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S1. NOTATION

S1. Notation

Table S1.1: Notations

Symbol Description
X; 1-th observation
X/ i-th denoised observation
Z; i-th noise vector
i (k) k-th barycentric coordinat of X}
Vi k-th true vertex
Vi estimate of k-th true vertex under correctly specified models
Vi estimate of k-th true vertex under misspecified models
S* simplex spanned by V*, V;*, ... VE
S simplex spanned by Vi, Vo, ..., Vi
ob* true variance of noise
52 estimate of o** under correctly specified models
o estimate of o%* under misspecified models
Q parameter of the Dirichlet distribution
f(m; ) density of Dirichlet distribution with parameter a
o051, %) density of N (1, )
UV, 0% ) minus pseudo log-likelihood
N set of pure nodes in community &
Ni(n) set of “nearly” pure nodes in community k&
M

set of mixed nodes

Euclidean/ Ly norm of a vector




S2. PROOF OF PROPOSITION

S2. Proof of Proposition

We prove Proposition [2.1] which provides an equivalent form of the minus
pseudo log-likelihood function. In the proof, we give a more general form

of the minus pseudo log-likelihood function for » > K — 1.

Proof. Notice that if we let @ = (7(1),...,7(K — 1))’ for any 7 € RE we
can obtain another expression for the K-th order standard simplex Sk
as follows

Sk a={meRE: |z]l, =1} & {FeRE: 0< ||7], <1} = Ax_1.
In the above, Py represents a one-to-one transformation from the set on the

left to that on the right. When o = (1,1,...,1)’, the minus log-likelihood

function can be re-written as

1
UV, 02 ) Zlog (/exp {—ﬁ 1X; — vﬂi”?} I{7; € AK_l}dfri)
g

K—1
nr 9 o oonr
+5 log(c?) — n Zl log j + 5 log(27), (52.1)
J:
where m; = (7,1 — ||7;||;)’. To understand the impact of V' on the log-

likelihood function, we will focus on the first part of the right hand side of

the above equation. Let

1
g(ﬁ'l) = exXp {—ﬁ HXz — V7T1H2} I[{7~TZ € AKfl} and

G(V,0%) = /g(fri)dﬁi.



S2. PROOF OF PROPOSITION

The key is to apply the proper change of variables to the integral. Let

V = (‘/1 — VK, .. .7VK_1 — VK)/, 7~'I'Z = <7TZ(1), e ,’7TZ‘<K — 1)),7

gi = ‘77}@ and Y; = V?Ti.
Then y; = y; + Vk and
1
202

g(:) = exp {—

- 2
X — Vi — VKH }]I{fri € Agi}).
Since Vi, ..., Vi are affinely independent, rank(V) = K —1. Define Vi, Vi 11,

.., V. as a group of unit orthogonal basis of the orthogonal complimen-

t of the colume space of V in R”, and let V* = (Vik,Vii1,...,V,) €
R =K+ Define ¥ = (7;(K), Ti( K+1),...,7(r)) for any 7;(K), 7 (K +
1),...,m(r) € Ry and yf = V*rf, and let

V= (V,V*), 7 = (7, (x})") and 7; = V7,
Then it can be derived that

i = VE+ Vil =g+

Notice that G(V,¢?) can be re-written as

G(V.*) = [ g(@)I{x; € (0,17 ¥ }ar
Since §; = V@; and V is invertable, 7; = V71 and dm; = |det(V1)|dy; =
| det(V)|~'dy;. By the change of variables from 7; to 4; (; = V7;),
G(V.o*) = [ 9V 01V B € (0,17 41} det(V)] s

(S2.2)
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----------

r — K + 1 components of the vector V~1¢;, respectively.

To move forward, we define Vi, Vs, ..., Vk_1 as a group of unit orthog-
onal basis of the colume space of V and let Vo = (\71,\72, . ,VK_l) S
R™(K=1) " Then there exists an invertable matrix A € RE-DX(E=1) gych
that V = Vy A. For notation consistency, we denote Vp, = V* homoge-
neously and define Vo = (Voi, Vo) = (Vi, Va,...,V,) € R™" which is an

orthogonal matrix such that V5 ' =V, Vi, Voo = 0 and Vg, Vo1 = 0. Let

A 0
AOZ

0 Ir—K+1

Then V = VjA,. Furthermore, we have

AT,
g = Vi, = VAem = Vg
i
Then
Vou
T = (AT 0)Vy i = (A7 0)Vggs = (A1 0) gi=A"Vgg and
V2



S2. PROOF OF PROPOSITION

Vor
7= (0 I—xs)Vy % = (0 Iy 1) Vo = (0 I,_gcs1) Ui = Viali-
Voo

Plugging in the expression in (S2.2]), we can obtain
G(V,0%) = Idet(V)l1/9(A1‘/b’13?¢)]1{‘/6'2§i € (0,1 "}y (82.3)

Next, we use the change of variables the second time by applying the

above orthogonal representation (S2.3)). Let
VorUi
i = Vol =
Voo Ui
Since V} is orthogonal matrix, det(Vy) = 1 and hence dy = | det(V})|dy; =

dy;. By the change of variables from g; to v (v) = Vju,),

G(V.0%) = Idet(V)l_l/g(A_l( D) ) i € (0, 1)y

_ 1 - 2
= [ det(V)[™ /eXP {—T‘Q HXz — VAT — VKH }]I{A_lyi+ € Ag 1 }dy;

6



S2. PROOF OF PROPOSITION

Notice that

Ay € Apoy = (W, Vo, Ve ) ATy + V(= |[A7 || ) €S

= VA Y 4+ Vk €S «— Vyyl + Vi €8,

where S denote the simplex spanned by V. Thus
G(V,0%) = | det(V)[™
1
[ oo { g I G+ Vil i + i Sy

One important thing we should realize is the relationship between the

volume of the simplex S and the determinant of matrix V. On one hand,
det(V) = det(VoAg) = det(Vp) det(Ap) = det(Ap)
= det(A) det(l,_g41) = det(A).
On the other hand, according to the results on the Cayley-Menger deter-
minant of simplex ((Sommerville, 1958; |Gritzmann and Klee, [1994)),
|det(A)| = (K — 1)!Vol(S),
where Vol(S) represents the volume of the simplex S. The last equation in

the above uses the fact that the orthogonal transformation is isometric and

hence keeps the volume of the geometry unchanged. Thus,
| det(V)] = (K — 1)!Vol(S).
Hence,

G(V,0?) = [(K — 1)!Vol(S)] ™
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1
. /exp {—7 X — (Vo + VK)HQ} Vot + Vic € S}dy;'.

Plugging the above expression of G(V, ¢?) into (S2.1]), we have

(V.0 a)
n X, — Vot + Vio)||?
Sl (/ exp {_ X — ( g )| }H{xfmyj + Vi € S}dyj)
i=1
+ nlog Vol(S) + % log(a?) + % log(27). (52.4)

Specially, when r = K — 1, we have A = Ay, Vo, = Vg and V = V.
Furthermore, we can choose Vy; = Vi = I, such that A= 4, =V =V. In

this case,

1
(V. 0% a) Zlog (/ exp {_ﬁ | X — :E||2}dm) + nlog Vol(S)
o

+ % log(a?) + C.

where C' = nrlog(2m)/2. The claim has been proved. O

S3. Proof of Theorem [3.1]

We provide some useful lemmas and their proofs, and prove Theorem

from Section [3

Lemma S3.1. Suppose Assumptions[3.1]and[3.2hold. Tf 6©) = (vec(V @)Y,
o2 o) satisfies (1%, (V(@)) is invertible, for all x € X C R", § —

log f(z;0) is continuous at #(®) with respect to the distance d(-,-).
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Proof. Let 0™ = (vec(V™) g2 o) be a sequence of parameter vec-
tors such that ™ — 0© as n — oo with respect to the distance d(-, ).
Let WM™ = (V™Y (a™)) and W = (V',a’)". In this case, we can re-
parametrize the probability density function by f(z;60) = f(a; W, 0?). Ac-
cording to the definition of d(-, -), we have min, max; << || WT(EQ) —Wk(o) | —
0and 6> — 62 agn — 0o. Under Assumption, G (2; VI o2 <
(27eg)~"/2. Then by the dominated convergence theorem, f(z;6™) —

2,(n) 2,(0)_

— o° In the following, we will show

f(@:0)lw—wm g2—p20 as o
J(2;0) o p2—g20 = f(2; 6®)) as min, Max<g<i ||WT(7(1,2) - WISO)H — 0.

Since ¢, (x; p, 0> 1) is continuous with respect to j, for any e > 0,
there exists &, > 0 such that for any || — pa|| < 91, |or(; 1, 0>O1,) —
Oy (12, 02O L) < €/2. Let VO = (@ — y©O y© _yO 30
V. Then V© is invertible if and only if (1, (V®)) is invertible and
det(V©@) = det((1, (V@))). For the above € > 0, there exists d; > 0
such that for any | — @|| < &y, |f(m; ) — f(m; @) < |det(VO)|e/2. Let
6o = min(dy,d)/VK. Since min, max;<p<s HWT(&)) — W2 = 0, there
exist V. € Ny such that for any n > N, there exists a permutation 7, s,
such that max; <<k ||WT(:350(,€) - WISO)H < dp.

In fact, 7,4, is free of oy when Jy is sufficiently small. For any (5,5 €

(0, ming, £, HWk(?) — W,S)H/Q) such that § < d, we denote 7,5 and To§ a8



S3. PROOF OF THEOREM

defined in the preceding paragraph. For any permutation 7 # 7,5, there
exists a k = 1,..., K such that 7(k) # 7,,5(k). Since 7,4 is a surjection on

{1,..., K}, there exists k' # k such that 7, s(k") = 7(k). Then

= W = Wil = Wi = we

Tn,(s(k/) H

W =Wl =W =W
> W = w6 > W —wl/2> 6.

Thus 7 # To b Then we have Tod = Tng Then we can omit dy in 7,5, and

write 7, for short for §y € (0, ming, 4, [|Wi, — Wi, ||/2).

It can be easily derived from max;<g<g HWT(:()k) - W,SO)H < dp that
max;<k<r HVT(:(),C) — V9| <6y < 6, and || — a|| < VK6 < 6. Then for
any m € Sk_1,

K
[Virm = VOl < 3 IViGy = Vasllm(k) < b,
k=1
Let # = (my,ma,...,7x-1). Then VOr = Vi + VOz. Notice that the
probability density function f(x;#) is invariant under permutations of the

columns of W. It follows that

|fa; W o2 O) — £z WO 62O = | f(a; W, 02O — f(a; WO, o20)))

Tn

= / ’(br (1‘; V(n)ﬂ'a 0'2’(0)[7“) - ¢r(x; V(O)Tﬁ 0'2’(0)Ir)‘f(7l', Oé(n))dﬂ'

10



S3. PROOF OF THEOREM

7 (0) -
< % + e‘de‘;;”/(br(x — Vk; V(O)ﬁ',az’(g)h)dﬁ

7 (0) .
_€, det(Q ) | det (V)| /mx — Vi u, 0O L) du < €/2 + ¢/2 = e.
The claim follows immediately. O]

Lemma S3.2. Under model identifiability, Ex @+ [log f(X;0)] attains
its maximum uniquely at the equivalence class with representative 6*.
Proof. Since logx < 2(y/z — 1) for & > 0, we have

Ex~f(o[log f(X;0)] — Exase)[log f(X;07)]

X;0 X;0
= EXNf(z;G*) |i10g %} S 2EX~f(x;0*) [ % — 1]

—2 [ V@)t - 2 = -2 [ (VF@ib) - VI Pds <o
It can be seen that Ex.re[log f(X;0)] = Exj@ellog f(X;60%)] if and
only if f(z;0) = f(z;6*) for all z. Under the model identifiability, this

implies 6 and #* are equivalent, which gives the claim. O
In the following, we will prove Theorem [3.1]

Proof. Under Assumptions and [3.2] for 6* = (vec(V*)',0%*, a*) with
(1, (V*)')" invertible, log f(-;6) is continuous at 6* with respect to the

distance d(-, ) by Lemma [S3.1] On the other hand, since ¢, (z; Vr,o%l,) <

11



S3. PROOF OF THEOREM

(2meq)"/2, f(x;0) < (2meg)~"/2. Then for any sufficiently small ball U,

E[suplog f(x;0)] < —r/2log(2me]) < oo.
ocU

According to Theorem 5.14 in [Van der Vaart| (2000), the MLE 6, satisfies
for any € > 0, P({d(6,,0%) > e} N {f, € H}) = 0 as n — oo. This gives
the first claim in Theorem B.11

Next, we consider the second claim. By the first claim, for any € > 0,
P(d(6,,0%) > €) — 0 asn — co. Since d(6,,,0*) = min, max;<y<x ||Wn77(,€)—

Wi + |62 — o**|, we have

. T . * A2 2%
IP’(mTln lg}gﬁ(”WmT(k) Wil >¢€) — 0 and P(|6;, — 0™ >¢€) — 0.

The first limit in the above gives
i — Wil < : :
P(37,, such that max Wity = Wil <€) = 1 (S3.5)

In the following we will show 7, . is free of € when e is sufficiently small. For
€1, €2 € (0, ming, 2, [|[Wy, — Wi, ||/2) such that e; < €1, let 7, ,, Tne, be the
two sequences of permutations as defined in the above. For any permutation
T % Tpe, there exists a k = 1,..., K such that 7(k) # 7,,, (k). Since 7,
is a surjection on {1, ..., K}, there exists k' # k such that 7, ., (k') = 7(k).

Then

A A A

Wi = Well = [IWg = We, Lol 2 [IWe = Will = W = Wa ol

> ||Wi = Wil —e > ||[Wi —Will/2 > e.

12



S4. PROOF OF THEOREM

It gives Ty, ¢, = Tne,. Thus we can omit € in 7, in (S3.5). Let 7, be the se-

quence of permutations defined in |D Let én,m = (Vec(v )02 G )

Then

16, — 671l = {lIvec(Vr,) = vec (VY|P + (67 — 6%) + ||étn,r,, — [P}

K 1/2
_ {z W — W 4+ (62 — &2>2}
k=1

< (K K12 4 (52 _ A2)211/2

(6 ma W0 — WEIP + (63— 7))
< \/5{\/?12}%)% [Wamate) — Wil + o7 — %[}
<V2Kd(0,.,,0).

In the above inequalities, we use the fact 22 + y* < 2(x + y)? for z,y > 0.

Thus we have for any € > 0, P(||0,.., — 0*|| > €) < P(d(6,,6%) > €/v2K),

which proves the second claim in Theorem [3.1] O

S4. Proof of Theorem [3.2]

We first provide two lemmas from Lemma 7.6 and Theorem 5.39 in |Van der

Vaart| (2000), and prove Theorem based on these two lemmas.

Lemma S4.1. For every # in an open subset of R”, let py be a u-probability
density. Assume that the map 6 — sy(z) = \/po(x) is continuously differ-

entiable for every z. If the elements of the matrix Iy = [(po/po)(Py/po)pedp

13



S4. PROOF OF THEOREM

are well defined and continuous in ¢, then the map 6 — /p, is differentiable

in quadratic mean such that

/ /P — v/ — Wi/ 2P = o ||, b — 0,

with Iy given by pg/pe-

Lemma S4.2. Under Assumptions and , the map 0 — \/f(z;0) is

differentiable in quadratic mean at 6*.

Proof. We will first prove f(x;0) is continuously differentiable for every z

at 0* with respect to the L, distance on R™+5+1 Tt can be derived that
Vvoe(z; Vr,o?l,) = (6*) Yo — Vr)a'¢,(z; Vi, 01,).

For a matrix A = (a;,;,), let [|A]lc0 = maxj, j, |aj;,| and ||Alle =

max;, Zj2 laj,;,|. For a vector a = (a,as,...,a;), let ||alloc = max; |a;]

and ||a|l; = ), |a;|. Since the parameter space H is compact, ||V, < Cy

for a positive constant Cy. Let V' = (vy,v9,...,v,)". Then for 7 € Sk_1,
Voo = [I(vim, vom, ... vpm) oo = max[vjm| < max||villy = [V ][oo < Co-
Thus we have, for m € Sk _1,
(@)~ (@ = V) a'||oo,000r (3 VT, 0 1)
< (@)l = Voot (; Vi, 0?L) < (§) 7 (2meq) ™ ([|2]loo + V7100

< (eg) 7' 27m€q) " 2(|lzlle + Co), (54.6)

14



S4. PROOF OF THEOREM

In a neighborhood of V' with respect to the Ly distance, it can be shown from
that sup || f(m: @)V, (2; Vi, 0% 1) [lso,eo < (€))7 (2med) (2]l +
Co) f(m; ) which is integrable. By the dominated convergence theorem,
f(z;80) is differentiable with respect to V' and we can take the differentiation

under the integral. Then
Vy f(x;0) = /chbr(x; Vr,o’L) f(m; a)dn

=(o*)7! /(x — V)7 ¢, (x; Vr, 0 L) f(m; a)dn. (54.7)
According to , by the dominated convergence theorem, it can also be
seen that Vy f(x;6) is continuous about V' and ¢2. On the other hand, for
any « and & such that |f(m; o) — f(m;&)| < €, we have

Vv f(2;V,0% a) = Vi f(2;V, 0%, @) [looo

< () (|7 ]| + CO)G/(bT(Qf;Vﬂ',O'QL«)dTF

< (e§) " (l[lloe + Co)l det(V)| e, (54.8)
where the last inequality holds if V = (Vi = Vi, Vo= Vi, oo, Viky — Vi) is
invertible. Under Assumption , Vv f(z;0) is continuous at 6*.

Analogously, by the dominated convergence theorem, we can obtain the

derivatives of f(z;6) with respect to 0% and a. Let Gi(a) = (¥(av),. ..,

Y(ag)) and Go(m) = (logmy, ..., log k) where 9(-) is the digamma func-

15



S4. PROOF OF THEOREM

tion. Then it can be derived that

_ 2
Ve f(z;0) = / (% — 2%‘2> ¢p(x; Vi, o L) f(m;a)dm,  (S4.9)

Vo f(2:0) = / W(llall) - G(a) + Ga(m)|or(a: Vir, 0*L,) f (m; o),

(54.10)

where ||af||; = Z,ﬁ;l |ag|. Tt can be shown similarly as Vi f(z;6) that
Vo2 f(x;0) and V,, f(z;0) is continuous at 6*. Hence f(x;6) is continuously
differentiable at 6* for every x.

In the next, we will show elements of the Fisher information matrix
Ip = [Vof(x;0)Vyf(x;0)/f(x;0)dx are well defined and continuous in 6.

From ((S4.7)), we have
Ve f(2;0) = (0°)7! /7r ® (x — V). (x; Vo L) f(m; a)dr, (S4.11)
where ® represents the Kronecker product. Under Assumption [3.1],
IV vec) (a3 Vo ) [loo < (€)™ (|2 loo + Co) f (2 0)
=: b (z)f(x;0). (S4.12)

Recall that V = (vq,...,v,.) = (V1,Va,..., Vk). Notice that

V| < |wViliymel = Yl Y [Vi(i)mil
ik k

%

<D lail Y Vi@ < JlzullVlee and
i k

Vrl? = @i, o) P = ) (vjm)?

)

16



S4. PROOF OF THEOREM

< 3 ol < a2 = V2. (34.13)

Thus we have Z
lz = Val|* = ||2]]* = 22"V + [[Va|® < [lz]* + 2]zl V] + VIS
< |zl + 2Co]|z|lx + rC3.
From , it can be derived that
Vo2 f(2:0)[loo < [(l2]I* + 2Collz]l + rCF) /€§ +7]/(2€5) f (w; 6)

=: by(z) f(x;0). (S4.14)
Then we deal with V, f(z;6). Since ¥(-) is a continuous function in Ry,
under Assumption [3.1] there exists a positive constant M® > 0 such that

[W(llafl)] < M* and max; ()| < M. Thus [[g([[efr) = Gi(a)]le <

2M®. On the other hand, we have

’

e 202 2'Vr _ V)
[ Gatmotai Ve, o1y fis a)dr — G [ pma)Gatmdn

1 'Vx_|[Va]?
fla;0) = ——— m‘?/ea‘g‘go;f(’f(;a)d’ir.

(27TO-2)T/2 €

Thus
o'V ||Vr|?
f(l” 9>_1 / GQ(W)¢T(ZE7 V’ﬂ', U2I7»)f(7T7 O{)dﬂ' _ f € o I,V:G lv;]:.l(;ry &)GQ(’/T)dﬂ'

Je T T f(ma)dn

Under Assumption according to ((S4.13)),

exp ~Gollzl  rC§ < exp ?Va ||Vl < exp Collz||1
€l 2¢7 | o? 202 | €] '

17



S4. PROOF OF THEOREM

Then we have
0< —f(x;@)_l/Gg(W)qST(x; Vr, oL f(m; a)dn
2
SeXp{C’oH;JUHl L C’o||$||1 rC§ }/ F(: ) Ga(m)

€ 260
20|z 7"02
—exp { 20001 T8 pyal) - 6 (o)
€0 €o

where the last equality holds by using the exponential family differential
identities. Let C; = 2Cy/eg and Cy = rCZ/(2¢5). Then

0= ~f(as0)" [ Galmon(a: V.1 (mi )i < 201° exp{Cilla + Ca.
By considering the form of V, f(z;6) in (S4.10)), we are able to obtain its
bound as follows,

IVaf (2;0)lloo < 2M*[exp{Cillx|ly + Co} + 1]f (25 0) =: bs(2) f(x;0).

(S4.15)
According to (S4.12)), (S4.14)) and (S4.15)), if letting b(z) = max{b;(x), ba(x),

bs(x)}, we can obtain the upper bound for Vyf(z;0) by ||Vaf(z;0)|c <
b(x)f(x;0). Then

Vo f (2 0)Vof (@;0)lloo/ f (2;0) < b () f(2:6).
By the definition of b*(z), it can be seen that [ b*(z)f(x;0) < co. Thus el-
ements of the matrix Iy = [ Vo f(2;0)Vyf(x;0)/f(x;0)dx are well defined.
Moreover, notice that b%(z)¢,(z; Vr,0?L) f(m; a) < (27e) /202 () f (73 )

which is integral with respect to 7 and x. By the dominated convergence

18



S4. PROOF OF THEOREM

theorem, Iy is continuous in V' and ¢2. The continuity of Iy at o* can

be obtained similarly as in |) From Lemma , 0 — +/f(x;0) is

differentiable in quadratic mean at 6*. O

Lemma S4.3. Under Assumptions [3.1] and there exists a measurable
function ¢(z) with Ex e [(2(X)] < oo such that for every 6, and 6, in

a neighborhood of 6%,
[og f(x:61) — log f (3 0)| < {(x) 62 — 2.
Proof. By the mean value theorem, for any 61,0, € H,
log f(x;601) — log f(x;02) = Vylog f(x;0)]g=c (61 — 62)
= f(2:6) 7'V f(2;0)o=c (01 — 02),
where & is some point between #; and 3. In the proof of Lemma [S4.2] we
have obtained that ||Vgf(x;0)|ls < b(z)f(x;0) where Ex o [0°(X)] <
co. Thus
|log f(w;61) —log f(x;62)] < f(2:)7 Ve f(2:0)lo=ellocllOr — b2]ls
< b(2)[161 — Oally < b(a)VrK + K + 1|6 — ba]] =: £(x)]|61 — 6],

where Ex (09 [3(X)] < (rK + K + 1)Ex (20 [0*(X)] < co. Now the

claim has been proved. O

In the following, we provide the proof of Theorem [3.2]

19



S4. PROOF OF THEOREM

Proof. By the second claim in Theorem [3.1] we obtained a sequence of MLE
{énﬁn} such that énﬁn is a consistent estimator for 6* with respect to the
Ly distance. By Lemma [S4.2] under Assumptions and [3.2] the model
{f(-,6),0 € H} is differentiable in quadratic mean at 6*. By Lemma [S4.3]
under Assumptions and there exists a measurable function ¢(x)

with Exf(z:04)[(?(X)] < 0o such that for every 6; and 6, in a neighborhood

of 6%,
|log f(x;6,) — log f(x;09)] < E(:L’)H@l — 6|

Furthermore, if 8* is an inner point of H and the Fisher information matrix

Iy« is nonsingular, by Theorem 5.39 in [Van der Vaart| (2000),
R 1 —
V(Onr, = 07) = I == Vylog f(X;;6%) + 0p(1),
Vi
where the explicit form of Vi log f(z;0) = (V. log f(2;0), V2 log f(z;0),
V! log f(x;0))" can be derived by (S4.9)), (S4.10) and (S4.11]) such that

1
Vvec(V) IOg f(za 9) = 3 IE:71'~Dilr(o¢) [7T ® (:U - VW)QST(ZL’; V?T, GQIT)]a

o? f(x;0)
1 r
Ve log f(x;0) = WEMDMQ)HM — Va||?¢.(x; Vr,o?1,)] — 355

Vi log £ (2:6) = v(h) = G1(0) + Foos B [Ca(m) o V. 1)L

f(z;
In particular, v/7(6, . — 6*) is asymptotically normal with mean zero and

covariance matrix [9_*1.

Below, we derive the explicit form of the Fisher information matrix. By
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definition, the Fisher information matrix Iy can be formulated as

Iy = —Exns(z:0)[Voo log f(X;0)] = —/f(x;e)voe log f(z;0)dx.

Thus we need to derive the Hessian matrix of log f(x;6). According to

(S4.9), (S4.10) and (S4.11)) in Lemma [S4.2) by some tedious algebra, we

can obtain that

Vvec(V),vec(V) IOg f(mv (9)

_ WEMM[(M') @ {(x = Vr)(@ — Va)}é,(a; Vr,0°L,)]
~ WEWNM(Q) [(n7) @ I, (w; V', 0°1,)]
- WM(%; 0)M(x;0),
Vvee(v),02 log f(x;0)
_ W@Wwwa)mx —Vrl*r ® (x — V), (2: Vi, 02L,)
_ Wm(x;e) - mm(x;@)%@; 0),
Viee(v).a l0g f(2;0)
_ WE” [ ® (2 — V), (: Vi, 01,) Gy()]
— g M )M :6),
Vo o2 log f(2;6)
e Ee i llle — VA, (3 Vi, 0°1,)]

2(0?)?  4f(x;0)(0?)
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S4. PROOF OF THEOREM

2 1

- WMQ(QE;G) - WMZQ(%;H),
v027a log f(gj7 0)
1
= oyl = ValPe, (@: Ve, o°L)Gy(x)]
1
= T g @ OMs(w;6) and
Va,alog f(z;0)
= D(|lall) — Gs(a) + ﬁEwNDir(a) (¢ (25 Vi, 0°1,)Go () Gy ()]
1
" oy o NGO

It can be derived that
[ e = valo s vn, 021w ayinas
_ // lall6, (u;0, 0%1,) (&) dmdu = ro® and
//7? ® (z — V). (x; Vi, o’ L) f(m; a)drdw

= //(71’ ® u)p,(u;0,0° 1) f (m; a)drdu = 0.
Analogously, we have

/ |z — V7| . (z; Vi, 0?1 f(m; a)drdr = (r* + 2r)(0?)?,
/ |z — Vr|*r @ (x — Vr)pp(a; Vr,o?L) f(m; a)drndx =0 and

// T® (v — V). (z; Vi, o?1)GY(7) f(7; a)drdr = 0.
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Moreover, we can obtain that
//(mr') ® Lo, (z; Vr, o’ f(m; a)dndr = Erpir(e)[(77") @ I,] and
J[ @)@ 1@ = V)@ - Vaylota Ve L) f(mia)inda
= 0 Brmpir((17') ® I,].

By using the exponential family differential identities, E . pir(a)(log 7)) =

Y(ax) — ¥([lall) and Cov(logmy,,logm,) = v (aw,)dke, — ¥V (lalL)
where () (-) is the trigamma function and 0, = I{k; = ko}. Then it

can be derived that

/ |z — V7|2, (z; Vi, 0?1,)Go () f (7 @)dmda = ra?[G1(a) — (||al1)]

and / o (2; Vi, 0? 1) Gy (m)Ghy(m) f (7; ) dmda = Gy(a).

According to the above results, we have
1
_EXNf(x,H) [vvec(V),vec(V) lOg f(.il?, 9)] = / —Ml (.23, Q)M{ ('Tv e)dlE,
f(z;0)
1
—Ex~s@0)[Vieev) oz log f(z;0)] = /li(x;g)Mﬂl’; 0)dz,

1 /
—Ex~f(@:0) [ Vvec(v),a log f(x;0)] _/li(l’;@)Mza(x; 0)dz,

r? 1
—Ex~t@0)[Vor,02 log f(2;0)] = — oo / e 9>M§(x;9)dx,

r

~Ex~swo[Voralog f(w:0)] = o5 [¢(lally) — Gi(a)]
1 o
+ / WMQ(.I';@)MZ),(!E, 0)dx and
~Ex(w0)[Vaa log f(2:0)] = Gs(a) = ([lalli) = Ga()
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1
—— M;(x: 0) M (x; 0)dx.
+ [ g Milas0) (s O)da
Since Iy = —Ex~ (0 [Voolog f(X;0)], the claims in Theorem follow

immediately. O]

S5. Proof of Corollary

Proof. Let us consider the case when oy = ay = -+ = ax = |||, /K for
Theorem [3.2] In this case, if [|a||; — oo, f(m; @) will shrink to a point mass
function concentrating at 1x/K. Then f(x;0) — ¢,(z;V1g /K, o%I,). Tt

can be derived that
My(z;0) = (0°) 'K "1k @ (¢ — V1g /K)pp(2; V1g /K, 0°1,),
My(z;0) = 27 (0%) *||lw = V1g/K|]?¢, (x5 V1k /K, 0°1,) and
Ms(x;0) — —log K1k, (2; V1g /K, 0*1,).
By the dominated convergence theorem, we have
[ o) MM (130) - (0) K Ll @ 1,
/f(x, )t My (x;0) My(x;0) — 0,
[ o) M0 (10) > 0
[ i) M i) = 471 (0) 20+ 20),

/f(:c; 0) ' My (z;0) Mj(x;0) — —27(0%) 'rlog K1 and
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/ F(:0) My (. 0) Mo (2 ) — (log K)?1e1).
Plugging the above limits into the formula of the Fisher information matrix

in Theorem (3.2} we can obtain
~Exwp(@:6) [Vieev)vee(vy 108 f (23 0)] = (0*) K1kl @ I,
—Ex~f@:0) [ Vvec(v),o2 log f(x;0)] — 0,
—Ex~t(2:0)[Vvec(v),a log f(2;0)] — 0 and
~Exs@0)[Vor,02 10g f(2;0)] = 27 (%) 72
It can be shown that
Gi(a) —v(llall) = K ~Dir(a) [Go(m)] — —log K1 and
Gi(a) = Erupin(a) [Ga(m)Go(m)] — (log K)*1 51
Moreover, by the definition of the trigamma function, 1™ (u) — 0 as u —

oo. Thus Gs(a) — D ([la|) — 0 as ||a||; — co. Hence
—Ex~f@0)Voralog f(2;0)] =0 and — Ex.f(:0)[Vaalog f(x;6)] = 0.

The claim in Corollary [3.1] has been proved. O

S6. Proof of Theorem [3.3

. . . . . 1/2
Proof. Let hi = | X; — X7, h = max; h; and h = {2;;1 hg/n} . Then

h > h. Note that Z; = X; — X % N,(0,021,). Thus we have || Z;]|?/o® %
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S6. PROOF OF THEOREM

x%(r). By Assumption for any € > 0, there exists a positive integer n
such that P(|62/02 — ¢o| > ¢2/2) < €/2. For such n, there exist M, M > 0
such that P(3caM /2 < h2/0? < ¢;M/2) > 1 — €/2. Since
P(3¢,M /2 < h%/o? < caM/2)

= P(3c;M/2 < h?/5% - 52 /0 < ;M /2)

<P(M < h?/6% < M) +P(|5%/0% — 3] > ¢2/2)

<P(M < h?/5% < M) +¢/2,
we have P(M < h?/6> < M) > 1 —e. Below, we prove maxy |Vi, —
Vi < Coh for a constant Cy to be decided if M < h? /&% < M holds by

contradiction. Define

- 1 )
A = /xeé exp {—@ | X; — || }daz and

1

Then by Proposition [2.1],
UV, 6% 1) = — Zlog(Ai) + nlog Vol(S) + % log(6?%) + C and
i=1
((V*,62% 1) = — Zlog(Ai) + nlog Vol(S*) + % log(5%) + C.
i=1
Thus we have

1 - 1 y 1 & A;/Vol(S)
- 1) — —U(V*,6% 1) = == Y logQ ook b
R tV: 05 1k) = V5, 6% L) = = 2 Og{Ai/Vol(S*)
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S6. PROOF OF THEOREM

If maxy, || Vi, — V|| > Coh, we will prove £(V,52,1) > £(V*, 52, 1) based
on the above equation in the following.

For any i € Ny(1,), we have || X; — V|| < hi+7n,. Then for any = € R",
1 A .
IV = all® =7 =g < 1 X = ® < 2|V — 2l + 207 + 21,

Thus we have

A iLzQ + 1 1 X 2 iLZQ +n2 | ~
Ai < exXp {—25_2 /ajeé exp —E ||Vk — ,_'L'” dr =: exp TG.Q Uk7
h2 + 1?2 1 B2 12
R e P T
o TES* a o

Ai/Vol(S) | _ 3(h2 +n?) U/ Vol(S)
ou | s < o e ish |

First, we study the lower bound of Uy /Vol(S*). Let Uniform(S*) be the

uniform distribution over the simplex S* and C' = max;, E X~Uniform(s+) || Vi —

X||?. By the Jessen’s inequality, for any k = 1,2,..., K,

Uk
Vol(S*)

1 *
= IE’XNUniform(S*) exp {_ﬁ ||Vk - X||2}

> exp {_%EXNUniform(S*)”Vk* — X||2} > exp {—%} . (S6.16)

Second, we derive the upper bound of Uy /Vol(S) and hence the upper
bound of {U/Vol(S)}/{U,/Vol(S*)}. We start with the case S* C S.
Then if maxy, ||Vi — Vi¥|| > Coh, there exists ko € {1,2,..., K} such that

Vi — Vil > Coh. For such ky, there exists a positive constant C; = O(Cj)
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S6. PROOF OF THEOREM

such that B(V,;;,CJL) ={reR |z -V[ < C1h} € S. Then

U _ At A <A1 Az)
— = < max )
Vol(§8) Bi+ B>

(S6.17)

where

1 ~
= [ e e v = el f e B = Vol i),
2€B(V; ,C1h) g

1 . 9 - } .
A, :/ ~ exp {_@ | }dx,Bg — Vol{/B(V, i)}
2€8/B(Vy, .C1h)
It can be derived that

~ r/2
_ 272 /%2
é < 2T/2F<7’/2 + 1) { 1 exp{ C’lh /0 }} and

C2h2 /52

2 < exp {—012712/(252)} :

By

where I'(-) is the Gamma function. If h2/52 > M, since (1 — e *)/x is

decreasing when z € (0, +00), we have

Ay 1 —exp{—-C?M} /2 Ay CiM
<P (r/24+1 ! d=< - .
B = (r/2+1) { ConT an B, = exp 5

Thus

0 o

Co—+oo

Combining (S6.16)), (S6.23)) and ((S6.18|), we have as Cy — 400,

Uk, /VOl(S) C Ay A
ko TP L o) 2 a1 — 0. ,
log { T /VoI(S (= | 52 + log max B B, — —00 (56.19)

If | Vi — Vi¥|| < Coh, note that

- 1 &
o= [ ow{- g Vi el far < [ ar=vos).  (so20
z€ z

S €S
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S6. PROOF OF THEOREM

Thus we have

Ug/Vol(S*) [ — a2
Then we derive the upper bound of {Uy/Vol(S)}/{Uy/Vol(S*)} under

log {M} < g (56.21)

the case S* NS¢ # (. In this case, there exists k; € {1,2,..., K} such that

Vi ¢ S. If | Vi, — Vil < Coh, we have

~ ~ J 1 S ~
T < Vol(3) and log {%{3{3} < % (56.22)

according to (S6.20). If ||V;, — Vil > Coh, there exists a positive constant
Cy = o(Cy) such that B(V,,Coh) = {z € R" : ||lz — Vi, || < Cyh} C S*.

Then

j A+ A A A
Un__Atds s 22 (S6.23)
Vol(S) B+ B, By B

where

- 1 . 2 ~ ~ 7 &

Al :/ ) ) exp{—@HVkl —JZH }dﬁ(], Bl ZVOI{B(VkI,CQh)ﬂS},
xGB(Vkl ,Cgh)

_ 1 . ) . . B
Ay = / . exp {—E Vi — || }dx,Bg = Vol{S/B(V},, Cah)}.
:EGS/B(Vkl,CQh)

It can be derived that

% < exp{—(Cy — C5)?h?/46%} and % < exp{—CgiLQ/(252)}.

1 2

If 52/52 > M, we have

max (% %) < exp{—=C2M} = o(1),

1 2
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S6. PROOF OF THEOREM

where the last limit hold when Cy — oco. Hence

Uy, /Vol(S) C Ay A,
log{ ———2 3 < — +logmax | =, = — —00. S6.24
s { Up /VOI(S) [ =52 %8 B, B, (56.24)

For 7 € M, it can be derived that

- 1 .

A = / _exp {—@ | X — JJHQ} dr < / _dx = Vol(S).

z€S zeS
Moreover, since

1X; — 2| < 201 X7 — a|® + 27 < 4] X7 = V7P + 4)1Vi — || + 25,

by the Jessen’s inequality, we have

A
Vol(S¥)

1
= E x~Uniform(s*) €XP {_Ti? | X — X||2}

XZ-—XHQ}

1
> exp {—T;QEXNUniform(s*)

1 * * 7
> eXp{ 553 (4IXT = VEIP + 257 + 4B xecumitorm(s) | Vi

{ 20+B§+2(5}
>expy————=5— ¢

- x|}

G
where C' = max<pu<r ||V; — V;*||>. Then

A;/Vol(S) _ 20 + h? + 20
%8 A/ Vol(SY) 52

Let Ko = {k = 1,2,...,K : |[Vi = V|| > Coh} and K, = {k

(S6.25)

o

1,2,..., K : ||Vi — Vi*|| < Coh}. From (S6.19) — (S6.24) and (S6.25)),

1 - 1
—E(V, 5-27 IK) - EK(V*a &27 ]-K)

C’ Ay
+10gmax (B 32)} — —k%;l INe(1) <~—>
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S7. PROOF OF THEOREM

M| 2C+2 iz?)h%rnn 1 h2
- - 2.7
n k=1 ieN} nieMG
AM|C 3(R2+n2) (n+ M A A
_ |n62| _3( 25277 ) | )C Z N, |logmax<31 Bz)
" fexo 2
AM|C  3(h*+n2) (n+ |M|)C’ C A A
T T 3T aer g2 p Mollesmax{pn o)

Note that Ay, Ay, By and B, in the above should be fll, flg, B, and B,
as defined in and if Vi, ¢ S. Here we unify the notation
for simplicity. When r is fixed, we have C'/6*> = O(1) and /5% = O(1).
Under the condition of h2/62 < M and log™' Cy = o(r,/n), if |Ko| > 1, we

have

1 -~ 1
—E(V,&Q,IK) — ﬁﬁ(V*,&2,1K) — +00.
n

This yields a contradiction to the definition of V and 2. Hence maxy, ||Vj, —

Vk*H S Coil S Coil Then
P(max IVi = Vil < Coh) > P(max Vi = VIl < Coh)
>P(M < h*/62<M)>1—e

This proves the claim. O]

S7. Proof of Theorem [3.4]

Proof. The proof of Theorem [3.4] is similar with that of Theorem [3.3]if we

notice that Assumption implies Assumption [3.3| n
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