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Supplementary Material

This supplemental material contains the technical proofs for Theorems 1—4.

S1 Optimal Rate of Convergence under random de-

sign

Proof of Theorem 1. Note that any lower bound for a specific case yields a
lower bound for a general case. We set 7 = % and assume (€;,(7:1), ..., €(Tim))
follows a normal distribution with zero mean and Cov(e;(7;;), €(Ti)) =
Co (Tij, Tir.) where Co(s, s) = o?.

The Varshamov-Gilbert bound shows that for any m > 8, there exists
aset B={b b1 ... p™)L c {0,1}™ such that

1. 6@ =(0,...,0)
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2. H(D,V) > m/8 for any b # V' € B, where H(-,-) = >" | |b; — b}| is
the Hamming distance;

3. Ny > 2m/8,

Let N = [mn"/®+1]. Define B = VN-LY 2V | bi\/pro.

Then |8y = N7 SN, by < Land (18,3 = NS b

Notice that,

2N
NT'H(0,0) poy SN D bepe SNTH (b,V) p,
k=N-+1 (S1.1)
/
L_HGY)
8 — N -

Combine with condition the eigenvalue condition p, ~ k=2", we

have

N8Byl S N (81.2)
By and condition (A1) (A2),

KL (HY\ﬁb | HYlﬁb/) =nE [(Iﬁb - $5b')/ Z_l(T) (x:Bb - $/3b/)]
N ”mao_2 18y, — ﬂb’”g
< nmoy N7

Fano’s lemma now yields

. . log (clnma_QN’Qr) + log 2
. _ 32 - _ 0
g}gﬂEwllﬁ B3z N (1

1 log M



S1. OPTIMAL RATE OF CONVERGENCE UNDER RANDOM DESIGN

This gives:

lim lim sup P (HB - B,

2
>a ((nm)r/(%“))) =1.
a—0n—oo Bo 2
Let (€(Ti), ..., €(Tim)) follows a normal distribution with unknown

mean p and Cov(e;(7;;), €(Tix)) = og. Then the estimation of 3 is equiva-

lent to the estimation of p from n i.i.d samples.

This gives:
. 2
lim lim sup P <HB — Byl > anl) =1,
a—0n—oo Bo 2
as desired. n
Proof of Theorem 2. Define:
(
1 n m
=2 (335005 207
i=1 j=1
1 n m
i=1 j=1

gmn,A(Q) = gmn(g) + )‘HgHg{m
loor(9) = Cos(9) + A9l

BY = argmin {{(8) + |85 }
BEH(K)

T” = arg min {Emn(ﬁ) + )\HBH%U’}
BEH(K)

\

Notice that under (C4) when A = 0, g = B, minimizes all p (Y} — 27 ¢* (T;)),

therefore 85| =0 = Bo-
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First we bound the regulated estimator and the unregulated estimator

with infinite samples: ||3 — B,||3. Consider the following eigen decompo-

sition:
/60 = Z av(bv?
v>1
133\0 = Z bvgbv
v>1
Define

I
=

E <[Y11 —a7go ( )}2> +E (Jz"g — 2" g0l13) .

Let 7o = min(7,1 —7) and ¢o = 7E (|27 z|3).

—| < |bk| < |ag| and abr > 0 by contradiction:

First we prove | —%——
p | 1+Acg lpk

Define f. = B + €y, by the fact that ¢y < FHH—F=94 < 1.

loon(BY) = looa(fe) = loo(fe) = Loo(BY) + AIBY 3 — Il fell3r)
> 70 ((5(BY) = Lo (£) + MUIBY e — [l fellr)
> col(ar = br)* = (ar = bk — €)*) = Aoy (0 — (b + €)°)
If ayby, < 0, take € = —by, yields £oo A (87) — Loon(f.) > 0.

If |bg| > |ak|, take € = aj, — by, yields o A (BY) — loon(fe) > 0.

Otherwise let eb, < 0 and sufficiently small in scale:
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loon(BY) = Loon(fe) > col(ar — br)® — (ar — be — €)%) — Ap, ' (b — (br + €)?)

Olco(ar, — x)* + Nppa?]
Ox

b -
= €C -
S\ 1y ey ot

> 0.

~

I'Zbk

Therefore,

-1 -1

) Cy P _ P
1B =Boll3 =D (ar—be)* <Y ap(-—>E)? < appy, sup —F—— — < AMIBoll%-
k>1 E>1 k1 v21 (1 + Apy, )

Let

~ 1
B = BY — 361 Db (BY)

where D stands for the Fréchet derivative and Gy = (1/2)D*(, A (BY) -

By Lax-Milgram theorem,

2

)00 0 . %)
165 ~ Y1 = & 365" Dl (85)

2

B[S ) (Dﬁnm,w?w]

k>1
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E [Dln(BY)01)* = E [Dlyn (B )b — Dloo(BY) P)”
4 n
= —n2m2 Z Var
=1
1
< 3 (Var

1
n2?m?2

b [ R(6)C(. 9 )
< 1 Ck

ij o ([Yi — 21 B (Ti7)] o (7@))]
> ([80(75) - B (7] (7))

Jj=1

+E

Var (i Yion (Ti) | T)]

<m\|ﬁo—ﬁio\|§|l¢k||§+m(m— 1) . chk(S)Co(S,t)fﬁk(t)dsdHmUSchkII%

Y

~mn2 n’

where [ ¢r(s)Co(s,t)¢r(t)dsdt. Therefore,

200 0 1 — T 1
E[B8Y - 875 < W/\ e 4 -

Next, consider |37 — 85°||2. Direct computation shows,
mn 200 1 — 0 mn 00 o0 mn 1SS
AT IBA = §G)\1 [DQfoo(BA )( A IBA ) - D2£mn(ﬁx )( A 5,\ )]

By Lax-Milgram theorem,

|’ﬁg\nn—ﬁ§0|’§ < Zkzl (1 + Apél)_Q [%mp Z?:l Z;n:l z:1 ( g\m (721') - IB~§\O (7;>) Dx (ﬁj) -

2

- 2 B
Jr (B (s) = BE(N)on(s)ds| < ey (14 M) 7 S o
Therefore

1

200 || 2
||/B’g\nn - /6§\O||2 5 mn)\_l/Qr'
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1 1,1
(—A"YE L),

185"~ Bol3 S 185"~ B I3+ BT B3+ 185~ Bl ~ —— =t (——

Take A & (nm)~27@ D we have [|B7" — B2 < (nm)~27/@+D _|_% as

desired.

S2 Optimal Rate of Convergence under fixed design

Proof of Theorem 3. Consider a fixed design with given sampling nodes S =
Ti, -+, Tm. There must exist an index ¢ for which 7,1 — 7; > % Let ¥ be

a bump function defined as:

1
exp (—152), z€(—-1,1)
oy | )
0, otherwise

It can be readily observed that

/ [0 ()] dt < oo
i

for all r € N. Define 8, = 0 and B, = m™ ¥ <m( — 7;“2+T1)> Direct

calculation yields:

/T[ﬁg”(t)]zdt:/T[\If(”(t)]2dt<oo,

182 = Bullz = 1Ballz = m™" [ ¥]5.
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It is important to note that B3(s;) = By(s;) for all i € {1,...,m}. Thus,
under fixed design, B, and 3, are indistinguishable by any regressor. There-

fore,

. 2
lim inf sup P (H,@ - By
2

n—oo ﬁ /367'[

> cm2”> > 0.

This concludes the proof, as desired.

Proof of Theorem 4. Define:

4 n m

0a(B) = (mn) SN, (s (7)) — 27 B)

=1 j=1

mn __ : N )\ 2
A" = arg min v (B) + MB35

1812 = (mp)™ Y (B(T))" (B(T))-

=1

.

First we consider a pointwise estimator b € (R™)?. which minimizes
mn) ™Y Y e (i (T5) — ;)
i=1 j=1
By Newey and Powell| (1987) Theorem 3,
m P 1
DDy ~BY(T))" = O,().
7=1 k=1

Let b € £5 be the linear interpolation of b, which is defined as:
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by, 0<t<T,
V() ={ prlimazt gk =T :
=9 Y7oz +bagnty, T<t< T,

| s T <t <1

Consider the solution of the following optimization problem:

minimize || f||

subject to f (x) = g (x)for all z € S.

It is well known |Green and Silverman (1993)) that the solution of this
optimization problem can be characterized as T"(g), where T" is a bounded
linear map from L, to H satisfying || 77(f)— f||3 < (maxo<j<m | Tj41 — 7}|2r) I 113,
We denote T7(3) = T ((,61, e ,Bp)) = ((Tr(ﬁl),--~ ,TT(BP))), it’s easy
to verify that the boundness still holds.

The boundness leads to ||[T7(8,) — Byllz < m™7.

Define 8™ = T"(b) and B = T"(3,).

18" |3 = IT7 (b + Bo = Bo) I3 < 1803 + 177 (b — By) I3 < 0.

Also, by DeVore and Lorentz| (1993),

=

T 1
187" — B3 S 1Ib— Byll3 ~ (mp) 12 - B4 73)) Op(=).

n
j=1 k:l

By the definition of Penalized expectile RKHS estimator and 857,
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187" — B3 = | T"(By™) — T"(8)|2
S |18y — 8>
S mn) 'S0 (0 () — 2l By’

i=1 j=1

~ (mn)~! Z Z pr (yi (Tj) — ={ BY")

i=1 j=1
< v (BY") + AIBY" 5
< v, (8%) + B3

=0,(A+n""

Therefore,

1BY™ = Bollz < IBX™ = B2 + 18> = Bollz = Op(m ™ +n~" + \).

As long as A &~ m~?" +n~!, the lower bound is reached. O
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