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1. Proofs of Theoretical Results

Proof of Propositions 1 and 2

Proof. We first prove Proposition 1. If there are two non-zero elements in a row of H, say
Hii,, H;; > 0, then their product would be a positive quantity. However since the columns of H
are orthonormal, ZZ HixH;;y = 0. This would require the product H;/H;/; to be negative for
some other i’. However, this is not possible since all the elements of H are non-negative as well.

Now we prove Proposition 2. Suppose the OSNTF as defined in Equation (2.2) is not
unique and there is another order K factorization of A as A = H'S'H'T. Then H' = HQ and
S’ = RTSR where QRT = I. Moreover, if rank(A) is K, then both H and H’ span the same
subspace and must be related through an orthogonal change of basis matrix. Consequently,
this is the only source of non-uniqueness. However for OSNTF even this ambiguity of an
orthogonal matrix is not possible due to the orthogonality and non-negativity constraints except
for permutation matrices. If HQ is a solution, then H( must have orthonormal columns, i.e.,

(HQ)THQ = I which implies QT Q = I. However, except @ = I or a permutation matrix, at



least one element of @ must be negative in order for it to be an orthogonal matrix (Ding et al.,
2006). However, if an element of @, say Q:, is negative, then (HQ)y = Y, HixQr < 0 for all
rows i of H such that the only non-zero element in the row is in the kth place (note that such
a row always exists, since no column of the rank K matrix H can be all 0’s). This will make
HQ contain at least one negative element, which violates the non-negativity constraint. Hence

the factorization is unique up to permutations.

Upper bound on mis-clustering rate

Recovery in noiseless case

The next lemma shows that the procedure OSNTF can recover the class assignments perfectly
from the population adjacency matrix or the Laplacian matrix generated by the stochastic block
model. Hence even though for any given matrix both proving the existence and evaluation of
eract OSNTF is NP hard, if we know that the matrix is formed according to the stochastic

block model, the factorization can recover true class assignments.

Lemma 1. Define the matriz Q = (Z72) € R¥*K | which is a diagonal matriz with strictly
positive entries. The solutions to the OSNTF of A and L, are [H = ZQ7V? 5§ = Ql/zBQI/Q]
and [ETL =2ZQ 2% 5, = QI/QBLJQUQ], unique up to a permutation matriz P respectively.
Moreover,

Hi:H]' < Zi:Zj,
where H; and Z; are ith rows of H and Z respectively. Equivalently,

arg max Hi, = arg max Fljk <= argmax Z;, = argmax Zj.
k k k k



The previous lemma shows that OSNTF of rank K applied to the population adjacency or
the Laplacian matrix of an SBM obtains factors [H, S] such that any two rows of H are equal if
and only if the corresponding rows are equal in Z. Now assigning rows to communities on the
basis of the largest entry in H as in Equation (2.4) effectively means doing the same on rows
of Z, which by definition will result into correct community assignments. However due to the
ambiguity in terms of a permutation matrix P, the community labels can be identified only up
to a permutation.

We now prove a parallel result on recovery of class assignments from the population adja-

cency and Laplacian matrices of DCSBM.

Lemma 2. Define the matrices Q = (Z70%2), Q1 = (Z70Z) € R**X, which are di-
agonal matrices with strictly positive entries. The solutions of OSNTF of A and L, are
[H = 0zQ'? § = QY?B'QY? and [Hy, = @1/2ZQ21/2, Sr = }:/QBIL,TQ}JM], unique

up to a permutation matriz P, respectively. Moreover,

argmax H;, = argmax H;; <= argmax Z;, = argmax Zj.
k k k k

Note for the DCSBM, the H OSNTF extracts does not have the same row for all nodes
in the same community. However, the community detected from H by finding the location of
the maximum value in the row is the same for all nodes in the same community. Therefore, the

OSNTTF still accurately estimates the community labels.

Uniform convergence of objective function

Although OSNTF can perfectly recover Z from the population adjacency matrix A and the
population Laplacian matrix £, in practice we do not observe A or L. Instead we observe the

sample version (or perturbed version) of A, the sample adjacency matrix A.



The regularized sample adjacency matrix A, and sample Laplacian matrix L, may not
have exact OSNTFs. In that case, let the optimization problem in (2.3) or equivalently in (2.6),
obtain a solution [ﬁ, S'] as OSNTF of A,. The matrix approximating A, is then A = HSHT
and we assign the nodes to the communities using the matrix H.

We denote the objective function in the optimization problem of (2.6) as F(A,, H) =
|HT A H|r. This is a function of the regularized adjacency matrix A, and the factor ma-
trix H. We can define a corresponding “population” version of this objective function with
the population adjacency matrix as F(A, H) = |[HT AH||r. The corresponding observed and
population versions for the Laplacian matrix are defined by F(L,,H) = |H'L.H|r and
F(L,H) = |HT L, H||F, respectively. The next lemma, which is an intermediate result, shows
two uniform convergences. We show that for any H € HfXK, the difference between F'(A,, H)

and F(A, H) and that between F'(L,, H) and F(L,, H) are bounded in high probability.

Lemma 3. For any H € HfXK, there exists a constant ci(r1) > 0, such that we have with

1

probability at least 1 —n~

(A, H) = F(A, H)| < el KAY?, (11)

and there exists a constant ca(r2) > 0, such that we have with probability at least 1 — o(1),

CQK
VA

|F(L7'7H)_F(£T,H)|§ (12)

Characterizing mis-clustering lemmas

Although OSNTF can perfectly recover Z from A, in practice we obtain the matrix H &

Hf XK from the observed adjacency matrix A instead of obtaining H. Consequently, community



assignment using the largest entry in each row of H asin Equation (2.4) will lead to some error.
We quantify the error through a measure called mis-clustering rate which, given a ground truth
community assignment and a candidate community assignment, computes the proportion of
nodes for which the assignments do not agree. Let & denote the ground truth and é denote a
candidate assignment. Then we define the mis-clustering rate r = =+ infr dp (€,11(¢)), where
II(-) is a permutation of the labels and dg (-, ) is the Hamming distance between two vectors.

The next result relates the error with the difference of the matrices H and H for SBM.

Lemma 4. Let Z be the true community assignment matriz for a network generated from the
stochastic block model and Q = ZTZ. Let (]?[,SY) be the factorization of the adjacency matriz
as in (2.3). Then any mis-clustered node i must satisfy

L 1

mazx

where H; and H; denote the ith row of the matrices H and H, respectively, P is a permutation
matriz, and Nmae = MaXpe(1,... .k} Qkk, i.€., the population of the largest block. This is also a

necessary condition for mis-clustering node i in OSNTF of the Laplacian matriz.

For DCSBM we again prove a lemma connecting the event of mis-clustering with the

difference between matrices H and H , and matrices Hp and Hy for A and L respectively .

Lemma 5. For a network generated from the DCSBM with parameter (©, Z, B) as in Equation
(8.8), let (fI, 5') be the factorization of the adjacency matriz as in (2.2). Then a necessary

condition for any node i to be mis-clustered is
|H; — H;P|| > m, (14)

where m = min;eqq,... Ny} 0i/\/(ZTO2Z) kx with k being the community to which the node i truly

,,,,,

belongs. The corresponding necessary condition for the OSNTF in Laplacian matriz is

|Hyi — HiiP|| > m', (15)



with m' = minie{l ..... N} \/Gi/(ZTGZ)kk.

Proofs of the lemmas

Proof of Lemma 1

Proof. We have by definition of the stochastic block model,

A=2zBZ", 77 =Q"*", det(B)+#£0,

where @ is a diagonal matrix whose diagonal elements {Q11,...,Qxxk} are the population of
the different blocks. Clearly an OSNTF of order K applied to the matrix A will not yield the

matrices Z and B, since ZT Z # I. However, notice that

A=2Bz" = 2(Z"2)" V(2" 2)'*B(z" 2)"/*(z" 2)"* 2" = HSHT, (16)

where H = Z(ZT2)"Y? = ZQ™Y? and S = (27 2)Y2B(z*2)"? = Q'/?BQ"Y?. Since we
assume all the communities in the stochastic block model have at least one member, all the
elements of the diagonal matrix ) are strictly positive quantities. Hence both the square root
matrix Ql/ 2 and its inverse exist and are well defined. Clearly, H TH =1and H,S > 0. Hence,
[H,S] is an OSNTF of rank K for A. Any other OSNTF of rank K for the matrix A is unique
up to a permutation matrix P by Proposition 2. Therefore H; = H; — Z; = Z;.

For the result on £, we have,

L=27B.727 = ZQ71/2Q1/2BLQ1/2Q71/2ZT. (17)

Hence, following the preceding argument, an OSNTF of rank K applied to the matrix £ will
recover the factor matrices as Hy, = ZQ~'/? and S, = Q'/?B1,Q"/? unique up to a permutation

matrix P. Since Q'/? and Q™2 exist, Z,Q'/? = Z,Q"'/* = Z; = Z; in both cases.
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For £, we can present the same arguments by noting that £, under SBM can be written as

Lr=ZBr+2)Z".

O
Proof of Lemma 2
Proof. The population adjacency matrix of the DCSBM, as in Equation (3.8), is
A=0zBz"0
=02(2"0°2) ' *(2"6°2)*B(2"6%2)'* (2767 2) " * 2" ®
— ASAHT, )

where H = ©2(27022)7Y? = ©2Q~'/? and § = (27022)'/?B(Z70%2)'/? = Q'/*BQ"/>.
Note that the matrix Q = (Z70%Z) = (02)7(0Z) € R**¥ is a diagonal matrix. Clearly
all the elements are strictly positive and hence the matrix admits both a square root and an

inverse. We compute
A0 =(z"e*z2) ' *(z"e*z)(Z27e*z) " * =1,

and H,S > 0. Hence, [H,S] is an OSNTF of rank K for A under DCSBM. Any other OSNTF
of rank K for the matrix .4 is unique up to a permutation matrix P by Proposition 2.

Since both Q'/? and Q~'/? exist, we have Z;,Q~Y/? = Z;Q~"/? if and only if Z; = Z;.
Moreover, since Z; contains only one non-zero element, say at position k, and @ is a diagonal
matrix, (ZQ~'/?); also has only one non-zero element, whose position within the row is also k.
Now,

arg max H;;, = arg maxei(ZQ_l/Q)ik = arg maux(ZQ_l/Q)“c
k k k

Hence, nodes i and j will be assigned to the same community if and only if Z; = Z;.



Similarly for £, we have

£=0"zB z"e"?
=0'?z(z"ez)*(z"0z)*BL (27 02)"* (2" 02) * 2T 0" /?
= HLScHY, (19)
where Hy, = ©'/22(2702)"Y/? = 0Y22Q;"? and §;, = (270©2)'/*BL(2702)'/* = Q}/*BLQ}/*.
We note that the matrix Qr = Z70Z € R¥*X is also a diagonal matrix with strictly positive
diagonal entries and hence both square root and inverse are well defined. Since H; Hy, = I and
Hr,Sp >0, [Hr,St] is an OSNTF of rank K for the matrix £. As before, this is unique up to

a permutation matrix P.

The proof for the second part is identical to the previous case with A. O

Proof of Lemma 3

Proof. We have for any H € 7-[4]\_/ <K

|F(Ar, H) — F(A H)|
= ||H"A-H|% — |H" AH| %
=|(1H" A-H||r — |H" AH||r)* +2(|H" A-H||r — [|[H" AH | p)(|H" AH| p)]

S (IH"A-H|p — |H" AH||p)* + 2| H" AH||p|(|H" A-H||p — | H" AH||p)],

where the equality in the third line follows because (a® — b%) = (a — b)? + 2b(a — b). Next, we
bound the two terms in the last line above separately. First, we use the following result from

Theorem 2.1 in Le et al. (2017). For any C’ > 0, there exists a C' dependent on C’ such that

||AT - AHZ S C\/Z7



with probability at least 1 — n=c.

For the first term we have

(IH"A-H||p — |HT AH|[p)* < [|H" (A- — A)H %
< K|H"(Ar — AH||3
< K|HTZIHI31(Ar — A3

< K|[(A; — A3 < KCiA.

with probability at least 1 — n~%". The second line follows due to the fact that (HTA H —
HTAH) is a K x K matrix and the equivalence of norm relation, || X ||z < /rank(X)||X||2.
The third line is due to the property of spectral norm that |ABC||2 < ||All2||B]|2]|C||2, while
the fourth line follows from Theorem 2.1 of Le et al. (2017) as mentioned above, and the fact
that || H||2 = Amax(HTH) = Apax(Ix) = 1.

Now the second term can be bounded with probability at least 1 — n~% as follows:

2|HT AH | r|(|H" A-H||r — [|H"AH | r)|
<2VK|H" AH|]2|(|H"A-H — H" AH | r)|

< 205VKAVEVA = CsKA?,
since Amax(A) < A. Therefore combing the two terms we have
|F(A,, H) — F(A, H)| < C4KA®/?

with probability at least 1 — n~% for some constant C4 which depends on Cj.
Similarly, for the objective function on the regularized Laplacian matrix, we have the

following result. From Theorem 1.2 in Le et al. (2017) with 7 = 2A, we have the result

HLT - ‘CT”Q S

Blo



with probability at least 1 — o(1) for some constant C'. Then we have for any H € "HfXK,

1 1 _ KCs
_ < <
|F(L,,H) — F(L., H)| < KC, — + ch\f JA

with probability 1 — o(1), since Amax(£) < 1. O

Proof of Lemma 4

Proof. Since He HfXK, by Proposition 1, each row of H has at most one non-zero element.
If Hy, = (ZQil/zp)ik > 0, then a correct assignment for row ¢ would require ﬁlk > (0. This

implies if node 7 is incorrectly assigned, then

1H; — Hil* = | Hi = 2:Q7Y2P|* = | Hi|* + | Q™' P)?

> |2:Q7 PP = 2
max

1
VNmaz

Hence, every mis-clustered node i must have ||H; — Z;Q~Y/2P|| at least as large as
The matrix H, = ZQ /2 is the same for OSNTF in Laplacian matrix as it is for OSNTF in
adjacency matrix, and hence the necessary condition for mis-clustering is also HIAILZ —Hp Pl >

1 O

Nmaz

Proof of Theorem 1
Proof. Using Lemma 4, the mis-clustering rate r4 has the following relationship:

- — - — - - Nr
| = HPIF =3 |- HPIP> 3 Hi— P>
(2

i: 4 is mis-clustered
Now let S1 = HTAH and A, = HS HT. Then F(A,H) = |[HTAH||% = ||S||% and
F(AH) = ||HT AH||% = ||S1|%. Moreover, [H, S1] is an exact OSNTF of the matrix A;.
From the discussion in Section 2, the columns of H and H span reducing subspaces of A

and A; respectively. We can then look at the matrix A as a perturbed version of the matrix

10



A; and use the Davis-Kahan Perturbation Theorem (Davis and Kahan, 1970) to relate the
difference between the subspaces R(H) and R(H) with the difference between A; and A. In
the next proposition we first reproduce the perturbation theorem mentioned in Theorem 3.4,
Chapter 5 of Stewart and Sun (1990) in terms of canonical angles between subspaces. Note
that for any matrix A, A(A) denotes the set of its eigenvalues. For two subspaces £ and F, the
matrix O(&, F) is a diagonal matrix that contains the canonical angles between the subspaces in
the diagonal. See Stewart and Sun (1990) and Vu and Lei (2013) for more details on canonical

angles. We use sin ©(€, F) to denote the matrix that applies sine on every element of ©(&, F).

Proposition 1. (Stewart and Sun, 1990) Let the columns of HfVXK span a reducing subspace

of the matriz B, and let the spectral resolution of B be

HT Ky 0
B(Hy, H2) = ; (110)

HT 0 K
where (Hy, Hs) is an orthogonal matriz with Hy € RM*X, and K, € R**F and K, €
RW—EOXIN=K) gre reql symmetric matrices. Let X € RN*¥ be the analogous quantity of
H, in the perturbed matriz B, i.e., X has orthonormal columns and there exists a real sym-

metric matric M € R¥*® such that BX = XM. Define R = BX — XM = (B— B)X. If

6= min/\leMKz)’AzeA(M) |)\1 - )\2| > 0, then

_IB-Blr
- 0

I sinO(R(H), RO r < L

To use the proposition in our context, let B = Ay, B= A, H; = H, X = H. Then we have
K; =81 and M = S. Since S contains all the non-zero eigenvalues of A; (Section 3.1), in this
case A(K3) contains only 0’s. On the other hand A(M) contains all the non-zero eigenvalues of

A. Consequently, 6 = miny, ca(x,),rpeA(M) A1 — A2| = A4

11



By Proposition 2.2 of Vu and Lei (2013) there exists a K dimensional orthogonal matrix

O such that

_ 2
Lt~ O} < [smo(r(i), R(A)|F < 1A

< M5 (111)

Next note that,

A= A5 = [|AlIF + [ Aw]F — 2tr(AA)
=181% + |S:]|% — 2tr(AHHT AHHT)
= IS|3 + |53 — 2tr (AT AH AT AR)
= [I8]1F + 1S1[IF — 2tr(S151)
=1SIF — I1S:1I%
= ||H" AH|[: — |H"AH| %

=F(AH)— F(A H).

Also we have

F(AH)— F(AH) < F(A,H) — F(A, H) + F(A, H) — F(A, H)

< 2C0KNA*?,

where the first inequality follows from the fact that F'(A, H ) > F(A, H), since H maximizes

T1

the function F'(A, H). Hence from Equation (111) we have with probability at least 1 —n~"",

_ ., 2CKA%?
Consequently,
. Npaxci K A3/?
A=TTNOAE

12



for some constant ¢; with probability at least 1 —n~"".

The result for r;, follows by repeating the same arguments. We have

C2NmaxK
S 77
N(A£a)2/A

TL

for some constant co with probability at least 1 — o(1).

Proof of Lemma 5

Proof. Following the previous arguments for the case of SBM in Lemma 4, if node 7 is incorrectly

assigned, then

|Hs — HP||* = || H; — 0, 2,Q 2 P||* = || H;||* +110:2:Q/*P||?

0?
o A=1/2p)2 _ i 2
> [16:2:Q~ /" P|" = 776 Z)r >m”.

For OSNTF of the Laplacian matrix, this necessary condition for mis-clustering becomes

X _ R _ 0;
Hp:— Hi P> = |H —6Y22,072P)2P > — 2 > (m))%
|Hr, — Hr . P||” = 1H; — 0, Z:Q * > ZT07)m > (m)

Proof of Theorem 2

Proof. The proof follows similar arguments as in the proof of Theorem 1. From Lemma 5, we
have

|H — HP||% > Nram®.
Further, we have from the proof of Theorem 1,

4t KAP/?

2 I 2
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Then combining the two results, we have

A < 461KA3/2
A= Nm2(\A)2’

with probability at least 1 — n~ "', for some constants ¢1,71 > 0.

Similarly, for the case of 71, from Lemma 5 we have ||Hy, — Hy, P||% > Nr1(m’)?. Therefore

4dea K

EETEVINENIN with probability at least 1 — o(1) for some constant

the result follows: r; <

co > 0.

2. Additional Tables and Figures

Number of simulations different methods perform the best

In Tables S1 and S2, we report the number of times out of 90 repetitions the different algorithms

returned the best correct clustering rate for various scenarios.

Average density | Reg. OSNTF OSNTF Spectral Reg. Spectral SCOREplus SBM refine  DCBM refine
0.025 52 13 0 0 11 6 8
0.027 44 29 0 0 10 5 2
0.029 48 29 0 0 5 6 2
0.031 47 35 0 0 2 4 2
0.033 56 26 0 0 1 6 1
0.036 45 34 0 0 1 6 4

Table S1: Number of cases a method returned the best correct clustering

rate out of 90 simulations for different (low) average densities
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Degree Heterogeneity | Reg. OSNTF OSNTEF  Spectral Reg. Spectral SCOREplus DCBM refine
1.8 8 67 1 6 2 6
1.9 2 7 1 5 2 3
2.0 0 87 0 0 0 3
2.1 2 84 1 0 0 3
2.2 1 84 2 0 0 3
23 0 87 2 1 0 0
2.4 0 89 1 0 0 0
2.5 0 84 4 1 1 0

Table S2: Number of cases a method returned the best correct clustering

rate out of 90 simulations for different extents of degree heterogeneity

Simulation for computing time

We plot the computing time taken by OSNTF and Regularized OSNTF along with other meth-
ods with increasing number of nodes N in Figure S1. We find that OSNTF has a higher
computational cost compared to non-iterative methods like SCOREplus and regularized spec-
tral clustering, and the computational cost is comparable to the iterative methods like SBM
refine and DCBM refine. As N increases, the computational cost for the iterative methods,

including that of OSNTF, increases quite a bit.
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Figure S1: Comparison of computing time for various methods
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