ` εqt2{p1` rq

p1´η
` log p´1´ϑ

˙

, (S.10)

where Gκptq is some function depends on κj “ E|Wi,j |
3 such that Gκptq ě Gptq “ 2t1´Φptqu for all t P R, and Gκptq “

Gptqt1` op1qu uniformly over 0 ď t ď 21{2 log1{2
ppq with log p “ opn1{5

q. Define the sequence z0 ă z1 . . . ,ă zdp “ 1,

define z0 “ bp{p, . . . , zj “ bp{p` b
2{3
p expj

u

{p, for 0 ă u ă 1, and dp “

ˆ

log
p´bp

b
2{3
p

˙1{u

with any bp “ oppq Ñ 8, then

it holds that with S.9 and S.10 for any ε ą 0, and talking 1
1`ϑ

ă u ă 1,

dp
ÿ

k“1

P

˜
ˇ

ˇ

ˇ

ˇ

ˇ

ř

jPH0
It|T̄n,j | ě tku

p0Gκptkq
´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

ą C

¸

ď C´2

ˆ

1

p1´ p$´1qbp`
`

1

b
2{3
p

dp
ÿ

k“1

exp´k
u

`dpp
´1`η`

2pr`εq
1`r ` dp log p´1´ϑ

˙

,(S.11)

then we have by the Markov inequality

max
0ďkďdp

ˇ

ˇ

ˇ

ˇ

ˇ

ř

jPH0
It|T̄n,j | ě tku

p0Gκptkq
´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

“ opp1q ,

Then based on Equation (13) of Liu and Shao (2014), as nÑ8, with Condition C4, and p0 ě pp1´ p$´1
q Ñ 8 for
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some 0 ă $ ă 1, and some 0 ă η ă p1´ rq{p1` rq, it holds that

sup
0ďtďG´1

κ pbp{pq

ˇ

ˇ

ˇ

ˇ

ˇ

ř

jPH0
It|T̄n,j | ě tu

p0Gκptq
´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

“ opp1q ,

Then, with enough large n, p, as long as |H| Ñ 8 and |H| ą 2{τ , we have

τ |H|{p ě 2{p “ 2 expt´p21{2 log1{2 pq2{2u ě 2t1´ Φp21{2 log1{2 pqu “ Gp21{2 log1{2 pq .

It follows that G´1
pτ |H|{pq ď 21{2 log1{2 p, consequently,

sup
0ďtďG´1pτ |H|{pq

ˇ

ˇ

ˇ

ˇ

ř

jPH0
It|T̄n,j | ě tu

p0Gptq
´ 1

ˇ

ˇ

ˇ

ˇ

“ opp1q .

Let T 1n,j “ n1{2
pθ̂n,j ´ θjq{sn,j , we obtain max1ďjďp |T

1
n,j ´ T̄n,j | “ optlog´1{2

ppqu with some careful calculations.

With similar procedure to Page 84 of Belloni et al. (2018), it holds that

sup
0ďtďG´1pτ |H|{pq

ˇ

ˇ

ˇ

ˇ

ř

jPH0
It|T 1n,j | ě tu

p0Gptq
´ 1

ˇ

ˇ

ˇ

ˇ

“ opp1q . (S.12)

The B-H method with P1, . . . , Pp is equivalent to the following procedure: reject H0j , if only if Pj ď t̂0, where

t̂0 “ sup

"

0 ď t ď 1 : t ď
τ maxt

řp
j“1 IpPj ď tqu

p

*

.

Then we have t̂0 “
τ maxt

řp
j“1 IpPjďt̂0q,1u

p
, and τ |H|{p ě Gp21{2 log1{2 pq. Set t “ G´1

pτ |H|{pq, then t ď 21{2 log1{2 p

with probability tends to 1. Under H0j , it holds that Tn,j “ T
1

n,j “ n1{2
pθ̂n,j ´ θ0,jq{sn,j , Thus, we have

Gptq “ τ |H|
p

ď
τ maxt

řp
j“1 Ip|Tn,j | ě 21{2 log1{2 pq, 1u

p

ď
τ maxt

řp
j“1 Ip|Tn,j | ě tq, 1u

p
,
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where the second inequality implied by (B.29) of Belloni et al. (2018), which is denoted as

P
ˆ p

ÿ

j“1

|Tn,j | ě
a

2 log p ě H
˙

Ñ 1 .

It implies that Ppt̂0 ě τ |H|{pq Ñ 1 with t̂0 “ Gpt̂q, and together with (S.12), we have

ř

jPH0
It|T 1n,j | ě t̂u

p0Gpt̂q
“

ř

jPH0
Ip|Tn,j | ě t̂q

p0Gpt̂q
P
ÝÑ 1 ,

which is equivalent to
ř

jPH0
IpPj ď t̂0q

p0t̂0

P
ÝÑ 1 .

Finally,

FDPM “

ř

jPH0
IpPj ď t̂0q

maxt
řp
j“1 IpPj ď t̂0q, 1u

“

ř

jPH0
IpPj ď t̂0q

pt̂0{τ

P
ÝÑ

τp0

p

as nÑ8, since FDPM is bounded between 0 and 1, it follows that FDPM Ñ
τp0
p

, which completes the proof of this

theorem.

Appendix C: Proof of preliminary lemmas

In this section, we present proofs of preliminary lemmas in Appendix A.

Proof of Lemma A1. As the components of U1 are independent and standardized, simple calculations yield Ep}U1}
2
q “

p and

Ep}ΓU1}
2
q “ EpUJ1 ΓJΓU1q “ trtΓJΓEpU1U

J
1 qu “ trpΩq .

Under Condition C1, the components of U1 “ pU1,1, . . . , U1,pq
J are independent sub-exponential random variables

such that max1ďjďp }U1,j}ψα ď c0. Applying the concentration inequality in the proof of Lemma S2.1 in (Wang et al.,
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2015), for every t ě 0,

P
`ˇ

ˇ}U1}
2
´ p

ˇ

ˇ ě t
˘

ď C1 exp
!

´C2

`

p´1t2
˘α{p4α`4q

)

. (S.13)

and

P
 ˇ

ˇ}ΓU1}
2
´ trpΩq

ˇ

ˇ ě t
(

ď C1 exp

„

´C2

!

t2

trpΩ2q

)α{p4α`4q


. (S.14)

For any fixed 0 ă ε ă 1, let

A1 “ tp´ εp
p1`δq{2

ď }U1}
2
ď p` εpp1`δq{2u

and

A2 “ tp1´ εqtrpΩq ď }ΓU1}
2
ď p1` εqtrpΩqu.

Taking t “ εpp1`δq{2 in (S.13) and t “ εtrpΩq in (S.14), we have

PpA1q ě 1´ C1 exp
!

´C2pε
2pδqα{p4α`4q

)

and

PpA2q ě 1´ C1 exp

«

´C2

"

ε2tr2
pΩq

trpΩ2q

*α{p4α`4q
ff

.

Under Condition C3,

trpΩ2
q “

p
ÿ

j“1

p
ÿ

`“1

ω2
j` ď

ĎMp max
1ď`ďp

p
ÿ

j“1

|ωj`| ď ĎMpa0ppq .
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Since trpΩq “ p and a0ppq — p1´δ, we conclude that

tr2
pΩq

trpΩ2q
ě

p2

ĎMpa0ppq
— pδ .

Consequently, for some positive constants c1 and c2, we get that

PpA1q ě 1´ c1 expt´c2p
δα{p4α`4q

u .

and

PpA2q ě 1´ c1 expt´c2p
δα{p4α`4q

u

for sufficient large p. Thus, we finish the proof of this lemma.

Proof of Lemma A2. (i) As the components of Ui “ pUi,1, . . . , Ui,pq
J are i.i.d. standardized sub-exponential random

variables, simple algebra yields

Ep}Ui}4q “ E

#˜

p
ÿ

j“1

U2
i,j

¸2+

“

p
ÿ

j“1

EpU4
i,jq `

ÿ

1ďj1‰j2ďp

EpU2
i,j1qEpU

2
i,j2q

“ pEpU4
i,jq ` ppp´ 1q

and

Ep}Ui}6q “

p
ÿ

j“1

EpU6
i,jq ` 3

ÿ

1ďj1‰j2ďp

EpU4
i,j1qEpU

2
i,j2q

`
ÿ

1ďj1‰j2‰j3ďp

EpU2
i,j1qEpU

2
i,j2qEpU

2
i,j3q

“ pEpU6
i,jq ` 3ppp´ 1qEpU4

i,jq ` ppp´ 1qpp´ 2q .
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In addition,

Ep}Ui}8q “

p
ÿ

j“1

EpU8
i,jq ` 4

ÿ

1ďj1‰j2ďp

EpU6
i,j1qEpU

2
i,j2q

`3
ÿ

1ďj1‰j2ďp

EpU4
i,j1qEpU

4
i,j2q

`6
ÿ

1ďj1‰j2‰j3ďp

EpU4
i,j1qEpU

2
i,j2qEpU

2
i,j3q

`
ÿ

1ďj1‰j2‰j3‰j4ďp

EpU2
i,j1qEpU

2
i,j2qEpU

2
i,j3qEpU

2
i,j4q

“ pEpU8
i,jq ` 4ppp´ 1qEpU6

i,j1q ` 3ppp´ 1qtEpU4
i,j1qu

2

`3ppp´ 1qEpU4
i,jq ` ppp´ 1qpp´ 2qpp´ 3q .

The result of Ep}Ui}2kq “ pk `Oppk´1
q for any positive integer k can be checked by

Ep}Ui}2kq “
ÿ

1ďj1‰¨¨¨‰jkďp

EpU2
i,j1q ˆ ¨ ¨ ¨ ˆ EpU2

i,jk qt1`Opp
´1
qu

“ pk `Oppk´1
q .

Moreover, by the fact that t1 ` u ´ pu ´ 1q2u{2 ď u1{2
ď p1 ` uq{2 for all u ě 0, we can get that Ep}U}kq “

pk{2 `Oppk{2´1
q for all positive integer k.

(ii) Write Λj` “
řp
j1“1 Γj1jΓj1` as the pj, `qth element of ΓJΓ, then

Ep}ΓUi}4q “ E

#˜

p
ÿ

j“1

p
ÿ

`“1

Λj`Ui,jUi,`

¸2+

“

p
ÿ

j“1

Λ2
jjEpU4

i,jq ` 2
ÿ

1ďj1‰j2ďp

Λ2
j1j2EpU

2
i,j1qEpU

2
i,j2q

`
ÿ

1ďj1‰j2ďp

Λj1j1Λj2j2EpU
2
i,j1qEpU

2
i,j2q

“ EpU4
i,jq

p
ÿ

j“1

Λ2
jj ` 2

ÿ

1ďj1‰j2ďp

Λ2
j1j2 `

ÿ

1ďj1‰j2ďp

Λj1j1Λj2j2

“

˜

p
ÿ

j“1

Λjj

¸2

` tEpU4
i,jq ´ 1u

p
ÿ

j“1

Λ2
jj ` 2

ÿ

1ďj1‰j2ďp

Λ2
j1j2

“ ttrpΩqu2 `OttrpΩ2
qu

as
řp
j“1 Λ2

jj `
ř

1ďj1‰j2ďp
Λ2
j1j2 “

řp
j“1

řp
`“1 Λ2

j` “ trpΩ2
q and trpΩ2

q À p2´δ based on Condition C3. Similarly, we
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can show that

Ep}ΓUi}6q “
ÿ

1ďj1‰j2‰j3ďp

pΛj1j1Λj2j2Λj3j3 ` Λ2
j1j2Λj3j3

` Λj1j2Λj1j3Λj2j3qEpU
2
i,j1qEpU

2
i,j2qEpU

2
i,j3qt1`Opp

´1
qu

“ p3
`Opp3´δ

q

and Ep}ΓUi}12
q “ p6

`Opp6´δ
q.

Similar to the proof of part (i), the result Ep}ΓUi}q “ p1{2
` Opp1{2´δ

q and Ep}ΓUi}3q “ p3{2
` Opp3{2´δ

q

are directly consequences of Ep}ΓUi}2q “ p, Ep}ΓUi}4q “ p2
` Opp2´δ

q, Ep}ΓUi}6q “ p3
` Opp3´δ

q, Ep}ΓUi}12
q “

p6
`Opp6´δ

q and t1` u´ pu´ 1q2u{2 ď u1{2
ď p1` uq{2 for all u ě 0.

(iii) Now we consider Et}ΓSpUiq}2u. For i “ 1, . . . , n, let

A1i “ tp´ εp
p1`δq{2

ď }Ui}
2
ď p` εpp1`δq{2u

for a fixed 0 ă ε ă 1. According to Lemma A1 and the fact that }ΓUi}
2
ď trpΩq}Ui}

2,

Et}ΓSpUiq}2u “ Ep}ΓUi}2}Ui}´2
q

“ p´1Et}ΓUi}2u ` E
 

}ΓUi}
2
`

}Ui}
´2
´ p´1

˘(

“ 1` E
 

}ΓUi}
2
`

}Ui}
´2
´ p´1

˘(

,



HIGH-DIMENSIONAL SPATIAL MEDIAN

where

E
 

}ΓUi}
2
`

}Ui}
´2
´ p´1

˘(

ď p´1E
`

}ΓUi}
2
}Ui}

´2
ˇ

ˇ}Ui}
2
´ p

ˇ

ˇ

˘

“ p´1E
 

}ΓUi}
2
}Ui}

´2
ˇ

ˇ}Ui}
2
´ p

ˇ

ˇ IpA1iq
(

` p´1E
 

}ΓUi}
2
}Ui}

´2
ˇ

ˇ}Ui}
2
´ p

ˇ

ˇ IpAc
1iq

(

ď p´1
tp´ εpp1`δq{2u´1E

`

}ΓUi}
2
ˇ

ˇ}Ui}
2
´ p

ˇ

ˇ

˘

` p´1trpΩqE
 ˇ

ˇ}Ui}
2
´ p

ˇ

ˇ IpAc
1iq

(

ď p´1
tp´ εpp1`δq{2u´1

 

Ep}ΓUi}4q
(1{2

!

Ep
ˇ

ˇ}Ui}
2
´ p

ˇ

ˇ

2
q

)1{2

`

!

Ep
ˇ

ˇ}Ui}
2
´ p

ˇ

ˇ

2
q

)1{2

tPpAc
1iqu

1{2

ď p´1
pp´ εp1´δ

q
´1
tp2

`Opp2´δ
qu

1{2
ˆOpp1{2

q `Opp1{2
q ˆ c

1{2
1 expt´c2p

δα{p4α`4q
{2u

“ Opp´1{2
q .

It follows that Et}ΓSpUiq}2u “ 1`Opp´1{2
q.

Similarly, the last result follows from

Et}ΓSpUiq}4u “ p´2Et}ΓUi}4u ` E
 

}ΓUi}
4
`

}Ui}
´4
´ p´2

˘(

“ 1`Opp´δq ` E
 

}ΓUi}
4
`

}Ui}
´4
´ p´2

˘(

,

where

E
 

}ΓUi}
4
`

}Ui}
´4
´ p´2

˘(

ď p´2E
`

}ΓUi}
4
}Ui}

´4
ˇ

ˇ}Ui}
4
´ p2

ˇ

ˇ

˘

“ p´2E
 

}ΓUi}
4
}Ui}

´4
ˇ

ˇ}Ui}
4
´ p2

ˇ

ˇ IpA1iq
(

` p´2E
 

}ΓUi}
4
}Ui}

´4
ˇ

ˇ}Ui}
4
´ p2

ˇ

ˇ IpAc
1iq

(

ď p´2
pp´ εp1´δ

q
´2E

`

}ΓUi}
4
ˇ

ˇ}Ui}
4
´ p2

ˇ

ˇ

˘

` p´2
ttrpΩqu2E

 ˇ

ˇ}Ui}
4
´ p2

ˇ

ˇ IpAc
1iq

(

ď p´2
pp´ εp1´δ

q
´2

 

Ep}ΓUi}6q
(2{3

!

Ep
ˇ

ˇ}Ui}
4
´ p2

ˇ

ˇ

3
q

)1{3

`

!

Ep
ˇ

ˇ}Ui}
4
´ p2

ˇ

ˇ

2
q

)1{2

tPpAc
1iqu

1{2

ď p´2
pp´ εp1´δ

q
´2
ˆOpp2

q ˆOpp3{2
q `Opp3{2

q ˆ c
1{2
1 expt´c2p

δα{p4α`4q
{2u

“ Opp´1{3
q .
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(iv) as νi and SpUiq are independent,

Epν´1
i qEt}ΓSpUiq}´1

u “ Epν´1
i }ΓUi}

´1
}Ui}q “ EpR´1

i }Ui}q

“ EtR´1
i }Ui}IpA1iqu ` EtR´1

i }Ui}IpA
c
1iqu

ď tp` εpp1`δq{2u1{2EtR´1
i IpA1iqu ` tEpR´4

i qu
1{4
tE}Ui}4u1{4tPpAc

1iqu
1{2

À tp` εpp1`δq{2u1{2EpR´1
i q ` ζ

1{4
4 ˆ p1{2

ˆ c
1{2
1 expt´c2p

δα{p4α`4q
{2u

À ζ1p
1{2 ,

and

Epν´2
i qEt}ΓSpUiq}´2

u “ EtR´2
i }Ui}

2IpA1iqu ` EtR´2
i }Ui}

2IpAc
1iqu

ď tp` εpp1`δq{2uEtR´2
i IpA1iqu ` tEpR´4

i qu
1{2
tE}Ui}6u1{3tPpAc

1iqu
1{6

À tp` εpp1`δq{2uEpR´2
i q ` ζ

1{2
4 ˆ pˆ c

1{6
1 expt´c2p

δα{p4α`4q
{6u

À ζ2p ,

In addition, we also have

Epν´3
i qEt}ΓSpUiq}´3

u “ EtR´3
i }Ui}

3IpA1iqu ` EtR´3
i }Ui}

3IpAc
1iqu

ď tp` εpp1`δq{2u3{2EtR´3
i IpA1iqu ` tEpR´4

i qu
3{4
tE}Ui}18

u
1{6
tPpAc

1iqu
1{12

À tp` εpp1`δq{2u3{2EpR´3
i q ` ζ

3{4
4 ˆ p3{2

ˆ c
1{12
1 expt´c2p

δα{p4α`4q
{12u

À ζ3p
3{2 .

By Cauchy-Schwarz inequality and Jensen’s inequality, we can show that

rEt}ΓSpUiq}´1
us
´1
ď Et}ΓSpUiq}u ď rEt}ΓSpUiq}2us1{2 “ 1`Opp´1{2

q ,

rEt}ΓSpUiq}´2
us
´1
ď Et}ΓSpUiq}2u “ 1`Opp´1{2

q ,
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and

rEt}ΓSpUiq}´3
us
´1
ď Et}ΓSpUiq}3u ď rEt}ΓSpUiq}4us3{4 “ 1`Opp´1{3

q .

Then, the results of this part follows immediately. We finish the proof of this lemma.

Proof of Lemma A3. (i) For i “ 1, . . . , n, let A2i “ tp1 ´ εqtrpΩq ď }ΓUi}
2
ď p1 ` εqtrpΩqu for a fixed 0 ă ε ă 1.

Recall that Γj is the jth row of Γ and Wi,j “ ΓjUi{}ΓUi}, then

Qj` “ n´1
n
ÿ

i“1

R´1
i Wi,jWi,` “ n´1

n
ÿ

i“1

ν´1
i pΓjUiqpΓ`Uiq}ΓUi}

´3

“ n´1p´3{2
n
ÿ

i“1

ν´1
i pΓjUiqpΓ`Uiq

`n´1
n
ÿ

i“1

ν´1
i pΓjUiqpΓ`Uiq

´

}ΓUi}
´3
´ p´2{3

¯

,

where the last term satisfies

ˇ

ˇ

ˇ

ˇ

ˇ

E

#

n´1
n
ÿ

i“1

ν´1
i pΓjUiqpΓ`Uiq

´

}ΓUi}
´3
´ p´2{3

¯

+
ˇ

ˇ

ˇ

ˇ

ˇ

ď p´3{2E
!

ν´1
i |pΓjUiqpΓ`Uiq| }ΓUi}

´3
ˇ

ˇ

ˇ
}ΓUi}

3
´ p3{2

ˇ

ˇ

ˇ

)

“ p´3{2E
!

R´1
i |pΓjUiqpΓ`Uiq| }ΓUi}

´2
ˇ

ˇ

ˇ
}ΓUi}

3
´ p3{2

ˇ

ˇ

ˇ

)

“ p´3{2E
!

R´1
i |pΓjUiqpΓ`Uiq| }ΓUi}

´2
ˇ

ˇ

ˇ
}ΓUi}

3
´ p3{2

ˇ

ˇ

ˇ
IpA2iq

)

`p´3{2E
!

R´1
i |pΓjUiqpΓ`Uiq| }ΓUi}

´2
ˇ

ˇ

ˇ
}ΓUi}

3
´ p3{2

ˇ

ˇ

ˇ
IpAc

2iq

)

ď p1´ εq´1p´5{2E
!

R´1
i |pΓjUiqpΓ`Uiq|

ˇ

ˇ

ˇ
}ΓUi}

3
´ p3{2

ˇ

ˇ

ˇ
IpA2iq

)

`p´3{2E
!

R´1
i

ˇ

ˇ

ˇ
}ΓUi}

3
´ p3{2

ˇ

ˇ

ˇ
IpAc

2iq

)

À p´5{2
tEpR´4

i qu
1{4

“

E
 

|pΓjUiqpΓ`Uiq|
4
(‰1{4

"

E
ˆ

ˇ

ˇ

ˇ
}ΓUi}

3
´ p3{2

ˇ

ˇ

ˇ

2
˙*1{2

`p´3{2
tEpR´4

i qu
1{4

"

E
ˆ

ˇ

ˇ

ˇ
}ΓUi}

3
´ p3{2

ˇ

ˇ

ˇ

2
˙*1{2

tPpAc
2iqu

1{4

À ζ1p
´1´δ{2 .
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It follows that

Qj` “ n´1p´3{2
n
ÿ

i“1

ν´1
i pΓjUiqpΓ`Uiq `Oppζ1p

´1´δ{2
q .

For i “ 1, . . . , n, let A1i “ tp ´ εpp1`δq{2 ď }Ui}
2
ď p ` εpp1`δq{2u for a fixed 0 ă ε ă 1. According to Lemma

A1,

E
„

!

ΓjSpUiqSpUiq
JΓJ`

)2


“ E
!

}Ui}
´4
pΓjUiU

J
i ΓJ` q

2
)

“ E
!

}Ui}
´4
pΓjUiU

J
i ΓJ` q

2IpA1iq

)

` E
!

}Ui}
´4
pΓjUiU

J
i ΓJ` q

2IpAc
1iq

)

À tp´ εpp1`δq{2u´2E
!

pΓjUiU
J
i ΓJ` q

2
)

` p2PpAc
1iq

À tp´ εpp1`δq{2u´2
` p2

ˆ c1 expt´c2p
δα{p4α`4q

u

À p´2 .

Then, we can show that

n´1p´3{2
n
ÿ

i“1

ν´1
i pΓjUiqpΓ`Uiq

“ n´1p´1{2
n
ÿ

i“1

ν´1
i ΓjSpUiqSpUiq

JΓJ` `Oppζ1p
´7{6

q ,

where the last equality is indicated by

E|p´3{2ν´1
i ΓjSpUiqSpUiq

JΓJ` p}Ui}
2
´ pq|

À p´3{2
tEpν´3

i qu
1{3

ˆ

E
„

!

ΓjSpUiqSpUiq
JΓJ`

)2
˙1{2

“

E
 

p}Ui}
2
´ pq6

(‰1{6

À ζ1p
´7{6 .

Thus, we obtain that

Qj` “ n´1p´1{2
n
ÿ

i“1

ν´1
i ΓjSpUiqSpUiq

JΓJ` `Oppζ1p
´7{6

` ζ1p
´1´δ{2

q .
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As νi and SpUiq are independent with each other, we have

E

#

n´1p´1{2
n
ÿ

i“1

ν´1
i ΓjSpUiqSpUiq

JΓJ`

+

“ p´1{2Epν´1
i qE

!

ΓjSpUiqSpUiq
JΓJ`

)

,

where Epν´1
i q À p1{2ζ1 from Lemma A2.

According to Lemma A1 and regarding that ΓjΓ
J
` “ ωj`,

E
!

ΓjSpUiqSpUiq
JΓJ`

)

“ E
´

ΓjUiU
J
i ΓJ` }Ui}

´2
¯

“ p´1E
´

ΓjUiU
J
i ΓJ`

¯

` E
!

ΓjUiU
J
i ΓJ`

`

}Ui}
´2
´ p´1

˘

)

“ p´1ωj` ` E
!

ΓjUiU
J
i ΓJ`

`

}Ui}
´2
´ p´1

˘

)

ď p´1
|ωj`| ` E

´
ˇ

ˇ

ˇ
ΓjUiU

J
i ΓJ`

ˇ

ˇ

ˇ

ˇ

ˇ}Ui}
´2
´ p´1

ˇ

ˇ

¯

“ p´1
|ωj`| ` p

´1E
´
ˇ

ˇ

ˇ
ΓjUiU

J
i ΓJ`

ˇ

ˇ

ˇ
}Ui}

´2
ˇ

ˇ}Ui}
2
´ p

ˇ

ˇ

¯

“ p´1
|ωj`| ` p

´1E
!
ˇ

ˇ

ˇ
ΓjUiU

J
i ΓJ`

ˇ

ˇ

ˇ
}Ui}

´2
ˇ

ˇ}Ui}
2
´ p

ˇ

ˇ IpA1iq

)

`p´1E
!
ˇ

ˇ

ˇ
ΓjUiU

J
i ΓJ`

ˇ

ˇ

ˇ
}Ui}

´2
ˇ

ˇ}Ui}
2
´ p

ˇ

ˇ IpAc
1iq

)

À p´1
|ωj`| ` tp

2
´ εpp3`δq{2u´1E

´
ˇ

ˇ

ˇ
ΓjUiU

J
i ΓJ`

ˇ

ˇ

ˇ

ˇ

ˇ}Ui}
2
´ p

ˇ

ˇ

¯

` E
 
ˇ

ˇ}Ui}
2
´ p

ˇ

ˇ IpAc
1iq

(

ď p´1
|ωj`| ` tp

2
´ εpp3`δq{2u´1

„

E
"

´

ΓjUiU
J
i ΓJ`

¯2
*1{2

”

E
!

`

}Ui}
2
´ p

˘2
)ı1{2

`

”

E
!

`

}Ui}
2
´ p

˘2
)ı1{2

tPpAc
1iqu

1{2

ď p´1
|ωj`| `Opp

´3{2
q `Opp1{2

q ˆ c
1{2
1 expt´c2p

δα{p4α`4q
{2u

À p´1
|ωj`| `Opp

´3{2
q ,

where the second last inequality is due to

E
!

`

}Ui}
2
´ p

˘2
)

“ Ep}Ui}4 ´ 2p}Ui}
2
` p2

q

“ pEpU4
i,jq ` ppp´ 1q ´ 2p2

` p2

“ Oppq.
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Thus, it follows that

E

#

n´1p´1{2
n
ÿ

i“1

ν´1
i ΓjSpUiqSpUiq

JΓJ`

+

À ζ1p
´1
|ωjj | `Opζ1p

´3{2
q .

Furthermore, as Epν´2
i q À pζ2, we can conclude that

Var

#

n´1p´1{2
n
ÿ

i“1

ν´1
i ΓjSpUiqSpUiq

JΓJ`

+

“ n´1p´1Epν´2
i qE

„

!

ΓjSpUiqSpUiq
JΓJ`

)2


´n´1p´1
tEpν´1

i qu
2
”

E
!

ΓjSpUiqSpUiq
JΓJ`

)ı2

À ζ2
1n
´1p´2.

It follows from the Chebychev’s inequality that

ˇ

ˇ

ˇ

ˇ

ˇ

n´1p´1{2
n
ÿ

i“1

ν´1
i ΓjSpUiqSpUiq

JΓJ`

ˇ

ˇ

ˇ

ˇ

ˇ

À ζ1p
´1
|ωj`| `Oppζ1n

´1{2p´1
` ζ1p

´3{2
q .

Finally, we arrive at |Qj,`| À ζ1p
´1
|ωj`| `Oppζ1n

´1{2p´1
` ζ1p

´7{6
` ζ1p

´1´δ{2
q.

(ii) From the proof of part (i), we know that Qj` “ Q0,j` `Oppζ1p
´7{6

` ζ1p
´1´δ{2

q , where Q0,j` is the pj, `qth

component of the random matrix Q0 “ n´1p´1{2 řn
i“1 ν

´1
i tΓSpUiqutΓSpUiqu

J. In addition, E
 

ΓjSpUiqSpUiq
JΓJ`

(

À

p´1
|ωj`| `Opp

´3{2
q. It follows that

tr

"

´

E
”

tΓSpUiqutΓSpUiqu
J
ı¯2

*

“

p
ÿ

j“1

p
ÿ

`“1

”

E
!

ΓjSpUiqSpUiq
JΓJ`

)ı2

À p´2
p
ÿ

j“1

p
ÿ

`“1

|ωj`|
2
` p´5{2

p
ÿ

j“1

p
ÿ

`“1

|ωj`| ` p
´1

À p´1a0ppq ` p
´3{2a0ppq ` p

´1

À p´δ .
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This implies that

trrtEpQ0qu
2
s “ p´1

tEpν´1
i qu

2tr

"

´

E
”

tΓSpUiqutΓSpUiqu
J
ı¯2

*

À p´1´δ

and

EttrpQ2
0qu “ n´1p´1tr

´

E
”

ν´2
i tΓSpUiqutΓSpUiqu

J
tΓSpUiqutΓSpUiqu

J
ı¯

`p1´ n´1
qp´1tr

"

´

E
”

ν´1
i tΓSpUiqutΓSpUiqu

J
ı¯2

*

“ n´1p´1Epν´2
i qE

 

}ΓSpUiq}
4
(

`p1´ n´1
qp´1

tEpν´1
i qu

2tr

"

´

E
”

tΓSpUiqutΓSpUiqu
J
ı¯2

*

“ Opn´1p´1
q ` trrtEpQ0qu

2
sp1´ n´1

q .

Thus, we have

trrEpQ2
0q ´ tEpQ0qu

2
s “ Opn´1p´1

q .

We complete the proof of this lemma.

Proof of Lemma A4. Recall that Γj is the jth row of Γ, and denote Γj` to be the pj, `qth element of Γ, then ΓjUi “

řp
`“1 Γj`Ui,`. It is noticed that ωj` “

řp
j1“1 Γjj1Γ`j1 , then

VarpΓjUiq “
p
ÿ

`“1

Γ2
j` “ ωjj

and

EtpΓjUiq4u “ E

#˜

p
ÿ

`“1

Γj`Ui,`

¸4+

“

p
ÿ

`“1

Γ4
j`EpU4

i,`q ` 6
ÿ

1ď`1‰`2ďp

Γ2
j`1Γ2

j`2EpU
2
i,`1qEpU

2
i,`2q

À ω2
jj .
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(i) For i “ 1, . . . , n, let A2i “ tp1´ εqtrpΩq ď }ΓUi}
2
ď p1` εqtrpΩqu for a fixed 0 ă ε ă 1, then

PpA2iq ě 1´ c1 expt´c2p
δα{p4α`4q

u

according to the proof of Lemma A1. It follows that

EpW 4
i,jq “ Et}ΓUi}´4

pΓjUiq
4
u

“ Et}ΓUi}´4
pΓjUiq

4IpA2iqu ` Et}ΓUi}´4
pΓjUiq

4IpAc
2iqu

ď tp1´ εqtrpΩqu´2EtpΓjUiq4u ` PpAc
2iq

À ω2
jjtp1´ εqtrpΩqu

´2
` c1 expt´c2p

δα{p4α`4q
u

À ω2
jjttrpΩqu

´2

and

EpW 2
i,jq ě Et}ΓUi}´2

pΓjUiq
2IpA2iqu

ě tp1` εqtrpΩqu´1EtpΓjUiq2IpA2iqu

“ tp1` εqtrpΩqu´1EtpΓjUiq2u ´ tp1` εqtrpΩqu´1EtpΓjUiq2IpAc
2iqu

ě tp1` εqtrpΩqu´1EtpΓjUiq2u ´ tp1` εqtrpΩqu´1
rEtpΓjUiq4us1{2tPpAc

2iqu
1{2

Á ωjjtp1` εqtrpΩqu
´1
´ tp1` εqtrpΩqu´1

ˆ ωjj ˆ c
1{2
1 expt´c2p

δα{p4α`4q
{2u

Á ωjjttrpΩqu
´1,

from which we conclude that

Etpζ´1
1 Wi,jq

4
u À ζ´4

1 p´2ω2
jj À

ĎM2
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and

Etpζ´1
1 Wi,jq

2
u Á ζ´2

1 p´1ωjj Á m.

(ii) Similar to the proof of part (i), for any % ě 1,

E
 

|ζ´1
1 Wi,j |

%
(

“ E
 

|ζ´1
1 Wi,j |

%IpA1iq
(

` E
 

|ζ´1
1 Wi,j |

%IpAc
1iq

(

À ζ´%1 ttrpΩqu´%{2Et|ΓjUi|%u ` ζ´%1 PpAc
1iq

À Et|ΓjUi|%u ` p%{2 expt´c2p
δα{p4α`4q

u.

Since max1ďjďp }Ui,j}ψα ď c0 for some constant c0, we have }ΓjUi}ψα À c0 according to Lemma B.4 in Koike (2021).

Then, we known that Et|ΓjUi|%u À %%{α for any % ě 1 by the equivalent sub-exponential properties (Koike, 2021).

Therefore,

E
 

|ζ´1
1 Wi,j |

%
(

À %%{α

for any % ě 1 for sufficient large p, which indicates that ζ´1
1 Wi,j is sub-exponential, and thus }ζ´1

1 Wi,j}ψα À B̄.

(iii) By simple algebra,

EpW 2
i,jq “ p´1EtpΓjUiq2u ` EtpΓjUiq2p}ΓUi}´2

´ p´1
qu

“ p´1ωjj ` EtpΓjUiq2p}ΓUi}´2
´ p´1

qu ,
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where EtpΓjUiq2p}ΓUi}´2
´ p´1

qu satisfies

ˇ

ˇEtpΓjUiq2p}ΓUi}´2
´ p´1

qu
ˇ

ˇ

ď p´1EtpΓjUiq2}ΓUi}´2
|}ΓjUi}

2
´ p|u

“ p´1EtpΓjUiq2}ΓUi}´2
|}ΓjUi}

2
´ p|IpA2iqu ` p

´1EtpΓjUiq2}ΓUi}´2
|}ΓjUi}

2
´ p|IpAc

2iqu

ď p´1
tp1´ εqtrpΩqu´1EtpΓjUiq2|}ΓjUi}2 ´ p|u ` p´1Et}ΓjUi}2 ´ p|IpAc

2iqu

ď p´2
p1´ εq´1

rEtpΓjUiq4us1{2tEp|}ΓjUi}2 ´ p|2qu1{2

`p´1
tEp|}ΓjUi}2 ´ p|2qu1{2tPpAc

2iqu
1{2

À p´2
ˆ p1´δ{2

` p´1
ˆ p1´δ{2

ˆ c
1{2
1 expt´c2p

δα{p4α`4q
{2u

À p´1´δ{2.

In addition, for 1 ď j ‰ ` ď p, we have

EpWi,jWi,`q “ p´1EtpΓjUiqpΓ`Uiqu ` EtpΓjUiqpΓ`Uiqp}ΓUi}´2
´ p´1

qu

“ p´1ωj` ` EtpΓjUiqpΓ`Uiqp}ΓUi}´2
´ p´1

qu ,
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where EtpΓjUiqpΓ`Uiqp}ΓUi}´2
´ p´1

qu satisfies

ˇ

ˇEtpΓjUiqpΓ`Uiqp}ΓUi}´2
´ p´1

qu
ˇ

ˇ

ď p´1Et|pΓjUiqpΓ`Uiq|}ΓUi}´2
|}ΓjUi}

2
´ p|u

“ p´1Et|pΓjUiqpΓ`Uiq|}ΓUi}´2
|}ΓjUi}

2
´ p|IpA2iqu

`p´1Et|pΓjUiqpΓ`Uiq|}ΓUi}´2
|}ΓjUi}

2
´ p|IpAc

2iqu

ď p´1
tp1´ εqtrpΩqu´1Et|pΓjUiqpΓ`Uiq||}ΓjUi}2 ´ p|u ` p´1Et}ΓjUi}2 ´ p|IpAc

2iqu

ď p´2
p1´ εq´1

rEt|pΓjUiqpΓ`Uiq|2us1{2tEp|}ΓjUi}2 ´ p|2qu1{2

`p´1
tEp|}ΓjUi}2 ´ p|2qu1{2tPpAc

2iqu
1{2

À p´2
ˆ p1´δ{2

` p´1
ˆ p1´δ{2

ˆ c
1{2
1 expt´c2p

δα{p4α`4q
{2u

À p´1´δ{2.

(iv) According to part (ii), ζ´1
1 W1, . . . , ζ

´1
1 Wn are i.i.d. p-dimensional random vectors satisfies }ζ´1

1 Wi,j}ψα À B̄

for all i “ 1, . . . , n and j “ 1, . . . , p. By Lemma 2.2.2 of van der Vaart and Wellner (1996),

›

›

›

›

max
1ďiďn

max
1ďjďp

|ζ´1
1 Wi,j |

›

›

›

›

ψα

À log1{α
pnpq .

Similar to the proof of part (i), we can show that

Etpζ´1
1 Wi,jq

2
u “ ζ´2

1 Et}ΓUi}´2
pΓjUiq

2IpA1iqu

`ζ´2
1 Et}ΓUi}´4

pΓjUiq
4IpAc

1iqu

ď ζ´2
1 tp1` εqtrpΩqu´1EtpΓjUiq2u ` ζ´2

1 EtIpAc
1iqu

ď ζ´2
1 ωjjtp1` εqtrpΩqu

´1
` ζ´2

1 c1 expt´c2p
δ{p4`4αq

u

“ ζ´2
1 ωjjtp1` εqtrpΩqu

´1
t1` op1qu .
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It follows that

max
1ďjďp

n
ÿ

i“1

Etpζ´1
1 Wi,jq

2
u À max

1ďjďp

n
ÿ

i“1

ζ´2
1 ωjjtp1` εqtrpΩqu

´1
À n max

1ďjďp
ωjj ď ĎMn ,

Applying Lemma E.1 of Chernozhukov et al. (2017), it holds that with α ě 1 and n´1{2 log3{2
pnpq À 1,

E

˜ˇ

ˇ

ˇ

ˇ

ˇ

n´1{2
n
ÿ

i“1

ζ´1
1 Wi

ˇ

ˇ

ˇ

ˇ

ˇ

8

¸

À n´1{2
tn1{2 log1{2

ppq ` log1{α
pnpq logppqu

À log1{2
pnpq .

From the properties of the ψα norm, it holds that

›

›

›

›

max
1ďiďn,1ďjďp

|ζ´1
1 Wi,j |

2

›

›

›

›

ψα{2

À log2
pnpq.

According to Lemma E.3 of Chernozhukov et al. (2017), we have that

E

˜
ˇ

ˇ

ˇ

ˇ

ˇ

n´1
n
ÿ

i“1

pζ´1
1 Wiq

2

ˇ

ˇ

ˇ

ˇ

ˇ

8

¸

À n´1
tĎMn` log2

pnpq logppqu À ĎM .

We finish the proof of this lemma.

Proof of Lemma A5. Let X̃i “ Xi ´ θ̂n and R̃i “ }X̃i} for i “ 1, . . . , n. According to the proof of Lemma 1,

}θ̂n} “ Oppζ
´1
1 n´1{2

q and max1ďiďnR
´1
i “ Oppζ1n

1{4
q. Then R´1

i }θ̂n} satisfies

R´1
i }θ̂n} “ Oppn

´1{2
q and max

1ďiďn
R´1
i }θ̂n} “ Oppn

´1{4
q .

As R̃´1
i “ R´1

i }Wi ´R
´1
i θ̂n}

´1
“ R´1

i

´

1´ 2R´1
i WJ

i θ̂n `R
´2
i }θ̂n}

2
¯´1{2

, by Taylor expansion,

R̃´1
i “ R´1

i

´

1`R´1
i WJ

i θ̂n ´ 2´1R´2
i }θ̂n}

2
` δ̃1i

¯

,
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where δ̃1i satisfies δ̃1i “ Oppn
´1
q and max1ďiďn δ̃1i “ Oppn

´1{2
q. It follows that

R̃´1
i “ R´1

i p1` δ̃2iq ,

where δ̃2i “ R´1
i WJ

i θ̂n ´ 2´1R´2
i }θ̂n}

2
` δ̃1i satisfies δ̃2i “ Oppn

´1{2
q and max1ďiďn δ̃2i “ Oppn

´1{4
q. Thus,

R̃´1
i “ Oppζ1q and max

1ďiďn
R̃´1
i “ Oppζ1n

1{4
q .

Denote W̃i “ X̃i{}X̃i} for i “ 1, . . . , n. Then,

W̃i “ R̃´1
i pXi ´ θ̂nq

“ R´1
i pXi ´ θ̂nqp1` δ̃2iq

“ pWi ´R
´1
i θ̂nqp1` δ̃2iq .

We first show that }θ̃n} “ Oppζ
´1
1 n´1{2

q. It is noticed that θ̃n minimizes

L˚npβq “
n
ÿ

i“1

}ZiX̃i ´ β} ,

which is a strictly convex function of β. Thus, if we can show that L˚npβq has a ζ1n
1{2-consistent local minimizer,

then this local minimizer must be a ζ1n
1{2-consistent global minimizer of L˚npβq. The existence of a ζ1n

1{2-consistent

local minimizer is implied by the fact that for an arbitrarily small ε ą 0, there exists a constant C0, which does not

depend on n and p, such that

lim inf
n

P
"

inf
qPRp, }q}“C0

L˚npζ
´1
1 n´1{2qq ą L˚np0q

*

ą 1´ ε, (S.15)
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Since |Zi| “ 1, we rewrite }ZiX̃i ´ ζ
´1
1 n´1{2q} as

}ZiX̃i ´ ζ
´1
1 n´1{2q}

“ R̃i
´

1´ 2ζ´1
1 n´1{2R̃´1

i Ziq
JW̃i ` ζ

´2
1 n´1R̃´2

i }q}
2
¯1{2

.

As |ζ´1
1 n´1{2R̃´1

i Ziq
T W̃i| “ Oppn

´1{2
q and ζ´2

1 n´1R̃´2
1i }q}

2
“ Oppn

´1
q, by Taylor expansion, we obtain that

}ZiX̃i ´ ζ
´1
1 n´1{2q}

“ R̃i ´ ζ
´1
1 n´1{2Ziq

JW̃i ` 2´1ζ´2
1 n´1R̃´1

i }q}
2

´2´1ζ´2
1 n´1R̃´1

i qJW̃iW̃
J
i q `Oppζ

´1
1 n´3{2

q .

Then,

ζ1
!

L˚npζ
´1
1 n´1{2qq ´ L˚np0q

)

“ ζ1

n
ÿ

i“1

´

}ZiX̃i ´ ζ
´1
1 n´1{2q} ´ }X̃i}

¯

“ ´n´1{2qJ
˜

n
ÿ

i“1

ZiW̃i

¸

` 2´1ζ´1
1 n´1

}q}2
n
ÿ

i“1

R̃´1
i

´2´1ζ´1
1 n´1qJ

˜

n
ÿ

i“1

R̃iW̃iW̃
J
i

¸

q `Oppn
´1{2

q . (S.16)

As E˚
´

n´1{2 řn
i“1 ZiW̃i

¯

“ 0 and

E˚
˜›

›

›

›

›

n´1{2
n
ÿ

i“1

ZiW̃i

›

›

›

›

›

2¸

“ n´1
n
ÿ

i“1

W̃J
i W̃i “ 1,

we obtain that

ˇ

ˇ

ˇ

ˇ

ˇ

n´1{2qJ
n
ÿ

i“1

ZiW̃i

ˇ

ˇ

ˇ

ˇ

ˇ

ď }q}

›

›

›

›

›

n´1{2
n
ÿ

i“1

ZiW̃i

›

›

›

›

›

“ Opp}q}q .
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In the meanwhile, as ζ´1
1 n´1 řn

i“1 R
´1
i “ 1`Oppn

´1{2
q, we have

ζ´1
1 n´1

}q}2
n
ÿ

i“1

R̃´1
i “ ζ´1

1 n´1
}q}2

n
ÿ

i“1

R´1
i p1` δ̃2iq

“ }q}2t1`Oppn
´1{4

qu .

Simple algebra yields

n´1
n
ÿ

i“1

R̃´1
i W̃iW̃

J
i

“ n´1
n
ÿ

i“1

R´1
i pWi ´R

´1
i θ̂nqpWi ´R

´1
i θ̂nq

J
p1` δ̃2iq

“ n´1
n
ÿ

i“1

RiWiW
J
i p1` δ̃2iq ´ 2n´1

n
ÿ

i“1

R´2
i Wiθ̂

J

n p1` δ̃2iq

`n´1
ÿ

i“1

R´3
i θ̂nθ̂

J

n p1` δ̃2iq .

Similar to the proof of Lemma 1.2 in Cheng et al. (2019) and utilizing the results on Q “ n´1 řn
i“1 R

´1
i WiW

´1
i in

Lemma A3, we can show that n´1qJ
řn
i“1 RiWiW

J
i qp1` δ̃2iq “ Oppζ1n

´1{2
` ζ1p

´p1{6^δ{2q
q. In addition, as

n´1
n
ÿ

i“1

R´2
i qJWi ď n´1

n
ÿ

i“1

R´2
i }q}}Wi} “ }q}n

´1
n
ÿ

i“1

R´2
i “ Oppζ

2
1 q

and n´1 řn
i“1 R

´3
i “ ζ3t1` opp1qu, we have

n´1qJ
n
ÿ

i“1

R´2
i Wiθ̂

J

nqp1` δ̃2iq

“ n´1
n
ÿ

i“1

R´2
i qJWip1` δ̃2iqpθ̂

J

nqq “ Oppζ1n
´1{2

q .

and

n´1qJ
ÿ

i“1

R´3
i θ̂nθ̂

J

nqp1` δ̃2iq “ n´1
ÿ

i“1

R´3
i p1` δ̃2iq}q

Jθ̂n}
2
“ Oppζ1n

´1
q .
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Thus, we obtain

2´1ζ´1
1 n´1

}q}2
n
ÿ

i“1

R̃´1
i ` 2´1ζ´1

1 n´1qJ
˜

n
ÿ

i“1

R̃iW̃iW̃
J
i

¸

q

“ 2´1
}q}2 `Oppn

´1{4
` p´δq .

Choosing a sufficient large constant C0, the second term dominates the first term in (S.16) and thus ζ1
!

L˚npζ
´1
1 n´1{2qq ´ L˚np0q

)

ą

0. Hence, we have }θ̃n} “ Oppζ
´1
1 n´1{2

q.

Denote Θi “ Ziθ̂n ` θ̃n for i “ 1, . . . , n. Then

max
1ďiďn

}Θi} ď }θ̂n} ` }θ̃n} “ Oppζ
´1
1 n´1{2

q.

Recall that θ̃n satisfies

n
ÿ

i“1

ZiX̃i ´ θ̃n

}ZiX̃i ´ θ̃n}
“

n
ÿ

i“1

ZiWi ´R
´1
i Θi

}ZiWi ´R
´1
i Θi}

“ 0 ,

which is equivalently to

n´1
n
ÿ

i“1

pZiWi ´R
´1
i Θiq

´

1´ 2ZiR
´1
i WJ

i Θi `R
´2
i }Θi}

2
¯´1{2

“ 0 ,

where |R´1
i WJ

i Θi| “ Oppn
´1{2

q, R´2
i }Θi}

2
“ Oppn

´1
q,

max
1ďiďn

|R´1
i WJ

i Θi| “ Oppn
´1{4

q and max
1ďiďn

R´2
i }Θi}

2
“ Oppn

´1{2
q .

Taylor expansion leads to

n´1
n
ÿ

i“1

pZiWi ´R
´1
i Θiqp1` ZiR

´1
i WJ

i Θi ´ 2R´2
i }Θi}

2
` δ̃3iq “ 0
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where δ3i “ OptpZiR
´1
i WJ

i Θi ´R
´2
i }Θi}

2
q
2
u “ Oppn

´1
q, and max1ďiďn δ3i “ Oppn

´1{2
q. Then,

n´1
n
ÿ

i“1

ZiWip1´ 2R´2
i }Θi}

2
` δ̃3iq ` n

´1
n
ÿ

i“1

R´1
i pW

J
i ΘiqWi

“ n´1
n
ÿ

i“1

ZiWip1´ 2R´2
i }Θi}

2
` δ̃3iq ` n

´1
n
ÿ

i“1

ZiR
´1
i WiW

J
i θ̂n

`n´1
n
ÿ

i“1

R´1
i WiW

J
i θ̃n

“ n´1
n
ÿ

i“1

R´1
i Θip1` δ̃3i ` δ̃4iq

“ n´1
n
ÿ

i“1

R´1
i θ̃np1` δ̃3i ` δ̃4iq ` n

´1
n
ÿ

i“1

ZiR
´1
i θ̂np1` δ̃3i ` δ̃4iq ,

where δ̃4i “ ZiR
´1
i WJ

i Θi ´ 2R´2
i }Θi}

2
“ Oppδ̃

1{2
3i q satisfies max1ďiďn δ̃4i “ Oppn

´1{4
q.

From the proof of Lemma 1, we know that |θ̂|8 “ Optn
´1{2 log1{2

pnpqu. In addition, as E˚
`

n´1 řn
i“1 ZiR

´1
i

˘

“ 0

and E˚
!

`

n´1 řn
i“1 ZiR

´1
i

˘2
)

“ n´2 řn
i“1 R

´2
i “ Oppn

´1ζ2q, we have n´1 řn
i“1 ZiR

´1
i “ Oppζ1n

´1{2
q.

As Zi is bounded, it is straightforward to show that |n´1{2 řn
i“1 ZiWi|8 “ Optp

´1{2 log1{2
pnpqu similar as in

the proof of Lemma A4 (iii). Thus, similar to the proof of Lemma 1, we obtain that

|θ̃|8 “ Optn
´1{2 log1{2

pnpqu

and

ˇ

ˇ

ˇ

ˇ

ˇ

n´1
n
ÿ

i“1

R´1
i WiW

J
i θ̃n

ˇ

ˇ

ˇ

ˇ

ˇ

8

“ Optζ1n
´1{2p´p1{6^δ{2q log1{2

pnpq ` ζ1n
´1 log1{2

pnpqu .

In the meanwhile, it holds that |n´1 řn
i“1 R

´1
i | “ ζ1 `Oppζ1n

´1{2
q. Finally,

n1{2θ̃n “ n´1{2ζ´1
1

n
ÿ

i“1

ZiWi ` C̃n , (S.17)
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and C̃n is the remainder term satisfies

|C̃n|8 “ Optn
´1{4 log1{2

pnpq ` p´δ´p1{6^δ{2q log1{2
pnpqu .

We finish the proof of this lemma.

Appendix D: Additional simulation results

In this section, we report additional simulation results. Section D.1 shows computation efficiency of inference proce-

dures based on spatial median in high dimensions. Section D.2 presents simulation results on SCIs for ρ “ 0.2 and

0.5. Section D.3 reports simulations on global tests for high-dimensional location parameters.

D.1 Computation time

Calculating the sample spatial median is known to require solving the equation
řn
i“1 SpXi ´ θ̂nq “ 0, which is

significantly more complex than calculating the closed-form sample mean. To evaluate the computational efficiency

of the algorithm proposed by Vardi and Zhang (2000), we have included a comparison of computation times between

the sample spatial median and the sample mean, as well as the implementation times for both the spatial median-

based and sample mean-based multiplier bootstrap methods. These comparisons are presented in Tables A1 and A2.

The results indicate that for n “ 200 and p “ 1000, the spatial median-based multiplier bootstrap implementation

takes approximately 2.4 seconds, demonstrating its computational efficiency.

Table A1: Computing time (in milliseconds, averaged over 1000 times) of sample spatial
median and sample mean with X „ Np0, Ipq in R software using a AMD EPYC 7763 2.44
GHz Processor.

p “ 100 p “ 1000
Spatial median Mean Spatial median Mean

n “ 100 0.149 0.022 0.894 0.138
n “ 200 0.265 0.046 2.342 0.353



HIGH-DIMENSIONAL SPATIAL MEDIAN

Table A2: Computing time (in seconds, averaged over 1000 times) of implementations of the
spatial median-based multiplier bootstrap and the sample mean-based multiplier bootstrap
in constructing simultaneous confidence intervals with X „ Np0, Ipq and the number of
bootstrap iterations B “ 400 in R software using a AMD EPYC 7763 2.44 GHz Processor.

p “ 100 p “ 1000
Spatial median Mean Spatial median Mean

n “ 100 0.135 0.088 0.872 0.507
n “ 200 0.208 0.113 2.402 1.591

D.2 Addition simulation results on simultaneous confidence inter-

vals

Tables A3 reports the coverage probability and median length of the SCIs based on θ̂n for ρ “ 0.2 and 0.5, the results

of the SCIs based on the sample mean X̄n are presented in parentheses. We observe that the performance of the

SCIs based on θ̂n with ρ “ 0.2 and 0.5 is similar to that of ρ “ 0.0 and 0.8 in the main paper. The SCIs achieve

satisfactory coverage probability, and it is much shorter than those based on X̄n under the multivariate t-distribution,

which is heavy-tailed.

D.3 Simulations on global tests for high-dimensional location pa-

rameters

In this section, we report the performance of the test based on Tn (Median test) for one-sample high-dimensional

location parameters, and compare it with three alternative approaches: the test of Chen and Qin (2010, CQ test);

the test based on TMean (Mean test) and bootstrap approximation for X̄n; the test of Wang et al. (2015, WPL test)

based on TWPL. We consider the same data generation models (I, II and III) as in Section 5.1. For θ, we set its first

tc0 log pu components as non-zero, while the other elements are all zero. c0 is chosen from 0.5 and 1. The magnitude

of non-zero entries in θ is κplog p{nq1{2, where κ is chosen from 0 to 5. Note that κ “ 0 refers to the null hypothesis.

We consider n “ 50 or 100, and p “ 100 and 1000 for each sample size.

Figures A1–A8 plot the empirical size (κ “ 0) and power (κ ‰ 0) of four (CQ, Mean, Median, and WPL) tests

at the 5% significance level for Models I and II. The results of κ “ 0 indicates that the empirical sizes of all these four

tests are close to the nominal significance level under different case scenarios. When κ ‰ 0, the power of these tests
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Table A3: Coverage probability (in %) and median length of the SCIs based on θ̂n, the
results of the SCIs based on X̄n are in parentheses.

θ “ θ1 θ “ θ2

Coverage probability Median length Coverage probability Median length
Model ρ n p 90% 95% 90% 95% 90% 95% 90% 95%

I 0.2 100 100 89.8 (89.9) 94.5 (94.5) 0.65 (0.65) 0.69 (0.69) 88.8 (88.7) 94.4 (94.4) 0.65 (0.65) 0.69 (0.69)
1000 88.7 (88.7) 94.5 (94.3) 0.77 (0.77) 0.80 (0.80) 90.0 (89.6) 94.7 (94.8) 0.77 (0.77) 0.80 (0.80)

200 100 89.0 (88.9) 94.3 (94.1) 0.46 (0.46) 0.49 (0.49) 88.8 (88.8) 94.0 (94.2) 0.46 (0.46) 0.49 (0.49)
1000 89.8 (89.8) 94.4 (94.4) 0.55 (0.55) 0.57 (0.57) 88.7 (89.2) 94.6 (94.3) 0.55 (0.55) 0.57 (0.57)

0.5 100 100 89.6 (89.8) 94.5 (94.4) 0.65 (0.65) 0.69 (0.69) 88.4 (88.8) 94.0 (94.1) 0.65 (0.65) 0.69 (0.69)
1000 88.4 (88.4) 94.3 (94.3) 0.77 (0.77) 0.80 (0.80) 87.4 (87.4) 94.1 (94.2) 0.77 (0.77) 0.80 (0.80)

200 100 90.9 (90.9) 95.1 (95.2) 0.46 (0.46) 0.49 (0.49) 89.7 (90.0) 95.3 (95.0) 0.46 (0.46) 0.49 (0.49)
1000 89.0 (89.0) 94.2 (94.3) 0.55 (0.55) 0.57 (0.57) 88.8 (88.6) 94.3 (94.0) 0.55 (0.55) 0.57 (0.57)

II 0.2 100 100 89.2 (88.8) 94.8 (94.2) 0.71 (1.05) 0.75 (1.12) 88.4 (88.8) 93.7 (94.3) 0.71 (1.05) 0.75 (1.11)
1000 89.0 (89.4) 94.1 (94.8) 0.84 (1.24) 0.88 (1.30) 89.0 (88.9) 94.4 (94.6) 0.84 (1.24) 0.88 (1.30)

200 100 90.7 (89.8) 95.3 (94.7) 0.50 (0.76) 0.53 (0.80) 89.2 (89.7) 94.0 (94.4) 0.50 (0.76) 0.53 (0.80)
1000 88.6 (89.5) 94.2 (94.6) 0.59 (0.90) 0.62 (0.93) 89.0 (90.6) 95.0 (95.1) 0.59 (0.90) 0.62 (0.94)

0.5 100 100 89.2 (87.9) 93.6 (93.9) 0.71 (1.05) 0.75 (1.12) 89.4 (88.6) 94.6 (94.1) 0.71 (1.05) 0.75 (1.11)
1000 89.2 (88.9) 94.4 (94.2) 0.84 (1.24) 0.88 (1.30) 90.0 (89.4) 94.7 (94.6) 0.84 (1.25) 0.88 (1.30)

200 100 89.4 (90.0) 94.1 (94.6) 0.50 (0.76) 0.53 (0.80) 89.7 (88.6) 95.0 (93.6) 0.50 (0.76) 0.53 (0.80)
1000 90.0 (89.9) 95.6 (94.8) 0.59 (0.90) 0.62 (0.94) 88.8 (89.5) 93.8 (94.4) 0.59 (0.89) 0.62 (0.93)

III 0.2 100 100 89.6 (89.5) 95.0 (95.1) 0.65 (0.66) 0.69 (0.70) 89.4 (89.4) 94.6 (94.6) 0.65 (0.66) 0.69 (0.70)
1000 89.3 (88.8) 94.5 (94.5) 0.78 (0.78) 0.82 (0.82) 90.3 (90.7) 95.0 (94.9) 0.78 (0.78) 0.82 (0.82)

200 100 89.2 (89.0) 94.4 (94.4) 0.46 (0.46) 0.49 (0.49) 90.0 (89.6) 95.1 (95.2) 0.46 (0.46) 0.49 (0.49)
1000 89.7 (89.7) 94.6 (94.8) 0.55 (0.55) 0.57 (0.58) 90.4 (90.6) 95.0 (95.0) 0.55 (0.55) 0.57 (0.57)

0.5 100 100 88.9 (89.3) 94.0 (94.6) 0.65 (0.65) 0.69 (0.69) 88.0 (88.5) 94.2 (94.0) 0.65 (0.65) 0.69 (0.69)
1000 89.1 (89.2) 94.3 (94.2) 0.78 (0.78) 0.81 (0.81) 89.2 (88.9) 94.1 (94.0) 0.78 (0.78) 0.81 (0.81)

200 100 89.6 (89.7) 95.0 (94.4) 0.46 (0.46) 0.49 (0.49) 89.6 (89.7) 94.9 (94.4) 0.46 (0.46) 0.49 (0.49)
1000 89.0 (89.1) 94.3 (94.4) 0.55 (0.55) 0.57 (0.57) 89.3 (89.6) 95.4 (95.0) 0.55 (0.55) 0.57 (0.57)
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increases as κ increases, that is, as the signal getting stronger. For Gaussian data, the Mean test based on TMean and

the Median test based on Tn have similar power performances, and they advance both the CQ test and the WPL

test, which are L2-norm type tests. In addition, when the data are from multivariate t-distribution, the Median test

outperforms the Mean test, which shows the superiority of the procedure based on the sample spatial median over

that based on the sample mean under heavy-tailedness. In summary, the Median test based on Tn is preferred among

the four tests when the alternative is sparse and the underlying distribution is heavy-tailed.

Second, Figure A9 depicts empirical size and power of the four tests (CQ, Mean, Median, WPL) for Model III

with ρ “ 0. It can be seen that, even Model III is not a member of the elliptical distribution family, the size of the

Median test can still control the size at the nominal level α “ 0.05, and this is also the case for the WPL test. We

can also see that the Median test and the Mean test have better power performance than the CQ test and the WPL

test, especially for c0 “ 0.5 when the number of non-zero element in θ is relatively small.
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Figure A1: Empirical size and power of the four tests (CQ, Mean, Median, WPL) for Models
I and II with c0 “ 0.5 and ρ “ 0. The horizontal black solid line refers to the nominal 5%
significance level. “Gaussian” denotes the multivariate normal distribution, and t3 denotes
the multivariate t-distribution with 3 degrees of freedom.
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Figure A2: Empirical size and power of the four tests (CQ, Mean, Median, WPL) for Models
I and II with c0 “ 0.5 and ρ “ 0.2. The horizontal black solid line refers to the nominal 5%
significance level. “Gaussian” denotes the multivariate normal distribution, and t3 denotes
the multivariate t-distribution with 3 degrees of freedom.
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Figure A3: Empirical size and power of the four tests (CQ, Mean, Median, WPL) for Models
I and II with c0 “ 0.5 and ρ “ 0.5. The horizontal black solid line refers to the nominal 5%
significance level. “Gaussian” denotes the multivariate normal distribution, and t3 denotes
the multivariate t-distribution with 3 degrees of freedom.
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Figure A4: Empirical size and power of the four tests (CQ, Mean, Median, WPL) for Models
I and II with c0 “ 0.5 and ρ “ 0.8. The horizontal black solid line refers to the nominal 5%
significance level. “Gaussian” denotes the multivariate normal distribution, and t3 denotes
the multivariate t-distribution with 3 degrees of freedom.
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Figure A5: Empirical size and power of the four tests (CQ, Mean, Median, WPL) for Models
I and II with c0 “ 1 and ρ “ 0. The horizontal black line refers to the nominal 5%
significance level. “Gaussian” denotes the multivariate normal distribution, and t3 denotes
the multivariate t-distribution with 3 degrees of freedom.



BIBLIOGRAPHY

0.25

0.50

0.75

1.00

0 1 2 3 4 5
κ

R
ej

ec
tio

n 
P

ro
ba

bi
lit

y

Gaussian, n =  50 , p =  100

0.25

0.50

0.75

1.00

0 1 2 3 4 5
κ

R
ej

ec
tio

n 
P

ro
ba

bi
lit

y

Gaussian, n =  50 , p =  1000

0.25

0.50

0.75

1.00

0 1 2 3 4 5
κ

R
ej

ec
tio

n 
P

ro
ba

bi
lit

y

Gaussian, n =  100 , p =  100

0.25

0.50

0.75

1.00

0 1 2 3 4 5
κ

R
ej

ec
tio

n 
P

ro
ba

bi
lit

y

Gaussian, n =  100 , p =  1000

0.25

0.50

0.75

1.00

0 1 2 3 4 5
κ

R
ej

ec
tio

n 
P

ro
ba

bi
lit

y

t3 , n =  50 , p =  100

0.25

0.50

0.75

1.00

0 1 2 3 4 5
κ

R
ej

ec
tio

n 
P

ro
ba

bi
lit

y

t3 , n =  50 , p =  1000

0.25

0.50

0.75

1.00

0 1 2 3 4 5
κ

R
ej

ec
tio

n 
P

ro
ba

bi
lit

y

t3 , n =  100 , p =  100

0.00

0.25

0.50

0.75

1.00

0 1 2 3 4 5
κ

R
ej

ec
tio

n 
P

ro
ba

bi
lit

y

t3 , n =  100 , p =  1000

Method CQ Mean Median WPL

Figure A6: Empirical size and power of the four tests (CQ, Mean, Median, WPL) for Models
I and II with c0 “ 1 and ρ “ 0.2. The horizontal black solid line refers to the nominal 5%
significance level. “Gaussian” denotes the multivariate normal distribution, and t3 denotes
the multivariate t-distribution with 3 degrees of freedom.
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Figure A7: Empirical size and power of the four tests (CQ, Mean, Median, WPL) for Models
I and II with c0 “ 1 and ρ “ 0.5. The horizontal black solid line refers to the nominal 5%
significance level. “Gaussian” denotes the multivariate normal distribution, and t3 denotes
the multivariate t-distribution with 3 degrees of freedom.
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Figure A8: Empirical size and power of the four tests (CQ, Mean, Median, WPL) for Models
I and II with c0 “ 1 and ρ “ 0.8. The horizontal black line refers to the nominal 5%
significance level. “Gaussian” denotes the multivariate normal distribution, and t3 denotes
the multivariate t-distribution with 3 degrees of freedom.
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Figure A9: Empirical size and power of the four tests (CQ, Mean, Median, WPL) for Model
III with ρ “ 0. The horizontal black solid line refers to the nominal 5% significance level.
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