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the proof of main theorems, the convergent rates of the estimators of nonlinear FPC

scores and spatial varying coefficients, the selection consistency and convergence of

the proposed iterative algorithms. For theoretical investigation, we use the standard-

ized Bernstein basis polynomials Sj(s)/∥Sj(s)∥2, j = 1, . . . , Jn. For the convenience

of expression, we continue to use the notations Sj(s) and (α,β) as the standardized

bivariate spline basis functions and the scaled spline coefficients. We use M and C1

as generic positive constants, which may be different even in the same line. Finally,

in Web Appendix C, we provide additive analysis for the ADNI data set, Web Tables

1–11, and Web Figures 1–7.

Web Appendix A: Estimation

Estimation in Nonlinear MFPCA

Considering that ξi are unobserved, most existing methods perform spectral de-

composition on the covariance function of Xi(t) and then estimate the latent scores

ξi under dense observations or Gaussian distribution assumptions (Chiou et al., 2014;

Jacques and Preda, 2014; Happ and Greven, 2018; Wong et al., 2019). A key for these

methods is the linear structure fj
{
ξTi ϕj(t)

}
= MξTi ϕj(t), where M is a finite con-

stant. When functional variables are nonlinearly related, there exist no closed-form

estimators for ξi and ϕj(·), and the FPCA method cannot be directly applied. In this

paper, we treat the relation between Xij(t)− µj(t) and ξ
T
i ϕj(t) as unknown nonpara-



QINGZHI ZHONG, XINYUAN SONG, AND HONGTU ZHU 3

metric functions and the latent scores as parameters. Since µj(·),ϕj(·), and fj(·) are

unknown, directly estimating them is difficult. We employ some smoothing techniques

to address the problem. Specifically, we use B-spline basis functions to approximate

µj(·) and ϕj(·) and the local linear smoother to approximate the link function fj(·).

The definition of B-spline functions can be found in Schumacker (pp. 118, 1981). We

use the orthogonal spline functions satisfying
∫
T Bn(t)Bn(t)

Tdt = I (Zhou et al., 2008;

Zhong et al., 2021), which facilitate the implementation of model identification.

Estimation of µj(·)

With the spline approximation µj(t) ≈ µnj(t) = uTj Bn(t), we can estimate uj by

minimizing

n∑
i=1

nij∑
d=1

{
Xij(tijd)− uTj Bn(tijd)

}2
, (S0.1)

which yields the analytic solutions

ûj =

{
n∑
i=1

nij∑
d=1

Bn(tijd)Bn(tijd)
T

}−1 n∑
i=1

nij∑
d=1

Xij(tijd)Bn(tijd). (S0.2)

Then, we estimate µj(t) by µ̂j(t) = ûTj Bn(t).

Estimation of fj(·),ϕj(·), and ξi

Let f = (f1, . . . , fp)
T ,ϕ = (ϕ1, . . . ,ϕp)

T , ξ = (ξ1, . . . , ξn)
T , and l1(f ,ϕ, ξ) =

1∑n
i=1

∑p
j=1 nij

∑n
i=1

∑p
j=1

∑nij

d=1

[
Xij(tijd)− µ̂j(tijd)− fj

{
ξTi ϕj(tijd)

}]2
. Denote K(·) as

a kernel function, h1 as bandwidth, and Kh1(·) = h−1
1 K(·/h1). Then, we plug the

estimated µ̂j into (3.6) in the main paper and solve the resulting minimization by
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decomposing it into the following three linear regression problems.

Given ξTi ϕj(tijd), applying the local linear approximation to fj(·), we have fj
{
ξTi ϕj(tijd)

}
≈

fj(u) + ∇fj(u)
{
ξTi ϕj(tijd)− u

}
for ξTi ϕj(tijd) close to u. Plugging this approxima-

tion into (3.6) in the main paper, we obtain a weighted least square function for

(fj(·),∇fj(·)),

n∑
i=1

nij∑
d=1

[
Xij(tijd)− µ̂j(tijd)− fj(u)−∇fj(u)

{
ξTi ϕj(tijd)− u

}]2
×Kh1

{
ξTi ϕj(tijd)− u

}
, (S0.3)

which leads to the following closed-form estimator,
f̂j(u)

∇̂f j(u)

 =

[
n∑
i=1

nij∑
d=1

Kh1

{
ξTi ϕj(tijd)− u

}
Zfijd(u)Z

f
ijd(u)

T

]−1

(S0.4)

×

[
n∑
i=1

nij∑
d=1

Kh1

{
ξTi ϕj(tijd)− u

}
Zfijd(u) {Xij(tijd)− µ̂j(tijd)}

]
,

where Zfijd(u) =
(
1, ξTi ϕj(tijd)− u

)T
.

Given {fj(·),∇fj(·), ξi} and ϕ
(o)
j (·) = Γ

(o)
j Bn(·), using B-spline approximation for

ϕj(t) and applying Taylor’s expansion to fj
{
ξTi ϕj(t)

}
at fj

{
ξTi ϕ

(o)
j (t)

}
, we have

fj
{
ξTi ϕj(t)

}
≈ fj(ξ

T
i ϕ

(o)
j (t)} + ∇fj

{
ξTi ϕ

(o)
j (t)

}
ξTi

{
Γj − Γ

(o)
j

}
Bn(t) for Γj close to

Γ
(o)
j , where ϕ

(o)
j and Γ

(o)
j denote the provided estimators for ϕj and Γj, respectively,

exemplifying the (o)th iteration estimator. Substituting this approximation into (3.6)

in the main paper yields a least square function for Γj as follows:
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n∑
i=1

nij∑
d=1

[
Xij(tijd)− µ̂j(tijd)− fj

{
ξTi Γ

(o)
j Bn(tijd)

}
+∇fj

{
ξTi Γ

(o)
j Bn(tijd)

}
×ξTi Γ

(o)
j Bn(tijd)−∇fj

{
ξTi Γ

(o)
j Bn(tijd)

}
(ξi ⊗Bn(tijd))

T Γ⃗j

]2
,

where “⊗” is the kronecker product, and Γ⃗j denotes the vector formed by concatenating

the rows of matrix Γj.

Let ZΓ
ijd = ∇fj

{
ξTi Γ

(o)
j Bn(tijd)

}
{ξi ⊗Bn(tijd)}, we obtain the following explicit

expression:

⃗̂
Γj =

{
n∑
i=1

nij∑
d=1

ZΓ
ijdZ

Γ
ijd

T

}−1( n∑
i=1

nij∑
d=1

ZΓ
ijd [Xij(tijd)− µ̂j(tijd) (S0.5)

−fj
{
ξTi Γ

(o)
j Bn(tijd)

}
+∇fj

{
ξTi Γ

(o)
j Bn(tijd)

}
ξTi Γ

(o)
j Bn(tijd) ]).

Given (fj(·),∇fj(·)) and ϕj(·), the local linear approximation fj
{
ξTi ϕj(tijd)

}
≈ fj

{
ξTi ϕj(tijd′)

}
+

∇fj
{
ξTi ϕj(tijd′)

}
ξTi
{
ϕj(tijd)− ϕj(tijd′)

}
for ϕj(tijd) close to ϕj(tijd′), together with

(3.6) in the main paper leads to a weighted least square function for ξi,

p∑
j=1

nij∑
d′=1

1∑nij

d=1 ωij,dd′

(
nij∑
d=1

[
Xij(tijd)− µ̂j(tijd)− fj

{
ξTi ϕj(tijd′)

}
(S0.6)

−∇fj
{
ξTi ϕj(tijd′)

}{
ϕj(tijd)− ϕj(tijd′)

}T
ξi

]2
ωij,dd′

)
,

where ωij,dd′ = Kh1

{
ξTi ϕj(tijd)− ξTi ϕj(tijd′)

}
.
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Let Zξ
ij,dd′ = ∇fj

{
ξTi ϕj(tijd′)

}{
ϕj(tijd)− ϕj(tijd′)

}
. Hence, the estimator for ξi is

ξ̂i =

(
p∑
j=1

nij∑
d′=1

nij∑
d=1

ωij,dd′∑nij

d=1 ωij,dd′
Zξ
ij,dd′Z

ξ
ij,dd′

T

)−1

(S0.7)

·

(
p∑
j=1

nij∑
d′=1

nij∑
d=1

ωij,dd′∑nij

d=1 ωij,dd′
Zξ
ij,dd′

[
Xij(tijd)− µ̂j(tijd)− fj

{
ξTi ϕj(tijd′)

}])
.

Remark 1. We can also estimate fj(·),Γj, and ξi by fitting a single-index model based

on the observations {Xij(tijd)− µ̂j(tijd),Bn(tijd)} ,∀d = 1, . . . , nij, and then perform

PCA on
(
ξ̂Ti Γ1, . . . , ξ̂

T
i Γp

)
. However, this procedure increases the computational cost

because it results in np models of kn dimension and high computation intensity from

PCA on an n× knp matrix.

Estimation in FMVCM with Sparse Penalty

To keep the splines smooth across the shared edges of adjoining triangles, we require

the spline coefficients to satisfyH(α∗
k)
T = 0 andH(β∗)T = 0. Here, the bivariate spline

basis S∗
n and constraint matrix H can be constructed based on the R package BPST

(Wang et al., 2019). We remove the linear constraints H(α∗
k)
T = 0 and H(β∗)T = 0

through QR decomposition HT = QR =

(
Q1 Q2

)R1

R2

 to simplify computation,

where the submatrix Q1 is the first rH columns of Q, with rH being the rank of H,

and R2 is a matrix of zeros. Denote α∗
k = αkQ

T
2 and β∗ = βQT

2 for some αk and β.

Then, we perform reparameterization using

gnk(s) = αkSn(s), θn(s) = βSn(s), (S0.8)
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where Sn(s) = QT
2 S

∗
n(s) and the reparametrized spline coefficients satisfy HαTk = 0

and HβT = 0.

Based on the approximation (S0.8), model (2.5) in the main paper can be considered

as a standard multiple-index model. Then, the procedure discussed in Xia (2008)

can be used for estimation. However, this procedure leads to considerably intensive

computation because it needs to minimize the local linear approximation errors for all

approximation points
∑Kn

k=1 gk(sj)ζ̂ik, i = 1, . . . , n, j = 1, . . . , Ns in the estimation of αk

and β, where Ns and the dimension of bivariate spline coefficients are relatively large

in the imaging data analysis. In addition, this method cannot deal with the problem

of group sparsity, being inapplicable to images on high-dimensional scalar regression.

Therefore, we develop an estimation procedure to avoid the two issues. The procedure

is stated in the subsequent section.

Estimation of ψ(·),G(·), and θ(·)

Let

l2(G,θ, ψ) =
1

nNs

n∑
i=1

Ns∑
j=1

[
Yi(sj)− ψ

{
Kn∑
k=1

gk(sj)ζ̂ik

}
− θ(sj)TZi

]2
+

Kn∑
k=1

λ
∥gk∥2
∥g̃k∥2

.

The minimization problem in FMVCM can be decomposed into three linear regression

problems and solved by alternatively fixing ψ(·), G(·), or θ(·).

Given G(·) and θ(·), for any given u, applying local linear approximation to ψ(·)

and plugging the approximation ψ
{∑Kn

k=1 gk(s)ζ̂ik

}
≈ ψ(u)+∇ψ(u)T

{∑Kn

k=1 gk(s)ζ̂ik − u
}

into the objective function in the main paper yield the weighted least square function
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for
{
ψ(u),∇ψ(u)T

}T
, we have

1

nNs

n∑
i=1

Ns∑
j=1

[
Yi(sj)− ψ(u)−∇ψ(u)T

{
Kn∑
k=1

gk(sj)ζ̂ik − u

}
− θ(sj)TZi

]2

×Kh2(∥
Kn∑
k=1

gk(sj)ζ̂ik − u∥), (S0.9)

where
∑Kn

k=1 gk(sj)ζ̂ik is in a small neighborhood of u, and h2 is a bandwidth. Let

Zψij = (1, (
∑Kn

k=1 gk(sj)ζ̂ik − u)T )T . Solving the minimization of (S0.9) leads to the

solution, 
ψ̂(u)

∇̂ψ(u)

 =

{
n∑
i=1

Ns∑
j=1

Kh2(∥
Kn∑
k=1

gk(sj)ζ̂ik − u∥)ZψijZ
ψ
ij

T

}−1

(S0.10)

·

[
n∑
i=1

Ns∑
j=1

Kh2

{
Kn∑
k=1

gk(sj)ζ̂ik − u

}{
Yi(sj)− θ(sj)TZi

}
Zψij

]
.

Given ψ(·) and G(·), plugging the bivariate spline approximation θ(s) ≈ θn(s) =

βSn(s) into (S0.9) leads to a least square function for β,

1

nNs

n∑
i=1

Ns∑
j=1

[
Yi(sj)− ψ

{
Kn∑
k=1

gk(sj)ζ̂ik

}
− Sn(sj)

TβTZi

]2
,

which yields the estimator of β as

⃗̂
β =

[
n∑
i=1

Ns∑
j=1

{Zi ⊗ Sn(sj)} {Zi ⊗ Sn(sj)}T
]−1

(S0.11)

·

(
n∑
i=1

Ns∑
j=1

[
Yi(sj)− ψ

{
Kn∑
k=1

gk(sj)ζ̂ik

}]
{Zi ⊗ Sn(sj)}

)
.

Given
{
ψ(·),∇ψ(·)T ,θ(·)

}
and g

(o)
k (·) = α(o)

k Sn(·), k = 1, . . . , Kn, and letα = (α1, . . . ,αKn),

Zα
ij =

[
∇ψ

{∑Kn

k=1α
(o)
k Sn(sj)ζ̂ik

}
⊗
{
ζ̂i ⊗ Sn(sj)

}}
, and Zα

ij =
[
∇ψ

{∑Kn

k=1α
(o)
k Sn(sj)ζ̂ik

}
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⊗
{
Sn(sj)⊗ ζ̂

T

i

}]T
. Using the bivariate spline approximation for gk(s) and applying

Taylor’s expansion to ψ
{∑Kn

k=1 gk(sj)ζ̂ik

}
at ψ

{∑Kn

k=1 g
(o)
k (sj)ζ̂ik

}
, we have ψ

{∑Kn

k=1 gk(sj)ζ̂ik

}
≈

ψ
{∑Kn

k=1 g
(o)
k (sj)ζ̂ik

}
+∇ψ

{∑Kn

k=1 g
(o)
k (sj)ζ̂ik

}
ζ̂
T

i

{
αk −α(o)

k

}
Sn(sj) for αk close α

(o)
k .

Substituting this approximation into (S0.9) yields a penalized least square function for

α⃗, we have

1

nNs

n∑
i=1

Ns∑
j=1

[
Yi(sj)− θ(sj)TZi − ψ

{ Kn∑
k=1

g
(o)
k (sj)ζ̂ik

}
(S0.12)

+∇ψ
{ Kn∑
k=1

g
(o)
k (sj)ζ̂ik

}T Kn∑
k=1

α
(o)
k Sn(sj)ζ̂ik − α⃗TZα

ij

]2
+

Kn∑
k=1

λ
∥αk∥
∥α̃k∥

,

where α̃k is the last iterative estimator of αk. The minimization of (S0.12) can be

solved based on the R package grpreg, where λ needn’t be given in advance.

Implementation of Algorithms

To implement the estimation procedure, we must set initial values (Γ
(0)
j , ξ

(0)
i , i =

1, . . . , n, j = 1, . . . , p) for (Γj, ξi, i = 1, . . . , n, j = 1, . . . , p) and (α(0),β(0)) for (α,β).

We obtain (Γ
(0)
j , ξ

(0)
i , i = 1, . . . , n, j = 1, . . . , p) from MFPCA (Happ and Greven,

2018) based on the R package MFPCA and (α(0),β(0)) based on the R package MAVE

or from the linear regression of Yi(sj) on

[{
ζ̂i ⊗ Sn(sj)

}T
, {Zi ⊗ Sn(sj)}T

]T
if the

MAVE estimator is time-consuming. The MAVE and linear regression estimators are

consistent under some regularity conditions (Duan and Li, 1991; Xia et al., 2002).

Thus, they can be used as the adaptive weight. Denote
{
f
(o−1)
j (·), ξ(o−1)

i ,Γ
(o−1)
j

}
and
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ψ(o−1)(·),α(o−1),β(o−1)

}
as the estimators of {fj(·), ξi,Γj} and {ψ(·),α,β}, respec-

tively, obtained after the (o− 1)th iteration. The estimation algorithm is implemented

as follows.

• Perform nonlinear MFPCA: with the estimator µ̂j(·) based on (S0.2), we obtain

the estimators {fj(·), ξi,Γj} by using equations (S0.4), (S0.5), and (S0.7), update

(f ,ϕ, ξ) by using the maximum improvement of l1(f ,ϕ, ξ) (Zhu et al., 2016), and

repeat this procedure until convergence. At each step, {fj(·), ξi,Γj} on the right-

hand side of the equations are replaced by their most updated value. The conver-

gence is determined by ∥{f (o),ϕ(o), ξ(o)}−{f (o−1),ϕ(o−1), ξ(o−1)}∥/∥{f (o−1),ϕ(o−1), ξ(o−1)}∥

≤ 10−3 or |l1{f (o),ϕ(o), ξ(o)}− l1{f (o−1),ϕ(o−1), ξ(o−1)}|/|l1{f (o−1),ϕ(o−1), ξ(o−1)}| ≤

10−3.

• Transform the scores: obtain the transformed variables ζ̂ik = Φ
(
λ̂
−1/2
k ξ̂ik

)
−

0.5, k = 1, . . . , Kn, where λ̂k is the kth eigenvalue of 1
n

∑n
i=1 ξ̂iξ̂

T

i .

• Conduct estimation for FMVCM: treat ζ̂i and Zi as covariates, obtain the esti-

mators (ψ(·),α,β) by repeatedly using equations (S0.10) and (S0.11) and solving

(S0.12) through the R package grpreg, and replace (ψ(·),α,β) on the right-hand

side of the equations by their most updated value, update (G,θ, ψ) by using the

maximum improvement of l2(G,θ, ψ) (Zhu et al., 2016), and repeat this proce-

dure until convergence. The convergence is determined by ∥{G(o),θ(o), ψ(o)} −
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{G(o−1),θ(o−1), ψ(o−1)}∥/∥{G(o−1),θ(o−1), ψ(o−1)}∥ ≤ 10−3 or |l2{G(o),θ(o), ψ(o)} −

l2{G(o−1),θ(o−1), ψ(o−1)}|/|l2{G(o−1),θ(o−1), ψ(o−1)}| ≤ 10−3.

In the following, we give a definition of a closed mapping and two assumptions,

then establish the convergence of the proposed iterative algorithm.

Definition 1. (David G. Luenberger (2016), page 199) A point-to-set mapping F

from X to Y is said to be closed at x ∈ X if the assumptions 1) limk→∞ xk → x,

2) limk→∞ yk → y and 3) yk ∈ F (xk) imply y ∈ F (x). Moreover, F is said to be closed

over X if F is closed at every point of X .

Let F1 be the mapping function of the proposed iterative algorithm for NMF-

PCA, which means that the algorithm generates the sequences
{
f (o),ϕ(o), ξ(o)

}
by{

f (o+1),ϕ(o+1), ξ(o+1)
}

= F1

{
f (o),ϕ(o), ξ(o)

}
. Let Q1 be the space of (f ,ϕ, ξ), Q10 ={

(f ,ϕ, ξ) ∈ Q1 : l1(f ,ϕ, ξ) ≤ l1

(
f (0),ϕ(0), ξ(0)

)}
, and Q1∗ = {set of local minima of

l1(f ,ϕ, ξ) in the interior of Q10 }. Similarly, we define F2 as the mapping func-

tion of the proposed iterative algorithm for FMVCM, Q2 as the space of (G,θ, ψ),

Q20 =
{
(G,θ, ψ) ∈ Q2 : l2(G,θ, ψ) ≤ l2

(
G(0),θ(0), ψ(0)

)}
, and Q2∗ = {set of local

minima of l2(G,θ, ψ) in the interior of Q20 }.

Then, we assume the following two conditions:

(S1) Q10 andQ20 is compact given the initial value
(
f (0),ϕ(0), ξ(0)

)
and

(
G(0),θ(0), ψ(0)

)
,

respectively.
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(S2) F1(f ,ϕ, ξ) and F2(G,θ, ψ) is closed over Q10\Q1∗ and Q20\Q2∗, respectively, i.e.,

the difference of two sets.

Proposition S.1. If conditions (S1) and (S2) hold, we have

(i) all the limit points of
{
f (o),ϕ(o), ξ(o)

}
are local minima of l1(f ,ϕ, ξ) in the space

Q10, and l1

{
f (o),ϕ(o), ξ(o)

}
converges monotonically to L∗

1 = l1(f
∗,ϕ∗, ξ∗) for some

(f∗,ϕ∗, ξ∗) ∈ Q1∗.

(ii) all the limit points of
{
G(o),θ(o), ψ(o)

}
are local minima of l2(G,θ, ψ) in the

space Q20, and l2

{
G(o),θ(o), ψ(o)

}
converges monotonically to L∗

2 = l2(G
∗,θ∗, ψ∗) for

some (G∗,θ∗, ψ∗) ∈ Q2∗.

Web Appendix B: Proofs of theoretical properties

Let ∇i
sj
g(s) = ∂ig(s)

∂sij
,∇ig(s) = dig(s)

dsi
, and |g|l,∞ = maxi+j=l ∥∇i

s1
∇j
s2
g(s)∥∞ be the

maximum norms of all the lth order derivatives of g over D. Define Wϖ+1,∞(D) =

{g : |g|l,∞ <∞, 0 ≤ l ≤ ϖ + 1} be the standard Sobolev space, the Hölder space of

order r = l + s as Hr = { f(·) : |∇lf(t1)−∇lf(t2)| ≤ c|t1 − t2|s, for any 0 ≤ t1, t2 ≤

1 } , where l is a non-negative integer, c > 0 is a constant, and s ∈ (0, 1].

Regularity conditions for model identifiability.

(I1) functions fj(·), j = 1, . . . , p are continuously differentiable with finite number of

zero derivatives, and
∑p

j=1

∫
u
fj(u)du > 0;

(I2)
∑p

j=1

∫
T ϕjk(t)ϕjk′(t)dt = 0 if k′ ̸= k, and 1 otherwise, λ1 > λ2 > . . . > 0,
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T ϕj1(t)

2dt and λ1 are fixed constants, and ϕ1k(c) > 0, where c ∈ T is a fixed

constant;

(I3) The derivative ∇ψ(G(s)ζi) exists and E
[
∇ψ {G(s)ζi}∇ψ {G(s)ζi}

T
]
is invert-

ible;
∫
D G(s)G(s)Tds = I,

∫
D G(s)var(ζi)G(s)Tds is a diagonal matrix with de-

creasing diagonal elements, and the integration of the first nonzero function in

each row of G(s) over D is positive.

Condition (I1) is a requirement of smoothing and sign identifiable for nonconstant non-

parametric functions fj(·)s. Condition (I2) is equivalent to those used in the existing

FPCA (Zhu et al., 2014; Happ and Greven, 2018; Wong et al., 2019) with a scale

transformation. Condition (I3) imposes restrictions on the derivative of ψ(·) and or-

thogonality constraints on the varying coefficient vector G(·); these conditions are all

moderate. Without loss of generality, we assume that var(ζi) ̸= MI with M > 0; oth-

erwise, let G(s)MT and Mζi be the new varying coefficients and transformed scores,

where MTM = I and MMT ̸= I.

Regularity conditions for the asymptotic properties.

(C1) Identifiable condition: (I1)–(I3) hold.

(C2) Kernel function: K(·) is a bounded symmetrical density function with bounded

derivatives and satisfies∫
u2K(u)du ̸= 0 and

∫
|u|jK(u)du <∞, j = 1, 2, . . . .
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(C3) Derivatives: all the second-order derivatives of the density functions of ξTi ϕj0(t)

andG0(s)ζi, link functions fj0(·) and ψ0(·), conditional expectationsE
{
ξi|ξTi ϕj0(t) = ·

}
and E {ζi|G0(s)ζi = ·}, and conditional variances E

{
ξiξ

T
i |ξTi ϕj0(t) = ·

}
and

E
{
ζiζ

T
i |G0(s)ζi = ·

}
are continuous and bounded.

(C4) Bounded eigenvalue: The eigenvalues of E
(
ZiZ

T
i

)
are bounded away from 0

and infinity.

(C5) Smoothness: For j = 1, . . . , p, k = 1, . . . , Kn, l = 1, . . . , q, l′ = 1 . . . , qz, the

functions µj0(·) and ϕjk,0(·) belong to Hölder space of order r ≥ 2, and the varying

coefficient functions gkl,0(·) and θl′,0(·) belong to Sobolev space Wϖ+1,∞(D) with

ϖ ≥ 1.

(C6) Moment and Errors:
∑p

j=1

∫ 1

0
E[{Xij(t)−µj(t)}4]dt is finite, εij(t)s are inde-

pendent measurement errors and independent of ϵi(s), and there exists a positive

constant M <∞, such that

1

nNs

n∑
i=1

n∑
i′=1

Ns∑
j=1

Ns∑
j′=1

|E {ϵi(sj)ϵi′(sj′)} | ≤M.

(C7) Variation decays: there exist some c0 > 1 and 0 < M < ∞, such that λk0 −

λk+1,0 ≥Mk−c0−1.

(C8) Triangulations: |△| → 0, and the triangulation △ is π-quasi-uniform; that is,

(minτ∈△Rτ )
−1 |△| ≤ π for some positive constant π.
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Condition (C1) ensures model identifiability. Conditions (C2) and (C3) are usual re-

quirements in the index model literature (Xia, 2008; Cui et al., 2011). Condition (C4)

is a regular condition commonly used in regression analysis (Zhu et al., 2014; Yu et al.,

2021). Condition (C5) describes the smoothness requirements on the nonparametric

functions, which are frequently used in the nonparametric estimation literature. Con-

dition (C6) imposes weaker restrictions on random errors than Yu et al. (2019, 2021)

and Li et al. (2021) that require ϵi(sj)s to be independent over i and j. Condition (C7)

requires the polynomial decay rate of λk0, the same as Zhu et al. (2014) and Wong et al.

(2019). Condition (C8) suggests using more uniform triangulations with smaller shape

parameters and is common in the triangulation-based literature (Lai and Schumaker,

2007; Wang et al., 2020).

Proofs of propositions

Proof of proposition 1:

To prove proposition 1, we need to show that:

(i) µj(t), j = 1, . . . , p are identifiable,

(ii) fj(·), j = 1, . . . , p are identifiable,

(iii) For all i, j, k, ϕjk(·) and ξik are identifiable.

Proof: (i). Because E {Xij(t)} is a unique fixed function, we have E {Xij(t)} = µj(t),

then µj(t) is identifiable.

(ii). Let ξ∞i = (ξi1, . . . , ξi∞)T ,ϕ∞
j (t) = {ϕj1(t), ϕj2(t), . . . , ϕj∞(t)}T , and η∞ij (t) =
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k=1 ξikϕjk(t). Since fj {

∑∞
k=1 ξikϕjk(t)} = fj

{
η∞ij (t)

}
, thus, we only need to prove

η∞ij (t) is identifiable in terms of location, scale, and sign. From the condition that ξiks

are zero-mean uncorrelated random variables, we have E
{
η∞ij (t)

}
= 0, then η∞ij (t) is

identifiable in terms of location. Next, we show that η∞ij (t) is identifiable regarding

scale and sign. Denote η̄∞ij (t) =
∑∞

k=1 ξ̄ikϕ̄jk(t), with f̄j(u), ϕ̄jk(t), and ξ̄ik satisfying

Conditions (I1) and (I2), and fj
{
η∞ij (t)

}
= f̄j

{
η̄∞ij (t)

}
. Suppose that there exists a

constant aj such that

fj(u/aj) = f̄j(u), (S0.13)

ajη
∞
ij (t) = η̄∞ij (t). (S0.14)

Then, aξ∞i = ξ̄
∞
i and aj1ϕ

∞
j (t) = ϕ̄

∞
j (t) with a× aj1 = aj, where ξ̄

∞
i =

(
ξ̄i1, . . . , ξ̄i∞

)T
and ϕ̄

∞
j (t) =

{
ϕ̄j1(t), ϕ̄j2(t), . . . , ϕ̄j∞(t)

}T
.

By Condition (I2), we have a2 = a2j1 = 1. Furthermore, by conditions
∑p

j=1

∫
u
fj(u)du >

0 and ϕ1k(c) > 0, a and aj1 must be positive. Thus, a = aj1 = 1.

This proves the identifiability of fj(·).

(iii). It is sufficient to show that
∑p

j=1

∫
T ϕ

∞
j (t)ϕ̄

∞,T
j (t)dt is an identity matrix. By

the results of (ii) we have

ξ∞,T
i ϕ∞

j (t) = ξ̄
∞,T
i ϕ̄

∞
j (t). (S0.15)

Taking right multiplication of ϕ∞,T
j (t) on both sides of (S0.15) with some algebraic
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calculations yields

ξ∞,T
i

p∑
j=1

∫
T
ϕ∞
j (t)ϕ∞,T

j (t)dt = ξ̄
∞,T
i

p∑
j=1

∫
T
ϕ̄

∞
j (t)ϕ∞,T

j (t)dt.

By the orthogonality of ϕ∞
j (t), we have

ξ∞,T
i = ξ̄

∞,T
i

p∑
j=1

∫
T
ϕ̄

∞
j (t)ϕ∞,T

j (t)dt. (S0.16)

Substituting (S0.16) into (S0.15), and taking right multiplication of ϕ̄
∞,T
j (t) on both

sides, we get

p∑
j=1

∫
T
ϕ̄

∞
j (t)ϕ∞,T

j (t)dt

p∑
j=1

∫
T
ϕ∞
j (t)ϕ̄

∞,T
j (t)dt

=

p∑
j=1

∫
T
ϕ̄

∞
j (t)ϕ̄

∞,T
j (t)dt

= I, (S0.17)

where the second equality holds from the orthogonality of ϕ̄
∞
j (t).

The above shows that
∑p

j=1

∫
T ϕ

∞
j (t)ϕ̄

∞,T
j (t)dt is an orthogonal matrix, so that its

eigenvalues are either 1 or -1. Next, we show that∑p
j=1

∫
T ϕ

∞
j (t)ϕ̄

∞,T
j (t)dt is an identity matrix. Taking variance and right multiplication

of
∑p

j=1

∫
T ϕ

∞
j (t)ϕ̄

∞,T
j (t)dt on both sides of (S0.16) yields

var(ξ∞i ) ·
p∑
j=1

∫
T
ϕ∞
j (t)ϕ̄

∞,T
j (t)dt =

p∑
j=1

∫
T
ϕ∞
j (t)ϕ̄

∞,T
j (t)dt · var(ξ̄∞i ). (S0.18)

This equation implies that
∑p

j=1

∫
T ϕ

∞
j (t)ϕ̄

∞,T
j (t)dt is a matrix consisting of eigenvec-

tors of var(ξ∞i ). Since var(ξ∞i ) and var(ξ̄
∞
i ) are diagonal matrices, combining (S0.17)

and (S0.18) yields the desired results.
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Proof of proposition 2:

By the fact that E {Xij(t)− µj(t)} = 0 and the mean value theorem,

p∑
j=1

sup
t∈T

E

[
Xij(t)− µj(t)− fj

{
Kn∑
k=1

ξikϕjk(t)

}
− εij(t)

]2

=

p∑
j=1

sup
t∈T

var

{
ḟj(u

∗
ij)

∞∑
k=Kn+1

ξikϕjk(t)

}

≤M

p∑
j=1

sup
t∈T

∞∑
k=Kn+1

λkϕjk(t)
2 → 0,

where u∗ij lies between
∑∞

k=1 ξikϕjk(t) and
∑Kn

k=1 ξikϕjk(t), and the last equality holds

from the scores ξi1, ξi2, . . . are uncorrelated, and
∑

k λk <∞.

Proof of proposition 3:

For ψ {G(s)ζi} = ψ̄
{
Ḡ(s)ζi

}
with ψ(·), ψ̄(·),G(·), and Ḡ(·) satisfying Condition

(I3), a direct calculation yields

G(s)T = Ḡ(s)TA1, (S0.19)

where A1 = E
[
∇ψ̄

{
Ḡ(s)ζi

}
∇ψ {G(s)ζi}

T
] (
E
[
∇ψ {G(s)ζi}∇ψ {G(s)ζi}

T
])−1

.

From the lines of (iii) in the proof of proposition 1, by Condition (I3), we can show

A1 = I by firstly provingA1 is an orthogonal matrix and then provingA1 is an diagonal

matrix.

From (S0.19), we have ψ
{
AT

1 Ḡ(s)ζi
}
= ψ̄

{
Ḡ(s)ζi

}
, which implies that A1 is a
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fixed matrix and does not depend on s. Therefore,

∫
D
G(s)G(s)Tds = AT

1 ·
∫
D
Ḡ(s)Ḡ(s)Tds ·A1,

I = AT
1A1.

Similarly, we have

Ḡ(s)T = G(s)TA2 and AT
2A2 = I. (S0.20)

Combining (S0.19) and (S0.20), we get A2 = AT
1 and Ḡ(s)T = G(s)TAT

1 . Thus,∫
D
Ḡ(s)var(ζi)Ḡ(s)TdsA1 = A1

∫
D
G(s)var(ζi)G(s)Tds, (S0.21)

which implies that A1 is a diagonal matrix from conditions
∫
D Ḡ(s)var(ζi)Ḡ(s)Tds

and
∫
D G(s)var(ζi)G(s)Tds are diagonal matrices with positive decreasing diagonal

elements. Therefore, A1 is an identity matrix. Thus, G(s) = Ḡ(s) and ψ(·) = ψ̄(·).

Proof of Proposition 4. Let BIC(k) =
∑K

k=1 λ̂k −
Kλ̂1
4n1/4 . From Lemma 4.3 of

Bosq (2000), we have

|λ̂k − λk0| ≤ ∥ 1
n

n∑
i=1

η̂i(s)η̂i(t)
T − E

{
ηi0(s)ηi0(t)

T
}
∥2 = Op(rG).

Then, BIC(k) =
∑K

k=1 {λk0 +Op(rG)} −K × λ10+Op(rG)

4n1/4 .

By the definition of K̂n = argmaxK≤Kmax BIC(k), it is sufficiently to prove

P
{
BIC(K̂n) < BIC(Kn)

}
→ 1 if K̂n ̸= Kn. (S0.22)
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We first consider the case of K̂n < Kn,

BIC(K̂n)− BIC(Kn)

= −
Kn∑

k=K̂n+1

{λk0 +Op(rG)} − (K̂n −Kn)
λ10 +Op(rG)

4n1/4

= −
Kn∑

k=K̂n+1

λk0 + (K̂n −Kn)Op(rG)− (K̂n −Kn)
λ10 +Op(rG)

4n1/4

= −
Kn∑

k=K̂n+1

λk0 + op(1) < 0,

where the last equality holds from the eigenvalues λK̂n+1,0, . . . , λKn,0 being positive and

conditions Kn ≤ Kmax = o(n1/4) and rG = o( 1
n1/4 ).

Next, we consider the case of K̂n > Kn,

BIC(K̂n)− BIC(Kn)

=
K̂n∑

k=Kn+1

{λk0 +Op(rG)} − (K̂n −Kn)
λ10 +Op(rG)

4n1/4

= (K̂n −Kn)Op(rG)− (K̂n −Kn)
λ10 +Op(rG)

4n1/4
,

where the term −(K −Kn)
λ10

4n1/4 dominates the right hand side because rG = o( 1
n1/4 ).

Hence, (S0.22) holds. This completes the proof.

Proof of proposition S.1

We first prove (i). The proof includes five steps as follows:

Step 1: Show that F1(f ,ϕ, ξ) is a point-to-point mapping function, a special case of

the point-to-set mapping. By the explicit iterative equations (S0.4), (S0.5), and (S0.7),

we know that F1(f ,ϕ, ξ) consists of the deterministic combinations and compositions of



QINGZHI ZHONG, XINYUAN SONG, AND HONGTU ZHU 21

a series of functions of (f ,ϕ, ξ). Thus, a unique iterative value of
{
f (o+1),ϕ(o+1), ξ(o+1)

}
can be obtained. That is, there exists a unique

{
f (o+1),ϕ(o+1), ξ(o+1)

}
such that{

f (o+1),ϕ(o+1), ξ(o+1)
}

= F1

{
f (o),ϕ(o), ξ(o)

}
. Therefore, F1(f ,ϕ, ξ) is a point-to-point

mapping function.

Step 2: Show that l1(f ,ϕ, ξ) does not increase with respect to the sequence
{
f (o),ϕ(o), ξ(o)

}
,

i.e.

l1

{
f (o),ϕ(o), ξ(o)

}
≤ l1

{
f (o−1),ϕ(o−1), ξ(o−1)

}
. (S0.23)

By the principle of parameter update in the implemented algorithms, we obtain (S0.23).

Step 3: Show that if
{
f (o−1),ϕ(o−1), ξ(o−1)

}
/∈ Q1∗, then l1

{
f (o),ϕ(o), ξ(o)

}
<

l1

{
f (o−1),ϕ(o−1), ξ(o−1)

}
for
{
f (o),ϕ(o), ξ(o)

}
= F1

{
f (o−1),ϕ(o−1), ξ(o−1)

}
; and if{

f (o−1),ϕ(o−1), ξ(o−1)
}
∈ Q1∗, then l1

{
f (o),ϕ(o), ξ(o)

}
= l1

{
f (o−1),ϕ(o−1), ξ(o−1)

}
. It is

followed directly by the proof of Step 2 and the definition of Q1∗.

Step 4. We show that l1

{
f (o),ϕ(o), ξ(o)

}
converges monotonically to L∗

1 = l1(f
∗,ϕ∗, ξ∗)

for some (f∗,ϕ∗, ξ∗).

By Assumption S1, for
{
f (o),ϕ(o), ξ(o)

}
⊂ Q10, we can find a convergent subse-

quence
{
f (oi),ϕ(oi), ξ(oi)

}
converging to the limit (f∗,ϕ∗, ξ∗), where {oi, oi < oi+1, i =

1, 2, . . .}. Since l1 {f ,ϕ, ξ} is continuous, it induces that

lim
i→∞

l1

{
f (oi),ϕ(oi), ξ(oi)

}
= l1(f

∗,ϕ∗, ξ∗)
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and

l1(f
∗,ϕ∗, ξ∗) ≤ lim

i→∞
l1

{
f (oi),ϕ(oi), ξ(oi)

}
,

with l1

{
f (oi),ϕ(oi), ξ(oi)

}
being monotonic with respect to i. Moreover, we have

l1

{
f (o+1),ϕ(o+1), ξ(o+1)

}
≤ l1

{
f (o),ϕ(o), ξ(o)

}
, o = 1, 2, . . . .

Then, for o = 1, 2, . . ., there exists an oi satisfying o < oi and l1(f
∗,ϕ∗, ξ∗) ≤ l1

{
f (oi),ϕ(oi), ξ(oi)

}
≤ l1

{
f (o),ϕ(o), ξ(o)

}
. That is, l1

{
f (o),ϕ(o), ξ(o)

}
is a monotonic and bounded sequence.

Since its subsequence
[
l1

{
f (oi),ϕ(oi), ξ(oi)

}]
converges to l1(f

∗,ϕ∗, ξ∗), then

lim
o→∞

l1

{
f (o),ϕ(o), ξ(o)

}
= l1(f

∗,ϕ∗, ξ∗).

Step 5. Finally, we use contradiction approach to show (f∗,ϕ∗, ξ∗) ∈ Q1∗.

Assume that (f∗,ϕ∗, ξ∗) is not inQ1∗. We investigate the subsequence
{
f (oi+1),ϕ(oi+1), ξ(oi+1)

}
,

where oi is same as the above one in Step 4. Since all members of this sequence are con-

tained in a compact set, there is a convergent subsequence
[{

f (oik+1),ϕ(oik+1), ξ(oik+1)
}

, i1 < i2 < . . .] such that

lim
k→∞

{
f (oik+1),ϕ(oik+1), ξ(oik+1)

}
= (f∗∗,ϕ∗∗, ξ∗∗).

Note that
{
f (oik+1),ϕ(oik+1), ξ(oik+1)

}
is a subsequence of

{
f (oi+1),ϕ(oi+1), ξ(oi+1)

}
, we

have

lim
k→∞

{
f (oik ),ϕ(oik ), ξ(oik )

}
= (f∗∗,ϕ∗∗, ξ∗∗).

Using the monotonicity of l1

{
f (o),ϕ(o), ξ(o)

}
with respect to o and oik < oik +1 ≤ oik+1

,
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we obtain

l1

{
f (oik+1

),ϕ(oik+1
), ξ(oik+1

)
}
≤ l1

{
f (oik+1),ϕ(oik+1), ξ(oik+1)

}
≤ l1

{
f (oik ),ϕ(oik ), ξ(oik )

}
,

which implies l1(f
∗,ϕ∗, ξ∗) = l1(f

∗∗,ϕ∗∗, ξ∗∗) by the continuity of l1(f ,ϕ, ξ).

Given Condition (S2) and the fact that
{
f (oik+1),ϕ(oik+1), ξ(oik+1)

}
= F1

{
f (oik ),ϕ(oik ), ξ(oik )

}
,

we can conclude that (f∗∗,ϕ∗∗, ξ∗∗) = F1(f
∗,ϕ∗, ξ∗). However, if (f∗,ϕ∗, ξ∗) is not in

Q1∗, then according to the results of Step 3, we have l1(f
∗,ϕ∗, ξ∗) > l1(f

∗∗,ϕ∗∗, ξ∗∗).

This leads to a contraction, which implies that (f∗,ϕ∗, ξ∗) must belong to Q1∗.

This completes the proof of (i). Following the lines of the proof of (i), we can prove

(ii).

Lemmas

Lemma 1. Suppose Conditions (C1)–(C5) hold, we have

∥µ̂j(t)− µj0(t)∥2 = Op

(
k−rn +

√
kn∑n
i=1 nij

+
1√
n

)
.

Proof: Based on the estimation equation of ûj, we have

µ̂j(t)− µj0(t) = Bn(t)
T ûj − µj0(t)

= Bn(t)
T

{
n∑
i=1

nij∑
d=1

Bn(tijd)Bn(tijd)
T

}−1 n∑
i=1

nij∑
d=1

[
µj0(tijd)Bn(tijd) + εij(tijd)Bn(tijd)

+fj0

{
∞∑
k=1

ξik0ϕjk0(tijd)

}
Bn(tijd)

]
− µj0(t). (S0.24)

Next, we derive the order of right side of (S0.24). By Lemma 6.2 of Cardot (2000),
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for any µ(t) ∈ Hr we have ∥ 1∑n
i=1 nij

∑n
i=1

∑nij

d=1 µ(tijd)Bn(tijd) −
∫ 1

0
µ(t)Bn(t)dt∥ =

Op(
√
kn∑n

i=1 nij
). Then, by the orthogonality of spline basis functions we obtain{
n∑
i=1

nij∑
d=1

Bn(tijd)Bn(tijd)
T

}−1

=
1∑n

i=1 nij
Ikn +Op

{
kn

(
∑n

i=1 nij)
2

}
. (S0.25)

By equation (S0.25), the finite variance of Xij(t), and the independence of samples, we

have

E∥Bn(t)
T

{
n∑
i=1

nij∑
d=1

Bn(tijd)Bn(tijd)
T

}−1 n∑
i=1

nij∑
d=1

fj0

{
∞∑
k=1

ξik0ϕjk0(tijd)

}
Bn(tijd)∥22

≤M · 1

(
∑n

i=1 nij)
2

n∑
i=1

E∥
nij∑
d=1

fj0

{
∞∑
k=1

ξik0ϕjk0(tijd)

}
Bn(tijd)∥22

≤M · 1

(
∑n

i=1 nij)
2

n∑
i=1

E

 nij∑
d=1

fj0

{
∞∑
k=1

ξik0ϕjk0(tijd)

}2
 · λmax

{
nij∑
d=1

Bn(tijd)Bn(tijd)
T

}

= Op(
1

n
), (S0.26)

where λmax(A) is the largest eigenvalue of square matrix A. By Lemma 9 in Stone

(1985), we have

∥Bn(t)
T

{
n∑
i=1

nij∑
d=1

Bn(tijd)Bn(tijd)
T

}−1 n∑
i=1

nij∑
d=1

µj0(tijd)Bn(tijd)− µj0(t)∥2 = k−rn .

(S0.27)

Moreover, by the independence of εij(t) over i, j, and d and the orthogonality of spline

basis functions, we have

∥Bn(t)
T

{
n∑
i=1

nij∑
d=1

Bn(tijd)Bn(tijd)
T

}−1 n∑
i=1

nij∑
d=1

εij(tijd)Bn(tijd)∥2 = Op(

√
kn∑n
i=1 nij

+
1√
n
).

(S0.28)
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Combining (S0.24), (S0.26), (S0.27) and (S0.28) yields the desired results.

Lemma 2. Under Conditions (C1)–(C4), for any ξTi Γj in the parameter space of

parameter
(
ξTi Γj, i = 1, . . . , j = 1, . . . , p

)
, we have

E

[{
f̂j(ξ

T
i ΓjBn(t))− fj0(ξ

T
i ΓjBn(t))

}2
]

= Op

(
h41 +

1∑n
i=1 nijh1

+ k−2r
n +

kn∑n
i=1 nij

+
1

n

)
, (S0.29)

and for any α in the parameter space of parameter α,

E

{ψ̂( Kn∑
k=1

αkSn(s)ζ̂ik)− ψ0(
Kn∑
k=1

αkSn(s)ζ̂ik)

}2


= Op

(
Kn|△|2(ϖ+1) + h42 +

1

nNsh
q
2

+
1

n

)
. (S0.30)

Proof: Let

K̃ijd(u, h1) = (1, 0)

[
n∑
i=1

nij∑
d=1

Kh1

{
ξTi ϕj(tijd)− u

}
Zfijd(u)Z

f
ijd(u)

T

]−1

Kh1

{
ξTi ϕj(tijd)− u

}
Zfijd(u).

By Condition (C5) and the Corollary 6.21 of Schumacker (1981), there exists Γj0 such

that

sup
t∈[0,1]

E|ξTi Γj0Bn(t)− ηij(t)| = Op

(
k−rn
)
. (S0.31)
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From the estimation equation of f̂j(·) and (S0.31), we have

f̂j
{
ξTi ΓjBn(t)

}
− fj0

{
ξTi ΓjBn(t)

}
(S0.32)

=
n∑
i=1

nij∑
d=1

K̃ijd{ξTi ΓjBn(t), h1} {Xij(tijd)− µ̂j(tijd)} − fj0
{
ξTi ΓjBn(t)

}
=

n∑
i=1

nij∑
d=1

K̃ijd{ξTi ΓjBn(t), h1} {µj0(tijd)− µ̂j(tijd)}

+
n∑
i=1

nij∑
d=1

K̃ijd{ξTi ΓjBn(t), h1}fj0
{
ξTi0Γj0Bn(tijd)

}
− fj0

{
ξTi ΓjBn(t)

}
+Op(k

−r
n )

+
n∑
i=1

nij∑
d=1

K̃ijd{ξTi ΓjBn(t), h1}εij(tijd).

By Lemma 1, we have

∥
n∑
i=1

nij∑
d=1

K̃ijd{ξTi ΓjBn(t), h1} {µj0(tijd)− µ̂j(tijd)} ∥2 = Op

(
k−rn +

√
kn∑n
i=1 nij

+
1√
n

)
.

(S0.33)

By Condition (C6), we have

E∥
n∑
i=1

nij∑
d=1

K̃ijd{ξTi ΓjBn(t), h1}εij(tijd)∥2 = Op

(
1√∑n

i=1 nijh1
+

1√
n

)
. (S0.34)

Because the link function fj0 is differentiable in the neighborhood of |ξTi0Γj0Bn(tijd)−

ξTi ΓjBn(tijd)| < h1, it follows from the Taylor’s expansion and Conditions (C2) and

(C3) that

E∥
n∑
i=1

nij∑
d=1

K̃ijd{ξTi ΓjBn(t), h1}fj0
{
ξTi0Γj0Bn(tijd)

}
− fj0

{
ξTi ΓjBn(t)

}
∥2

= E∥0.5
∫
u2K(u)du · ∇2fj0

{
ξTi ΓjBn(t)

}
h21[1 + op(1)]∥2

= Op(h
2
1). (S0.35)
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Combining (S0.32), (S0.33), (S0.34), and (S0.35) yields (S0.29).

Following a similar proof strategy as in (S0.29), we can establish (S0.30).

Lemma 3. For any vectors A1,A2, and positive constantM satisfying AT
1A1−2AT

1A2 ≤

M , we have ∥A1∥2 ≤ 4∥A2∥2 + 2M .

Proof: By AT
1A1− 2AT

1A2 ≤M , we have 2∥A1−A2∥2 ≤ 2∥A2∥2+2M and ∥A1∥2 ≤

2∥A1 −A2∥2 + 2∥A2∥2, thus ∥A1∥2 ≤ 4∥A2∥2 + 2M .

Lemma 4. Under Condition (C8), there exist positive finite constants M and M1, such

that

M∥αk∥2 ≤ ∥αkSn(s)∥22 ≤ C1∥αk∥2.

Proof: Let Sn(s)
∗ be the unstandardized spline basis. From Lai and Schumaker (2007),

there exist positive finite constants M and C1, such that

M |△|2∥αk∥2 ≤ ∥αkSn(s)∗∥22 ≤ C1|△|2∥αk∥2. (S0.36)

Then, combining Sn(s) = Sn(s)
∗/∥Sn(s)∗∥2, ∥Sn(s)∗∥2 = |△| and (S0.36) yields the

results of Lemma 4.

Proofs of Theorems

Proof of Theorem 1

Part (a) This proof consists of two steps. The first step proves the consistency of

η̂i(t) to ηi0(t). The second step derives the convergence rate of 1
n

∑n
i=1 η̂i(s)η̂i(t)

T to
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E
{
ηi0(s)ηi0(t)

T
}
.

Step 1: Under Conditions in Theorem 1, the iterative estimators of ξi and
(
ϕ1, . . . ,ϕp

)
are asymptotic equivalent to the ones from MFPCA on ηi(t) which is solution to

min
1∑n

i=1

∑p
j=1 nij

n∑
i=1

p∑
j=1

nij∑
d=1

[
Xij(tijd)− µ̂j(tijd)− f̂j {ηij(tijd)}

]2
.

(S0.37)

Based on the spline approximation ϕj(t) ≈ ϕnj(t) = ΓjBn(t), we have

ηi(t) ≈
(
ΓT1 ξi, . . . ,Γ

T
p ξi
)T

Bn(t).

Then, from (S0.37), ξTi Γj is solution to

min
1

nij

nij∑
d=1

[
Xij(tijd)− µ̂j(tijd)− f̂j

{
ξTi ΓjBn(tijd)

}]2
,

which implies

1

nij

nij∑
d=1

(Xij(tijd)− µ̂j(tijd)− f̂j(ξ̂
T

i Γ̂jBn(tijd)))∇ξTi Γj
f̂j(ξ̂

T

i Γ̂jBn(tijd))Bn(tijd) = 0.

Thus, we have

E
([
Xij(tijd)− µj0(tijd)− fj0

{
ξ̂
T

i Γ̂jBn(tijd)
}]

∇ξTi Γj
fj0

{
ξ̂
T

i Γ̂jBn(tijd)
}
Bn(tijd)

)
= op (1) ,

due to Lemmas 1 and 2 and the uniform consistency of sample mean. Hence,

E
([
Xij(tijd)− µj0(tijd)− fj0

{
ξ̂
T

i Γ̂jBn(tijd)
}]

∇ξTi Γj
fj0

{
ξ̂
T

i Γ̂jBn(tijd)
}
Bn(tijd)

)
−E

([
Xij(tijd)− µj0(tijd)− fj0

{
ξTi0Γj0Bn(tijd)

}]
∇ξTi Γj

fj0
{
ξTi0Γj0Bn(tijd)

}
Bn(tijd)

)
= op(1).
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Consequently, by Condition (C3) and continuous mapping theorem, we have

ξ̂
T

i Γ̂j − ξTi0Γj0 = op(1). (S0.38)

Combining (S0.31) and (S0.38), we get

∥η̂ij(t)− ηij,0(t)∥2 = op(1). (S0.39)

Step 2: From the consistency of (S0.39) and a Taylor expansion, we have

0 =
1

nij

nij∑
d=1

[
Xij(tijd)− µ̂j(tijd)− f̂j

{
ξ̂
T

i Γ̂jBn(tijd)
}]

×∇f̂j
{
ξ̂
T

i Γ̂jBn(tijd)
}
Bn(tijd)

= R1 +R2

(
ξ̂
T

i Γ̂j − ξTi0Γj0
)T

,

where

R1 ≡
1

nij

nij∑
d=1

[
Xij(tijd)− µ̂j(tijd)− f̂j

{
ξTi0Γj0Bn(tijd)

}]
×∇f̂j

{
ξTi0Γj0Bn(tijd)

}
Bn(tijd),

R2 ≡
1

nij

nij∑
d=1

∇ξTi Γj

[{
Xij(tijd)− µ̂j(tijd)− f̂j(ξ

T
i ΓjBn(tijd))

}
× ∇f̂j

{
ξTi ΓjBn(tijd)

}
Bn(tijd)

]∣∣∣
ξTi Γj=(ξTi Γj)

∗ ,

and
(
ξTi Γj

)∗
lies on the line that connects ξTi0Γj0 and ξ̂

T

i Γ̂j. Thus, we have

η̂ij(t) = ηij,n(t)−Bn(t)
TR−1

2 R1, (S0.40)

where ηij,n(t) = ξ
T
i0Γj0Bn(t).
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Since E
([
Xij(t)− µj0(t)− fj0

{
ξTi0Γj0Bn(t)

}]
∇fj0

{
ξTi0Γj0Bn(t)

}
Bn(t)

)
= 0, by

some calculations, we have

∥η̂ij(t)− ηij,0(t)∥22 = ∥ηij,n(t)− ηij,0(t)−Bn(t)
TR−1

2 R1∥22

≤ 2∥ηij,n(t)− ηij,0(t)∥22 + 2∥Bn(t)
TR−1

2 R1∥22

≤ 4∥Bn(t)
TR−1

2

1

nij

nij∑
d=1

[
Xij(tijd)− µj0(tijd)− fj0

{
ξTi0Γj0Bn(tijd)

}]
·∇f̂j

{
ξTi0Γj0Bn(tijd)

}
Bn(tijd)∥22

+4∥Bn(t)
TR−1

2

1

nij

nij∑
d=1

[
µj0(tijd)− µ̂j(tijd) + fj0

{
ξTi0Γj0Bn(tijd)

}
−f̂j

{
ξTi0Γj0Bn(tijd)

}]
∇f̂j

{
ξTi0Γj0Bn(tijd)

}
Bn(tijd)∥22 + 2∥ηij,n(t)− ηij,0(t)∥22

≤ 4

nij

nij∑
d=1

∥µj0(tijd)− µ̂j(tijd) + fj0
{
ξTi0Γj0Bn(tijd)

}
− f̂j

{
ξTi0Γj0Bn(tijd)

}
∥22

× 1

nij

nij∑
d=1

∥∇f̂j
{
ξTi0Γj0Bn(tijd)

}
Bn(t)

TR−1
2 Bn(tijd)∥22 +Op

(
kn
nij

+ k−2r
n

)

= Op

(
∥µj0(t)− µ̂j(t)∥22 +

1

nij

nij∑
d=1

[
fj0
{
ξTi0Γj0Bn(tijd)

}
− f̂j

{
ξTi0Γj0Bn(tijd)

}]2)

+Op

(
kn
nij

+ k−2r
n

)
= Op

(
kn
nij

+ k−2r
n + h41 +

1∑n
i=1 h1nij

+
1

n

)
.

The third equality holds from the law of large number and (S0.31), and the last equality

holds from the results of Lemmas 1 and 2. Hence, by ∥η̂i(t)−ηi0(t)∥22 =
∑p

j=1 ∥η̂ij(t)−

ηij,0(t)∥22 yields the desired results.
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Part (b) From (S0.40), we have

1

n

n∑
i=1

η̂ij(s)η̂ij(t)

=
1

n

n∑
i=1

ηij,0(s)ηij,0(t) +
1

n

n∑
i=1

ηij,0(s)
{
ηij,n(t)− ηij,0(t)−Bn(t)

TR−1
2 R1

}
+
1

n

n∑
i=1

ηij,0(t)
{
ηij,n(s)− ηij,0(s)−Bn(s)

TR−1
2 R1

}
(S0.41)

+
1

n

n∑
i=1

{
ηij,n(s)− ηij,0(s)−Bn(s)

TR−1
2 R1

}{
ηij,n(t)− ηij,0(t)−Bn(t)

TR−1
2 R1

}
.

In sequel, we will show the convergence of 1
n

∑n
i=1 ηij,0(s)ηij,0(t) to E{ηij,0(s)ηij,0(t)} and

the last three terms on the right hand side of (S0.41) converge to zero in probability.

We first show that

∥ 1
n

n∑
i=1

ηij,0(s)ηij,0(t)− E {ηij,0(s)ηij,0(t)} ∥2 = Op

(
n−1/2

)
. (S0.42)

By the independence of samples and Condition (C3), it holds

E

∫
T

∫
T

[
1

n

n∑
i=1

ηij,0(s)ηij,0(t)− E {ηij,0(s)ηij,0(t)}

]2
dsdt


= E

(
1

n2

n∑
i=1

n∑
i′=1

∫
T

∫
T
[ηij,0(s)ηij,0(t)− E {ηij,0(s)ηij,0(t)}]

× [ηi′j,0(s)ηi′j,0(t)− E {ηi′j,0(s)ηi′j,0(t)}] dsdt)

=
1

n2

n∑
i=1

∫
T

∫
T
E
(
[ηij,0(s)ηij,0(t)− E {ηij,0(s)ηij,0(t)}]2

)
dsdt

=
1

n

∫
T

∫
T
var {ηij,0(s)ηij,0(t)} dsdt = Op

(
n−1
)
.

Thus, it yields (S0.42).
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We next show that

∥ 1
n

n∑
i=1

ηij,0(s)
{
ηij,n(t)− ηij,0(t)−Bn(t)

TR−1
2 R1

}
∥2 (S0.43)

= Op

(
k−rn + h21 +

√
kn + h−1

1∑n
i=1 nij

+
1√
n

)
.

Using the fact that

∥ 1
n

n∑
i=1

ηij,0(s)
{
ηij,n(t)− ηij,0(t)−Bn(t)

TR−1
2 R1

}
∥22 (S0.44)

≤ 3∥ 1
n

n∑
i=1

ηij,0(s) {ηij,n(t)− ηij,0(t)} ∥22

+3∥
n∑
i=1

1

nnij

nij∑
d=1

ηij,0(s)εij(tijd)∇f̂j
{
ξTi0Γj0Bn(tijd)

}
Bn(t)

TR−1
2 Bn(tijd)∥22

+3∥
n∑
i=1

1

nnij

nij∑
d=1

ηij,0(s)
[
µj0(tijd)− µ̂j(tijd) + fj0

{
ξTi0Γj0Bn(tijd)

}
−f̂j

{
ξTi0Γj0Bn(tijd)

}]
∇f̂j

{
ξTi0Γj0Bn(tijd)

}
Bn(t)

TR−1
2 Bn(tijd)∥22,

it is sufficient to focus on the three terms on the right-hand side of (S0.44). By the

Cauchy-Schwarz inequality, we have

∥ 1
n

n∑
i=1

ηij,0(s) {ηij,n(t)− ηij,0(t)} ∥22

≤ 1

n

n∑
i=1

∥ηij,0(s)∥22
1

n

n∑
i=1

∥ηij,n(t)− ηij,0(t)∥22 = Op

(
k−2r
n

)
.

By the consistency of kernel estimators and spline estimators, and ∥η̂ij(t)− ηij,0(t)∥2 =
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op(1), we have

E∥
n∑
i=1

1

nnij

nij∑
d=1

ηij,0(s)εij(tijd)∇f̂j
{
ξTi0Γj0Bn(tijd)

}
Bn(t)

TR−1
2 Bn(tijd)∥22

≤ 1

n2

n∑
i=1

E

[
1

nij

nij∑
d=1

∥ηij,0(s)εij(tijd)∥22
1

nij

nij∑
d=1

∥∇f̂j
{
ξTi0Γj0Bn(tijd)

}
Bn(t)

TR−1
2 Bn(tijd)∥22

]
= Op (1/n) .

Further, from Lemmas 1 and 2, we have

∥
n∑
i=1

1

nnij

nij∑
d=1

ηij,0(s)
[
µj0(tijd)− µ̂j(tijd) + fj0

{
ξTi0Γj0Bn(tijd)

}
− f̂j

{
ξTi0Γj0Bn(tijd)

}]
×∇f̂j

{
ξTi0Γj0Bn(tijd)

}
Bn(t)

TR−1
2 Bn(tijd)∥22

≤ 1

n

n∑
i=1

[
1

nij

nij∑
d=1

∥µj0(tijd)− µ̂j(tijd) + fj0
{
ξTi0Γj0Bn(tijd)

}
− f̂j

{
ξTi0Γj0Bn(tijd)

}
∥22

× 1

nij

nij∑
d=1

∥∇f̂j
{
ξTi0Γj0Bn(tijd)

}
Bn(t)

TR−1
2 Bn(tijd)∥22

]
× 1

n

n∑
i=1

∥ηij,0(s)∥22

≤

(
∥µj0(t)− µ̂j(t)∥22 +

n∑
i=1

nij∑
d=1

1

nnij

[
fj0
{
ξTi0Γj0Bn(tijd)

}
− f̂j

{
ξTi0Γj0Bn(tijd)

}]2)

= Op

(
k−2r
n + h41 +

kn + h−1
1∑n

i=1 nij
+

1

n

)
. (S0.45)

Similarly, we have that

∥ 1
n

n∑
i=1

ηij,0(t)
{
ηij,n(s)− ηij,0(s)−Bn(s)

TR−1
2 R1

}
∥2 (S0.46)

= Op

(
k−rn + h21 +

√
kn + h−1

1∑n
i=1 nij

+
1√
n

)
.
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Finally, we can show that

∥ 1
n

n∑
i=1

{
ηij,n(s)− ηij,0(s)−Bn(s)

TR−1
2 R1

}{
ηij,n(t)− ηij,0(t)−Bn(t)

TR−1
2 R1

}
∥2

= Op

(
n∑
i=1

kn
nnij

+ k−2r
n + h41 +

1∑n
i=1 h1nij

+
1

n

)
. (S0.47)

By the Cauchy-Schwarz inequality and the results of part (a), we have

∥ 1
n

n∑
i=1

{
ηij,n(s)− ηij,0(s)−Bn(s)

TR−1
2 R1

}{
ηij,n(t)− ηij,0(t)−Bn(t)

TR−1
2 R1

}
∥2

≤ 1

n

n∑
i=1

(
∥ηij,n(t)− ηij,0(t)∥22 + ∥Bn(t)

TR−1
2 R1∥22

)
≤ 2

n

n∑
i=1

∥Bn(t)
TR−1

2

1

nij

nij∑
d=1

[
Xij(tijd)− µj0(tijd)− fj0

{
ξTi0Γj0Bn(tijd)

}]
×∇f̂j

{
ξTi0Γj0Bn(tijd)

}
Bn(tijd)∥22

+
2

n

n∑
i=1

∥Bn(t)
TR−1

2

1

nij

nij∑
d=1

[
µj0(tijd)− µ̂j(tijd) + fj0

{
ξTi0Γj0Bn(tijd)

}
− f̂j

{
ξTi0Γj0Bn(tijd)

}]
∇f̂j

{
ξTi0Γj0Bn(tijd)

}
Bn(tijd)∥22 +Op

(
k−2r
n

)
= Op

(
n∑
i=1

kn
nnij

+ k−2r
n + h41 +

1∑n
i=1 h1nij

+
1

n

)
.

The arguments for (S0.41), (S0.42), (S0.43), (S0.46), and (S0.47) hold for 1
n

∑n
i=1 η̂ij(s)η̂ij′(t)

T

for any j ̸= j′. Thus, combining (S0.41), (S0.42), (S0.43), (S0.46), and (S0.47) leads to

∥ 1
n

n∑
i=1

η̂i(s)η̂i(t)
T − E

{
ηi0(s)ηi0(t)

T
}
∥2

= Op

√√√√ n∑
i=1

p∑
j=1

kn
nnij

+ k−rn + h21 +

√√√√ p∑
j=1

1∑n
i=1 h1nij

+
1√
n

 .
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Part (c) From Lemma 4.3 of Bosq (2000), we have

ξ̂ik − ξik,0

= Op(∥η̂i(t)− ηi0(t)∥2 + δ−1
k ∥ηi0(t)∥2∥

1

n

n∑
i=1

η̂i(s)η̂i(t)
T − E

{
ηi0(s)ηi0(t)

T
}
∥2).

Thus, Part (c) follows directly from Condition (C7), the results of parts (a) and (b) in

Theorem 1.

Proof of Theorem 2

Since the transformation function Φ(·) has bounded derivative, using the delta

method, we have

ζ̂ik − ζik,0 ≈ Φ̇(λ
−1/2
k0 ξik,0)λ

−1/2
k0

{
ξ̂ik − ξik,0 −

1

2
ξik,0λ

−1
k0 (λ̂k − λk0)

}
= λ

−1/2
k0 Op

{
max(rη,i, δ

−1
k rG)

}
.

The last equality follows from the results of Theorem 1 and the following equation:

|λ̂k − λk0| ≤ ∥ 1
n

n∑
i=1

η̂i(s)η̂i(t)
T − E

{
ηi0(s)ηi0(t)

T
}
∥2.

Proof of Theorem 3

Let ψ̂(α̂, ζ̂) = (ψ̂(
∑Kn

k=1 α̂kSn(s1)ζ̂1k), . . . , ψ̂(
∑Kn

k=1 α̂kSn(sNs)ζ̂nk))
T , α0 = (α10, . . . ,αKn,0),

and Zβ = {Z1 ⊗ Sn(s1), . . . ,Zn ⊗ Sn(sNs)}
T . Denote P = I − Zβ(ZβTZβ)−1ZβT and

Y = {Y1(s1), Y1(s2), . . . , Yn(sNs)}
T . We first prove that

∥α̂−α0∥2 ≤ Op

{
Kn

nNs|△|2
+Kn|△|2(ϖ+1)

}
. (S0.48)
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By Condition (C5) and Lemma S.3 in Wang et al. (2020), there exists αk0 and β0

such that

sup
s∈D

|αk0Sn(s)− gk(s)| = O
(
|△|ϖ+1

)
, (S0.49)

sup
s∈D

|β0Sn(s)− θ(s)| = O
(
|△|ϖ+1

)
.

Furthermore, by the definition of β̂ and α̂, we have

1

nNs

∥P
{
Y − ψ̂(α̂, ζ̂)

}
∥2 +

Kn∑
k=1

λ
∥α̂k∥
∥α̃k∥

≤ 1

nNs

∥P
{
Y − ψ̂(α0, ζ̂)

}
∥2 +

Kn∑
k=1

λ
∥αk0∥
∥α̃k∥

.

It follows that

1

nNs

∥P
{
ψ̂(α̂, ζ̂)− ψ̂(α0, ζ̂)

}
∥2 (S0.50)

≤ 2

nNs

{
Y − ψ̂(α0, ζ̂)

}T
P
{
ψ̂(α, ζ̂)− ψ̂(α0, ζ̂)

}
+
∑
k∈A

λ
∥α̂k −αk0∥

∥α̃k∥
.

By the mean value theorem,

ψ̂(α̂, ζ̂)− ψ̂(α0, ζ̂) = ∇α⃗T ψ̂(α∗, ζ̂)(⃗̂α− α⃗0),

where α∗ is between α̂ and α0. Then, (S0.50) changes to

1

nNs

∥P∇α⃗T ψ̂(α∗, ζ̂)(⃗̂α− α⃗0)∥2 (S0.51)

≤ 2

nNs

{
Y − ψ̂(α0, ζ̂)

}T
P∇α⃗T ψ̂(α∗, ζ̂)(⃗̂α− α⃗0) +

∑
k∈A

λ
∥α̂k −αk0∥

∥α̃k∥
.
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By Lemma 2, Condition (C8), and the results of Theorem 2, we have

1

nNs

∥P∇α⃗T ψ̂(α∗, ζ̂)(⃗̂α− α⃗0)∥2

≥ (⃗̂α− α⃗0)
T M

nNs

n∑
i=1

Ns∑
j=1

{
ζ̂i ⊗ Sn(sj)

}{
ζ̂i ⊗ Sn(sj)

}T
(⃗̂α− α⃗0)

≥ C1∥α̂−α0∥2, (S0.52)

where M and C1 are positive finite constants.

Combining (S0.51) and (S0.52) and applying Lemma 3 yield that

C1∥α̂−α0∥2

≤ ∥ 2

nNs

√
C1

{
Y − ψ̂(α0, ζ̂)

}T
P∇α⃗T ψ̂(α∗, ζ̂)∥2 + 2

∑
k∈A

λ
∥α̂k −αk0∥

∥α̃k∥

≤ M

n2N2
s

∥
{
ψ0(G, ζ0)− ψ̂(α0, ζ̂)

}T
P∇α⃗Tψ0(α

∗, ζ̂)∥2 + 2
∑
k∈A

λ
∥α̂k −αk0∥

∥α̃k∥

+
M

n2N2
s

∥( ⃗ZH0)
TP∇α⃗Tψ0(α

∗, ζ̂)∥2 + M

n2N2
s

∥ϵTP∇α⃗Tψ0(α
∗, ζ̂)∥2

= In1 + In2 + In3 + In4, (S0.53)

where H0 = {h0(s1), . . . ,h0(sNs)}, Z = (Z1, . . . ,Zn)
T , and ϵ = {ϵ1(s1), . . . , ϵn(sNs)}

T .

Next, we derive the bounds for In1, In2, In3, and In4.

For In1, by Conditions (C3),(C4), (S0.49), and the result of Lemma 2, we have
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In1 =
M

n2N2
s

{
ψ0(G, ζ0)− ψ̂(α0, ζ̂)

}T
P∇α⃗Tψ0(α

∗, ζ̂)
{
P∇α⃗Tψ0(α

∗, ζ̂)
}T

·
{
ψ0(G, ζ0)− ψ̂(α0, ζ̂)

}
≤ M

n2N2
s

∥ψ0(G, ζ0)− ψ̂(α0, ζ̂)∥2λmax

[
P∇α⃗Tψ0(α

∗, ζ̂)
{
P∇α⃗Tψ0(α

∗, ζ̂)
}T]

=
1

nNs

∥ψ0(G, ζ0)−ψ0(α0, ζ0) +ψ0(α0, ζ0)−ψ0(α0, ζ̂)

+ψ0(α0, ζ̂)− ψ̂(α0, ζ̂)∥2Op(1)

=

{
Op

(
Kn|△|2(ϖ+1) + h42 +

1

n2h2d2

)
+

1

nNs

∥∇ζψ0(α, ζ
∗)(ζ̂ − ζ0)∥2

}
Op(1),

= Op

{
Kn

nNs|△|2
+Kn|△|2(ϖ+1)

}
, (S0.54)

where ζ∗ is between ζ̂ and ζ0.

Similarly, we have

In3 ≤ M

n2N2
s

∥( ⃗ZH0)
TP∥2λmax

[
P∇α⃗Tψ0(α

∗, ζ̂)
{
P∇α⃗Tψ0(α

∗, ζ̂)
}T]

= Op

(
|△|2(ϖ+1)

)
. (S0.55)

For In4, by Conditions (C3) and (C6), we have

In4 ≤ M

n2N2
s

n∑
i=1

n∑
i′=1

Ns∑
j=1

Ns∑
j′=1

ϵi(sj)ϵi′(sj′)∇α⃗Tψ0

{
Kn∑
k=1

α∗
kSn(sj)ζ̂ik

}

·∇α⃗ψ0

{
Kn∑
k=1

α∗
kSn(sj′)ζ̂i′k

}

= Op

(
Kn

nNs|△|2

)
. (S0.56)
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Last, for In2, we have

In2 ≤ 2λ∥α̂−α0∥
√∑

k∈A

∥α̃k∥−2, (S0.57)

and

∑
k∈A

∥α̃k∥−2 ≤ |A|
(
min
k∈A

∥α̃k∥
)−2

= |A|
(

mink∈A ∥α̃k∥
mink∈A ∥αk0∥

)−2(
min
k∈A

∥αk0∥
)−2

.

Furthermore, by P
(

mink∈A ∥α̃k∥
mink∈A ∥αk0∥

< 1
M

)
> 1−ϵ, we have

∑
k∈A ∥α̃k∥−2 = Op

(
|A|

mink∈A ∥αk0∥2

)
=

Op(
|A|
ϱ2
). This together with (S0.57) yields

In2 = λ∥α̂−α0∥Op

(
|A|1/2

ϱ

)
. (S0.58)

Then, (S0.48) is obtained from (S0.53), (S0.54), (S0.58), (S0.55), and (S0.56).

Next, we prove

∥β̂ − β0∥2 ≤ Op

{
Kn

nNs|△|2
+Kn|△|2(ϖ+1)

}
. (S0.59)

From the estimation equation of β, we have

⃗̂
β − β⃗0 =

(
ZβTZβ

)−1

ZβT
{
Y − ψ̂(α̂, ζ̂)

}
− β⃗0

=
(
ZβTZβ

)−1

ZβT ⃗ZH0 − β⃗0 +
(
ZβTZβ

)−1

ZβTϵ

+
(
ZβTZβ

)−1

ZβT
{
ψ0(G, ζ0)− ψ̂(α̂, ζ̂)

}
.

By the property of projection matrices, (S0.49), and Condition (C6),

∥
(
ZβTZβ

)−1

ZβT ⃗ZH0 − β⃗0∥2 = Op

(
|△|2(ϖ+1)

)
,

∥
(
ZβTZβ

)−1

ZβTϵ∥2 = Op

(
1

nNs|△|2

)
.
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Following similar calculations as In1 in (S0.54),

∥
(
ZβTZβ

)−1

ZβT
{
ψ0(G, ζ0)− ψ̂(α̂, ζ̂)

}
∥2

=
{
ψ0(G, ζ0)− ψ̂(α0, ζ̂)

}T
Zβ
(
ZβTZβ

)−1 (
ZβTZβ

)−1

ZβT
{
ψ0(G, ζ0)− ψ̂(α0, ζ̂)

}
≤ 1

nNs

∥ψ0(G, ζ0)− ψ̂(α̂, ζ̂)∥2λmax

[{
1

nNs

ZβTZβ)−1

}]
= Op

{
Kn

nNs|△|2
+Kn|△|2(ϖ+1)

}
,

where the last equality holds from Conditions (C4), (C8), and the result of (S0.48). To

sum up yields the result in (S0.59). Hence, Theorem 3 follows from (S0.48), (S0.59),

and Lemma 4.

Proof of Theorem 4

Under the Conditions in Theorem 4, we get ĝk →p gk0 for ∀k ∈ A, then

lim
n→∞

P (∥ĝk∥2 ̸= 0, k ∈ A) = 1.

Thus, to prove the model selection consistency, we only need to show

lim
n→∞

P (∥ĝk∥2 = 0, k /∈ A) = 1.

By way of contradiction, suppose ∥ĝk∥ ≠ 0 for some k /∈ A. Denote α̂∗ as α̂ except

that α̂∗
k = 0. By some algebras, we have
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1

nNs

∥P
{
Y − ψ̂(α̂, ζ̂)

}
∥2 +

Kn∑
k=1

λ
∥α̂k∥
∥α̃k∥

− 1

nNs

∥P
{
Y − ψ̂(α̂∗, ζ̂)

}
∥2 −

Kn∑
k=1

λ
∥α̂∗∥
∥α̃k∥

=
1

nNs

∥P
{
ψ̂(α̂, ζ̂)− ψ̂α̂∗, ζ̂)

}
∥2 − 2

nNs

{
Y − ψ̂(α̂∗, ζ̂)

}T
P
{
ψ̂(α, ζ̂)− ψ̂(α̂∗, ζ̂)

}
+λ

∥α̂k∥
∥α̃k∥

=
1

nNs

∥P∇αk
ψ̂(α∗, ζ̂)α̂k∥2 −

2

nNs

{
Y − ψ̂(α̂∗, ζ̂)

}T
P∇αk

ψ̂(α∗, ζ̂)α̂k + λ
∥α̂k∥
∥α̃k∥

,

where α∗ is between α̂ and α̂∗.

By the compatible property of matrix norm, and following the lines of Theorem 3,

we have

∥ 2

nNs

{
Y − ψ̂(α̂∗, ζ̂)

}T
P∇αk

ψ̂(α∗, ζ̂)α̂k∥

≤ ∥ 2

nNs

{
Y − ψ̂(α̂∗, ζ̂)

}T
P∇αk

ψ̂(α∗, ζ̂)∥∥α̂k∥

= Op

{
Kn

nNs|△|2
+Kn|△|2(ϖ+1)

}
∥α̂k∥.

On the other hand, by the adaptive weight maxk/∈A ∥g̃k∥2 = Op

(
n−δ), we have

λ
∥α̂k∥
∥α̃k∥

= λnδ∥α̂k∥.

Thus, by condition
{

Kn

nNs|△|2 +Kn|△|2(ϖ+1)
}(

λnδ
)−1 → 0, we have

1

nNs

∥P
{
Y − ψ̂(α̂∗, ζ̂)

}
∥2 +

Kn∑
k=1

λ
∥α̂∗∥
∥α̃k∥

<
1

nNs

∥P
{
Y − ψ̂(α̂, ζ̂)

}
∥2 +

Kn∑
k=1

λ
∥α̂k∥
∥α̃k∥

,

with probability approaching 1, which is a contradiction.
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Web Appendix C: Additional analysis of ADNI data and results

Analysis and Results given APOE-ϵ4 and Disease Status

We repeated the analysis by excluding the SNPs in the 19q13.32 region but in-

cluding the number of APOE-ϵ4 alleles and baseline diagnosis status as one of the

controlling covariates, resulting in p = 99 LD blocks to the left and p = 100 LD blocks

to the right hippocampi. The cytogenetic region 19q13.32 contains the well-known

APOE-ϵ4 gene. Because clinical notes provide supplementary information and are con-

sidered case-by-case, the effects of the SNPs and demographic variables on the change

of cognitive performance may be confounded with the effects of differences in the num-

ber of APOE-ϵ4 gene copies and baseline diagnosis. Therefore, we are interested in

whether the relationships would alter when adjusting for the number of APOE-ϵ4 alle-

les and baseline diagnosis status. The number of APOE-ϵ4 gene copies is coded using

two dummy variables: APOE1 and APOE2, indicating the number of APOE-ϵ4 alleles;

the diagnosis status is coded by dummy variables: MCI and AD. Consequently, Zi is

10-dimensional real-valued covariates, including 5 clinical variables, 2 dummy variables

for the number of APOE-ϵ4 alleles, 2 dummy variables for the diagnosis status, and 1

intercept term.

Web Figures 6 and 7 present the estimated coefficient functions, and Table 4 sum-

marizes the prediction error. After introducing the number of APOE-ϵ4 gene copies

and baseline diagnosis, the prediction errors decrease, and similar patterns of the coeffi-
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cient function estimates for clinical variables are observed. The disease status MCI has

significant negative effects on the radial distance of both hippocampi, and carrying the

APOE-ϵ4 allele negatively affects cognitive function. Compared to MCI and APOE1,

AD and APOE2 have more substantial adverse effects on the radial distance of both

hippocampi. As a core AD biomarker, an increase in the APOE-ϵ4 alleles increases the

risk of AD (Bekris et al., 2010).

Web Tables 1–11 and Figures 1–7

For image-on-scalar regression, we compared FMVCM with SVCM. The standard

SVCM is written as Yi(s) =
∑Kn

k=1 gk1(s)ζik + θ(s)
TZi + ϵi(s).

Web Figure 1: The values of BIC(h1) for Case I in Xmodel with n = 50, 100, and 150, nij = 80 and

σ2 = 0.1.



44 QINGZHI ZHONG, XINYUAN SONG, AND HONGTU ZHU

true θ1 true θ2 true g31 true g41

our method: θ1 our method: θ2 our method: g31 our method: g41

SVCM: θ1 SVCM: θ2 SVCM: g13 SVCM: g14

Web Figure 2: The true nonzeo coefficient functions and average estimators for Ymodel II (linear

ψ(·)) with n = 100, and σ2
ϵ = 0.25.
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Web Figure 3: Parts of the estimates f̂j(·) for the left hippocampus without APOE-ϵ4 and disease

status, for the right hippocampus, and for the left hippocampus given APOE-ϵ4 and disease status

(from top to bottom). f̂j(·) is the same for the right hippocampus with and without APOE-ϵ4 and

disease status.
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Web Figure 4: The proposed estimates of coefficient functions with two indices for the left hippocam-

pus, excluding APOE-ϵ4 and disease status.
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Web Figure 5: The proposed estimates of coefficient functions with two indices for the right hippocam-

pus without APOE-ϵ4, and disease status.
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Web Figure 6: The proposed estimates of coefficient functions with two indices for the left hippocampus

given APOE-ϵ4, and disease status.
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Web Figure 7: The proposed estimates of coefficient functions with two indices for the right hippocam-

pus given APOE-ϵ4, and disease status.
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Web Table 1: The estimated MSEs of kth score ξk and jth functional variable Xj(·), using nonlinear

MFPCA (the proposed) and MFPCA in Case II (linear fj) of Xmodel, with various sample sizes,

observation levels, and noise levels.

MFPCA NMFPCA

(n, nij) MSE(ξ̂1) MSE(ξ̂2) MSE(ξ̂3) MSE(ξ̂4) MSPE(X̂1) MSPE(X̂2) MSE(ξ̂1) MSE(ξ̂2) MSE(ξ̂3) MSE(ξ̂4) MSPE(X̂1) MSPE(X̂2)

σ2 = 0 (50,10) 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.03 0.01 0.01 0.01 0.01

(50,40) 2E-5 3E-5 2E-5 4E-6 2E-4 2E-4 4E-4 7E-4 1E-4 1E-4 1E-3 1E-3

(50,80) 2E-6 3E-5 4E-6 6E-7 2E-4 2E-4 3E-5 3E-4 2E-5 7E-6 4E-4 3E-4

(100,10) 0.01 3E-3 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01

(100,40) 1E-5 2E-5 1E-5 3E-6 2-4 2E-4 7E-5 2E-4 3E-5 2E-5 5E-4 5E-4

(100,80) 2E-6 2E-5 3E-6 7E-7 1E-4 1E-4 2E-5 2E-4 1E-5 4E-6 3E-4 3E-4

(150,10) 0.01 3E-3 0.01 0.01 0.01 0.01 2E-3 0.01 4E-3 2E-3 4E-3 4E-3

(150,40) 1E-5 1E-5 1E-5 3E-6 2E-4 2E-4 4E-5 1E-4 2E-5 1E-5 4E-4 4E-4

(150,80) 2E-6 1E-5 3E-6 8E-7 1E-4 1E-4 1E-5 1E-4 6E-6 3E-6 2E-4 2E-4

σ2 = 0.5 (50,10) 22.37 10.15 5.60 3.67 3.09 3.14 0.36 0.25 0.18 0.14 0.36 0.36

(50,40) 2.17 0.83 0.47 0.33 0.57 0.58 0.23 0.19 0.13 0.12 0.11 0.11

(50,80) 0.10 0.09 0.09 0.07 0.09 0.10 0.04 0.06 0.06 0.04 0.04 0.04

(100,10) 25.17 10.90 6.77 4.49 3.31 3.61 0.34 0.25 0.17 0.12 0.33 0.33

(100,40) 1.56 0.80 0.51 0.35 0.57 0.57 0.21 0.18 0.12 0.12 0.10 0.10

(100,80) 0.06 0.07 0.09 0.09 0.10 0.10 0.022 0.05 0.05 0.04 0.04 0.04

(150,10) 20.81 11.39 6.64 4.53 3.32 3.56 0.33 0.23 0.16 0.11 0.31 0.30

(150,40) 1.44 0.78 0.54 0.39 0.58 0.56 0.19 0.17 0.12 0.11 0.08 0.08

(150,80) 0.07 0.07 0.09 0.10 0.11 0.11 0.02 0.05 0.05 0.04 0.03 0.03

σ2 = 1.5 (50,10) 71.18 30.27 17.05 11.03 8.43 8.82 0.38 0.28 0.19 0.14 0.72 0.73

(50,40) 6.12 2.45 1.40 0.89 1.29 1.30 0.29 0.19 0.13 0.12 0.26 0.26

(50,80) 0.62 0.30 0.20 0.15 0.27 0.29 0.15 0.17 0.11 0.08 0.11 0.11

(100,10) 71.19 32.40 20.30 13.53 9.36 9.60 0.37 0.26 0.19 0.14 0.64 0.66

(100,40) 4.75 2.42 1.58 1.07 1.19 1.17 0.28 0.19 0.13 0.12 0.23 0.23

(100,80) 0.47 0.33 0.21 0.17 0.28 0.28 0.13 0.16 0.11 0.08 0.09 0.09

(150,10) 60.72 33.44 20.79 14.10 9.53 9.96 0.36 0.25 0.18 0.12 0.60 0.61

(150,40) 4.39 2.45 1.66 1.14 1.15 1.11 0.27 0.19 0.12 0.12 0.21 0.21

(150,80) 0.51 0.35 0.23 0.18 0.30 0.30 0.13 0.15 0.10 0.08 0.09 0.09
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Web Table 2: Bias and SD of the estimated number of FPCs.

(n, nij) (50,10) (50,40) (50,80) (100,10) (100,40) (100,80) (150,10) (150,40) (150,80)

Bias 0.04 0.03 0.01 0.03 0.02 0.01 0.03 0.01 0.01

SD 0.28 0.25 0.21 0.24 0.19 0.19 0.2 0.15 0.13

Web Table 3: MSEs of nonzero coefficient functions and prediction errors, using FMVCM (the pro-

posed) and SVCM, for Ymodel II (linear ψ(·)).

FMVCM SVCM

σ2
ϵ n MSPE(Y ) MSE(θ̂1) MSE(θ̂2) MSE(ĝ31) MSE(ĝ41) MSPE(Y ) MSE(θ̂1) MSE(θ̂2) MSE(ĝ31) MSE(ĝ41)

0.1 50 1.01 0.01 0.02 0.09 0.07 1.09 4E-3 0.02 0.09 0.06

100 0.67 3E-3 0.02 0.08 0.04 0.84 3E-3 0.02 0.07 0.02

150 0.18 4E-3 0.01 0.04 0.03 0.35 2E-3 0.01 0.03 0.02

0.25 50 1.14 0.01 0.03 0.11 0.10 1.23 0.02 0.02 0.10 0.08

100 0.84 0.01 0.02 0.10 0.07 1.04 0.01 0.02 0.09 0.05

150 0.33 0.01 0.02 0.07 0.04 0.49 0.01 0.02 0.10 0.03
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Web Table 4: Results of the selection percentage for gk, #correct nonzero (the number of nonzero

coefficient functions correctly identified as nonzero functions), and #correct zero (the number of zero

coefficient functions correctly identified as zero functions), based on 100 repetitions.

Ymode I Ymode II

selected percentages #correct #correct selected percentages #correct #correct

σ2
ϵ n ĝ1 ĝ2 ĝ3 ĝ4 nonzero zero ĝ1 ĝ2 ĝ3 ĝ4 nonzero zero

0.1 50 3 2 95 100 95 97 2 2 100 92 92 98

100 0 0 96 100 96 100 0 0 100 94 94 100

150 0 0 98 100 98 100 0 0 100 95 95 100

0.25 50 7 7 86 100 86 93 4 4 100 90 90 96

100 0 0 92 100 92 100 0 0 100 93 93 100

150 0 0 95 100 95 100 0 0 100 93 93 100

Web Table 5: Relative frequency of the selected number of index q using the BIC in the main paper

based on 100 repetitions.

q = 1 q = 2 q = 3 q = 4 q = 5

Ymodel I n = 50 0.00 0.96 0.02 0.02 0.00

n = 100 0.00 0.96 0.01 0.00 0.03

n = 150 0.00 0.98 0.01 0.01 0.00

Ymodel II n = 50 0.97 0.00 0.01 0.00 0.02

n = 100 0.99 0.00 0.01 0.00 0.00

n = 150 0.99 0.00 0.01 0.00 0.00
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Web Table 6: MSE and SD (in parenthesis) of the proposed and MFPCA + FMVCM estimators.

MSPE(Y ) MSE(θ̂1) MSE(θ̂2) MSE(ĝ31) MSE(ĝ41) MSE(ĝ32) MSE(ĝ42)

(sd) (sd) (sd) (sd) (sd) (sd) (sd)

MFPCA + FMVCM 1.92 0.01 0.02 0.45 0.97 1.89 1.22

(0.01) (1E-3) (2E-3) (0.61) (1.17) (2.24) (1.64)

FJM 1.44 0.01 0.03 0.13 0.40 0.60 0.39

(3E-3) (4E-4) (1E-3) (0.01) (0.02) (0.02) (0.01)

FMVCM + T 1.01 0.01 0.02 0.09 0.29 0.63 0.32

(2E-3) (3E-4) (1E-3) (0.01) (0.03) (0.02) (0.02)

FMVCM + TI 0.89 4E-3 0.01 0.10 0.31 0.61 0.30

(2E-3) (3E-4) (1E-3) (0.01) (0.03) (0.02) (0.01)

Web Table 7: MSE and SD (in parenthesis) of the proposed estimators when Kn is misspecified.

Results are presented for Ymodel I with n = 100, σ2
ϵ = 0.1, and true Kn = 4. “-” means that the

algorithm does not involve this estimator under the corresponding data setting.

K̂n MSE(ξ̂1) MSE(ξ̂2) MSE(ξ̂3) MSE(ξ̂4) MSE(X̂1) MSE(X̂2) MSPE(Y ) MSE(θ̂1) MSE(θ̂2) MSE(ĝ31) MSE(ĝ41) MSE(ĝ32) MSE(ĝ42)

(sd) (sd) (sd) (sd) (sd) (sd) (sd) (sd) (sd) (sd) (sd) (sd) (sd)

2 0.06 0.15 - - 0.03 0.07 3.38 0.03 0.04 - - - -

(0.01) (0.03) (-) (-) (0.01) (3E-3) (0.01) (0.01) (3E-3) (-) (-) (-) (-)

4 0.01 0.02 0.01 0.01 0.03 0.01 1.44 0.01 0.03 0.13 0.40 0.60 0.39

(4E-3) (0.01) (0.01) (0.01) (0.01) (3E-3) (3E-3) (4E-4) (1E-3) (0.01) (0.02) (0.02) (0.01)

7 0.01 0.02 0.01 0.01 0.02 0.02 1.45 0.01 0.02 0.12 0.42 0.60 0.38

(0.01) (0.03) (0.01) (0.01) (0.01) (0.01) (0.01) (1E-3) (2E-3) (0.01) (0.03) (0.03) (0.02)

12 0.02 0.03 0.01 0.01 0.02 0.03 1.45 0.02 0.02 0.14 0.41 0.60 0.39

(0.05) (0.05) (0.02) (0.01) (0.02) (0.02) (0.01) (1E-3) (1E-3) (0.01) (0.03) (0.03) (0.02)
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Web Table 8: Results for the simulation setting mimics the ADNI data analysis.

MFPCA NMFPCA FMVCM SVCM

σ2 MSE(ξ̂) MSPE(X̂) MSE(ξ̂) MSPE(X̂) MSPE(Y ) MSE(θ̂) MSE(Ĝ) MSPE(Y ) MSE(θ̂)

0.1 2.13 0.07 0.01 0.02 1.36 0.03 0.6 4.05 0.35

0.5 2.20 0.29 0.03 0.14 1.45 0.06 0.7 4.74 0.49

Web Table 9: Results of the selection percentage for gk in the simulation setting mimics the ADNI

data analysis.

selected percentages #correct #correct

σ2 ĝ1 ĝ3 ĝ4 ĝ5 ĝ11 ĝ18 ĝ19 ĝ20 nonzero zero

0.1 100 97 94 98 98 94 96 96 94 95

0.5 93 92 93 92 95 93 92 93 92 94

Web Table 10: Computing time for the left and right hippocampi (sec.).

without APOE-ϵ4 and disease status given APOE-ϵ4 and disease status

left hippocampi right hippocampi left hippocampi right hippocampi

NMFPCA 3983.63 5086.91 4957.96 5086.91

FMVCM 7892.88 7338.12 9754.79 8901.01

Web Table 11: Selected FPCs for the left and right hippocampi.

MFPCA + FMVCM NMFPCA + FMVCM

left hippocampi right hippocampi left hippocampi right hippocampi

without APOE-ϵ4 and FPC 1,3,4,6,11, FPC 1,2,8,11,13, FPC 1,3,4,5,11,18, FPC 1,6,7,9,11,14,

disease status 13,14,16,18,20 14,15,16,20 19,20 16,20

given APOE-ϵ4 and FPC 1,2,3,6,8,10,11,12, FPC 1,2,3,5,6,7,8, FPC 1,4,10,16, FPC 1,6,7,9,11,14,

disease status 13,15,16,17,18,19,20 12,13,14,17,18,20 17,20 16,20
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Web Table 12: Number of negative entries for the estimated coefficient functions of clinical variables.

intercept Gender Hand Edu retire age MCI AD APOE1 APOE2

without APOE-ϵ4 and left hippocampi 243 157 13,429 11,313 4,709 13,972

disease status right hippocampi 251 929 5,079 10,247 1,615 13,897

given APOE-ϵ4 and left hippocampi 253 99 13,273 13,664 5,138 14,134 14,076 14,169 13,970 14,143

disease status right hippocampi 285 1,639 4,839 13,703 3,446 13,917 13,997 14,172 11,003 14,104
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