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the proof of main theorems, the convergent rates of the estimators of nonlinear FPC
scores and spatial varying coefficients, the selection consistency and convergence of
the proposed iterative algorithms. For theoretical investigation, we use the standard-
ized Bernstein basis polynomials S;(s)/||S;(s)|l2,7 = 1,...,J,. For the convenience
of expression, we continue to use the notations S;(s) and (a, 3) as the standardized
bivariate spline basis functions and the scaled spline coefficients. We use M and C}
as generic positive constants, which may be different even in the same line. Finally,
in Web Appendix C, we provide additive analysis for the ADNI data set, Web Tables

1-11, and Web Figures 1-7.

Web Appendix A: Estimation

Estimation in Nonlinear MFPCA

Considering that &, are unobserved, most existing methods perform spectral de-
composition on the covariance function of X;(¢) and then estimate the latent scores
&, under dense observations or Gaussian distribution assumptions (Chiou et al., [2014;
Jacques and Preda;, [2014; Happ and Greven, |2018; [Wong et al., 2019)). A key for these
methods is the linear structure f; {&] ¢;(t)} = ME&/ ¢;(t), where M is a finite con-
stant. When functional variables are nonlinearly related, there exist no closed-form
estimators for §; and ¢;(-), and the FPCA method cannot be directly applied. In this

paper, we treat the relation between X;(t) — p;(t) and £iT¢j (t) as unknown nonpara-
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metric functions and the latent scores as parameters. Since ju;(-), ¢;(+), and f;(-) are
unknown, directly estimating them is difficult. We employ some smoothing techniques
to address the problem. Specifically, we use B-spline basis functions to approximate
p;(+) and ¢,;(-) and the local linear smoother to approximate the link function f;(-).
The definition of B-spline functions can be found in Schumacker| (pp. 118, [1981). We
use the orthogonal spline functions satisfying [- B, (t)By(t)"dt = I (Zhou et al., 2008;
Zhong et al., 2021)), which facilitate the implementation of model identification.
Estimation of ()
With the spline approximation ji;(t) = pi,;(t) = u; B,(t), we can estimate u; by
minimizing
no i
{X(tsja) — I By(tya)} (S0.1)
i=1 d=1
which yields the analytic solutions

n  MNij -1 n  MNij
u; = {Z ZBn(tijd)Bn(tijd)T} Xij(tija)Bn(tija)- (50.2)

i=1 d=1
Then, we estimate p1;(t) by fi;(t) = U] By (t).
Estimation of f;(-), ¢,(-), and ¢,

Let £ = (fi,....fp,)", ¢ = (o1,....8,) . & = (&.....&,)", and L(f,¢,§) =
m Sy 2 2o [ X (tiga) — B (tija) — 1 {€7¢,(t;j)}]". Denote K() as
a kernel function, h; as bandwidth, and Ky, (-) = h{*K(-/h1). Then, we plug the

estimated i; into (3.6) in the main paper and solve the resulting minimization by
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decomposing it into the following three linear regression problems.

Given &] ¢;(tija), applying the local linear approximation to f;(-), we have f; {&] ¢, (t;0)} ~
fi(w) + Vf(u) {Sgp(bj(tijd) — u} for E?qu(tijd) close to u. Plugging this approxima-
tion into (3.6) in the main paper, we obtain a weighted least square function for

(fi(), Vi (),

Z Xij(tija) — Bs(tisa) — f5(0) = Vf(u) {€7b,(tsa) — u}]*
X’Chl {51 d)j tz’jd) - u} , (803)

which leads to the following closed-form estimator,

fi(u n Ny -1
v =[ZZI% (€76, (t130) — u} 2/, ()2 >T] (50.4)

i=1 d=1

X [Zilchl {€?¢j(twd u} Zz]d u) { Xij(tija) — ﬁj(tijd)}] )

i=1 d=1

where ijd( ) = (1 5 &;(tija) — )T'

Given {f;(-),Vf;(:),&;} and ¢§O)() = Fgo)Bn(-), using B-spline approximation for

¢;(t) and applying Taylor’s expansion to f; {£?¢j(t)} at f; {£?¢§O)(t)}, we have
fi{€r 6,0} ~ fi(el o0} + V1 {€Fel (1)} €F {T; — T} B (t) for T close to
1"]0 , where qb( ° and I‘( denote the provided estimators for ¢; and T';, respectively,

exemplifying the (o)th iteration estimator. Substituting this approximation into (3.6)

in the main paper yields a least square function for I'; as follows:
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Nij

M3

| Xi(tisa) = i(tisa) = f3 {€ITBu(tia) | + V£ {€ T Bulti) |

=1 d=1

<€ TB, (ty0) — Vf; {€7TB, (t0) } (6, @ Buta) T

where “®” is the kronecker product, and fj denotes the vector formed by concatenating
the rows of matrix I';.
Let Z};d = Vf; {E;TFI‘E.O)BH( l]d)} {&; ® B,.(tija)}, we obtain the following explicit

expression:

- {Zzzgdzwd } (Zzzwd ij(tija) — j(tija) (S0.5)

ng
=1 d=1 =1 d=1

€T Bultiia) b + V1 {67 Bultiia) } €77 B (t5)]).

Given (f;(+), Vf;(-)) and ¢;(-), the local linear approximation f; {&] @;(tija)} =~ f; {& @;(tija) }+
Vi {€ @;(tija)} & {D;(tija) — @;(tijar) } for @;(tija) close to ¢;(tija), together with

(3.6) in the main paper leads to a weighted least square function for &,

ZZ Zd o (dZ [Xlton) = Bytsa) = fi{€iS5{ta)} (S0

€Ly 1)} {9 0) — ¢j<tijdf>}%i}2wij,dd/) ,

where w;j 40 = Kp, {€?¢j(tijd) — fiTij(tz'jd')}-
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Let ij’dd, =V [ {& &,(tija)} {@;(tija) — &;(tijar) }. Hence, the estimator for &; is

Nij  Ngj —1
<Z Z Z wl]’dd/ ij,ddfzfj,dd'T> (S0.7)

j=1 d'=1 d=1 oy Wijaar
NG5 MNij
Wij,dd’ £
ZZZ S w25 g [ Xij(tia) — 1 (tia) — [5 {&7 &;(tijar) }]
j=1 d'=1 d=1 242 Wi dar

Remark 1. We can also estimate f;(-),I';, and §; by fitting a single-index model based
on the observations {X;;(tija) — 1;(tija), Bn(tija)},Vd = 1,...,n;;, and then perform
PCA on (g\I‘l, . ,§/Z-TFP). However, this procedure increases the computational cost
because it results in np models of k,, dimension and high computation intensity from

PCA on an n x k,p matrix.

Estimation in FMVCM with Sparse Penalty

To keep the splines smooth across the shared edges of adjoining triangles, we require
the spline coefficients to satisfy H(aj)T = 0 and H(3*)” = 0. Here, the bivariate spline
basis S} and constraint matrix H can be constructed based on the R package BPST

Wang et al., [2019). We remove the linear constraints H(a;)? = 0 and H(3*)T = 0
k

Ry
through QR decomposition H = QR = (Q1 Q2> to simplify computation,

R,

where the submatrix Q; is the first rg columns of Q, with rg being the rank of H,
and Ry is a matrix of zeros. Denote af = a;,Ql and 3* = B8Q2 for some oy, and 3.

Then, we perform reparameterization using

gni(s) = apS,(s), 0,(s) = BS,(s), (S0.8)
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where S, (s) = QIS (s) and the reparametrized spline coefficients satisfy Hal = 0
and HBT =

Based on the approximation (S0.8)), model (2.5) in the main paper can be considered
as a standard multiple-index model. Then, the procedure discussed in [Xia (2008])
can be used for estimation. However, this procedure leads to considerably intensive
computation because it needs to minimize the local linear approximation errors for all
approximation points ZkK:"l gk(sj)ak,i =1,...,n,5 =1,..., Ny in the estimation of
and B, where N, and the dimension of bivariate spline coefficients are relatively large
in the imaging data analysis. In addition, this method cannot deal with the problem
of group sparsity, being inapplicable to images on high-dimensional scalar regression.
Therefore, we develop an estimation procedure to avoid the two issues. The procedure
is stated in the subsequent section.
Estimation of ¢(-), G(-), and 6(-)

Let

n

1
niNg

+Z/\HngQ'

G.,0
h(G.8.9) = &l

Ky
@z}{zgk@»@} o)
k=1

The minimization problem in FMVCM can be decomposed into three linear regression

i=1 j=1

problems and solved by alternatively fixing ¢ (-), G(-), or 0(-).

Given G(-) and 6(-), for any given u, applying local linear approximation to (-)

and plugging the approximation 1) {ZkK:”l gk(s)ak} ~ P(u)+Vi(u)? {Zk 1 8k(s )sz — u}

into the objective function in the main paper yield the weighted least square function
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njl\/ Z Z Yi(sy) = v(u) = Vo(u)" {i gi(s;)Cir — u} — O(Sj)TZ,-]
5i=1 j=1 =1
< (1> ()G — ). (50.9)

where S5 gk(sj)ak is in a small neighborhood of u, and hy is a bandwidth. Let
Z?} = (1,30 gk(sj>2ik —u)")T. Solving the minimization of (S0.9) leads to the

solution,

() n Ko -1
_ {ZZ’% Hzgk s;)C — u|)Z5ZY, } (S0.10)
)

VQ/J(U i=1 j=1

[ ZIChQ {Z i Sj Czk — U_} {Y Sj Sj)TZi} Z;@] .
=1 j=1

Given () and G(-), plugging the bivariate spline approximation 6(s) ~ 6,(s) =

BS,.(s) into (S0.9) leads to a least square function for 3,

nzlvﬁfi Yilsi) ¢{ank<sj>§k}—sn<sj>TﬁTzi] ,

i=1 j=1
which yields the estimator of 3 as

3= [Zi{z 9 Su(s;)} {Z: ® Su(s))} ] (50.11)

i=1 j=1

. (Z zs: Yi(sj) — {zn: gk(Sj)a‘k} {Z; ® Sn(s])}> .

Given { (), Vo ()7, 0() } and g () = a8, (), k =
zg = Vo {SI2 a’Su(,)Gn } © {C @ Su(s) |} and 28 = [Vor {42, al?8,(5,)0 |

L Kyyandleta = (g, ..., ag,),
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® {Sn(Sj) ® EZTH T. Using the bivariate spline approximation for g (s) and applying
Taylor’s expansion to ¢ {Zk 1 gk(sj)gk} at ¥ {Zk 1 g,c (sj)ak}, we have v {Zfﬁl gk(sj)ak} R
¥ {ZkKL g (Sj)a:k} +Vy {sz:"l gl(co)(sj)gik} 4 {ak - a/(f)} Su(s;) for au close o).
Substituting this approximation into (S0.9)) yields a penalized least square function for

a, we have

nN [ 0(s;) Z: - {Zg (s Czk} (S0.12)
i=1 j=1

K
Tryal? ~ | |
+V¢{Zgl(<: S; Czk} Zak SJ Czk - Tzij] +Z)\Haz::’
k=1 k=1

where ay, is the last iterative estimator of ;. The minimization of (S0.12) can be

solved based on the R package grpreg, where A needn’t be given in advance.

Implementation of Algorithms

To implement the estimation procedure, we must set initial values (Fg-o),égo),z =
L...,n,yg=1,...,p) for (;,§;,;i=1,....,n,5=1,...,p) and (a(o),ﬁ(o)) for (e, B).
We obtain (I‘(-O) 5(0) i=1,...,n,5 = 1,...,p) from MFPCA (Happ and Greven,

Vi Y 1 )

2018) based on the R package MFPCA and (a©), B(O)) based on the R package MAVE
~ T T

or from the linear regression of Y;(s;) on {{Cl ® Sn(sj)} AZ; ® Sn(sj)}T} if the

MAVE estimator is time-consuming. The MAVE and linear regression estimators are

consistent under some regularity conditions (Duan and Li, 1991; Xia et al., 2002).

Thus, they can be used as the adaptive weight. Denote {f}"‘”(-),g?‘”, I‘§-O_1)} and
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{w("_l)(-),a("_l),ﬁ(ofl)} as the estimators of {f;(-),&;,T;} and {¢(-), e, B}, respec-
tively, obtained after the (o — 1)th iteration. The estimation algorithm is implemented

as follows.

e Perform nonlinear MFPCA: with the estimator jz;(-) based on (S0.2), we obtain
the estimators {f;(-),;,T';} by using equations (S0.4)), (S0.5), and (S0.7)), update
(f, ¢, &) by using the maximum improvement of [;(f, ¢, &) (Zhu et al., 2016]), and
repeat this procedure until convergence. At each step, {f;(:),&;,T;} on the right-
hand side of the equations are replaced by their most updated value. The conver-
gence is determined by [|{f(*), ¢, £} —{fo=1), =D VY| /| {£o-1), g~V gD}y
<1073 or |, {£©), ¢(0)’ 5(0)} — [ {fl=D), q5(0—1)7 5(0—1)}|/|11{f(0*1)7 ¢(0—1)’ 5(0—1)}| <

1073,

e Transform the scores: obtain the transformed variables sz =& (X,;l/ 2ak> —

0.5,k=1,...,K,, where Xk is the kth eigenvalue of % Yoy /E\Z/S\f

e Conduct estimation for FMVCM: treat El and Z; as covariates, obtain the esti-

mators (¢(+), a, ) by repeatedly using equations ([S0.10]) and (S0.11|) and solving

(S0.12)) through the R package grpreg, and replace (¢(:), a, 3) on the right-hand
side of the equations by their most updated value, update (G, @,) by using the
maximum improvement of lo(G, @,1) (Zhu et al.| [2016), and repeat this proce-

dure until convergence. The convergence is determined by [[{G(), 8 )} —
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{GOD,9€7D Y| /|{GlD, 607, gl < 1072 or [L{G, 8, 9} —

l2{Gr(o—1)7 9(0—1)7 w(o_l)}‘/’lz{cr(o_l), 9(0—1)7 ,lp(o—l)}| < 1073,

In the following, we give a definition of a closed mapping and two assumptions,

then establish the convergence of the proposed iterative algorithm.

Definition 1. (David G. Luenberger (2016, page 199) A point-to-set mapping F
from X to ) is said to be closed at z € X if the assumptions 1) limg o xx — x,
2) limg oo Y — y and 3) yx € F(xy) imply y € F(z). Moreover, F is said to be closed

over X if F'is closed at every point of X.

Let F} be the mapping function of the proposed iterative algorithm for NMF-
PCA, which means that the algorithm generates the sequences {f(o),gb(o),&(o)} by
{£0rD, @l g — 7 {£0), 6, €91 Tet Q) be the space of (f, ¢,€), Qio =
{(f, ¢, € Q:L(f, 9,6 <) (f(o),qb(o),é(o))}, and Q. = {set of local minima of
li(f,¢,€) in the interior of Qi }. Similarly, we define Fy as the mapping func-
tion of the proposed iterative algorithm for FMVCM, Q, as the space of (G,80,v),
Qu = {(G,0,4) € Q1 (G, 0,1) < 1, (G©,07,00) }, and Qs = {set of local
minima of l3(G, 0,) in the interior of Qg }.

Then, we assume the following two conditions:

(S1) Qipand Qs is compact given the initial value (f(o), o, E(O)> and <G(O), 0, @/J(O)),

respectively.
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(S2) Fi(f,¢,&) and F5(G, 0,1)) is closed over Q1p\ Q1. and Qg Qax, respectively, i.e.,

the difference of two sets.

Proposition S.1. If conditions (S1) and (S2) hold, we have

(i) all the limit points of {f(o), P, 5(0)} are local minima of Iy (£, @, &) in the space
Q1g, and [ {f(o),¢(o),€(°)} converges monotonically to L} = 1(f*, ", &") for some
(f*, 9", &) € Qu..

(i1) all the limit points of {G(O),H(O),w(o)} are local minima of l2(G, 0,1) in the
space Qag, and ly {G(O),O(O),¢(O)} converges monotonically to Ly = lo(G*,0%,10*) for

some (G*,0%,0*) € Qa,.

Web Appendix B: Proofs of theoretical properties

i dig(s i dig(s i i
Let Vi g(s) = aig),Vg(s) = j’s(i), and |glicc = maxij— ||V, V7 g(s)|| be the

maximum norms of all the Ith order derivatives of g over D. Define WZ (D) =
{9 :|9l1,00 < 00,0 <1< w+1} be the standard Sobolev space, the Hélder space of
order r = l+sasH, = {f(-) : [VIf(t1) = VIf(t2)] < clty —ta]?, for any 0 < ¢y, ¢y <
1}, where [ is a non-negative integer, ¢ > 0 is a constant, and s € (0, 1].

Regularity conditions for model identifiability.

(I1) functions f;(-),j = 1,...,p are continuously differentiable with finite number of

zero derivatives, and )7, [, fi(w)du > 0;

(12) Y0 [ () (t)dt = 0 if k' # k, and 1 otherwise, Ay > Ay > ... > 0,



QINGZHI ZHONG, XINYUAN SONG, AND HONGTU ZHU 13

S @51 (t)*dt and A, are fixed constants, and ¢1x(c) > 0, where ¢ € T is a fixed

constant;

(I3) The derivative Vi)(G(s)¢,) exists and E |Vip {G(s)¢;} Vi {G(s)¢,Y | is invert-
ible; [, G(s)G(s)"ds = I, [, G(s)var(¢;)G(s)"ds is a diagonal matrix with de-
creasing diagonal elements, and the integration of the first nonzero function in

each row of G(s) over D is positive.

Condition (I1) is a requirement of smoothing and sign identifiable for nonconstant non-
parametric functions f;(-)s. Condition (I2) is equivalent to those used in the existing
FPCA (Zhu et al., 2014; Happ and Greven| 2018; Wong et al [2019) with a scale
transformation. Condition (I3) imposes restrictions on the derivative of ¢ (-) and or-
thogonality constraints on the varying coefficient vector G(-); these conditions are all
moderate. Without loss of generality, we assume that var(¢;) # MI with M > 0; oth-
erwise, let G(s)M? and M(; be the new varying coefficients and transformed scores,
where MM =1 and MM7” £ 1.

Regularity conditions for the asymptotic properties.
(C1) Identifiable condition: (I1)—(I3) hold.

(C2) Kernel function: K£(-)is a bounded symmetrical density function with bounded

derivatives and satisfies

/uQIC(u)du # 0 and / lul’ KC(u)du < 00,j =1,2,....
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(C3) Derivatives: all the second-order derivatives of the density functions of E?@O(t)
and Go(s)¢;, link functions fjo(-) and ¢(+), conditional expectations E {&;|&] ¢,o(t) = -}
and E {¢;|Go(s)¢; = -}, and conditional variances E {£,£] |€] ¢;4(t) = -} and

E{¢;¢]|Go(s)¢; = -} are continuous and bounded.

(C4) Bounded eigenvalue: The eigenvalues of F (ZZ-Z;?F) are bounded away from 0

and infinity.

(C5) Smoothness: For j = 1,...,p,k = 1,...,K,,l = 1,...,¢,' = 1...,q., the
functions f10(-) and ¢j o(-) belong to Holder space of order r > 2, and the varying
coefficient functions g o(-) and 0y o(+) belong to Sobolev space W= 1:>°(D) with

w > 1.

(C6) Moment and Errors: » ", fol E[{X;;(t)— p;(t)}*]dt is finite, &;;(t)s are inde-
pendent measurement errors and independent of €;(s), and there exists a positive

constant M < oo, such that

n  Ns Ns

nzlv Y YYD B {elsen(s;) < M.

i=1 i'=1 j=1 j/'=1

(C7) Variation decays: there exist some ¢y > 1 and 0 < M < oo, such that Ay —

Akt1,0 = Mkt

(C8) Triangulations: |A| — 0, and the triangulation A is w-quasi-uniform; that is,

(min,ea R;) " |A] < 7 for some positive constant 7.
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Condition (C1) ensures model identifiability. Conditions (C2) and (C3) are usual re-
quirements in the index model literature (Xiaj, 2008 Cui et al., 2011)). Condition (C4)
is a regular condition commonly used in regression analysis (Zhu et al., 2014; Yu et al.,
2021)). Condition (C5) describes the smoothness requirements on the nonparametric
functions, which are frequently used in the nonparametric estimation literature. Con-
dition (C6) imposes weaker restrictions on random errors than [Yu et al. (2019} 2021))
and |Li et al. (2021) that require ¢;(s;)s to be independent over i and j. Condition (C7)
requires the polynomial decay rate of Ay, the same as|Zhu et al. (2014)) and |Wong et al.
(2019). Condition (C8) suggests using more uniform triangulations with smaller shape
parameters and is common in the triangulation-based literature (Lai and Schumaker],
2007; Wang et al.l 2020).
Proofs of propositions
Proof of proposition 1:

To prove proposition 1, we need to show that:
(i) p;(t),j =1,...,p are identifiable,
(i) f;(-),7 =1,...,p are identifiable,
(i) For all 4,4, k, ¢jx(-) and & are identifiable.
Proof: (i). Because E {X;;(t)} is a unique fixed function, we have £ {X;;(t)} = p;(t),
then p;(t) is identifiable.

(i) Let & = (Gise e Gioo) 5 D5 (8) = {01(), d32(1), -, djoc(t)} ', and 35 () =
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S ore &ikdan(t). Since fi {d ro &undi(t)} = f; {771] }, thus, we only need to prove

n55 (t) is identifiable in terms of location, scale, and sign. From the condition that ;s
are zero-mean uncorrelated random variables, we have E {nfjo(t)} = 0, then 75 (t) is
identifiable in terms of location. Next, we show that 777(f) is identifiable regarding
scale and sign. Denote 7;5(t) = > 77, Exdn(t), with fi(u), ojx(t), and &, satisfying
Conditions (I1) and (I2), and f; {n*(t)} = f; {m7(t)}. Suppose that there exists a

constant a; such that

filu/a;) = f;(w), (30.13)

ajn;; (t) =155 (t). (S0.14)

Then, a&® = €;° and aj @i (t) = g?)jo(t) with a X a;; = a;, where £, = (5,»1, . ,Eioo)T
and Cb {Cbﬂ ¢y2 ) . aQ_sjoo(t)}T-

By Condition (I2), we have a® = a3, = 1. Furthermore, by conditions Y0, [ f;(u)du >
0 and ¢q1x(c) > 0, @ and aj; must be positive. Thus, a = a;; = 1.

This proves the identifiability of f;(-).

(iii). Tt is sufficient to show that 3%, [ quo-o(t)g?);o’T(t)dt is an identity matrix. By

the results of (ii) we have
€519 (t) = €71 97 (1), (50.15)

Taking right multiplication of ¢;°’T(t) on both sides of (S0.15) with some algebraic
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calculations yields

mTz/¢ ooT £yt = OOTZ/Q,)

By the orthogonality of ¢3°(t), we have

oo, T __ goo,T 5 7,00 T (1 dt. S0.16
e g ;L@m@aw (S0.16)

Substituting (S0.16)) into (S0.15|), and taking right multiplication of @?T(t) on both

sides, we get

Z/qs 67 (1 dtz/qb

=2/ﬁmﬁ%w

=1, (S0.17)

where the second equality holds from the orthogonality of (ﬁjo(t)

The above shows that Y _, [ @} (t)dt is an orthogonal matrix, so that its

J'
eigenvalues are either 1 or -1. Next, we show that

1 = ¢§°(t)&)§°’T(t)dt is an identity matrix. Taking variance and right multiplication

of 3, [, ¢§°(t)§§§o’T(t)dt on both sides of (S0.16) yields

var(& Z/d) &7 (t)dt = Z/d) t)dt - var(€°). (S0.18)

This equation implies that Y30, [ ¢ (t)q’)oo’ (t)dt is a matrix consisting of eigenvec-

J
tors of var(€:°). Since var(&°) and var(€;") are diagonal matrices, combining ([S0.17)

and (S0.18]) yields the desired results.
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Proof of proposition 2:

By the fact that £ {X;;(t) — p;(t)} = 0 and the mean value theorem,

ZSUDE — () — f; {Zn&k%k(t)} — €z‘j(t)]

teT b1
- Zsupvar{fj 0 S el }
teT k=K, +1
< MZSUP Z /\kgb]k ,
teTk Kol

where u;; lies between ) ° | {indjr(t) and S €rdji(t), and the last equality holds
from the scores &1, &, ... are uncorrelated, and ), Ay < 00.
Proof of proposition 3:

For ¢ {G(s)¢;} = ¥ {G(s)¢;} with ¢(-),¥(-), G(-), and G(-) satisfying Condition

(I3), a direct calculation yields
G(s)' =G(s)"Ay, (S0.19)

o —1
where A; = B [V6 {G(s)¢,} VeAGE)CY | (B [V {Gs)¢} Ve {Gs)¢}])

From the lines of (iii) in the proof of proposition 1, by Condition (I3), we can show
A, =1 by firstly proving A, is an orthogonal matrix and then proving A, is an diagonal

matrix.

From , we have 1) {ATG )¢, } 0 {G Ci}, which implies that A; is a
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fixed matrix and does not depend on s. Therefore,

/G s)Tds = AT. /G s)'ds - Ay,
I = ATAL
Similarly, we have
G(s)' = G(s)TAy and ATA, =1 (S0.20)

Combining ([S0.19) and (S0.20), we get Ay = AT and G(s)T = G(s)TAT. Thus,
/ G(s)var(¢;)G(s) dsA; = Al/ G(s)var(¢;)G(s) ds, (S0.21)

which implies that A, is a diagonal matrix from conditions [, G(s)var(¢;)G(s)"ds

and [, G(s)var(¢;)G(s)"ds are diagonal matrices with positive decreasing diagonal

elements. Therefore, A; is an identity matrix. Thus, G(s) = G(s) and ¥(-) = ().
Proof of Proposition 4. Let BIC(k) = Y0 | e — A From Lemma 4.3 of

Anl/4

Bosq| (2000)), we have

~ 1 o
| Ak — Aol < Hﬁ Zm(S)m —-F {77@0 $)Myo(t T} |2 = Op(ra)
i—1

Then, BIC(k) = YK { Mo + O,(rg)} — K x 2105%(re)

Anl/4

By the definition of K,, = arg maxg<g,.., BIC(k), it is sufficiently to prove

2 {BIC(IA(H) < BIC(Kn)} 1 if Ky # K. (S0.22)
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We first consider the case of I?n < K,,

BIC(K,) — BIC(K,,)

== Y Moto(l) <0,

k=K,+1
where the last equality holds from the eigenvalues A |, ..., Ak, 0 being positive and
conditions K, < Kmax = 0(n*/*) and rg = o(—7).

Next, we consider the case of lA(n > K,

BIC(K,) — BIC(K,)

K
B ~ = Ao + Op(ra)
= k:;H {Ako + Op(ra)} — (K — Ko) Anl/a

~ ~ Ao + Op(r
= (Kn - Kn)OP<TG) - (Kn - Kn> - 4n1/P4( G>’

where the term —(K — K,,)-212; dominates the right hand side because rq = (=7 )-

4nl/4
Hence, holds. This completes the proof.
Proof of proposition
We first prove (i). The proof includes five steps as follows:
Step 1: Show that F(f, ¢, &) is a point-to-point mapping function, a special case of

the point-to-set mapping. By the explicit iterative equations (S0.4)), (S0.5)), and (S0.7)),

we know that F (f, ¢, €) consists of the deterministic combinations and compositions of
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a series of functions of (f, ¢, €). Thus, a unique iterative value of {f (o+1) plo+1), S(OH)}

can be obtained. That is, there exists a unique {f(0+1), ¢(°+1), 5("“)} such that
{f<0+1>, ¢<0+1>,5<°+1>} _ {f<0>, ¢<0>,5<0>}. Therefore, Fy(f, $,£) is a point-to-point
mapping function.

Step 2: Show that [;(f, ¢, &) does not increase with respect to the sequence {f("), P £ },

1.e.
I {f(o)’ . 5(0)} <1l {f(o—l)’ Cl 5(04)} ' (S0.23)

By the principle of parameter update in the implemented algorithms, we obtain (50.23)).
Step 3: Show that if {f(o‘l),¢(0*1),£(°*1)} ¢ Q.. then I; {f<0>,¢<0>,5<0>} <
I {f(o—l)7 ¢(O*1)’ 5(0*1)} for {f(o)7 ¢(0)’ 5(0)} =B {f(o—l)7 ¢(O*1)’ 5(071)}; and if
{f(o—l)’d)(o—l)’g(o—l)} € O,.. then I, {f(o)’(b(o),g(a)} — 1 {f(o—l)j(p(O—l),g(o—l)}. It is
followed directly by the proof of Step 2 and the definition of Q..
Step 4. We show that [y {f("), o, E(O)} converges monotonically to L} = [;(f*, ¢*, €")
for some (f*, ", &").

By Assumption S1, for {f(o),q’)(o),é(o)} C Qj9, we can find a convergent subse-
quence {f(oi),¢(oi),£(oi)} converging to the limit (f*, ¢*, €"), where {0;,0; < 0;11,1 =

1,2,...}. Since [1 {f, ¢, &} is continuous, it induces that

lim 1y {£0), ¢, €01 =1, (£", 6", ")
1— 00
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and
ll(f*, ¢*, £*> < hm I {f(Oz')’ q’)(Oi), 5(01')} ’
1—00

with [y {f(oi), P, E(Oi)} being monotonic with respect to i. Moreover, we have

e, gt gk < {0, g0 €01 o= 12,

Then, for o = 1,2, ..., there exists an o; satisfying o < o; and [;(f*, ¢*,&*) < Iy {f(oi), o), E(oi)}
<k {f("), o, 5(0)}. That is, [; {f(o), P, 5(0)} is a monotonic and bounded sequence.

Since its subsequence [ll {f(oi), oo, 5(‘”)}} converges to Iy (f*, ¢*,£"), then
lim 4, {f<0>, ¢<0>,g(0>} = (", ¢", £").
00— 00

Step 5. Finally, we use contradiction approach to show (f*, ¢*, €") € Q..

Assume that (f*, ¢*, €) is not in Q;,.. We investigate the subsequence {f(oi“), Pt 6(‘”“)},
where 0; is same as the above one in Step 4. Since all members of this sequence are con-
tained in a compact set, there is a convergent subsequence [{f (03, +1) q’)("ikﬂ), 5(0%“)}

, 11 < iy < ...] such that

lim {f(oik—l—l)7 ¢(Oik+1)’€(0ik+1)} _ (f**’ ¢**;€**)

k—o0

Note that {f(‘”kﬂ), ¢(Oi’“+1)>§(oik+l)} is a subsequence of {f(““), ¢(Oi+1),€(oi+l)}, we
have

lim {£0), () €0} = (£, €7).

k—o0

Using the monotonicity of [y {f("), gz_’)("), 5(0)} with respect to o and 0;, < 0;, +1 < 05,
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we obtain

I {f(oi,m)? i1, €(oik+l>} <1l {f@i,ﬁl)’ O+, 5(01,#1)} <l {f@-,@)’ ). g(oik>} ’

which implies {4 (f*, ¢*, &*) = [, (£**, ™, &™) by the continuity of [;(f, ¢, &).
Given Condition (S2) and the fact that {f("ik“), PO+t 5(0%“)} = {f(oik), Pl E(O%)},
we can conclude that (£, ¢™, &™) = Fi(f*, ¢",&"). However, if (f*,¢",£") is not in
Q1+, then according to the results of Step 3, we have [, (f*, ¢*, &") > [, (f**, ™, €™).
This leads to a contraction, which implies that (f*, ¢*, £") must belong to Q..

This completes the proof of (i). Following the lines of the proof of (i), we can prove

(ii).

Lemmas

Lemma 1. Suppose Conditions (C1)-(C5) hold, we have

_ B o 1
170 = 10l = O, <k Y- ﬁ).

Proof: Based on the estimation equation of u;, we have

11(t) — pjo(t) = By (t) 0, — pjo(t)

= B..(1)" {Z ZJ: Bn(fijd)Bn(tijd)T} - {MjO(tijd)Bn(tijd) + €ij(tija) Bn (tija)

i=1 d=1 =1 d=1

+fjo {Z fz’ko%ko(tz‘jd)} Bn(tijd):| — jo(t). (S0.24)

k=1

Next, we derive the order of right side of (S0.24). By Lemma 6.2 of (Cardot| (2000),
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for any u(t) € Hy we have [|lso S0, Y0, it Baltia) — 2 p(OB(Ddt] =
OP(Z\/’T"n ). Then, by the orthogonality of spline basis functions we obtain
=1

{ZEB tija)Bn(tija)" } :Z";ijlkﬁ()p{ﬁ}' (S0.25)

i=1 d=1 i=1

By equation ([S0.25)), the finite variance of X;;(¢), and the independence of samples, we

have

3

Njj g
d=

E|B,( T{ > Bu(tija)Bu(tija) } > fjo{Z&ko%ko(tijd)}Bn(tijd)”%
=1 1 =1 d=1 =

S ( ! ZEH ij(] {Z&kOQ%kO ijd } n(twd)H;

11'5.7 i=1

S Z E Z f]O {Z g’Lk’OQSjk’O ijd } : >\max {Z Bn(tmd)Bn(tz]d)T}

11” i=1 d=1

_ 0,)(%), (S0.26)

where Apax(A) is the largest eigenvalue of square matrix A. By Lemma 9 in Stone

(1985), we have

n Nij n Mg
1B (t { > Bu(tija)Ba(tia } 10(tja) B (tija) — o ()| = k"
=1 7

d=1 =1 d=1
(50.27)

Moreover, by the independence of €;;(t) over ¢, j, and d and the orthogonality of spline

basis functions, we have

e G k 1
B B z n z g\l n\l - n—n — ).
| {ZZ Jd Jd } — 5] Jd Jd)||2 Op( S ~+ \/ﬁ>

)
i=1 d=1 d=1 i=1""

(S0.28)
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Combining (S0.24)), (S0.26)), (S0.27) and (S0.28) yields the desired results.

Lemma 2. Under Conditions (C1)-(C4), for any SZ-TI‘]- in the parameter space of

parameter (f?I‘j,i =1,...,75=1,... ,p), we have

2| {F(enB.0) - su(eTB.0)} |

1 k 1
N By T L —) , 50.29
p( >y nijha dici Mg M ( )

and for any a in the parameter space of parameter cx,

2
{ Zaks 8)Cir) — Yo Zaks s)Cir) }

1 1
_ K. |A 2(w+1) 4 i I )
Op( n| A +h2+nN8h§+n (S0.30)
Proof: Let
n g5 -1
lcljd<u hl [Z IChl {£1T¢] (tljd U} Zzgd Z{]d(u)T ’Chl {ézrqu(tl]d ’LL} Zzgd )
i=1 d=1

By Condition (C5) and the Corollary 6.21 of Schumacker| (1981), there exists I';o such

that

sup E|¢ T 0B, (t) — n;(t) = O, (k7). (S0.31)

te(0,1]
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From the estimation equation of fj( -) and ([S0.31]), we have

Fi{EITBL(t)) — f0 {€IT;B,. (1)} (S0.32)
= Z:: di_]; Kijal €/ TiBu(t), n} {Xi;(tija) — 1j(tja)} — fro {€]T;Bu(t)}
= z"; :z_; Kijal€/TiBu(t), n} {jo(tija) — i (tija)}
+ Z; dZ Kijal€ TiBu(t), ha} fio { €T joBu(tija) } — fio {&/ TiBa(t)} + Op(ky,")
=1 =1
+ il i Kijal€ T Bu(t), hn Yoy (tija)-

By Lemma [I], we have

IS0 Rasal €T B 0), b} iso(tia) — st} | = Oy (k: + zk— N %) _

i=1 d=1 i=1 "]
(S0.33)
By Condition (C6), we have
AN 1 1
E|| Kijal& T;Bu(t), hi}eij(tija)llo = Op | ——=——=+—=]. (50.34)
izl ; J J g\lij P /—Zi=1 sy \/ﬁ

Because the link function f;o is differentiable in the neighborhood of [€4T ;0B (tija) —

¢/T;B,(t;ja)] < hi, it follows from the Taylor’s expansion and Conditions (C2) and

(C3) that
B> Kijal€TyBu(t), hn} fio {€0T0Bu(tija) } — fio {€/T;Bu()} |12
i=1 d=1

_ E\|o.5/u2/c(u)du V20 {€7T,Bo (D)} B2LL + 0p(1)]

= 0,(h}). (S0.35)
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Combining (S0.32), (S0.33)), (S0.34)), and (50.35) yields (S0.29)).

Following a similar proof strategy as in (S0.29)), we can establish (S0.30]).

Lemma 3. For any vectors A1, Ay, and positive constant M satisfying ATA;—2ATA, <

M, we have |A1]|* < 4]|As|]? + 2M.

Proof: By ATA; —2ATA, < M, we have 2||A; — Ay||? < 2||Az]|> +2M and ||A,]]2 <
2| A1 — Aof]” + 2[|Az|l?, thus [|A4]* < 4]|As|]* + 2M.

Lemma 4. Under Condition (C8), there exist positive finite constants M and M, such

that

Mllaxl* < erSa(s)]3 < Crlloll*.
Proof: Let S, (s)* be the unstandardized spline basis. From Lai and Schumaker| (2007)),
there exist positive finite constants M and C}, such that

MIAP low|* < llewSn(s)"[l5 < Crl A [low*. (50.36)

Then, combining S, (s) = S,(8)*/|[Sn(s)*|l2, [|Sn(s)*]l2 = |A] and (S0.36) yields the

results of Lemma [l

Proofs of Theorems
Proof of Theorem 1
Part (a) This proof consists of two steps. The first step proves the consistency of

7;(t) to my(t). The second step derives the convergence rate of 3" 7;(s)7;(t)" to
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E {7720 7710 (t) }

Step 1: Under Conditions in Theorem 1, the iterative estimators of £; and (cbl, e qz.’)p)

are asymptotic equivalent to the ones from MFPCA on n,(t) which is solution to

Nij

ZZZ[XU i) = Aitga) = T Doy}

27,1 jlzjiljldl

(50.37)
Based on the spline approximation ¢,(t) = ¢,,,(t) = I';B,(t), we have
n,(t) = (TT€,,...,TT€,)" Ba(t).
Then, from (S0-37), &/ T; is solution to
min nz [Xij(tijd) (tia) — f; {€7T,B, ”d)}r’

n..
Y og=1

which implies

Mg

- Z 2] z]d ( ’L]d) E(ETI\ B ( z;d)))vngFjE(Ejijn(tijd))Bn(tUd) 0.

n;
i og—1

Thus, we have
AT~ T~

E ([ij (tija) — tjo(tija) — fio {57; FjBn(tijd)H Verp, fio {Ei FjBn(tijd)} Bn<tijd))

=0, (1),
due to Lemmas [1] and [2| and the uniform consistency of sample mean. Hence,

AT~ T~

E ([Xz (tija) — mjo(tiza) — fio {ﬁi FjBn(tz‘jd)H Verr, fio {Ei FjBn(tijd)} Bn(tijd))
=) ([Xz ( zjd) MJO( zjd fJO {glOI‘]OB ( md)}} VgTI‘ fJO {ézorjoB wd }B Ud )

= 0,(1).
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Consequently, by Condition (C3) and continuous mapping theorem, we have

T A~
€T, — & =o0,(1). (S0.38)

Combining (S0.31)) and m we get
1735 (t) — mij0(t) |2 = 0p(1). (50.39)

Step 2: From the consistency of (S0.39) and a Taylor expansion, we have

0= 3 [t — ot — 7 {E T Bt )]

Tis
Y d=1

XVJ?J- {gpf‘jBn(tijd)} B, (tija)

T~ T T
= R; + R, (& r;— Eiorj()) )

where
1 &
R, = N Z [Xij<tijd) — 11;(tija) fﬂ {&i0T j0Bn( ”d)}]
Y od=1
XVfJ {€ZOFJ0B tijd }B tija),
Ry = — ZVﬁTF [{Xij(tijd) — By (tija) — f](s LB, (t wd))}

Nij =

X vf] {gTI‘ B zgd }B z]d ]

E?FF(&TFJ')* ’

and (E;‘FF])* lies on the line that connects f%l"jo and /E\ZTf] Thus, we have
i (t) = My (t) — Bu(t) "Ry 'Ry, (S0.40)

where 7,;,(t) = &,T0Bn(t).
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Since E ([Xi;(t) — 1jo(t) — fio {€0T0Bn(t)}] V fio {€0Tj0Bn(t)} Bu(t)) = 0, by

some calculations, we have

1755 (¢) = miz.0 (O3 = [10i7,0(8) — mij.0(¢) — Bo(t)" Ry R[5

< 2/l (t) = mio(®)lI2 + 2B () Ry ' Ra |13

PR
< 4||B"(t)TR2 1? Z [Xij(tijd) - HJ]O( z]d f]O {€ZOF]0B ( z]d)}]
Y d=1
Vf] {gzOI‘JOB Ud }B tij ||2
Tp-1 1 - ~ T
+4||Ba(t) Ry — > [wio(tija) = i (tija) + fro {€0T0Bn(tia) }
Y d=1
T {€AT 0B (b)) V5 {ERT 0B tsa)} Baltisn) 3+ 2misn(t) — misol0)13
< n_z [0 (tija) — Bs(tiza) + fio {EzorjﬂB Lija } f] {EzOFJOB Lija } [
Y d=1
n;; . kn N
xS IV (€8T 0Bt} Bu() RS Byt + O, (K Iy )
g = ij

-0, (Ilwo(t) B+ S [0 {€5T0BA )} — T {ERT 0Bt} )

Y g=1

1 1
— O ' k721‘ h4 - il
' (n,-j T T ST iy n)
The third equality holds from the law of large number and (S0.31|), and the last equality

holds from the results of Lemmasand Hence, by [|1;(t) —m,0()[5 = 25— 17 (t) —

nij.0(t)||3 yields the desired results.
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Part (b) From (50.40)), we have

2 A0
= - Z 1i3,0(8)Nij0(t Z Nijo( {Uzg n(t) = nijo(t) — Bn<t)TR2_1R1}
+ﬁ Z Nij.0(t) {Mijn(s) — Mijo(s) — Bu(s) "Ry 'Ry } (S0.41)

+— Z {772j n — Mij,0 ) Bn(S)TRglRl} {nij,n<t) - 77ij,0(t> - BTL(t)TR;lRl} 3

In sequel, we will show the convergence of £ 3™ | 1:;0(5)n:5,0(t) to E{n;;0(s)n:;0(t)} and
the last three terms on the right hand side of (S0.41|) converge to zero in probability.

We first show that

||— ngo $)0i50(t) — E {mijo(s)mij0(0)} [l2 = Op (n71/?) . (50.42)

By the independence of samples and Condition (C3), it holds

2

//[ me $)Nijo(t) — E{nijo(s)nio(t)}| dsdt
( ZZ// 1i5.0(8)i.0(t) — E{nijo(s)nij0(t)}]

=1 i'=1

X [Nirj.0(8)Nir5.0(t) — E{mijo(s)nijo(t)}] dsdt)
1 — 2
= ;/TLE ([mi5.0(8)mi5.0(t) = E {nijo()mi5.0(t)}]") dsdt
1 -1
= /T/Tvar {nijo(s)nijo(t)} dsdt = O, (n ) )

Thus, it yields (S0.42)).
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We next show that

||% Z 1i5.0(8) {1ijn () = 1ij.0(t) — Bu(t) "Ry "Ry } 2 (S0.43)

k,+hit 1
=0, [k, +h+ | =+ —].
g ( ' D ict Mij ﬁ)
Using the fact that
1< _
Hﬁ Z 155.0(8) {7i5n(t) = Mij0(t) = Bu(t) Ry 'Ra } |3 (50.44)
< 3”_2771]0 ) {nijn(t) — nij,O(t)}”%

Nij

1 _
+3|| Z 2771]0 s)€ij(tija Vf] {SzOFJOB tija }B (1) R3 "By (tia) 3

Mij 4=

+3| Z Z 1i50() [j0(tija) — B (tiza) + Fio {€0T j0Bn(tija) }
i 4o

- {&onOBn(tijd)}}

vf] {€ZOI‘JOB Ud } B TRQ_IBn<tijd) ||g7

it is sufficient to focus on the three terms on the right-hand side of (S0.44)). By the

Cauchy-Schwarz inequality, we have

H—ngo ) {nisin(8) = miso(O)} 115

= Z ||77ij,0($)||35 Z 17550 () = 50 ()13 = Op (k™) -
=1 =1

By the consistency of kernel estimators and spline estimators, and ||7;;(t) — 75,0(¢)||2 =
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0p(1), we have

Nij

EHZnn > i50(8)z5(15a) V f; {€0T j0Bu(tija) } Ba(t) "Ry " Bultija)
U =1

< EZE Z ||77U0 52] tijd ||2 Z “ij {gzOFJOB Lija }B TRQ_IBn(tijd)H%]
i=1 Mg 4= g 4=

=0,(1/n).

Further, from Lemmas [I] and [2| we have

Nij

HZWZ%O [i0(tida) = Aitisa) + o {€RT0Baltisn)} — F5 {€hT 0B (t1a)}
Y d=1

va] {EzOFJOB Ud }B TRngn(tijd)Hg

< %Zzn; [nw i”ﬂgo zgd MJ( wd + ng {57,0:[‘]0B zjd } f] {gzoI‘]OB wd } ||2
X_J i vaj {510FJ0B tijd }B TRZ 'B ( sz>H2] X = Z HWZJO H2
Mg 4 i=1

< (HMO( — (¢ )3+ zn:i |:fJ0 {Ezol_‘]oB (tija) } fJ {szoraoB (t Ud)}]2>
i=1 d "

Similarly, we have that

I3 500 {5 () = o) — Bu( RS Rl (504

i=1

k, +hi' 1
=0 k;T—i—hZ—i- —_——t+ —
p( ! Zz 1 Mg \/_>
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Finally, we can show that
H— Z {Mij.n(5) = Mij.0(5) = Bu(s) Ry Ra} {nijn(t) = mijo(t) — Bu() Ry 'R} |
~ k 1 1
=0 S N - By S0.47
: (Z ey T > iy hani N ”) (5047)
By the Cauchy-Schwarz inequality and the results of part (a), we have

H_ Z {771] n — Mij,0 ) Bn(S)TRglRl} {nij,n(t) - 77ij,0<t) - Bn(t)TRglRl} H2

= Z (I3 () = mijo(®)II2 + 1B () Ry " Ra|13)

2 — 1
<= Z HBn@)TRElF Z [Xij(tijd) — pjo(tija) — fio {gzorﬂ)B (t Ud)H
Y d=1
va] {£Z0F]OB lijd }B Zjd)”g
+— Z IB.(t)" Ry — Z [NjO(tz’jd) 1(tija) + fio {szOI‘JOB tija) } fy {£ZOFJ0B ( zyd)}]
ij 4=

v {sZOFJoB tija) } Bultija)ll + Op (k™)

"k, 1 1
— ]’C 2r h4 - - .
Op <Z nn; + Sy hangj + n)

=1

The arguments for (S0.41]), (S0.42), (S0.43)), (S0.46)), and (S0.47)) hold for £ =" | 7i;(s)7:5 (¢)©

for any j # j'. Thus, combining (S0.41)), (S0.42f), (S0.43)), (S0.46|), and (S0.47)) leads to

n

1 PO

I~ n:(5)0;(t)" — E{myp(s)nio(t)" } |2
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Part (c) From Lemma 4.3 of Bosq (2000), we have
ék — &k,
~ _ I s
= Op([Im:(t) — Mo (t)]l2 + 6 1”77z‘0(t)|’2||5 Zm(S)m(t)T - E {mo(S)mo(t)T} 2)-
i=1

Thus, Part (c) follows directly from Condition (C7), the results of parts (a) and (b) in

Theorem 1.

Proof of Theorem 2
Since the transformation function ®(-) has bounded derivative, using the delta

method, we have
~ . B . 1 -
Gik — Giko = q)(Akolmfik,O))\kol/z {&k — ik — Egik,o)‘lzol()‘k — Ako)}
— /\,;01/201, {max(rn’i, 5,;1rg)} )

The last equality follows from the results of Theorem 1 and the following equation:

~ 1 e __
[ Ak — Aro| < ”ﬁ Zm(S)m(t)T - LK {mo(S)mo(t)T} 2.
=1
Proof of Theorem 3
Let (6, ) = (V(X87) 80Sn(81)Cit), - - (X n) GuSa (s, )our)) T, o = (oug, - ., e, 0),
and Z8 = {Z,; ® Su(s1), ..., Zn, ® Su(sy,)}’. Denote P = I — Z8(Z" 28)1Z8" and

Y = {Yi(s1), Yi(s2),... ,Yn(sNS)}T. We first prove that

K
~ 2 n 2(w+1)
la — aol]” <O, {—nNS| B + K, |A } . (50.48)
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By Condition (C5) and Lemma S.3 in [Wang et al.| (2020)), there exists ayo and 3,

such that

sup |akoSn(s) — ge(s)] = O (|A[7H) | (S0.49)

seD

sup|BySn(s) — 0(s)| = O (|A[7").

seD

Furthermore, by the definition of ﬁ and &, we have

{Y v@ }”2 r““ |

It follows that

1 N~ 12
P {#(6.0) ~ %(e0. O} | (50.50)
2 fy_ e OV P L5008 - Biag.? G — ol
< Y — ¥(ay, P o, () — Yoy, +> A —

Y 0.0 P{d(e.d) ~dlen.0)] >

By the mean value theorem,
$(@.¢) — (e, ¢) = Varp(a®,O)(@ — do),
where a* is between a and «. Then, (S0.50) changes to
arb(e,)(@ — do) (80.51)

2 - NT . o
< Y %00} PV’ )@ — o) + e — el
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By Lemma , Condition (C8), and the results of Theorem 2, we have

1 N
v IPYar(ec )@ — do)l”
., M n  Ng . . T
~ - T ) . =
2 (@ a3 {Cos.)}{Cos.s)} @-a)
> O ||a — awl?, (S0.52)

where M and C are positive finite constants.

Combining (S0.51)) and (S0.52|) and applying Lemma yield that

Cyl|a — apl?

<l {Y = 900D} PYadiand) ”2”,&%

< el {#(@.¢0) ~ Bl O} PVt D + 2%}%
() Y artiy 0 Q) + i e PV arsty(e D)

S, FE, [T P Y (S0.53)

Where HO = {ho(Sl), c. 7ho(SNs)}, 7 = (Zl, cey Zn)T, and € — {61(51>, . 7€n(SNS)}T.
Next, we derive the bounds for 1,1, 1,2, 1,3, and I,.4.

For I,,1, by Conditions (C3),(C4), (S0.49), and the result of Lemma [2 we have
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Lo = s {90(G.Co) ~ $(@0,0)} PYarghylar, &) {PVarapolac, )}
{W0(G.¢) = Pl O
M ~ ~ —~ ~ T
< s I%0(G Co) = B0, Q) [PAmas [Pv&wom*, O {PVarw(a’,0)} }

~ n?N?

1 ~
N, 1%0(G, Co) — Yoo, Co) + Yoo, Co) — Yo, €)

Fapg (0, €) — (o, )P0, (1)

1 1 ~
= {0, (BP=D 41+ )+ Ve €)@ — I 0,00,

K
0 n K|/ 2(w+1) 54

where " is between E and (.

Similarly, we have

M . ~ ~
Lo S ) P [PYawi(a &) {PTar(a, 0} |

= O, (|AP=). (S0.55)

For I,,4, by Conditions (C3) and (C6), we have
n  Ns

M n N Kn N
L, < N2 Z Z Z Z €i(sy)eir (s5)V grbo {; aZSn(Sj)Qk}

s =1 ¢=1 j=1 j'=1

K,
Vato {Z oS, (sj0) Gk }
k=1

K,
= 0, <nNS|A|2) . (S0.56)
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Last, for I,,5, we have

Ly, < 2)\|&— ayl /Znakn—?, (S0.57)
ke A

—2 . ~ -2 —2
= -2 < C o~ _ minge 4 || o] . .
Sl < bl (gl ) = ] (et i

ke A

and

Furthermore, by P (mian&’“|| < ﬁ) > 1—¢, wehave ), 4 |lag| > = O, < |A] ) _

minge 4 [leegoll minge 4 [loego|?

Op(%). This together with (S0.57)) yields

R |A|1/2

Then, (S0.48]) is obtained from ([S0.53)), (S0.54)), (S0.58)), (S0.55), and (S0.56]).

Next, we prove

- K
_ 2 < _ Bn 2(w+1)
18 = Boll” < Oy {nNs!AP + K| A } : (S0.59)

From the estimation equation of 3, we have

—

B-By=(2""2°) 27" Y -96.0)} - B,
= (z°"2°) 28Tz, — B, + (z°"2°) T 78T
+(272°) 27" (G, 6) - $(@, )}
By the property of projection matrices, (S0.49), and Condition (C6),

T8\ ! sl s = -
|(2°"2°) " 27" 28, - By = 0, (I8 P=+)),

T -1 a7 1
1(Z2°°2°) Z° €|’ =0, | 3 ) -
niNg|A|
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Following similar calculations as I,,; in (S0.54)),

|(z°72°) " 27" {an(@.Co) ~ (@ O} P
= [9y(G.¢)) ~ Blan. O} 2° (zﬂTzf") (272) 27" [wy(GLG) — bl )}

)

(G.Gy) -~ B(@ DA | {

_ K 2(w+1)
=0 + Kl

where the last equality holds from Conditions (C4), (C8), and the result of (S0.48)). To

sum up yields the result in (S0.59). Hence, Theorem 3 follows from ([S0.48]), (S0.59),

and Lemma []

Proof of Theorem 4

Under the Conditions in Theorem 4, we get gr —, gro for Vk € A, then

Tim P ([lgrfl2 # 0,k € A) = L.

Thus, to prove the model selection consistency, we only need to show

Tim P (([glla = 0.k ¢ A) = 1.

By way of contradiction, suppose ||gx|| # 0 for some k ¢ A. Denote & as a except

that a; = 0. By some algebras, we have
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1 N e &7
P LY - }”2+Z P {Y —d@ 0} Sl

[l
k=1
~ ok 2 ~ 0T ~ A
= mlvs”P{Wa’C) —9a" O P Y - 9@ 0) P{ied) - $@.0)}
o lendl
e |
* e 2 e T (7]
g (Oé ’C)OékH2 - nNs {Y—¢(a aC)} Pva;ﬂf’(a 7C)ak+)\’|ak”>

where a* is between & and a”.
By the compatible property of matrix norm, and following the lines of Theorem 3,
we have

~

2 ~x o T 7 A\ A
I Y —9@.0) PYadlar Ol

2 e T .,
VY 9@ 0 PYadlar Ol
K,
— O K A 2(w+1) ol
{ i + Kolol= b
On the other hand, by the adaptive weight maxg . [|8k|l2 = O, (n7%), we have

el _ 3@y,
|

Thus, by condition {nNK—rAP + Kn\AP(wH)} ()\m)*l — 0, we have
@&",0) o]
{Y Vi@ }””Zﬂmu

o |

[P {Y ~d(@ }||2+ZA|~ r

with probability approaching 1, which is a contradiction.
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Web Appendix C: Additional analysis of ADNI data and results

Analysis and Results given APOE-¢4 and Disease Status

We repeated the analysis by excluding the SNPs in the 19q13.32 region but in-
cluding the number of APOE-€¢4 alleles and baseline diagnosis status as one of the
controlling covariates, resulting in p = 99 LD blocks to the left and p = 100 LD blocks
to the right hippocampi. The cytogenetic region 19q13.32 contains the well-known
APOE-€4 gene. Because clinical notes provide supplementary information and are con-
sidered case-by-case, the effects of the SNPs and demographic variables on the change
of cognitive performance may be confounded with the effects of differences in the num-
ber of APOE-€4 gene copies and baseline diagnosis. Therefore, we are interested in
whether the relationships would alter when adjusting for the number of APOE-¢4 alle-
les and baseline diagnosis status. The number of APOE-€4 gene copies is coded using
two dummy variables: APOE1 and APOE2, indicating the number of APOE-¢4 alleles;
the diagnosis status is coded by dummy variables: MCI and AD. Consequently, Z; is
10-dimensional real-valued covariates, including 5 clinical variables, 2 dummy variables
for the number of APOE-¢4 alleles, 2 dummy variables for the diagnosis status, and 1
intercept term.

Web Figures 6 and 7 present the estimated coefficient functions, and Table 4 sum-
marizes the prediction error. After introducing the number of APOE-e4 gene copies

and baseline diagnosis, the prediction errors decrease, and similar patterns of the coeffi-



QINGZHI ZHONG, XINYUAN SONG, AND HONGTU ZHU 43

cient function estimates for clinical variables are observed. The disease status MCI has
significant negative effects on the radial distance of both hippocampi, and carrying the
APOE-€4 allele negatively affects cognitive function. Compared to MCI and APOEL,
AD and APOE2 have more substantial adverse effects on the radial distance of both
hippocampi. As a core AD biomarker, an increase in the APOE-€4 alleles increases the
risk of AD (Bekris et al., 2010).

Web Tables 1-11 and Figures 1-7

For image-on-scalar regression, we compared FMVCM with SVCM. The standard

SVCM is written as Y;(s) = Sor" gu1 (8)Cik + 0(5)7Z; + €(s).

:j, n=50
: n=100
n=150
~
((o]
O -
m 1
Q|
o
NE
20

Web Figure 1: The values of BIC(hq) for Case I in Xmodel with n = 50,100, and 150, n;; = 80 and

02 =0.1.
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true 6, true 6, true gs; true g4

our method: 61 our method: 62 our method: Gs; our method: Qa1

Web Figure 2: The true nonzeo coefficient functions and average estimators for Ymodel II (linear

() with n = 100, and o2 = 0.25.
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Left without APOE-¢4
and disease status

Left without APOE-¢4
and disease status

Left without APOE-¢4
and disease status

Left without APOE-¢4
and disease status
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=914 2| 2o 2 T
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O o i O i ao H -g
| T T T T T T o T T T T T T 1 T T_ T T T 1 (@) T T T T T T
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< 8
N © § A
o . 8 g 4
7 o %30 N ~
So. 52 AL = £ \
<X © s % & 7 <R 2- ?%
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< < 7 4
i - X N
o - .
« ] ? o 1
O T T T T T T T T T T T T T T T T T T | T T T T T T
-0.3 0.0 0.2 -0.2 0.0 0.2 -0.2 0.0 0.2 -04 00 04
u u u u
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o and disease status and disease status and disease status and disease status
o] N N | N
4 o o o
—~ © | J ~ _9& ~ T ’3\
S © S Q] ® GACH = Q
<P Je 2 <W® O ¢ | <w2© <o ©°
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Web Figure 3: Parts of the estimates f]() for the left hippocampus without APOE-e4 and disease
status, for the right hippocampus, and for the left hippocampus given APOE-e4 and disease status
(from top to bottom). f]() is the same for the right hippocampus with and without APOE-e4 and

disease status.
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A

T Intercept Gender Age Handedness Education Retirement Fl;css;oreol(irédze;ﬂ)
b 152 5 10.96 -0.05 0.32 -0.05 0.02 035 012 003 0002 019 0014 6 o
— | e | | — _— —
FPC score3(index1) FPC score4(index1) FPC score5(index1) FPC scorel1(index1) FPC score18(index1) FPC score19(index1) FPC score20(index1) FPC scorel (index2)
230 0 285 126 0 1.09 168 0 122 0860 172 156 0 0.94 -1.53 0.51 387 1.65 303 5808
—_— —_— e — | — | — ] | | i
FPC score3(index2) FPC score4(index2) FPC score5(index2) FPC score11(index2) FPC score18(index2)  FPC score19(index2) FPC score20(index2)
158 0 114 <106 0 0.76 096 0 097 171 0.47 12 0 115 156 0 177 -1.23 2.88
(I — — | | — | — | | e |

Web Figure 4: The proposed estimates of coefficient functions with two indices for the left hippocam-

pus, excluding APOE-€e4 and disease status.



QINGZHI ZHONG, XINYUAN SONG, AND HONGTU ZHU 47

oz
oAz
\ Intercept Gender Age o Il-landgdngss Education Retirement FPC scorel(index1)
128 5 1175 005 0.20.36 005 001 019 -1‘9 002 0 002 024 0 021 588 0 577
e | i — —_— e | —_— el |
FPC score6(index1) FPC score7(index1) FPC score9(index1) FPC score11(index1) FPC scorel4(index1) FPCscorel6(index1)  FPC score20(index1) FPC scorel(index2)
065 0 091 063 0 078 090 0.36 155 0.22 050 0 079 126 0 138 091 0 162 487 0 3.62
—_— — | (R ‘ ‘ ]

RERRERER.

FPC score6(index2) FPC score7(index2) fpc score9(index2) FPC scorell(mdexz) FPC scorel4(index2) FPC scorelé(index2) FPC scoreZO(lndexZ)
-0.46 1.07 -1.10 0 157 -1.06 0.41 -0.28 0.27 136 0 148 144 0 1]7 127 0
r— (- — __ \ —_ I—I— \

Web Figure 5: The proposed estimates of coefficient functions with two indices for the right hippocam-

pus without APOE-€¢4, and disease status.
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§ 6 6CC6C

Intercept Gender Retirement 0.2 8AP0F‘1 o APOE2
-1.94 5 1274 -0.02 0.1 0.23 h 0.0: -0.30 0.08 -0.05 0.02 -0.19 0 0.13 -0.75 0.12
| : | [ . | | | el | |

(CCC¢C

MCI AD FPC scorel(index1) FPC score4(index1) FPC score10(index1) FPC score16(index1) FPC scorel7(index1) FPC score20(index1)
0.37 0.13 0.83 0.22 687 0 530 084 0 125 090 0 0.60 0210 038 101 0 166 235 0 206
— | e | —_— P — —_— —— — |

FPCscorel(index2)  FpCscore4(index2) — FPCscorelO(index2) —FPCscorel6(index2) —FPCscorel7(index2) ~ FPC score20(index2)

-4.66 0 59.80 130 0 0.82 075 0 1.20 -0.66 0.18 113 0 0.99 -2.96 0 1.69
e — — — | e | e |

Web Figure 6: The proposed estimates of coefficient functions with two indices for the left hippocampus

given APOE-¢4, and disease status.



QINGZHI ZHONG, XINYUAN SONG, AND HONGTU ZHU 49

o

N

Age Handedness Education Retirement APOE1
-0.02 0.01 -0.20 O 0.24 -0.04 0.01 -0.25 0 0.19 -0.29 -0.1 0.08
— | —_— | — | — | —_— |

3

Intercept

-1.44 5 12.55 -0.05 0.1 0.29 -0.05

d

‘

AD FPC scorel(lndexl) FPC score&(lndexl) FPC score7(lndex1) FPC score9(index1)
-0.77 0.13 81
2 W i St @2 on 2 o o 2 o
FPC scorel1(indexl)  EpC scorel4(index1) FPC score16(index1) FPC score20(index1) FPC score1(index2) FPC score6(indexa) PG score7(index2)
-0. A [7 026 0 0.36 20.55 0 0.5 1.27 -0.59 0 0.5 1.28 870 0 6.72 112 0 1.38 B -
e [T — [enirr— [ErE——— ——— R e —
FPC score9 (index2) FPC scorel1(index2) ch scorel4(lndex2) FPC scorels(mdexz) FPC scoreZO(lndexZ)
-0.47 -0.2 00.21 -0.90 0.24 045 0
e S — oL o G = o o

Web Figure 7: The proposed estimates of coefficient functions with two indices for the right hippocam-

pus given APOE-¢4, and disease status.
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Web Table 1: The estimated MSEs of kth score {;, and jth functional variable X(-), using nonlinear
MFPCA (the proposed) and MFPCA in Case II (linear f;) of Xmodel, with various sample sizes,

observation levels, and noise levels.

MFPCA NMFPCA

(n,ni) MSE(&) MSE(&) MSE(E) MSE(@E) MSPE(X)) MSPE(X;) MSE(E) MSE(&) MSEE) MSE(@E) MSPE(X)) MSPE(X,)

o?=0 (50,10 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.03 0.01 0.01 0.01 0.01
(50,40) 2E-5 3E-5 2E-5 4E-6 2E-4 2E-4 4E-4 TE-4 1E-4 1E-4 1E-3 1E-3

(50,80) 2E-6 3E-5 4E-6 6E-7 2E-4 2E-4 3E-5 3E-4 2E-5 TE-6 4E-4 3E-4

(100,10) 0.01 3E-3 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01

(100,40) 1E-5 2E-5 1E-5 3E-6 2-4 2E-4 TE-5 2E-4 3E-5 2E-5 5E-4 5E-4

(100,80) 2E-6 2E-5 3E-6 TE-7 1E-4 1E-4 2E-5 2E-4 1E-5 4E-6 3E-4 3E-4

(150,10) 0.01 3E-3 0.01 0.01 0.01 0.01 2E-3 0.01 4E-3 2E-3 4E-3 4E-3

(150,40) 1E-5 1E-5 1E-5 3E-6 2E-4 2E-4 4E-5 1E-4 2E-5 1E-5 4E-4 4E-4

(150,80) 2E-6 1E-5 3E-6 8E-7 1E-4 1E-4 1E-5 1E-4 6E-6 3E-6 2E-4 2B-4

0?2 =05 (50,10 22.37 10.15 5.60 3.67 3.09 3.14 0.36 0.25 0.18 0.14 0.36 0.36
(50,40) 2.17 0.83 0.47 0.33 0.57 0.58 0.23 0.19 0.13 0.12 0.11 0.11

(50,80) 0.10 0.09 0.09 0.07 0.09 0.10 0.04 0.06 0.06 0.04 0.04 0.04

(100,10) 25.17 10.90 6.77 4.49 3.31 3.61 0.34 0.25 0.17 0.12 0.33 0.33

(100,40) 1.56 0.80 0.51 0.35 0.57 0.57 0.21 0.18 0.12 0.12 0.10 0.10

(100,80) 0.06 0.07 0.09 0.09 0.10 0.10 0.022 0.05 0.05 0.04 0.04 0.04

(150,10) 20.81 11.39 6.64 4.53 3.32 3.56 0.33 0.23 0.16 0.11 0.31 0.30

(150,40) 1.44 0.78 0.54 0.39 0.58 0.56 0.19 0.17 0.12 0.11 0.08 0.08

(150,80) 0.07 0.07 0.09 0.10 0.11 0.11 0.02 0.05 0.05 0.04 0.03 0.03

o?=15 (50,10 71.18 30.27 17.05 11.03 8.43 8.82 0.38 0.28 0.19 0.14 0.72 0.73
(50,40) 6.12 2.45 1.40 0.89 1.29 1.30 0.29 0.19 0.13 0.12 0.26 0.26

(50,80) 0.62 0.30 0.20 0.15 0.27 0.29 0.15 0.17 0.11 0.08 0.11 0.11

(100,10) 71.19 32.40 20.30 13.53 9.36 9.60 0.37 0.26 0.19 0.14 0.64 0.66

(100,40) 4.75 2.42 1.58 1.07 1.19 117 0.28 0.19 0.13 0.12 0.23 0.23

(100,80) 0.47 0.33 0.21 0.17 0.28 0.28 0.13 0.16 0.11 0.08 0.09 0.09

(150,10) 60.72 33.44 20.79 14.10 9.53 9.96 0.36 0.25 0.18 0.12 0.60 0.61

(150,40) 4.39 2.45 1.66 1.14 1.15 111 0.27 0.19 0.12 0.12 0.21 0.21

(150,80) 0.51 0.35 0.23 0.18 0.30 0.30 0.13 0.15 0.10 0.08 0.09 0.09
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Web Table 2: Bias and SD of the estimated number of FPCs.
(n,n;;)  (50,10) (50,40) (50,80) (100,10) (100,40) (100,80) (150,10) (150,40) (150,80)
Bias 0.04 0.03 0.01 0.03 0.02 0.01 0.03 0.01 0.01
SD 0.28 0.25 0.21 0.24 0.19 0.19 0.2 0.15 0.13

Web Table 3: MSEs of nonzero coefficient functions and prediction errors, using FMVCM (the pro-

posed) and SVCM, for Ymodel II (linear #(-)).

FMVCM SVCM
02 m  MSPE(Y) MSE(6;) MSE(®) MSE(®Gs) MSE(Gs) MSPE(Y) MSE(f;) MSE(fy) MSE(gs1) MSE(Gu1)
01 50 1.01 0.01 0.02 0.09 0.07 1.09 4E-3 0.02 0.09 0.06
100 0.67 3E-3 0.02 0.08 0.04 0.84 3E-3 0.02 0.07 0.02
150 0.18 4E-3 0.01 0.04 0.03 0.35 2E-3 0.01 0.03 0.02
0.25 50 1.14 0.01 0.03 0.11 0.10 1.23 0.02 0.02 0.10 0.08
100 0.84 0.01 0.02 0.10 0.07 1.04 0.01 0.02 0.09 0.05
150 0.33 0.01 0.02 0.07 0.04 0.49 0.01 0.02 0.10 0.03
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Web Table 4: Results of the selection percentage for gy, #correct nonzero (the number of nonzero
coefficient functions correctly identified as nonzero functions), and #correct zero (the number of zero

coefficient functions correctly identified as zero functions), based on 100 repetitions.

Ymode I Ymode II

selected percentages #correct #correct selected percentages #correct #correct

-~ -~ -~ ~ ~

2 -~

lop n g 8 &3 g4  nonzero zero g1 82 83 g4  nonzero Z€ero
0.1 50 3 2 95 100 95 97 2 2 100 92 92 98
100 0 0 96 100 96 100 0 0 100 94 94 100

150 0 0 98 100 98 100 0 0 100 95 95 100

025 50 7 7 86 100 86 93 4 4 100 90 90 96
100 0 0 92 100 92 100 0 0 100 93 93 100

150 0 0 95 100 95 100 0 0 100 93 93 100

Web Table 5: Relative frequency of the selected number of index ¢ using the BIC in the main paper

based on 100 repetitions.

YmodelI n=50 000 09 002 0.02 0.00

n=100 0.00 096 0.01 0.00 0.03

n=150 0.00 098 0.01 001 0.00

Ymodel I n=50 097 0.00 0.01 0.00 0.02

n=100 099 0.00 0.01 0.00 0.00

n=150 099 0.00 0.01 0.00  0.00
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Web Table 6: MSE and SD (in parenthesis) of the proposed and MFPCA + FMVCM estimators.

MSPE(Y) MSE(6,) MSE(0,) MSE(§s) MSE(Gs) MSE(Gs:) MSE(Gs)

(sd) (sd) (sd) (sd) (sd) (sd) (sd)

MFPCA + FMVCM 1.92 0.01 0.02 0.45 0.97 1.89 1.22
(0.01) (1E-3) (2E-3) (0.61) (1.17) (2.24) (1.64)

FIM 1.44 0.01 0.03 0.13 0.40 0.60 0.39

(3E-3) (4E-4) (1E-3) (0.01) (0.02) (0.02) (0.01)

FMVCM + T 1.01 0.01 0.02 0.09 0.29 0.63 0.32
(2E-3) (3E-4) (1E-3) (0.01) (0.03) (0.02) (0.02)

FMVCM + TI 0.89 4E-3 0.01 0.10 0.31 0.61 0.30
(2E-3) (3E-4) (1E-3) (0.01) (0.03) (0.02) (0.01)

Web Table 7: MSE and SD (in parenthesis) of the proposed estimators when K, is misspecified.
Results are presented for Ymodel I with n = 100,02 = 0.1, and true K,, = 4. “” means that the

algorithm does not involve this estimator under the corresponding data setting.

K, MSE@&) MSE(&) MSE(&) MSEE) MSE(X)) MSE(X,) MSPE(Y) MSE®,) MSE@®,) MSE(Gn) MSEGn) MSE(Gsn) MSE(Gim)

(sd) (sd) (sd) (sd) (sd) (sd) (sd) (sd) (sd) (sd) (sd) (sd) (sd)

2 0.06 0.15 - - 0.03 0.07 3.38 0.03 0.04
(0.01) (0.03) ) ) (0.01) (3E-3) (0.01) (0.01) (3E-3) ) ) ) )
4 0.01 0.02 0.01 0.01 0.03 0.01 1.44 0.01 0.03 0.13 0.40 0.60 0.39
(4E-3) (0.01) (0.01) (0.01) (0.01) (3E-3) (3E-3) (4E-4) (1E-3) (0.01) (0.02) (0.02) (0.01)
7 0.01 0.02 0.01 0.01 0.02 0.02 1.45 0.01 0.02 0.12 0.42 0.60 0.38
(0.01) (0.03) (0.01) (0.01) (0.01) (0.01) (0.01) (1E-3) (2E-3) (0.01) (0.03) (0.03) (0.02)
12 0.02 0.03 0.01 0.01 0.02 0.03 1.45 0.02 0.02 0.14 0.41 0.60 0.39

(0.05) (0.05) (0.02) (0.01) (0.02) (0.02) (0.01) (1E-3) (1E-3) (0.01) (0.03) (0.03) (0.02)
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Web Table 8: Results for the simulation setting mimics the ADNI data analysis.

MFPCA NMFPCA FMVCM SVCM

02 MSE() MSPE(X) MSE(E) MSPEX) MSPE(Y) MSE®) MSE(G) MSPE(Y) MSE(9)

0.1 2.13 0.07 0.01 0.02 1.36 0.03 0.6 4.05 0.35

0.5 2.20 0.29 0.03 0.14 1.45 0.06 0.7 4.74 0.49

Web Table 9: Results of the selection percentage for gy in the simulation setting mimics the ADNI

data analysis.

selected percentages #correct  #correct
o> 81 8 81 8 Bu Bz 8 B8 nonzero zero
0.1 100 97 94 98 98 94 96 96 94 95
05 93 92 93 92 95 93 92 93 92 94

Web Table 10: Computing time for the left and right hippocampi (sec.).

without APOE-e4 and disease status given APOE-€¢4 and disease status

left hippocampi  right hippocampi left hippocampi  right hippocampi
NMFPCA 3983.63 5086.91 4957.96 5086.91
FMVCM 7892.88 7338.12 9754.79 8901.01

Web Table 11: Selected FPCs for the left and right hippocampi.

MFPCA + FMVCM NMFPCA + FMVCM
left hippocampi right hippocampi left hippocampi right hippocampi
without APOE-¢4 and FPC 1,3,4,6,11, FPC 1,2,8,11,13, FPC 1,34,5,11,18, FPC 1,6,7,9,11,14,
disease status 13,14,16,18,20 14,15,16,20 19,20 16,20
given APOE-¢4 and FPC 1,2,3,6,8,10,11,12, FPC 1,2,3,5,6,7,8, FPC 1,4,10,16, FPC 1,6,7,9,11,14,

disease status 13,15,16,17,18,19,20 12,13,14,17,18,20 17,20 16,20
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Web Table 12: Number of negative entries for the estimated coefficient functions of clinical variables.

intercept Gender Hand Edu  retire age MCI AD APOEl1 APOE2

without APOE-e4 and  left hippocampi 243 157 13,429 11,313 4,709 13,972
disease status right hippocampi 251 929 5,079 10,247 1,615 13,897
given APOE-€¢4 and left hippocampi 253 99 13,273 13,664 5,138 14,134 14,076 14,169 13,970 14,143

disease status right hippocampi 285 1,639 4,839 13,703 3,446 13,917 13,997 14,172 11,003 14,104
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