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Appendix A: Preliminary lemmas

We first introduce and recall some notation. For a di x da matrix M = (mj¢)d; xds, its matrix g-norm is |[M|, =
sup{||Mz|, : ||z|, = 1}. Specifically, the 1-, 2-, and oo-norms of M are |M|1 = maxi<e<d, Zjlzl |mjel, |M]2 =
{Amax (M TM)}2 and | M| = maxi<j<d, Zjil |mj¢|. The Frobenius norm of M is |M|r = {Z?;l Z?il m?e}lp.

Define a random p x p matrix Q@ = n~' 37, Ry 'W;W," such that E(Q) = E(R; 'W;W,), and denote Q¢ as
the (j,£)th element of Q. Denote E*(-) and Var*(-) be the expectation and variance conditional on Xi,..., X5,
respectively. Recall that W; ; is the jth element of W; for i = 1,...,n and j = 1,...,p; wj¢ is the (j, £)th element of
Q; and I'; is the jth row of I'. Finally, we will denote various positive absolute constants by C1, Ca, Cs, ... without
mentioning this explicitly.

In this section, we present several preliminary lemmas, whose proof can be found in Appendix C of the supple-

mentary material.

Lemma A1l. (Concentration of norms) Suppose that C’onditions and hold with ao(p) = p'~° for some positive

constant 6 < 1/2. Then, for sufficient large p, there exist positive constants c1 and c2 such that

P {p — eI U P <p+ ep(1+§)/2} > 1 — ¢ exp{—cop’®/*2T}
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and

P{(1 - e)tr(Q) < [T < (1 + €)tr(Q)} = 1 — e1 exp{—cop®/ T4}

for any fized € € (0,1).

Lemma A2. Suppose that Conditions and hold with ao(p) = pt~? for some positive constant § < 1/2.

Then, for anyi=1,...,n,

(i) E(|U:][*) = pE(UL;) + p(p — 1), E(|U:]°) = pE(US;) + 3p(p — DE(US;) +plp — 1)(p — 2) and

E(JUJ®) = pE(UL,) + 4p(p — DE(UL,,) + 3p(p — D{E(US;,)}

2J1

+3p(p — DEUL,) +pp —1)(p—2)(p — 3).

In addition, E(|U;|**) = p* + O(p* "), E(|U|*) = p*'% + O(®">~1) for any positive integer k.

(it) E(|ITU[*) = p* + O(0*~°), E(|TU:[°) = p* + O(p*~°). In addition, E(|TUi]) = p*/* + O(p*/*~°) and E(|TU;|*) =
p3/2 +O(p3/2_5).

(iii) E{|TS(U:)[*} = 1+ O(p~"%) and E{|TS(U3)|'} = 1+ O(p~"*).

(iv) BE(v; %) < Gep™? for k =1,2,3.

Lemma A3. Suppose Conditions (md with ao(p) = p' =% for some positive constant § < 1/2 hold. Define
a random p X p matric Q =n"* > R7'W,W,T and let Q;¢ be the (j,£)th element of Q. Then,
(i) 1Qsel < Cip™Hwsel + Op (G 2p™" + Cup™ 0 + Gip™' %),

(i) Qje = Qoje + Op(Crp™ "% + G1p™'7%%), where Qo j¢ is the (j,{)th element of
Qo =n""p 2 Y v HTS(UNHDS(U)}
i=1

In addition, Qo satisfies tr[E(QF) — {E(Qo)}?] = O(n~'p™h).

Lemma A4. Suppose Conditions and with ao(p) = p'~% for some positive constant § < 1/2 hold. Then,
(1) B{(¢T Wi )} S M? and B{(¢(T*Wi)?} 2 m foralli=1,...,nandj=1,...,p.

(i) |¢T " Wijllpe S B foralli=1,...,nandj=1,...,p.
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(ii1) IE(WEJ) = pilej + O(pflf‘m) forj=1,...,p and E(W, i) =p 1w]e +O(p —1- 6/2) for1<j#L<p.

(iv) if logp = o(n'/®), |n™ V2 X, ¢ W, L= Op{log'?(np)} and [0~ ! 37 (7' Wi)?|, = On(1).

Lemma A5. Suppose the conditions of Theorem[] hold, then

020, =n 2NN ZiWs + (S.1)

i=1
where |Cnlow = Op{n~*log"?(np) + p~ /622 log!/?(np)}.
The following lemma is Nazarov’s inequality, and its proof can be found in |Chernozhukov et al.| (2017]).

Lemma A6 (Nazarov’s inequality). Let Yo = (You,...,Y0p)' be a centered Gaussian random vector in RP and
IE(YO%]-) > b forallj=1,...,p and some constant b > 0, then for every y € R” anda > 0, P(Yo < y+a) — P(Yo <

y) < alog'?(p).

Appendix B: Proof of main results

Proof of Lemma[l As 0 is a location parameter, we assume 6 = 0 without loss of generality. Then, W; = S(X;) =

|IX:| "X, = |[LU;|"*TU; for i = 1,...,n. The sample spatial median 6, satisfies

Q) Q)
Q>

S -a)-§

i=1

n —

-3 oA,
i=1 ’L 6 H
which is is equivalent to

-1

n (Wi — R;'0,)(1 — 2R; "W, 6, + R;%0,)* =0

v

i=1

as W,'W; = 1.
Under Condition Cr = E(Rl_k) = O(pfkﬂ) for k = 1,2,3,4. In addition, Lemma indicates that Qj¢ =

Qo,j¢ + Op(Cip™ /% + Cip~*7%/2), where Qo,j¢ is the (4, £)th element of Qo = n~'p~ 237" v {TS(U)HTSU:)} " . In

addition, Qo satisfies tr[E(Q3) — {E(Qo)}?] = O(n~'p™"). Thus, from the similar procedure as in the proof of Lemma
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1.2 of |Cheng et al.[ (2019), we can show that

10.] = Op (¢ 'n72).

Then, for i = 1,...,n, we have |R;7*WT0,| < R0, = Op(n™Y?) and R;2||6.])*> = O,(n™!). By the first-order

Taylor expansion, the above equation can be rewritten as

—1
n

7

(Wi — R;7'60,)(1+ R;'W,'0,, —27'R; %6, + 61:) = 0, (S.2)

n
=1

where &1; = Op{(R;'W; 0,, — 27 R7%6,,]*)?} = Op(n~1). By Markov’s inequality, for any ¢ > 0,

P ( max R;l > 5§1n1/4) = P ( max R;‘l > s%fn)
I<isn 1<i<n
< B (gaz R; ) /(' ¢in) < nE(R7Y)/(*¢in) s &7

where the last inequality is due to Condition Thus, maxi<i<n R;Q = Op( 12n1/2), and consequently, maxi<i<n 01; =

0p(]0,]? maxi<icn R;2) = Op(n~Y/?). Rewrite (S.2) as

Y (=27 R0, + 6u)Wi + 0Tt Y RN (W 0,) W

1 i=1

=

3

= T YRS 27 R 00 + 61)0n + 07t D) RIA(W0,)0,,

1 1=1

o
Il

which implies

Y (=27 R0, + u)Wi + Tt Y RSN WT 0, Wi = 0t Y RN+ 01 + 62000 (S.3)

i=1 i=1 i=1

where 8y = R;7'W, 0, — 27 'R;20,]% = 0,(511?) satisfies maxi<i<n 62; = Op(n~"/*). It is straightforward to

check that n 237" R W, 0,)W; = n~ ' 37 R7'W, W, 0, = Q8,,. From Lemma 1Qjel S CipHwje| +

Op(Gin™"2p™" + (1p™™° + (1p'7*%), and this implies that [QOn]w < [Q1]18n]ec < (1p™"[92]1]60n]00 + Op(Gin ™2 +
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Cp 0 4 Cip %) |0 o
According to Lemma we have that [n™' 7" | ¢ ' Wil = Op{n~Y?10og?(np)}. Then, |Cf1n_1 > 5“Wi|§o <
[n=t 0 (CfIWi)Q‘w (™' 37", 6%) < Op(n™?). In addition, we have that [¢; 'n ™" 27, R 260, *Wi|o < Op(n™h).

=1 i=1

Regarding equation (S.3) and the fact that ¢, 'n™' 3", Ry " = 1 + Op(n~?) , we obtain

+¢1Q0n |

[oe}

< 2l ao()Bule + Op(n 2+ pm D)0, |0 + Op{n " log P (np)]}

S
z
8

N

Gint Z Wi

i=1

Thus, we conclude that

0] = Op{n™"1og"* (np)}
as ao(p) = p*~°. In addition, we have |7 Q0|0 = Op{n~2p~ (/02D 10 2 (np)+n 1 log?(np)} and n~! e RN+

015 + 021) = C1{1 + Op(n~Y*)}. Finally, we can write

n1/2(9n —-0) = nil/QCfl Z Wi+ Cn,

i=1

where C,, satisfies |Cr|o = Op{n~*log?(np) + p~ /622 10g/2 (np)}. O

Proof of Theorem[1 Let Ly, = n~"*log"?(np) + p~ /792 1og'/2(np). Then, for any sequence 7, — 00 and any

teRP,

P{n1/2(én ~0) < t} =P <n1/2C11 i Wi+ Cn < t)

i=1

n
< P (n_l/chl Z Wi <t+ UnLn,p> + ]P(|Cn|oo > nnLn,p) .
i=1

According to Lemma [Ad] E{(¢'W;;)*} £ M?, E{(¢{'W:;)?} 2 m, and ¢ Wiyl

o S Bforali=1,...,n

and j = 1,...,p. According to the Gaussian approximation for independent partial sums in [Koike| (2021)), let
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G ~ N(0,¢°B) with B = E(W, W, ), we have

P( 2ot ZW t+nan)

< P(G<t+naLlnp) +O({n "log® (np) } /6)

N

P(G < t) + O{nnLnplog'?(p)} + O ({rfl 10g5(np)}1/6) )

where the last inequality is from Nazarov’s inequality in Lemma @l It is also worth noting that the order

O ({n_l 10g5(np)}1/6) is improved to O ({n‘l log® (np)}1/4) in |Chernozhukov et al.| (2019). Thus,

P {nl/z(én —0) < t} < P(G <t) + O Luplog”*(p)} + O ({n_l 1og5(np)}”6)

+B(|Culee > ML) -

On the other hand, we also have

P{nI/Q(én—O) <t} > P(G <t) = OfnuLnylog”(p )}—O({n_110g5(np)}1/6)

_P(|Cn|00 > UnLn,p) )

where P(|Crlw > MnLn,p) — 0 as n — o according to Lemma

1/3/\6)

Then, if logp = o(nl/s) and logn = o(p , with sufficiently slow 7,, — 00, we have

sup
teRP

P{n'?(8, — 0) < t} — P(G < t)‘ 0.

We obtain immediately from Corollary 5.1 in [Chernozhukov et al| (2017) that

pn(Are) = Ssup

AeAre

P{n"*(0, —0)c A} —P (G e A)’ -0,

which leads to the conclusion of this theorem. O
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Proof of Theorem @ Let X; = X; — 0,, and R; = HXZH fori=1,...,n. According to Lemma

n'20, =2 ZiWi + Cn,

i=1
where C,, satisfies |Cr|o = Op{n~*log?(np) + p~ /622 10g/2 (np)}.

Denote W, = n™" 3" | W; and rewrite

n'20, =n V2N Zu(Wi - W) + (n‘lﬂgl > Zi> Wy + Cy,

i=1 i=1

where

(Wal,, < 012 10g"? (np)

n 12 i Z

1=1

<Gt

o0

<n1/2C11 Z Zi) Wn
i=1

according to Lemma (iii).

It is clear that E* {n_l/QCfl > Zi (Wi — Wn)} =0. Let B=n""3", W;W,", then
Var* {n‘”qu > Zi(Wi - Wn)} = (B - GPWLW,
i=1

Denote B, and E]’Z be the (7, £)th element of B and B, respectively. In addition, denote W, ; as the jth element of

W,.. Define

A, = max C;2Ej£ — C;QWn,jWn,é - C;2ij ’

1<jl<p

then

A, < A, + max |C1_2V7Vn,]-Wn,g‘ <Ap+nt log(np),

1<j 4<p
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where

n
—21 —2 —1,—2
Ami = max [(7Bje— 7Byl = max |0 Y Wi Wi — E(Wi Wi}
1<j,4<p 1<jy,4<p )
From the properties of the 1, norm, it holds that
max [¢ AW Wil 5 max [ W )
1<i<n;1<4,6<p ’ ’ a2 1<i<n,1<j<p ’ a2
o o
2
—2
= ma i g
G 1<i<n,1§j<p|WZ’]
wOL

< log*(np).
Let Jn = maxlgigmlgj,ggp <f2|Wi,jWi’g — ]E(Wi7jWi,¢)|, and

o2 = max (2 Z E{W; ;Wi — E(W; Wi}

1<j,<p —t
i=

A

max G2 Y E{[Wi Wi’} sn.

1<j,l<p =1

It also follows that

+ max (fZIE(|Wi,]-Wi,g|) < logz(np) .

1<i<n;1<j,4<p

max |Wij7Wi,g|

< —2
[nllvay, = G 1<i<n;l<j,<p

Va2

By Lemma E.1 in [Chernozhukov et al.| (2017), it holds that

E(Am) s 07 [onlog"?(p) + (E(2)} logp)
< 0 {0 g ) + o ()
< n_l/gloglp(np).
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Then applying Lemma E.2 in |Chernozhukov et al|(2017) with = 1 and 8 = «/2, we obtain that

P(An1 = 2E(Ay) +1t) < exp (—Clnt2) + 3exp {—Cg{tn log72/°‘(np)}°‘/2} .
Thus, there exist a constant Cy depends on § such that

]P’{Anl > Cyn~ 12 logl/Q(np)} <p®>o0.

From the multiplier bootstrap theorem and Gaussian comparison in [Chernozhukov et al.| (2017) and [Koike]

(2021),

sup
teRP

P* {nl/chl Zn] Zi(Wi — W) < t} —P(G <t)

1=1

< APlog(p) + {n ' log’ (np)}*,

on {A, < n~1/? logl/z(np)}, which occurs with probability 1 — p~°.
. .. oy . . 1-5
Finally, similar to the proof of Theorem we can show that under Conditions and with ao(p) = p %, if

logp = o(nl/s) and logn = o(pl/s“s)7 we have

sup |P{n'?(8, — 6) € A} —P*(n'/?0,, € A)| > 0
AeAre

in probability, which completes the proof of this theorem. O

Proof of Theoremlg Theorems I} and [2] indicates that there exists a positive sequence f,,, — 0 as n,p — o0 such
that

sup [P(n'/?|6,, — ]uc < ) ~ P(IGlux < )| < Bop/2

teR

and

sup [P(n*?]0,, — 6| < t) — P*(n'/?|0,]0 < t)‘ < Bnyp
teR
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with probability approaching one when n — 0. Letting ¢1—, be the (1 — 7)th quantile of n1/2|9n — 0|, that is,

Gi—r = inf{ueR: IP’(nl/2|én — 0| > u) < 7}. Then,

P*(n1/2|én‘w < ql*"‘*’ﬁn,p) = P(’I’Ll/2|én - 0|'~X> < ql*T‘ﬁ@n,p) - /Bn,p = 1- T,

with probability approaching one as n — 00. On the other hand, it holds with the same probability that

P*(n'?(0n]w < q1—r—3p,.,)

P(n"*|0, — 0l < 1—r—3,,,) + B

N

= IP>(”1/2|én — 0] < q1—7—3Bn,p — "_1/6) + Brp
+P(n1/2|én - 0‘00 < q17773ﬁn7p)
~P(n%10n — Ol < q1—r-3p,, —1 %)

< 1—7—2Bnp +P(n"?|0, — 0l < q1—r—35, ,)

B8 — Bl < s, — 109,
where P(n'/?]0,, — 0|, < Qi—7-36n.,) — P(n'/?0, — 0] < Qo7—36n.,, — n~Y%) can be bounded by

)P(nl/2|én - 0|OO < Q1—7—73Bn,p)

P10, — 00 < @1—r—3,, — 1)

N

)JP(IG\OO < @rsp,) ~ P(Gle < @1orss,, —n )

+ [P0 — 1 < @1-r-35,.,) = B(IGlx < q1-r-35,.,)
+ [P0 — 61 < @135, — 1)
71/6)

—P(|Gleo < q1-7-3p,, — 7

< [PUGle < @1-r-s5,,) = PGl < @1-r-3,., =1 )] + Buy

N

_ 1/6
C {n" 10g® () }'° + B,
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for some positive constant C1, where the last inequality follows from the Nazarov’s inequality. Choosing C1 {nfl log5(np) }1/6 <

Bn,p, we obtain

P*(nl/2|én|oo < Q1—773,8n,p) <l-7

with probability approaching one. It follows that

B
P(qi-r—36,, < @17 < qi—r46,,) — 1, asn,p— 0.

Therefore,

P(n'?10, — 0l > qi";) < B(n'*0n — 60l > q1r-3s,,) + P(ai"s < G1-r-35, ,)

< T+ 3Bnp +0(1) (S.4)

and

B(n'218, — 6] > ¢2.,)

P(nlﬂ‘én =0l > ql*‘r+5n,p) - IP(qF_T = q17T+B"’p)

\%

P(”lm‘én - 0] > Q1—7+Bn,p — ”71/6) —o(1)

\%

+P(n'?16, — 6] > Q—7+8n,p)
—P(n'*05 = Ol > q1r4p,, — 1)

> 728, —Caf{n! log5(np)}1/6 =7 — 3B,

for some positive constant C3, where the second last inequality follows from the Nazarov’s inequality and the last

inequality is from choosing £y, = Co {nfl 10g5(np)}1/6. Finally, as 3., — 0,

P(n'*6n — 0l = g1’ ;) =7 — 0,
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which completes the proof of this theorem. O

Proof of Theorem[J] Without loss of generality, we assume 69 = 0. Rewrite the test statistic as T,, = nt/ 2|9n|oo7 and

let TS = n1/2|@n — 0w, which has the same distribution of 7,, under Hy. Then, it holds that

T = n?6]0 — T5 .

Therefore, the power of the test based on T, satisfies

\%

P(Tn > gt | H) P(n'?|0)0 — Ty > gt | Hy)

B(TS < n'(0l — qb, | Hy)

Under the conditions of Theorem [2] there exists a positive sequence 8, — 0 as n,p — o0, satisfies

sup [P(Ty; >t | H1) = P(|Gloo > ¢ | H)| < Br,p; (S.5)
teR
where G ~ N(0,(;*B). Letting qi—~ be the (1 — 7)th quantile of TS and ¢f_, be the (1 — 7)th quantile of |G/|cx.
Choosing t = qlc_ﬂ_mmp in equation 1’ we obtain that |P(Ty > Q1G_T+2;3n,p | Hi) — 7 + 2Bnp| < Bnyp and
P(T5 > Q1G7T+2ﬁn,p | Hi) < 7 — Bn,p, which implies that g1—r14, , < Q107T+25n,p~
Note that g2_. is the (1—7)th quantile of n'/? ‘én|go conditional on X1, ..., X,. By carrying out similar procedure

as in the proof of equation (S.4), we can show that

P(T;; > n'?|0] — g1, | Hy) < B(T > 0?60 — q1-rsp,, | H1) +o(1). (S.6)

It follows that

P(T5 > n'?16]o0 — g’ | Hi) < P(T5 > n'?10]o0 — i+ 105, , | H1) +0(1).
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For |G|, for any t > 0, applying the tail bound of normal random variable, it holds that

P(IGlo > 1) < 2pexp{~2(*/{maxvar(G;}}} < 2pexp{~Cat®},
JIsp

where Cy = 2B M ™. Choosing t = C;l/Q log'2(2p/(T — 2fn.p)), we arrive at

P(|Glee > CyV? log" " (2p/(7 — 2Bnp))) < T — 2Bup

which leads to
G ias,, < Oy log {2/ (7 = 2B0))
for sufficiently large n and fix level 7. It follows that Qf—f+26n,p < 205 10g?{np}. Then, if [0, = Cn~"?log"/?(np)

for a large enough constant C' = 2C; *Cs, which depends on constants B and M, it holds with constant C > 1 that

]P)(Tn > qle‘r | Hl)

> P(T5 <n'?|0] — Q£T+2Bn,p | H1) + o(1)
> P{T: <20, 2Cslog*(np) | Hi} + o(1)
> P{|Glee < 2C; Cslog!*(np) | Hi} = Bup + o(1)
> 1-n 2% Bnp +o0(1).
We complete the proof of this theorem. O

Proof of Theorem[5 Recall that G=n"t T X - 6,7 Tt has been shown in the proof of Lemma that

X 0™ = R (14 ROWT0, — 27 R0+ B,
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where 6y, satisfies 61, = Op(n™") and maxi<;<n 01: = Op(n~?). Thus,

G o= n T Y RT (1 ROWT 00— 27 R0 + 81
i=1

= ’I’LilZR;l(l-‘rggi),
1=1

where 83, satisfies d3; = O,(n~"/?) and maxi<i<y 03i = Op(n~/*). By the fact that n ™' 37" | R;' = (1 +0,(Cin~?),

we conclude that
G/G=1=0p(n""). (8.7)
Let Wi = (Xi — 6,,)/|Xi — 0, for i = 1,...,n. From the proof of Lemma
Wi = (Wi — R;'0,)(1 + 02:) = Wi + Wid2i — R; "0, (1 + b2:),
where 0; satisfies d2; = Op(nfl/z) and maxi<i<n 8oi = Op(n71/4)4 Let W,] be the jth component of Wh then

By = n' )W
=1
= T Y WL+ 0p(02)} + 1 Y Ry IWa 00,5 {1 + Op(02:)}
i=1 i=1

+n7t Y TR0, {1+ Op(620)},

i=1

where maxi<j<p [ 2, W2 {1+ Op(62:)}/Bjj — 1] = Op{n~"*log"*(np)},

n”t Y R0, {1+ Op(620)}

max
1<j<p -
1=1
n
-1 -2 42

< |n ZRi max |6}, ;]

= ISSAS A

im

= Op{¢in~"log"?(np)}
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and

max
1<j<p

" 1/2 " 1/2

-1 —2 -1 2 5

n g R; max n E Wi, max |6y,
= 1<j<p = 1<i<p
1= 1=

= Op{Gip *n " log"? (np)}.

n=t Y RT Wi {1+ Op(gm)}‘

i=1

A

It follows that

max Bj;/Bj; = 1+ Opfn~ " log"*(np)}. (S.8)
1<j<p
Recall Ly, = n~Y*log"?(np) + p~M/62%2 1og!/?(np) and A™ = {1 1laj,b;] : =0 < a; <bj < 0,5 =1,...,p}
be the class of rectangles in R”. Under Conditions with ao(p) = p*~° for some positive constant § < 1/2, if

logp = o(nl/‘S) and logn = o(pl/?’”), we have

sup

P{Vi(8, — 0) € A} —P(G € A)| < OfnaLnpl0g"* (1)} + O ({n""10g>(p)}"*) + P(Culiz > faLnp) = 0,
AegAre

where G ~ N(0, (7 ?B) with B = E{W, W/ }. Moreover, for any 0,,; — 6 j, with choosing a; = —co and b; = oo for all

1<i<pandi+# j, we obtain

max sup ‘IF’ <\/ﬁ(ém —0o,5) < t) —P{N(0,¢; *By;) < t}‘

1<j<p teRr

< OfLup 10" ()} + O ({n ™" 10g” (np)} ) + P(Culio > 11 Liy) = 0.
From (S.7) and (S.8]), we have maxi<j<p |S%’j/<1_23jj — 1| = Op(n~Y*1og"? np). Since

max
1<j<p

i O 5o 5o A CT2By,
\/ﬁ(ew GOJ) \/ﬁ(eru QO,J) ‘< \/ﬁ(ew 907J) max L 77 _1‘ _ Op(n*1/4 log(np)),

— Imax < Imax
\/ ¢ By \/ G By

Sn,j Isjsp Isjsp Isjsp Sn,j



Guanghui Cheng, Liuhua Peng and Changliang Zou

then, for all 1 < j < p,

P(iﬁ(ém — fo.4) > t) —P(iﬁ(ém — bo.) >1— e) < P{ max 7\/5(%] — bo.) max 7CIQBN — 1‘ > e}.
/¢ 7By /¢ 7By

1<j<p
—1/4

Sn.j 1<j<p

As a result, by choosing ¢ = Cn log(np) — 0 with sufficient slow C' — o0, the reverse inequality can be shown
using a similar argument, then, maxi<;<p SuUp,cp ’P <\/ﬁs;1](énj —0o,;) < t) — Cb(t)‘ — 0. Hence, if logp = o(n'/®)

and logn = o(p*/3"?%), we have

sup ‘P{nlfz(én,j —0,)/sm; > x} - {1-@@)}‘ 0. (.9)

o<z<21/2 log;l/2 (np)

Let T, =n 230" Wi /Ain =t S0 W2 — (' 3%, Wi ;)?}"/?, and by the Lemma 6.1 in ILiu and Shaol (]2014[)7 it

holds that for any € > 0 and some ¢ > 0,

B( 3 01Tl > 0= B(Tosl) > 1)) 5580200 (gt + SR g0} (so)
j€Ho "

where G, (1) is some function depends on r; = E|W; ;|® such that G, (t) = G(t) = 2{1 —®(¢)} for all t € R, and G,.(t) =

G(t){1 + o(1)} uniformly over 0 < t < 21/2 logl/Q(p) with logp = o(nl/S). Define the sequence zo < 21...,< 24, = 1,

) " 1/u
define 2 = by/p, ...,z = by/p+ by > exp’” /p, for 0 < u < 1, and d,, = (log ’;;/b;’) with any b, = o(p) — o0, then
p

it holds that Withm and for any € > 0, and talking ﬁ <u<l,

% P Z]’eHO ]I{|Tn,j| = tk} _1
Pt p()gn(tk)

d

_ 1 1 & _ g 2rto) -

>C> <C 2<m+b% Diexp ™ dpp” T 4 dylogp 19)(,8-11)
P P k=1

then we have by the Markov inequality

ZjeHo H{|Tn»j| = tk} .

ey PoGn (tr)

0<k<d,

1l = OP(l) 9

Then based on Equation (13) ofILiu and Shaol ([2014[), as n — 00, with Condition and po = p(1 —p® ') — oo for
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some 0 < @ < 1, and some 0 < n < (1 —7)/(1 + r), it holds that

Zje’HO H{|Tna| = t}
sup

- 1 = OP(]‘) ’
0<t<G ! (bp/p) PoGe(?)

Then, with enough large n,p, as long as |H| — o and |H| > 2/7, we have
TIH|/p = 2/p = 2exp{—(2"*1og"* p)*/2} = 2{1 — (2% log"* p)} = G(2"/* log"* p) .

It follows that G~ (7|H|/p) < 2% log"/? p, consequently,

Yjery W Tn il =t}
sup

— 1| =o0p(1).
0<t<G—1(7|H|/p) poG(t) i

Let T), ; = n'/?(0n,; — 0;)/sn,j, we obtain maxi<j<p |[Th; — Tn,j| = op{log="/?(p)} with some careful calculations.

With similar procedure to Page 84 of [Belloni et al.| (2018)), it holds that

Diero KT ;1 = 1}
sup
0<t<G—1(7|H|/p) poG(t)

—1| = 0p(1). (S.12)

The B-H method with Pi,. .., P, is equivalent to the following procedure: reject Hy;, if only if P; < fo, where

rmax{3?_, I(P; < 1)} } |

fozsup{()stgl:tg
p

‘rmax{zg=1 ]I(Pjgt}]),l}

- ,and 7|H|/p = G(2Y21og? p). Set t = G71(7|H|/p), then t < 2/%log'?p

Then we have £y =

with probability tends to 1. Under Hyj;, it holds that T3, ; = T:m- =nY%(0,; — 00.;)/sn.;, Thus, we have

G(1) = | Tmax{3, KTl > 2'210g'/? p), 1}
p p
Tmax{>F_, I(|Tn;| = 1), 1}

P )

N
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where the second inequality implied by (B.29) of Belloni et al.| (2018), which is denoted as

p
P(Z | Tn; 2@2%) —1.
Jj=1

It implies that P(fy = 7|H|/p) — 1 with £y = G(#), and together with (S.12), we have

Z]’e’HO H{|T7,17J| = 5} _ Z]’e’HO H(|T’ﬂ»j| = 'E) B 1
poG(f) poG (1) ’

which is equivalent to

= 1.
poto
Finally,
s pp— PR 110 R M ERC RSN
max{>7_, I(P; <to),1} pto/T D

as n — o, since FDPj; is bounded between 0 and 1, it follows that FDP»; — %, which completes the proof of this

theorem.

Appendix C: Proof of preliminary lemmas

In this section, we present proofs of preliminary lemmas in Appendix A.

Proof of Lemma As the components of U; are independent and standardized, simple calculations yield E(|U1|?) =

p and
E(|TUL|%) = E(U{ T TU) = tr{T ' TE(ULU; )} = tr(Q) .

Under Condition the components of Uy = (U 1,...,U1,)" are independent sub-exponential random variables

such that maxi<j<p |U1,5]w. < co. Applying the concentration inequality in the proof of Lemma S2.1 in (Wang et al.
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2015)), for every t > 0,
P (||U3)? = p| > t) < Crexp {_02 (pfth)C!/(4a+4)} '

and

a/(4a+4)
PTG — ()] > ¢} < Croxp| -0 { ot 7

For any fixed 0 < € < 1, let
A = {p—ep" 2 <UL < p+ ep™ Dy
and
Az = {(1 — )tr(Q) < |TUL| < (1 4 €)tr(Q)}.
Taking t = ep't9/2 in and t = etr(Q) in (S.14), we have
P(A1) > 1 — Cy exp {_02(62p6)a/(4a+4)}
and

P(A2) = 1— Ciexp (2)

2, 2 a/(4a+4)
_CQ{etr (Q)} }

Under Condition

(S.13)

(S.14)
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Since tr(Q2) = p and ao(p) = p* %, we conclude that

(@) p s
tr(Q%) = Mpao(p) '

Consequently, for some positive constants ¢; and cz, we get that

P(A1) = 1 — ¢; exp{—cop®®/ ot

and

P(Asz) = 1 — ¢1 exp{—cap®®/ 44}

for sufficient large p. Thus, we finish the proof of this lemma. O

Proof of Lemma[AZ (i) As the components of U; = (Us,1,...,U;,) " are ii.d. standardized sub-exponential random

variables, simple algebra yields

E(|U:]*) = E{ ZU12]>}

j=1 1<ji#ja2<p

= pE(Ui;) +p(p—1)
and

E(UIY) = REUS)+3 Y E(Ui)EUL)

=1 1<ji#j2<p

+ > E(UZ;,)E(UL,)E(UL )

1<ji1#j2#J3<p

= pE(US;) +3p(p — DE(U;,;) + p(p — 1)(p — 2).-

<.
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In addition,

E(|U:I%)

NEUL) 4 Y E,)E02,)

1<j1#j2<p

4 4
+3 Y, EUL)E(UL,)
1<ji1#j2<p

+6 > E(U ) EUE)EUE )

%71 4,52 %73
1<j1#J2#J3<p
2 2
+ Z E(Ui,jl)]E( 7J2)E(U2 ) (Ui7j4)
1<j1#j2#j3#ja<p

= PE(US,) + 4p(p — DE(UL,,) + 3p(p — D{E(UL;,))

+3p(p — DE(UL,) +p(p — 1) (p— 2)(p — 3).

The result of E(|U;|?*) = p* + O(p"~!) for any positive integer k can be checked by

E(JU:™) = Y. EUL) x- xEUL){L+ 007

11 #5u <P

PP o).

Moreover, by the fact that {1 + u — (u — 1)?}/2 < u? < (1 + u)/2 for all u > 0, we can get that E(|U|*) =
P2 + O(p"/?71) for all positive integer k.

(ii) Write Aje = % _ ) I'j1;T,¢ as the (4, £)th element of I''T, then

E(rT:|*) = E { (Zp: i AﬂUi,jUz‘x) }

j=1¢=1

—

p
= Y ALEUL)+2 D) A?m (U2;,)E(UZ,,)

Jj=1 1<ji#j2<

+ A]l]lAJ2J2]E(U ,Jl)E(Uizyh)

P
= E(U%J) 2 Ajz-j +2 Z A321J2 Z Njiji Niaga

j=1 1<ji#j2<p 1<ji1#j2<p

P
= (ZAjj> +{E zy _1}ZAJJ+2 Z A?wz
j=1

Jj=1 1<j1#j2<p

= {(Q)}” + O{tx(Q%))

as D A%+ 21<]1¢]2<p iz = D=1 2= A%, = tr(Q%) and tr(Q?) < p?7° based on Condition Similarly, we
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can show that

]E(HFUZHfj) (Ajljl AjzjzAjsja + A?ljZAjSJS

1<j1#J2#J3<p

+ Aj1j2Ajlj3Aj2j3)E(Ui27j1 )E(Uzjz)E(UZje,){l + O(pil)}

= P +0(")

and E(|TU:["?) = p® + O(p°~°).

Similar to the proof of part (i), the result E(|TU;|) = p*/? + O(®'/*7?%) and E(|TU;|?) = p*?* + O(p**~°)
are directly consequences of E(|TU:[?) = p, E(|TUi|") = p* + O(p*7°), E(|TUi|°) = p* + O(p°~"), E(|TU:|'?) =
p° + 0P %) and {1 +u— (u—1)?}/2 <u'? < (1 +u)/2 for all u > 0.

(iii) Now we consider E{|T'S(U;)|*}. Fori =1,...,n, let

Avi = {p - ep" 2 < |UI* < p+ T2

for a fixed 0 < € < 1. According to Lemmaand the fact that |TU; | < tr(Q)|Us|?,

E{|TS(U:)|*} E(|TU[*U:] %)

p T E{ITU*} + E{ITU | (1U:7 = p7 ')}

L+ E{TU:|* (JU:| 7 = p7")}
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where

E{|rU:|* (JU:| 7> —p~")}

< p 'E(ITUP|U 72 (10 - pl)
= p 'E{|TU*|Ui| 2 ||Ui|* — p| I(Avi)} + p "B A{|TU:|*| U ~2 || U )* — p| T(AS:) }
< p Hp— "R (DU ||UP - p]) + 27 e (Q)E {|| U] — p| I(AS) }

< o - R B B - o))+ (B o) eeas)y

< p - )T+ OO x O('?) + O('?) x & exp{—cap®/ Ut j2

= o).

It follows that E{|T'S(U:)[?} = 1+ O(p~/?).

Similarly, the last result follows from

E{(ILS)I"}y = » "E{ITU:["} + E{ITU:]" (JUs|~* —p~2)}

= 1400 ) +E{TU|* (U~ =p~*)} ,
where

E{ITU:[* (1U:]~* = »7%)}

N

pE (IPU[* U3~ U3 ]* — %)

= p E{ITUN U IU* = p*| (AW} + p B (DU U~ 10" = p?| T(AT:) }

N

p 2 (p—ep' ) PE (T |U* = p?]) + 7 {er (QYE {||U]* — p?|T(AT:) }

A

P - ') ErU Y (B -2y} + (B - ) ey

N

P 2(p—ep'°) 2 x O(p%) x O(p*?) + O(p*'?) x i/ exp{—cop®@/ 42+ j2)

= o 7).
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(iv) as v; and S(U;) are independent,

E(v; DE{ITSU)| ™'} = E(v; ' [TU:| M Uil)) = E(R; | Us])

= E{R;'|Ui|I(Aw)} + E{R; " |Ui[I(A5,)}

N

o+ "2 ER(RT T} + (B(RT) Y EIU Y P(AT)}

A

{p+ ep(Hé)/Q}l/QE(R;I) n CZ1/4 « p1/2 % c}/2 exp{_c2p§a/(4a+4)/2}

N
Ly
i)

and

E(v; )E{ITS(U:)]~*} E{R; U *I(A1i)} + E{R; *|U:|*I(AL,)}

< {p+ @ "TPYE{R PI(AL)} + {E(R; )Y HE|U Y {P(AT)
< {p+ep"PIPIE(RT?) + G % p x ¢)/® exp{—cap®/ Y /6)
< Cp,

In addition, we also have

E(v; )E{ITS(U:)] %}

E{R;®|U:|’I( A1)} + B{R; > |Us[*I(AL,)}

< A{p+ p"TPYPE(R 1A} + (E(RT)PUEU Y O{PAL)Y
S {p + Ep(1+6)/2}3/2E(R;3) + CZ)/4 x pS/Q x C}/12 exp{_02p5a/(4a+4)/12}
< 43p3/2 )

By Cauchy-Schwarz inequality and Jensen’s inequality, we can show that

[E{ITS@)| 17" <E{TSWi)[} < [E{(ITSU)*}]2 =1+ 0(p~"?),

[E{ITS@)| 7" < E{ITS(U)I*} =1+ 00~ 1),
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and
[E(TSEII™ < BIPSO)I'} < [BITS@IY = 1+ 067).

Then, the results of this part follows immediately. We finish the proof of this lemma. O

Proof of Lemma[A3 (i) Fori = 1,...,n, let Az = {(1 — e)tr(Q) < |TU;|> < (1 + €)tr(Q)} for a fixed 0 < € < 1.

Recall that I'; is the jth row of I' and W; ; = I';U;/|T'U;|, then

Qje = nTt Y RIWi Wi =n"t Y v H(TU)(TeUs) DU 2

i=1

= n7'p P w N U) (TeU)
1=1

0t Y (U () (H]_‘Ui‘r?» _p—2/3) 7
1=1

where the last term satisfies

E {nl Z Vfl(F'U')(FIZUi) <||FU1,”73 p2/3)}

< p PR U )| [P0 7T - 7}
PR R (0,00 (0| [T 2[00 — 7}
p B { RS UD U [0 72| ITU = 5721 A20) )
+p B {R;|(0,U) (00| [T 7[00 = p* 1(450)}
< (-0 P PE{R U] |I0U° - 5| 1(A20)}
+p PR (R I0UsP - 57| 1045 }

A

p B R )] e (o -

e (e (fievs -2 ) }1/2 (P(A5)}

C1p7176/2 .

)

A
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It follows that
Qje = 'p 2 3w (I UN)(Tel) + Op(Gip™ %)
=1

Fori=1,...,n, let A1; = {p — ep**92 < |U;|?> < p + ept+%/2} for a fixed 0 < € < 1. According to Lemma

[AT]

B [{rs@ysw) )] - e {jo oo

= E{JUi T U0 T M) | + B {JUs) U0 TP As ) |

< {p— "V E{O U] | + P P(AL)
s {p _ e1)(1-%—(5)/2}—2 + p2 X €1 eXp{_62p5a/(4a+4)}
< p”.

Then, we can show that

ntp TN (DU (Tels)
i=1

= 7l VY T SU)SU) T + 0y(GpT ),

i=1

where the last equality is indicated by

Elp~* v, 'T;S(U:)S(U:) 'T¢ (U] — p)

A

p PR ) (IE [{FjS(Ui)S(Ui)TerDm [E{(|v:)* - p)°}]"°

—7/6

A

Gip

Thus, we obtain that

Qe =7 p 2 U SUDSU)TTT + Op(Gup™ 0 4 Gip ).

i=1
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As v; and S (Ul) are independent with each other, we have

E {nlp” > v 'TySU)SU) T } = PEWE{TSW)SW) T

i=1
where E(v; ) < p'/?¢; from Lemma

According to Lemma and regarding that I';T] = wije,

E {F]-S(Ui)S(U,-)TFgT}

- E (rjUiUJrZHU,-H‘?) —p'E (FjUiUiTFz) +E {rjUiUIFZ (U2 = p_l)}

P wie + E{T,UUTT] (1077 = p 7))

< p Mgl + B (0007|1037 - p7Y)
= p sl + 7B (|00 T | 057 10 - )
= p M wgel + 7 E{ [ UUTTT | U UL - p| 1AL }
0 E{ U107 10 = p|10A5) }
< 0 sl + 97 - 0@ ([ UUTTT| 1O - )+ EJIU:? - pf1CAT)}
—1 2 (3+8)/2—1 TrT)2 12 2 2)11/2
< p el + 0 - T ES (o) | [E{ (0P - p)°
1/2 .
+ {0 -p)*}] " Aty
< wiel + 0(7%) + 0(p'?) x &1 exp{—eap®/ 17 2}
< P Hwiel + 07,

where the second last inequality is due to

2
E{(U -5} = EQUI* - 20l00° + )
= pE(U;) +p(p—1) — 2p° +p°

= O(p).



Guanghui Cheng, Liuhua Peng and Changliang Zou

Thus, it follows that

E {”11’1/2 > Viler(Ui)S(Ui)TF;} S Gp gl + OGP~ ).
1=1

Furthermore, as E(v; %) < p(2, we can conclude that

Var {nlpl/2 Z v, 'T;8(U)S(Us) FgT}

1=1

- n_lp_lE(ui_Q)E[{FjS(Ui)S(U,-)TFZT}Q]

—n T B [E {FjS(Ui)S(Ui)TFgT}]Q

A

Ginp
It follows from the Chebychev’s inequality that

ntp T2 W SUDSUN) T | 5 Gp Hwgel + Op(Gn” AT+ Gp ).
i—1
Finally, we arrive at |Q;.¢| < Cip~ Hwje| + Op(Cin™Y2p™t + Cip™ /¢ 4+ Gp~17%/2).
(ii) From the proof of part (i), we know that Q¢ = Qo je + Op(Cip~ /¢ + Cip~*7%?), where Qo j¢ is the (4, £)th
component of the random matrix Qo = n~'p~ 23" | v {T'S(U:) HI'S(Us)} . In addition, E {T';S(U:)S(U;) ' T } <

p Hwje| + O(p~3/?). Tt follows that

tr{(E[{rS(Ui)}{FS(Ui)}T])Q} - ii[E{l"jS(Ui)S(Ui)TFZ}]Q

N
S
b
0=
D=
&
=
(V]
+
S
&
[N
D=
0=
£
=
+
’BI

A
=
L
Q
S
S
+
=

A
=
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This implies that

tr[{E(Qo>}2J=p*1{E<v;1>}2tr{(E[{rswi)}{rS(Ui)}T])Q} S

and

E{tr(Q5)}

n”'p b (E v HOSU)HDS(U) T (DSUOHES )| )

+(1—n"Hp ttr { (E [V;I{FS(Ui)}{FS(Ui)}TD2}

nflpflﬂi(v;%E{HFS(UZ')H4}
= B { (= [{FS(Ui)}{FS(Ui)}TDQ}

= O 'p ")+ t[{E(Q0)}* (1 —n 7).
Thus, we have
tr[E(Q5) — {E(Q0)}* 1 = O(n~'p7").

We complete the proof of this lemma. O

Proof of Lemma[A7] Recall that T'; is the jth row of I', and denote I'j; to be the (j,£)th element of I', then I';U; =

D1 TjeUi . It is noticed that wje = Y7

j1=1

Fjjlrzjl, then
D
Var(PjUi) = Z F?@ = Wjj
=1
and

p
Z F?Z]E(Ui‘l,é) +6 2 F?fl F?&E(Uzﬁl )E(Uzéz)

1<y #La<p

E{(T;U:)"}

I
=
—
o~
L=
!
<.
~
S
~
~_—
'S
—_——
Il
~
I
-
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(i) Fori=1,...,n, let As; = {(1 — e)tr(Q) < |TU:|* < (1 + €)tr(Q)} for a fixed 0 < € < 1, then

Sa/(4a+4) }

P(A2;) = 1 — c1 exp{—cap

according to the proof of Lemma It follows that

E(W;.;) E{|TU:]~*(T;U3)")

E{|TU| = (T;Ui) T1(Azi)} + E{|TU: |~ (5 U:) I(AS;) }

N

{(1 = )tr(Q)} *E{(T;U3)"} + P(A3,)

A

W2 {(1 = )tr(Q)} 2 + 1 exp{—cap®®/ 1oV}

A

wi; {tr(Q)}*

and

E(W?2;) = E{|TU|*(T,;U:)°1(Az)}
> {1+ e)tr(Q)} T E{(T;U:)1(Az)}

= {0+t @} E{(T;U)%) — {(1 + o)tr()} T E{(T;U:)*1(A5,)}

> {(1+ ()} E{(T;U:)7 — {(1 + e)tr(Q)} T E{TU:) HA{P(AS) } 2
2w {1+ o)} = {1+ ()} x wj; x ¢ exp{—cap®/1FY /2
2 wi{te(Q)}7

from which we conclude that

E{(¢7 ' Wi )} S ¢l < MP
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and

E{(¢ W) 2 G0 wyy 2 m

(ii) Similar to the proof of part (i), for any o > 1,

E{|¢G Wi, 1%} E{|¢ ' Wi 1°T(Aw) } + E{|¢ W

“I(Af:) }

A

Gy {er(Q))PET; UL + (1 P(AT)

A

E{|T;U;|%} + p%? exp{—cop’®/ T4},

Since maxi<j<p |Ui,jllp. < co for some constant co, we have |I';U||y, < co according to Lemma B.4 in [Koike] (2021).
Then, we known that E{|T;U;|¢} < ¢ for any ¢ > 1 by the equivalent sub-exponential properties (Koike, [2021)).

Therefore,

E{¢G Wi l?} < o7

for any ¢ > 1 for sufficient large p, which indicates that ¢;'W; ; is sub-exponential, and thus |7 Wi j[v, S B-
(iii) By simple algebra,
E(W:;) = p 'E{(TU)*} + E{(T;U)*(IPU:| 72 —p7 1)}

= p lwy + E{TU)(TU 2 = p )}
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where E{(T;U:)*(|JTU:|| 72 — p~ ')} satisfies

[E{(T;U)*(ITU: 7% = p~ )}

< p BT U TU| 3T U — pl}

—1 2 —2 2 —1 2 -2 2 c
= p E{T;U)7TU:| 7T Ul — pli(A2:)} + p~ "E{T;U:)7ITU:| 7| |T;Us]|” — plI(AZ:)}
< p {1 = ote(Q)} BT U0 = pl} + p 7 BT, U | — plI(AS)}

< p (1= o E(TU) HYHEIT UP - pl*))
+p~ {E(IT; U — pI*)} P {P(AS:)} 2

—2 1-46/2 —1 1-6/2
p X p TP p T xpt Y

A

x ci/z exp{—capéa/(4a+4)/2}

A

—1-6/2
p 2.

In addition, for 1 < j # ¢ < p, we have

E(Wi,;Wi) P B{(T,U:)(Teli)} + E{(T,U:) (CeUs) (DU 72 — p~ 1)}

P wie + E{(T;U:) (CU:) (ITU: |72 = p~ 1)},
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where E{(T;U;)(TcU:)(|TU:| 72 — p~ 1)} satisfies

[E{(L;U:) (Cels) (ITU:| 72 = p™ )}

< p T E{(T;U) (TeUa)| |TUs | 725U = pl}
= p E{|(T;U)(TeU:)||TU: | 72T U* = plI(Azi)}
+p  E{|(T;U3) (el | |TUG | 72|50 — plI(AS:)}
< p (L= Q@) TE{(TU) T U)IT U = pl} + 7 BYITUsl* = plI(AS:)}

< p (1= T BT U) @) P HEIT U — )3

+p HE(IIT,Uil)* = pl*)} 2 (P(AS)} 2

1-6/2

A

2 x p1—5/2 +p lxp « c}/z exp{_62p5a/(4a+4)/2}

—1-6
P! /2

A

(iv) According to part (ii), (7 W, ..., ' W, are i.i.d. p-dimensional random vectors satisfies |[¢; Wi |y < B

foralli=1,...,nand j =1,...,p. By Lemma 2.2.2 of [van der Vaart and Wellner| (1996),

< log"/*(np).
Yo

—1
max max ICr Wi 4]

Similar to the proof of part (i), we can show that

E{(¢T' Wi )? = GB{ITU| 7 (0;U:)1(Aw)}
+C BT | (T U3) I(AT)

G+ @tr()} TE{(TU:)) + G E{L(AT)}

N

(2w {1+ e)tr(2)} " + ¢ %er exp{—cap®/ TV}

A

= Glwi{+ Q@) {1 +o(1)}
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It follows that

max ZIE{ (¢'Wi )3 max Z CPwii {1+ Otr()} ! < n max wj; < Mn

1<]<p 1<]<p 1<j<p

Applying Lemma E.1 oflChernozhukov et al. | (]2017[) it holds that with o > 1 and n~/?log®/? (np) <1,

E (n” MW ) < n V202 10g2(p) + log!/* (np) log(p)}
i=1 -
< log'*(np).
From the properties of the 1, norm, it holds that
-1 2 2
L dax G Wi < log™(np).

Va2

According to Lemma E.3 of [Chernozhukov et al| (2017), we have that

“[r

We finish the proof of this lemma. O

G Tw)?

i=1

) < n Y Mn + log®(np)log(p)} < M.
o0

Proof of Lemma@ Let X; = X; — 0, and R; = HX’ZH for ¢ = 1,...,n. According to the proof of Lemma

16.] = Op (¢ n™Y?) and maxi<i<n Ry ' = Op(¢in*/*). Then R;'|6,,| satisfies
B = Op(n™) and max BB, = Oy(n”).
p—1 1 14 1 1 0 2019 —1/2
As Ry' = R;'|W; — R;'0,|™' = R} (1 —2R;'W, 0, + R} HBnHQ) , by Taylor expansion,

B = R (1 + R7'W 0, — 27 R0, + Su) ,
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where 61; satisfies 61; = Op(nfl) and maxi<i<n d1i = Op(n71/2). It follows that
R7' =Ry M1+ dx),
where §o; = R;IWiTén — 271Ri_2H@nH2 + 81, satisfies do; = Op(nfl/Q) and maxi<i<n 8oi = Op(nfl/‘l). Thus,
Ri' = 0p(¢1) and max Ri' = Op(Gin'/").

I<isn

Denote W; = X;/|X;|| for i = 1,...,n. Then,

We first show that |0,] = O, (¢ 'n~Y/?). It is noticed that 6, minimizes
LY(B) = Y 1z:X:i - B,
i1

which is a strictly convex function of 3. Thus, if we can show that L*(3) has a ¢1n'/?-consistent local minimizer,
then this local minimizer must be a §1n1/2-c0nsistent global minimizer of L (83). The existence of a §1n1/2-consistent
local minimizer is implied by the fact that for an arbitrarily small € > 0, there exists a constant Cy, which does not

depend on n and p, such that

lim infﬂv{ inf LET ') > Li(o)} >1—¢, (S.15)

n q€RP, |q|=Co
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Since | Zi| = 1, we rewrite | Z;X; — (7 'n"1?q| as

|Z:X: = ¢ in )

- - - - 1/2
= R (12T PR 2 Wi+ T R )

As [T VPR7 ZigT Wi = Op(n~Y2) and ¢ 2n ' Ri2|q|? = Op(n~'), by Taylor expansion, we obtain that
12:Xs — ¢t~
= Ri— (' Zig W+ 27N T R gl
o T R T g 4 0, (¢ )

Then,

G {15 ) - LE )

= o) 12k — ¢ 'n ) - 1K)

i=1
= —n V2T (Z ZiWi> +270¢ T g Z R
i=1 i=1
*271Cf1n71qT ( RJXCWJ) q+ Op(n71/2) ) (S.16)
i=1

As E* (n_1/2 > Zsz) =0 and

n 2 n
E* (‘H_I/Q Z ZiWi ) = n_l Z W; ~i = 1,
i=1

i=1

we obtain that

n_1/2 Zn: Zi Wz

i=1

n
n=12gT Z 7, W,

i=1

< |qf = Op(llall) -
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In the meanwhile, as ¢ 'n™' Y7 | Ryt = 1+ Op(n~/?), we have

Gin el Y R ¢t gl? Z Ry (1+ b2)
i=1 i=1

lal* {1+ Op(n™ ")}

Simple algebra yields

= ’1ZRWW (1 + 69;) — 2n~ 1ZR Wil (1 + 62:)

i=1

=1
7 Y R720,0, (1 + 52).

Similar to the proof of Lemma 1.2 in |Cheng et al. (2019) and utilizing the results on Q = n~! r RS W W,

Lemma we can show that n™1¢" 22;1 RiVViWiTq(l + 522) = Op(Cln_l/2 + Clp_(1/6A5/2)). In addition, as

Y R GTW < Y RS g |Wal = lgln Tt Y R = 0,(GF)
i=1 =1

i=1

and n' 37" R7® = (3{1 + 0,(1)}, we have

n'q" Z R7Wib, q(1 + 62:)

i=1

Z R;? TW@ 1+ 521)( ) = Op(Cln_l/Q) .
and

n " Y R%0,0,q(1 + 52) =n” ZR (1+620) " 02> = Op(Gin™") .

i=1
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Thus, we obtain

2 T g Y R 27 G e (Z RWWI) q

1=1

= 27 gl + Op(n ™t +p70).
Choosing a sufficient large constant Co, the second term dominates the first term in (S.16)) and thus ¢1 {Li (¢ V2q) — L* (O)} -
0. Hence, we have |0, = O, (¢ n~Y2).

Denote ©; = Zién + én fori=1,...,n. Then

max [O:] < [0n] + [6n] = Op(¢i 'nY?).

1<i<n
Recall that én satisfies
Z ZiXi—én 7 > Zsz—Rflez =0
i=1 1Z: X — 6. i=1 HZ’WZ - Ri_leiH ’

which is equivalently to

n —1/2
n Y (ZWi - R6y) (1- 2R W e + RPJedP) T = o,

i=1

where [R7 W0 = Op(n™'/?), R7?64[* = Op(n™"),

max |R; ‘W, 0;] = Op(n™*) and max R72|0i]* = Op(n~?).

1<i<n

Taylor expansion leads to

nt Y (ZWi — R0 (1 + ZiR; Wi ©; — 2R %03 + b5:) = 0

i=1
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where 03; = Op{(Z:R; 'W;'©; — R;2|©,]*)?} = Op(n™"), and maxi<i<, d3; = Op(n~/?). Then,

nt Y ZiWi(1 = 2R 047 + 8si) +n Tt Y Ry H(WE €)W
=1

i=1

= Y ZWi - 2RO + 8 40t Y ZuR W6,
=t i=1
Y RIWW 6,

i=1

Ri_lei(l + 0s; + 541‘)

I
s
L
D=

s
Il
-

Ri_lén(l + 837; + 541) + n_l Z Zle_lén(l + 837; + 841) R

i=1

I
s
N
D=

~
Il
-

where 64 = Z; R, 'W,;'©; — 2R7?||0;|? = Op(géf) satisfies maxi<i<n 04; = Op(n~4).

From the proof of Lemma we know that || = Op{n~"?log"?(np)}. In addition, as E* (n 'Y ZiR;Y) =0
and E* {(n_l hI Zile)z} =n2Y"  R7?=0,(n"'¢), we have n™ ' Y | Z;R; ! = Op(CGin~'?).

As Z; is bounded, it is straightforward to show that [n="2 37" | Z;Wile = Op{p~"/*log"?(np)} similar as in

the proof of Lemma [A4] (iii). Thus, similar to the proof of Lemma [T} we obtain that
0] = Op{n™ " log"*(np)}
and

nt Y RITWW 6,
i=1 o

= Op{Cin™?p VoD 10g" 2 (np) + (1" log"* (np)} .

In the meanwhile, it holds that [n™' 3" | R;'| = (1 + O,(¢in~Y?). Finally,

n'20, =n V2GS ZiWi + C, (S.17)

i=1
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and C’n is the remainder term satisfies
Culeo = Opfn™ Y 1og!* (np) + p~° VD 10g 2 (np)} .

We finish the proof of this lemma. O

Appendix D: Additional simulation results

In this section, we report additional simulation results. Section shows computation efficiency of inference proce-
dures based on spatial median in high dimensions. Section [D.2] presents simulation results on SCIs for p = 0.2 and

0.5. Section [D.3| reports simulations on global tests for high-dimensional location parameters.

D.1 Computation time

Calculating the sample spatial median is known to require solving the equation > | S(X; — én) = 0, which is
significantly more complex than calculating the closed-form sample mean. To evaluate the computational efficiency
of the algorithm proposed by Vardi and Zhang (2000), we have included a comparison of computation times between
the sample spatial median and the sample mean, as well as the implementation times for both the spatial median-
based and sample mean-based multiplier bootstrap methods. These comparisons are presented in Tables and
The results indicate that for n = 200 and p = 1000, the spatial median-based multiplier bootstrap implementation

takes approximately 2.4 seconds, demonstrating its computational efficiency.

Table Al: Computing time (in milliseconds, averaged over 1000 times) of sample spatial
median and sample mean with X ~ N(0, [,) in R software using a AMD EPYC 7763 2.44
GHz Processor.

p =100 p = 1000
Spatial median Mean Spatial median Mean
n = 100 0.149 0.022 0.894 0.138

n = 200 0.265 0.046 2.342 0.353
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Table A2: Computing time (in seconds, averaged over 1000 times) of implementations of the
spatial median-based multiplier bootstrap and the sample mean-based multiplier bootstrap
in constructing simultaneous confidence intervals with X ~ N(0,1,) and the number of
bootstrap iterations B = 400 in R software using a AMD EPYC 7763 2.44 GHz Processor.

p = 100 p = 1000
Spatial median Mean Spatial median Mean
n = 100 0.135 0.088 0.872 0.507
n = 200 0.208 0.113 2.402 1.591

D.2 Addition simulation results on simultaneous confidence inter-

vals

Tables reports the coverage probability and median length of the SCIs based on 0,, for p = 0.2 and 0.5, the results
of the SCIs based on the sample mean X, are presented in parentheses. We observe that the performance of the
SCIs based on 6,, with p = 0.2 and 0.5 is similar to that of p = 0.0 and 0.8 in the main paper. The SCIs achieve
satisfactory coverage probability, and it is much shorter than those based on X,, under the multivariate ¢t-distribution,

which is heavy-tailed.

D.3 Simulations on global tests for high-dimensional location pa-

rameters

In this section, we report the performance of the test based on 75, (Median test) for one-sample high-dimensional
location parameters, and compare it with three alternative approaches: the test of |Chen and Qin| (2010, CQ test);
the test based on Tyean (Mean test) and bootstrap approximation for X,; the test of Wang et al.| (2015, WPL test)
based on Twpr,. We consider the same data generation models (I, IT and III) as in Section For 6, we set its first
|co log p| components as non-zero, while the other elements are all zero. ¢ is chosen from 0.5 and 1. The magnitude
of non-zero entries in 0 is x(logp/n) 1/2, where « is chosen from 0 to 5. Note that x = 0 refers to the null hypothesis.
We consider n = 50 or 100, and p = 100 and 1000 for each sample size.

Figures plot the empirical size (k = 0) and power (x # 0) of four (CQ, Mean, Median, and WPL) tests
at the 5% significance level for Models I and II. The results of x = 0 indicates that the empirical sizes of all these four

tests are close to the nominal significance level under different case scenarios. When x # 0, the power of these tests
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Table A3: Coverage probability (in %) and median length of the SCIs based on 0., the

results of the SCIs based on X, are in parentheses.
6=0, 6 =0,

Coverage probability Median length Coverage probability Median length

Model p n p 90% 95% 90% 95% 90% 95% 90% 95%
I 0.2 100 100 89.8 (89.9) 94.5 (94.5) 0.65 (0.65) 0.69 (0.69) 88.8 (88.7) 94.4 (94.4) 0.65 (0.65) 0.69 (0.69
1000 88.7 (88.7) 94.5 (94.3) 0.77 (0.77) 0.80 (0.80) 90.0 (89.6) 94.7 (94.8) 0.77 (0.77) 0.80 (0.80
200 100 89.0 (88.9) 94.3 (94.1) 0.46 (0.46) 0.49 (0.49) 88.8 (88.8) 94.0 (94.2) 0.46 (0.46) 0.49 (0.49
1000 89.8 (89.8) 94.4 (94.4) 0.55 (0.55) 0.57 (0.57) 88.7 (89.2) 94.6 (94.3) 0.55 (0.55) 0.57 (0.57
0.5 100 100 89.6 (89.8) 94.5 (94.4) 0.65 (0.65) 0.69 (0.69) 88.4 (88.8) 94.0 (94.1) 0.65 (0.65) 0.69 (0.69
1000 88.4 (88.4) 94.3 (94.3) 0.77 (0.77) 0.80 (0.80) 87.4 (87.4) 94.1 (94.2) 0.77 (0.77) 0.80 (0.80
200 100 90.9 (90.9) 95.1 (95.2) 0.46 (0.46) 0.49 (0.49) 89.7 (90.0) 95.3 (95.0) 0.46 (0.46) 0.49 (0.49
1000 89.0 (89.0) 94.2 (94.3) 0.55 (0.55) 0.57 (0.57) 88.8 (88.6) 94.3 (94.0) 0.55 (0.55) 0.57 (0.57
II 0.2 100 100 89.2 (88.8) 94.8 (94.2 1.05) 0.75 (1.12) 88.4 (88.8) 93.7 (94.3) 0.71 (1.05) 0.75 (1.11

) )

)

Py Ry

) ) ) )
) ) ) )
) ) ) )
) ) ) )
) ) ) )
) ) ) )
) ) ) )
o e
1000 89.0 (89.4) 94.1 (94.8) 1.24) 0.88 (1.30) 89.0 94.6) 0.84 (1.24) 0.88 (1.30)
200 100 90.7 94.7) 0.76) 0.53 (0.80) 89.2 (89.7) 94.0 (94.4) 0.50 (0.76) 0.53 (0.80)
1000 88.6 (89.5) 94.2 (94.6) (0.90) 0.62 (0.93) 89.0 (90.6) 95.0 (95.1) 0.59 (0.90) 0.62 (0.94)

) ) ) )

) ) ) )

) ) ) )

) ) ) )

) ) ) )

) ) ) )

) ) ) )

) ) ) )

) ) ) )

) ) ) )

) ) ) )

) ) ) )

( ( ( (

( ( ( (

( ( ( (

( ( ( (

( ( ( (

( ( ( (

( ( ( (

( ( ( (

( ( (88.9 (

1) o1 00) 0
0.5 100 100 89.2 (87.9) 93.6 (93.9) 0.71 (1.05) 0.75 (1.12) 89.4 (88.6) 94.6 (94.1) 0.71 (1.05) 0.75 (L.11

( ( ( (

( ( ( (

( ( ( (

( ( ( (

( ( ( (

( ( ( (

( ( ( (

( ( ( (

( ( ( (

( ( ( (

( ( ( (

94.4

,.\/.\/.\A/.\/.\
NSt N N
|~ o~ —~

89.8

7
8
95.3 5
5

1
4
0
9

0.
0.
0.
0.
0.

1000 89.2 (88.9) 94.4 (94.2

200 100 89.4 (90.0) 94.1 (94.6
1000 90.0 (89.9) 95.6 (94.8

III 0.2 100 100 89.6 (89.5) 95.0 (95.1
1000 89.3 (88.8) 94.5 (94.5

200 100 89.2 (89.0) 94.4 (94.4
1000 89.7 (89.7) 94.6 (94.8

0.5 100 100 88.9 (89.3) 94.0 (94.6
1000 89.1 (89.2) 94.3 (94.2

200 100 89.6 (89.7) 95.0 (94.4
1000 89.0 (89.1) 94.3 (94.4

0.84 (1.24
0.50 (0.76
0.59 (0.90
0.65 (0.66
0.78 (0.78
0.46 (0.46
0.55 (0.55
0.65 (0.65
0.78 (0.78
0.46 (0.46
0.55 (0.55

0.88 (1.30)  90.0 (89.4) 94.7 (94.6) 0.84 (1.25
0.53 (0.80) 89.7 (88.6) 95.0 (93.6) 0.50 (0.76
0.62 (0.94) 88.8 (89.5) 93.8 (94.4) 0.59 (0.89
0.69 (0.70) 89.4 (89.4) 94.6 (94.6) 0.65 (0.66
0.82 (0.82) 90.3 (90.7) 95.0 (94.9) 0.78 (0.78
0.49 (0.49) 90.0 (89.6) 95.1 (95.2) 0.46 (0.46
0.57 (0.58) 90.4 (90.6) 95.0 (95.0) 0.55 (0.55
0.69 (0.69) 88.0 (88.5) 94.2 (94.0) 0.65 (0.65
0.81 (0.81) 89.2 (88.9) 94.1 (94.0) 0.78 (0.78
0.49 (0.49) 89.6 (89.7) 94.9 (94.4) 0.46 (0.46
0.57 (0.57)  89.3 (89.6) 95.4 (95.0) 0.55 (0.55

0.88 (1.30
0.53 (0.80
0.62 (0.93
0.69 (0.70
0.82 (0.82
0.49 (0.49
0.57 (0.57
0.69 (0.69
0.81 (0.81
0.49 (0.49
0.57 (0.57
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increases as k increases, that is, as the signal getting stronger. For Gaussian data, the Mean test based on Thean and
the Median test based on T, have similar power performances, and they advance both the CQ test and the WPL
test, which are La-norm type tests. In addition, when the data are from multivariate t-distribution, the Median test
outperforms the Mean test, which shows the superiority of the procedure based on the sample spatial median over
that based on the sample mean under heavy-tailedness. In summary, the Median test based on T, is preferred among
the four tests when the alternative is sparse and the underlying distribution is heavy-tailed.

Second, Figure depicts empirical size and power of the four tests (CQ, Mean, Median, WPL) for Model III
with p = 0. It can be seen that, even Model III is not a member of the elliptical distribution family, the size of the
Median test can still control the size at the nominal level a = 0.05, and this is also the case for the WPL test. We
can also see that the Median test and the Mean test have better power performance than the CQ test and the WPL

test, especially for cp = 0.5 when the number of non-zero element in @ is relatively small.
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Figure Al: Empirical size and power of the four tests (CQ, Mean, Median, WPL) for Models
[ and IT with ¢ = 0.5 and p = 0. The horizontal black solid line refers to the nominal 5%
significance level. “Gaussian” denotes the multivariate normal distribution, and ¢3 denotes
the multivariate ¢-distribution with 3 degrees of freedom.
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significance level. “Gaussian” denotes the multivariate normal distribution, and ¢3 denotes
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Figure A3: Empirical size and power of the four tests (CQ, Mean, Median, WPL) for Models
[ and II with ¢y = 0.5 and p = 0.5. The horizontal black solid line refers to the nominal 5%
“Gaussian” denotes the multivariate normal distribution, and t3 denotes

significance level.

the multivariate ¢-distribution with 3 degrees of freedom.
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“Gaussian” denotes the multivariate normal distribution, and t3 denotes

I and II with ¢
significance level.

the multivariate t-distribution with 3 degrees of freedom.
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Figure A7: Empirical size and power of the four tests (CQ, Mean, Median, WPL) for Models
[ and IT with ¢g = 1 and p = 0.5. The horizontal black solid line refers to the nominal 5%
significance level. “Gaussian” denotes the multivariate normal distribution, and ¢3 denotes

the multivariate ¢-distribution with 3 degrees of freedom.



BIBLIOGRAPHY

Gaussian,n= 50, p = 100 Gaussian, n= 50, p = 1000
> >
£'1.001 S8 8 100 = s s
= 1.00 ’,: = 1.00 ./i- /
§0.75- ’; £ 075 i 2’
%050 ; % 0.50- { /
S / S
g0251 & ©0.25- ﬁ,‘
) el ) Py
14 —— : x —— :
0 1 2 3 4 5 0 1 2 3 4 5
K K
Gaussian, n= 100, p = 100 Gaussian, n= 100, p= 1000
> >
£1.00{ 288 £1.00{ &+ a8
£1.00 ’,g £1.00 *
2075 ,; §0.75- /? f
% 0.501 % 0.50- / /
S /,‘ S /‘ /
3 0.25; } 3 0.25- ,‘"
g el P
m T T T m T T T
0 1 2 3 4 5 0 1 2 3 4 5
K K
ty,n= 50,p= 100 ty,n=50,p= 1000
Z1.00 PS5 55 2 Z'1.00- P ]
5 A 5 o
i [ J -.
49:0.75 ‘/‘:.. Y 50.75 f/ Ky
050-50' /e " %0.50- / : o
£ 025 Ihy 025 /,1"" ~
@ Y] /,=’ @ Y] 'x.
) .‘44 ) ParL )
14 ——— W e
0 1 2 3 4 5 0 1 2 3 4 5
K K
ty,n= 100,p= 100 ty,n= 100, p= 1000
> >
£1.00 @+ £1.00 S & A ]
B }A’*ﬁ:‘— 3 /oy »
3075 AR §0.75- f/ L 4
a | “ /. a J .'.'I /.
%050 I s o %050 A
g /‘.'./ g ! »
G 0.25- /n G 0.251 A
o <4 o ¢
& J‘A’" T C =
4 — 4 —_—
0 1 2 3 4 5 0 1 2 3 4 5
K K

Method - ®- CQ -'®= - Mean —¢ - Median -4~ WPL

Figure A8: Empirical size and power of the four tests (CQ, Mean, Median, WPL) for Models
[ and IT with ¢ = 1 and p = 0.8. The horizontal black line refers to the nominal 5%
significance level. “Gaussian” denotes the multivariate normal distribution, and ¢3 denotes
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Figure A9: Empirical size and power of the four tests (CQ, Mean, Median, WPL) for Model
III with p = 0. The horizontal black solid line refers to the nominal 5% significance level.
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