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Abstract: Heavy-tailed high-dimensional data are common in practice, including disease pre-
diction, gene expression analysis, and risk management. Dependence measures for symmetric
a-stable (SaS) random vectors are commonly applied to heavy-tailed data. However, the existing
measures of dependence for symmetric a-stable (SaS) random vectors do not imply indepen-
dence at zero. To address this problem, we introduce a novel measure of dependence, extended
codifference, for the SaS and non-symmetric a-stable heavy-tailed distribution family, that al-
lows characterizing independence between heavy-tailed variables for 0 < a < 2. We propose an
efficient non-parametric estimator that does not require estimation of tail indices and obtain its
asymptotic distribution. Furthermore, we provide a guideline for selecting a suitable measure
of dependence based on the properties of each measure of association. Finally, we provide sev-
eral simulation studies for further illustration and apply extended codifference to clustering of
single-cells based on their RNA-seq expression to identify cell types in adipose tissue.
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1. Introduction

Heavy-tailed data vectors commonly appear in statistical data analyses, such as anal-
ysis of extreme values (Rohrbeck and Cooley, 2021)), prediction modeling using big
Electronic Health Records (EHR), and gene expression analysis using RNA-Seq data
(Cantoni and Ronchetti, |2006; Zhu et al., [2019). For example, an annual extremal net-
work for exploring the extremal dependence structure of environmental processes was
proposed in |Huang et al.|(2019). Moreover, in a case-control study using EHR data, the
prediction of specific outcomes of a rare disease may involve heavy-tailed biomarkers
and patient features, including numerical lab results and vital signs. Also, in gene dif-
ferential analysis, expression values as unique representatives of the biological state of
a particular tissue or cell, can be noisy (Garel and Kodial [2009; [Kuznetsov et al., [2002)
with a heavy-tailed distribution, of power-like (Pareto) form (Tsimring, 2014; Newman,
2005)). A recent groundbreaking technology, measuring gene expression at the level of
individual cells, is single-cell RNA-seq (scRNA-seq), which allows biologists to study
heterogeneity of expression and detect unknown cell types (Hashimshony et al., 2012;
Jaitin et al.; 2014). This process produces high-dimensional, sparse numerical data ma-
trices of expression values of thousands of genes for thousands of dissected individual
cells. Clustering cells based on their gene expression patterns using these types of data
is still a challenge under study by many researchers.

These studies often rely heavily on variable selection and classification methods
for which measuring the dependence and association between the biomarkers and re-

sponse (Fan and Lv|, |2008) and correlation between genes’ expression values are required



(Oyelade et al., [2016). However, heavy-tailed distributions often do not have finite
second moments, and hence the variance-covariance matrix and standard measures of
correlation, such as Pearson correlation, do not exist. Therefore, proper measures of
dependence for heavy-tailed distributions are required to screen the biomarkers with
significant association with the outcome of interest and detect clusters embedded in the
feature subspace.

A standard family of distributions for modeling heavy-tailed data is the family
of stable distributions. Stable distributions are invariant under linear transformation,
have the Gaussian distribution as a particular case, and are capable of modeling heavy
tails as well as skewness. When the central limit theorem is generalized to i.i.d random
variables with infinite variance, the limiting distribution is stable (Feller, 1971). Stable
distributions have been applied to different fields of study, including finance and pattern
recognition (Fiche et al. 2013; Pele and Stanciulescu, 2015} Zak et al., 2017).

In the context of stable distributions, the classical covariance is not defined when
the stability parameter a < 2, because moments of order two or higher are infinite. To
overcome this limitation, codifference was introduced as a robust alternative measure
of dependence Samorodnitsky and Taqqul (1994). Codifference has several appealing
properties: it reduces to covariance when o = 2 (Gaussian case), and it remains well-
defined for all 0 < v < 2. In addition, for 0 < a < 1, codifference equal to zero implies
independence between random variables, making it a powerful tool in heavy-tailed data
analysis. However, this independence characteristic does not generalize to 1 < a < 2.

Motivated by this limitation, this paper proposes a novel generalized dependence



measure that extends the codifference, ensuring that zero dependence implies indepen-
dence for the entire range 0 < a < 2. This extension broadens the applicability of
dependence measures for heavy-tailed data and provides a stronger theoretical founda-
tion for modeling and inference in stable random vectors.

Among the measures of association for heavy-tailed random variables, the choice
of a proper measure for an application depends on the purpose of the study. For
example, testing independence between two variables on the one hand and evaluating
the positive or negative direction of the dependence on the other hand may require
two different measures, as some measures of association do not guarantee independence
at value zero, although they can quantify associations. In addition, properties such
as interchangeability and symmetry play crucial roles in determining the best choice
of measure in applications. In this paper, we study the properties of the existing
and novel measures of associations for SaS random vectors and provide a guideline
for selecting a suitable measure for particular applications. Moreover, we study the
asymptotic behavior of nonparametric estimators for some measures of association for
heavy-tailed random variables. We also propose a novel extended codifference measure
that implies independence at zero for 0 < a < 2, and applied it to test the hypothesis of
independence of the components of a symmetric a-stable random vector via a simulation
study (Definition [7).

The remainder of this paper is structured as follows. In Section [2| after briefly
reviewing some measures of dependence for families of stable distributions, including

the classical codifference definition, we define the extended codifference and prove that



zero value of this measure implies independence for all 0 < o < 2 (Definition (7] and
Theorem . We also study the properties of different measures of dependence and
provide a guideline for selecting a suitable measure of dependence to quantify positive or
negative dependence. In Section [3| we propose a nonparametric estimator for extended
codifference and signed symmetric covariation and study their asymptotic behaviors.
We also illustrate and compare hypothesis testing of independence between two SaS
random vectors for different measures of dependence. In Section [4] we present several
simulation studies for more illustration and apply the codifference measure together
with the spectral clustering method for single-cell clustering of adipose tissue, based on
RNA-Seq expression values. Finally, we close the paper with a brief discussion section

and give proofs in the appendix.

2. Measures of dependence for a SaS random vector

In this section, we introduce the class of spectral covariance functions, which includes
many of the measures of association, and then review existing measures of dependence
for a bivariate SaS random vector. We also introduce an extended measure of associa-

tion that characterizes the independence of two SaS random variables with 0 < o < 2.

2.1 Overview of Measures of dependence for a SoS Random Vector

A distribution on R is stable if a linear combination of two independent random variables
with this distribution has the same distribution, up to location and scale parameters.

Stability parameter o € (0, 2] measures tail thickness « =2, a =1, and a = 0.5 corre-



2.1 Overview of Measures of dependence for a Sa.S Random Vector

spond to the Gaussian, Cauchy and Lévy distribution, respectively. Stable distributions
have infinite variance for v < 2, and infinite mean for a<1. Most of the stable laws
do not have a tractable closed-form density function. Hence, this class is characterized
by its characteristic function. The following two definitions characterize SaS random

vectors, and the class of spectral measures.

Definition 1. X := (X1,...,X,) is a SaS random vector in R with 0 < a < 2
(denoted by X € S,), if and only if, there exists a unique symmetric finite measure I’

on the unit sphere SPy = {x : ||x|| = 1,x € R}, called spectral measure, such that

Ox(0) := Eexp {i(0,X)} :exp{—/s \(9,S>\“F(d5)} : (2.1)

Py

where (0,8) is Euclidean inner product defined on R? .

Remark 1. Expression (2.1) also applies in the Gaussian case when o = 2; however,
in this case, the spectral measure I' is not uniquely defined. This point is illustrated by

an example in |Samorodnitsky and Taqqu (1994, p. 76).

Definition 2. (Damarackas and Paulauskas (2017)) Let f : SPy — R be a function

such that fsm f(s1,s2) I'(ds) is well-defined, and the following conditions are satisfied:

f(s1,82) =0 if s150=0, f(s1,82) = f(s2,81) and f(s1,82) = f(—s1,—52).

(2.2)

Then, a class of spectral covariance functions is defined by

p(f; X1, Xs) = o f(s1,82) '(ds). (2.3)
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For a bivariate SaS random vector X = (X7, X5) with a > 1, the spectral covari-

ance is defined by

p(X1, Xo) = / s1 82 (ds) (2.4)

SPo

where I" as in Definition[I} Analogous to the Pearson correlation coefficient, the spectral

correlation coefficient (s.c.c.) for an a-stable random vector X is defined as,

(X1, Xo) :/SP2 51 55 T(ds) (/SP $2T(ds) /m sgf(ds))_é.

While the independence of two SaS random variables X; and X, guarantees that
p(X1, Xy) is zero, the converse is not generally true.

Another measure of dependence is a-spectral covariance, defined by

pa(X1, Xs) — / 57517 52902 P(gs) (2.5)
SPo

where <% = sign(a)|z|*, for real constants a and z € R.

Definition 3. Let (X, Xy) be SaS random vector with 1 < o < 2 and let ' be the

spectral measure as in Definition[1] the covariation of Xy on Xy is the real number

X1, Xl = / 51 551> T(ds) (2.6)
SPs

(see Samorodnitsky and Taqqu (1994)) for more details).

This measure is not symmetric; i.e., [X1, Xa]o # [X2, Xi]a, and it can be shown that
1
[Xl, XQ]Q = 5 COV(Xl, XQ) .

Moreover, if X; and X, are jointly SaS and independent, then [ X7, X3], = 0. However,

the reverse does not hold in general. Furthermore, the covariation measure characterizes
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the covariation norm, as shown in the following definition, which is an important norm

function in defining certain measurements of dependence.

Definition 4. The covariation norm of X € S, , 0 < a < 2, is defined by

Q=

[ Xl = (1X, X]a)® = (= In (Bexp (iX)))= . (2.7)

One disadvantage of all the measures of dependence reviewed above is that they do
not generally imply independence at zero, except in certain restricted cases. For exam-
ple, codifference given in (2.9)), guarantees independence of two SaS random variables
only for 0 < a < 1.

Another measure of association, similar to the signs of correlation coefficient, in-
troduced in |Garel and Kodial (2009)) and revised by Kodia and Garel (2014), is signed

symmetric covariation (SCOV) given in the following definition.

Definition 5. Let (X1, X3) be a bivariate SaS random vector with stability index o > 1.

The signed symmetric covariation coefficient between X1 and X5 is defined as:

1
XlaXQ]a [X27X1]oz 2
[ X1 l|g [| Xl

scov( X1, Xo) = k(X1, Xo) | where (2.8)

sign([X1, Xola), if sign([X1, Xo]a) = sign([Xa, X1]a) ,
H(Xl,XQ) =

-1 otherwise.

Codifference (Samorodnitsky and Taqqu, [1994) of two SaS random variables X;

and X is defined by

T = (1K + I1XlE = [1X0 = XalS (2.9)
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By Property 2.10.4 in [Samorodnitsky and Taqqu| (1994), if X; and X5 , are independent
then 7x, x, = 0, but the reverse holds only for 0 < a < 1.
If 7 is a measure of dependence (including any measure discussed earlier), then the

following definition outlines the desirable properties that such a measure should satisfy.
Definition 6. Consider the following properties of the measure of dependence ~y:
i) Yix1,x,) = 0 if and only if Xi and X, are independent.
i) Y(x,,x,) reduces with the classical covariance when a = 2.
i) Y(x1,x2) determines the direction of dependence when Xy and X, are dependent.

) If the dependence between X and X, is positive, then y(x, x,) > 0; if the depen-

dence is negative, then yx, x,) < 0.
V) Y(x1,x,) 18 tnvariant under sign changes; that is, Y(x, x,) = V(= X1,—Xa)-

’Ui) V(X1,X2) 15 symmetric; that is, V(X1,X2) = V(X2,X1)-

Property (i) extends the equivalence between zero covariance and independence to
SaS random vectors, similar to that of the Gaussian distribution (o = 2). Property
(ii) determines if yx is a natural extension of the regular covariance to the family
of SasS distributions. We include property (iii) here since, unlike covariance, not all
measures described above can determine the direction of dependence. The following
theorem characterizes the properties of each of the five measures of dependence based

on Definition [6



2.2 A New Measure of Dependence for a Sa'S Random Vector and Its Properties

2.2 A New Measure of Dependence for a SaS Random Vector and Its

Properties

Motivated by Definition [f] and building on codifference measure, we introduce an ex-

tended codifference that guarantees independence at zero for all 0 < av < 2.

Definition 7. Extended codifference for SaS random vector (X, Xs) is defined by
* o « 1 (6% (0%
Tx,x, = [Xalla + 1XelG = 5 (1% = Xallg + X0 + Xa][5) - (2.10)

Note that using (2.9)), we can rewrite the extended codifference in terms of the

characteristic function as follows

i} In <(Eexp (i(X1 — X)) Eexp (i(X; + XQ)));) ‘ (2.11)

TX1,Xs = Eexp (iX7) Eexp (i X5)

The following result characterizes the independence of two SaS random variables

using the extended codifference for 0 < o < 2.

Theorem 1. A bivariate SaS random vector (X1, Xs) , with0 < a < 2, has independent

components if and only if 7%, x, = 0.

By definition, when a = 2, the extended codifference can be rewritten as

* _ =17 —152 1 —L(62402-2012) —
TXl,XQ——lne21—lne22—§ —ln e 291772 —Ine

: <af+a§+2m))
)

which is reduced to zero. In this situation, we can define a modified version of extended

codifference for p € [0,1], as

xx = [[Xalls + 11X = (21X = Xallg + (1= p) [[Xa + X213) -
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It is straightforward to see that, for p = %, the 7x, x, coincides with the extended
codifference, namely 7%, y,, while for p = 1 it reduces to the codifference, namely

Tx,.Xx,- Moreover, when a = 2, 7x, x, reduces to

—lne 2% —lne 2% — (—p In e~z (7i+o3-2012) _ (1 _ p) In e’%("%*"gﬁ‘”z))

Y

which simplifies to (2p — 1) times the covariance. Therefore, for « close to 2, we may

use Ty, x, with some p € (0,1) \ {2} . Therefore, we can conclude the following result.

Remark 2. A bivariate SaS random vector (X;, Xs), with 0 < o < 2, and for p €

(0,1) \ {3}, has independent components if and only if 7y, x, = 0.

Here, we study some properties of measures of dependence introduced earlier and
provide a guideline for selecting a suitable measure in applications, depending on the
purpose of a study. Mainly, we show that the extended codifference should be employed
to prove independence between two SaS random variables, while we suggest Spectral
Covariance and SCOV ((Garel and Kodia, 2009) to determine the direction and strength
of dependence. We use the following definition to characterize each measure, where

X = (X1, X5) and yx is the measure of dependence between X; and Xs.

Theorem 2. For a bivariate SaS random vector with spectral measure 1",
a) spectral covariance satisfies (ii)-(v), but it does not satisfy (i) and (ii).
b) a-spectral covariance satisfies (iii)-(v), but it does not satisfy (i) and (ii).

c) for 1 < a <2 covariation (2.6) satisfies (iii), but it does not satisfy (i), (ii), (iv)

and (v).



d) for 0 < a < 2 extended codifference (2.10) satisfies all properties except (ii) and
(iii).

e) for 0 < a <1 codifference (2.9) satisfies all properties except for (iii). Also, (i)
does not hold for 1 < a < 2.

Theorem [2| recommends extended codifference to show independence between two
SaS random variables and recommends spectral covariance and a-spectral covariance

to determine the positive or negative direction of dependence.

3. Nonparametric estimation of measures of dependence

This section proposes novel nonparametric estimators for codifference and extended
codifference and an M-estimator for spectral covariance. We also study the asymptotic

behavior of each estimator.

3.1 Codifference estimator and its asymptotic behavior.

For the i.i.d. random sample (X1, X21),. .., (Xin, Xon), we suggest the following non-
parametric estimators for 7x, x, Eq. (2.9) and 7%, x, Eq. (2.11), respectively,

LS cos(Xy — Xy)
Ty x, = In | o] d i
TX1,Xo u (n_12 szzl cos(X1;) cos(Xox) o oy

o 1 n_12 ZZkzl cos( Xy — Xop) cos( X + Xop)

7—)(1,)(2 - 5 ln - p)
(2 Sty cos(X) cos(Xor) )

We can also estimate the dispersion of a SaS random sample X, ..., X, , using

1 n
T =-2In| — X, d
TX, X n (n JZ_;COS( J)) an

(3.2)



3.2 Codifference for non-symmetric a-stable random variables

S o ( LS, cos(2X)) >
) _ n 4 :
27\ (300, cos(X))

Theorem [3| derives the asymptotic distributions for 7x y and 7% y.

Theorem 3. Suppose that X1,...,X, are i.i.d. SaS random variables, then

\/ﬁ(f'x,x—TX,x) - 7y, 0<a<2 and (3.3)

0-1;7'

NG

02;7’

d

(Txx — Tx.x) = 22, 0<a<2 (3.4)

standard Gaussian random variables Zy and Zsy, and 0, i = 1,2 are given in (77).

We estimate the off-diagonal components of the codifference and extended codif-
ference matrix by using (3.1)) and (3.2)), respectively, and characterize their asymptotic

distribution in the following theorem.

Theorem 4. Suppose that (X171, Xo1)", ..., (Xin, Xon) " are i.i.d. SaS random vectors

with spectral measure I, then

Jn

(Tx1x2 — TX1x2) = 21, O0<a<2 and (3.5)
031

vn

0__(7/;)*(17)(2 - T;(l,XQ) $ ZQ, 0 < « < 2 (36)
4;T

standard Gaussian random variables Zy and Zs, and os., and o4, are given in (77).
3.2 Codifference for non-symmetric a-stable random variables

In this subsection, we consider the measure of association for non-symmetric a-stable

random variables with 0 < o« < 2.



3.2 Codifference for non-symmetric a-stable random variables

An a-stable random vector X with a # 1 has the characteristic function of form

Uy (8) = exp{—/sp (6, s)| (1 i Bsign((8,s)) tan %) F(s)} . (3.7)

When o # 1, using Example 2.3.6 in [Samorodnitsky and Taqqu (1994), X has
independent components if and only if s; s, = 0, ['-a.e. (almost everywhere with respect
to I') and sign(s;se)sisy = 0, '-a.e.. For a non-symmetric bivariate a-stable random
vector, we can define codifference by the same formula as in ([2.9)), with a modification,
ie., we let | X]|¢ = fSP2 |(0,s)|*I'(s) and substitute ||X||% with ||X|| = —In ||¥x(1)]],
where || - || is module of a complex number. We can estimate the covariation norm by

using the following estimator,
n 2 n 2
H/XE = —%ln <%Zcos(X1k)> + (%Zsin(Xlk))
L. ! In ((i i cos( Xy — XU)>> . (3.8)
2 n?

With a similar argument as in Theorem [I] for the case 0 < a < 2, we can show

1
/ <|51|0‘+|32|a— §(|51 — so|* + |31+52|a)> I'(s)=0 (3.9)
5Py

holds if and only if sign(s;s2)s1s2 = 0, '-a.e.. Therefore, the bivariate a-stable random
vector X has independent components if and only if equation (3.9) holds. For i.i.d.
samples Xy = (Xq1,...,X1,) and Xy = (Xo1, ..., Xy,) from non-symmetric a-stable
distributions, using (3.8) we can estimate the association between X; and X, by

1

2

A% 1 (# Z’Zl,ll,kg,lz:l COS(Xkl:ll) COS<X]€2712)>
T- = mn
ok o 2 i1 C0s( Xk — Xu)ps > k=1 €08(Xop — Xay) ’




3.3  Codifference matrix

where Xk,l = X1 — X1 — (Xor — Xg) . Also, for sufficiently large sample size, by the
strong law of large numbers, 7 x, is close to zero if, and only if, X; and X; are inde-
pendent. Hence for non-symmetric a-stable random vectors, we generate the random
samples (0, X11 — Xi2, ..., X11 — Xin, - -+, X1no1 — X1, 0) and (0, Xo3 — Xoo, ..., Xoy —

Xony ooy Xon—1 — X2, 0), and use codifference defined in (2.9) as dependence measure.

3.3 Codifference matrix

Suppose that X; = (X;1,...,X;,)",i=1,...,n, and X = (Xy,...,X,,) is the obser-
vation matrix of i.i.d. random SaS random vectors. We define the codifference and

extended codifference matrices by 7x = (TXZ,, Xj)ij—l b and 7% = (T)*(i Xj) ,

i:j:17"'7p
and estimate them by Tx and T , where
Tx = (o) iyorp o TXx= (TXi’Xf>i,j1,...,p ' (3.10)
Let ¥i; = 7x,x,(¥}; = 7%, x,): Y1 = (Y11, .., V), the diagonal elements of 7x, > =
(V12y . V1p, Oag, . .., 09p, ..., Up_1,), the upper triangular components of 7x, and ¥ =

(91,82) . Also define ¥ similarly. The following theorem characterizes the asymptotic

distributions of 9x and 5;( .

Theorem 5. Suppose X = (Xy,...,X,) is the observation matriz of sequence of i.i.d.

SaS random vectors with characteristic function ®x given in (2.1). Then,

\/ﬁ (’BX — 19x> —d> N%(pQer)(O? Vg121;§(Vgl)T) and (311)

\/ﬁ (’B; — ’19;() —d> N%(p2+p) (0, Vg222;79(V92)T) ) (312>

where 3.9, Vg1, Xoy, and Ve are given in (77), (77), (??), and (7).



3.4 Estimator for signed symmetric covariation

Remark 3. These asymptotic distributions are quite complicated to use in applications.
Instead, one can show that the bootstrap estimators are consistent since the root-n
consistency with the Gaussian limit holds (see [Singh! (1981)). Therefore, we suggest
using bootstrapping to construct confidence regions or to test hypotheses. We should
remind the reader that the regular bootstrap is not asymptotically valid when limits

are stable laws (see [Knight| (1989)).

3.4 Estimator for signed symmetric covariation

Signed symmetric covariation coefficient (Definition |5)) for bivariate SaS random vector
X, is a standardized measure of dependence for which Kodia and Garel (2014) proposed
a nonparametric estimator and showed that it is asymptotically consistent. However,
the asymptotic distribution of this estimator can not be obtained explicitly. Instead, we
propose an M-estimator for scov and study its asymptotic behavior. For this purpose,

we need to estimate [y := Pﬁ;( 2 and s := i Xf(”li“ .

Suppose (X7, Xy) is a bivariate SaS random vector, then by Theorem 4.1.2 in

Samorodnitsky and Taqqu (1994), we have E(X;|X5) = [)‘(‘}f‘fj“ X5 a.e. Therefore, we

can estimate (4, and Sy by solving

(X
argmin Z ( 2 517 62) ’ (313>
B1,82 =1

where p is a differentiable convex function a.e. and guarantees a unique solution.
Following Sohrabi and Zarepour (2018), we consider the multivariate loss function

p(x1,xe) = p1(x1) + p2(x2), satisfying the following standard conditions:



3.4 Estimator for signed symmetric covariation

Assumption Al: p: R? — R is a convex and twice differentiable function, and take

Y;(-) = pi(-), and ¥i(-) = p(-). We can simply use Huber’s loss function here.

Assumption A2: E (1/)1 (%)) =E (@/}2 <§—;>> =0and E (@bf (%)) < 00,
E(¢§(§((—;)><OO,O<E wg(;f—;)]<oo.

(0 (%)’<w,and0<E

Assumption A3: ¢;(-) has Lipschitz-continuous derivative ¢}(-); i.e., there exists a

real constant k& > 0 such that for all z and y, |¢}(z) — ¥j(y)| < k| X7 — Xl .

The following theorem gives the asymptotic distribution of the M-estimator Bn of B =

(Br, B2) "

Theorem 6. Let Bn be the M-estimator of the parameter B = (B1,32)" obtained by
the Eq. (3.13)) for i.i.d. bivariate SauS random vectors (Xy;, Xo;), i = 1,...,n. Then,
\/ﬁ(fin — B) % W, where W is a bivariate Gaussian random vector with zero mean

and variance-covariance ¢ '3 yc with ¢’ = diag{c;,c2}, 1 = E (1#1 (&)) , Gy =

X11
(0 () o

5, = 4 <¢1 (X_n>> Cov <¢1 <X_u> e <X_21>> .(3.14)
Cov <1,/J1 <§—i> o <§—;>> 4 (7/’2 <§_;>>

Note that the results can be extended to higher dimensions.

Remark 4. The variance-covariance matrix of the asymptotic distribution of Bn does

not have a closed-form expression in general. We can use the following estimators to



3.4 Estimator for signed symmetric covariation

obtain 3 M, an estimator for the matrix X,,.

n -\ 2

= Xo1 1 X9

V(%(Xll)):n—lZ(wl( z) ¢1< >> ;

= Xo1 X11

(e (35) = (52))

1 o Xo; X2 X1 X1
=1 ; (% (Xu) — 1 <X1)> (1/12 <X2¢> — 1 <X2>> ;

" - 2

-~ X11 _ 1 Xl'L

v <¢2 (Xm)) n—1 ; <¢2 (Xm) v ( 2))

where ( ) Z%(§2z) _ 19,
17

Therefore, the statistics n(,B ﬁ)TE (,3 — B), for sufficiently large n, has the same

distribution as the T2-Hotelling random variable.

The M-estimator of the scov(X) given in ({2.8) obtained from (3.13) in terms of B:

1 =1,2, is given by
scov(X) = k(B) |51 Bol? (3.15)

where 1(8) = sign(f;) if sign(3,) = sign(B;) and equals —1, otherwise.
Based on the definition of scov, and using Theorem [2] the bivariate SaS random
vector (X1, X») has positive dependence if sign(3;) = sign(3) = 1, and negative de-

pendence if sign(f;) sign(f;) = —1.

Building on the results in Theorem [0, which establishes the joint asymptotic nor-

mality of the estimator vector (Bl, BQ)T, we can also study the asymptotic behavior of



a nonlinear function of the parameters. Specifically, we are interested in the product

f1 2. By applying the delta method to Theorem [6, we obtain
\/ﬁ (6132 - 5152) i> N((), Uéng),

where 03 5 = 5 T11+2 01 f2 Y1247 Ta2, and Ty denote the entries of the asymptotic
covariance matrix of the estimator vector (5’1, BQ)T, which is ¥ = ¢ !'¥;,¢, in which

3y and c are given in Theorem [6]

Remark 5. We consider the hypothesis test Hy : (5102 = 0 versus Hy : (102 #0. A

corresponding Wald test statistic is

_ BBy —0
V U%lﬁz/n

where 03 5 = B2T 11 420, 55T 124 32T, . Under Hy and for large n, the statistic 7}, has

T, (3.16)

an approximate standard normal distribution (see supplementary material for further

details).

4. Simulation Study

In this section, we provide numerical illustrations and applications of the measures in-
troduced in Sections [2[ and Specifically, we present two simulation examples. In
Example [T we generate independent and identically distributed data from a SaS dis-
tribution, while Example [2 applies the signed symmetric covariation coefficient (Sub-
section to simulated data from the sub-Gaussian family of SaS distributions. The

purpose of the examples is multifold. We illustrate the asymptotic distribution of the



components of the codifference matrix, as established in Theorems[3and[4] In addition,
we estimate (1, 52) using Eq. with several standard optimization algorithms. We
then perform hypothesis testing using five statistical tests to assess whether a bivariate
SaS random vector has independent components, and compare their performance.
The first three tests, A, As, and Ajz, evaluate independence based on the product

of parameters 3 and fs:

Hy: B182=0 vs Hy: BBz #0.

The remaining two tests, A4 and As, are based on the codifference and extended cod-

ifference, defined in Egs. (2.9) and (2.10)), respectively:

Hoi 7—X1,X2:0 Vs Hli TXl,Xg#Oa

Ho: 7%, x,=0 vs Hy: 7% x, #0.
The rejection regions for the tests are as follows:

A; Based on Bonferroni’s inequality, reject Hy if | 5’1] < ay or | BQ| < ag, with

a; = tj,nl\/l‘?(¢1(X2/Xl))a as = tj,nl\/lf/(wﬂXl/Xz))»

n n
where t,, is the a-quantile of the Student’s ¢ distribution with v degrees of

freedom.

A, Based on Hotelling’s T2, reject Hy if |3,| < a} or |Bs| < a3, with

aj = \/ Wm(xg/Xl))%Fa,m_z, a; = \/ V(%(Xl/xzn%&zﬂ-z,

where F, ,, ,, denotes the 100(1 — «)% quantile of the F' distribution.



Az Using the Wald-type statistic 7, (Remark , reject Hy if |T5,| > 2z1-a/2, Where 2,

is the a-quantile of the standard normal distribution.
A4 Based on the codifference, reject Hy if %%Xh Xy > Z1—a/2-

As Based on the extended codifference, reject Hy if ?\/fy%;ﬁ, Xo > Zl-aj2-

In Examples [I] and 2] for the tests A;, Az, and A3, we employ the Huber loss functions

pj, j = 1,2, as specified in Theorem |§|:

377 if x| < dj,

pi(x) =

dj x| — 5 &3

i if ’.CE‘ > dj,

where d; is a positive constant (e.g., d; = 1.5).

Example 1. In this example, we randomly generate independent and identically dis-
tributed (i.i.d.) with independent components (Xy;, Xo;), @ = 1,2,...,50, from an SaS
with stability index o = 0.7 and scale parameters o = (0.5, 0.75)". The simulation is
repeated 10,000 times.

We then compute the corresponding estimates of the codifference and extended cod-
ifference matrices, denoted by Tx, x, and ’T}’}h X, respectively. These estimators are used
to examine the asymptotic behavior of both the off-diagonal and diagonal elements of the
codifference and extended codifference matrices, as described in Fqs. and .

Supplementary Figures 77 and 7?7 presents histograms of the diagonal and off-
diagonal entries of Tx, x, and Tx, x,, for two different values of a = 0.7,1.1, based

on 10,000 simulation iterations. The results show that the off-diagonal elements are



close to zero, consistent with Theorem (1, which establishes that asymptotic indepen-
dence implies vanishing off-diagonal codifference terms.

Tablepresents estimated values of the parameters (f1, B2) for various values of the
stability index and scale parameters, obtained using Eq. and several standard op-
timization algorithms. Specifically, we employ the Broyden—Fletcher—Goldfarb—Shanno
(BFGS) algorithm, the Limited-memory BFGS (L-BFGS) variant, the Nelder—Mead
simplez algorithm, and the Conjugate Gradient (CG) method. These methods are widely
used for solving unconstrained nonlinear optimization problems and are available in most
scientific computing libraries. BFGS and L-BFGS are quasi-Newton methods that it-
eratively approximate the Hessian matriz; CG is a gradient-based method particularly
suited for large-scale problems. In contrast, the Nelder—Mead algorithm is derivative-free
and effective when gradient information is unavailable or unreliable. Table|1| illustrates
(i) the results across various computational algorithms are consistent, indicating the
robustness of our novel parameter estimates; (ii) all estimated values of $y and By (and
products) are close to 0, indicating evidence towards the independence assumption.

Table |9 presents the p-values for the statistical tests Ay, ..., As in Section[]. In all
cases, the p-values exceed 0.05; thus, none of the null hypotheses are rejected. These
results provide no statistical evidence against the independence of 51 and B, nor against
a zero codifference and extended codifference between X1 and Xo. Owverall, the simulation

results suggest that the components of the Sa.S random vector are likely independent.

Example 2. Suppose that G; := (G4, Go;), fori=1,2,...,500, be zero-mean jointly

Gaussian random vectors with covariance entries defined by vy = E(Gr; Gj), (k,j =



Table 1: Estimation of (Bl, Bg) for various stability indices and scale parameters o =

(0-17 0-2>T

in i.i.d. SaS samples

a

g1

02

BFGS

L-BFGS

Nelder-Mead

CG

0.2

0.2

0.6

0.6

0.9

0.9

1.1

1.1

1.6

1.6

1.9

1.9

0.5

1.5

0.5

1.5

0.5

1.5

0.5

1.5

0.5

1.5

0.5

1.5

0.5

1.5

0.75

1.2

0.75

1.2

0.75

1.2

0.75

1.2

0.75

1.2

0.75

1.2

0.75

1.2

(0.00104, 0.00800)
(0.00038,0.00735)
(0.00369,0.00455)
(0.00246, 0.00646)
(0.00419, 0.00364)
(0.00241, 0.00620)
(0.00433,0.00361)
(0.00244, 0.00595)
(0.00521,0.00287)
(0.00294, 0.00502)
(0.00629, 0.00237)
(0.00365,0.00384)
(0.00670,0.00213)

(0.00389, 0.00354)

(0.00274,0.00855)
(0.00178,0.00831)
(0.00374,0.00458)
(0.00252,0.00645)
(0.00418,0.00366)
(0.00242,0.00619)
(0.00433,0.00361)
(0.00243,0.00595)
(0.00521,0.00287)
(0.00294, 0.00502)
(0.00629,0.00237)
(0.00365,0.00384)
(0.00670,0.00213)

(0.00390,0.00354)

(0.02915,0.03011)
(0.02835,0.03122)
(0.00370, 0.00459)
(0.00275,0.00651)
(0.00418,0.00366)
(0.00241, 0.00619)
(0.00437,0.00361)
(0.00244, 0.00596)
(0.00521,0.00287)
(0.00294, 0.00502)
(0.00630, 0.00236)
(0.00366, 0.00384)
(0.00670,0.00213)

(0.00388, 0.00353)

(0.00042,0.00765)
(0.00056,0.00757)
(0.00371,0.00459)
(0.00251,0.00649)
(0.00418, 0.00363)
(0.00241, 0.00619)
(0.00433,0.00361)
(0.00244, 0.00595)
(0.00521,0.00287)
(0.00294, 0.00502)
(0.00629, 0.00237)
(0.00365,0.00384)
(0.00670,0.00213)

(0.00390, 0.00354)

1,2). Fiz 1 < a < 2 and let A; ~ Su)2 ((cos %)2/0‘,1,0) be a positive a/2-stable
random variable, independent of G;. Define the sub-Gaussian random vector X; :=

(X1, X2i) ;
In this example, we generate 1000 iterations from the model and use the Huber loss

function, as described in Section [, with v11 = 0.5 and e = 0.75.

The histograms of the off-diagonal and diagonal components of the sample matrices



Table 2: P-values for hypothesis tests with null hypotheses A;, 7 = 1,2, ..., 4, conducted
on i.i.d. SaS samples for various stability indices and scale parameters. The significance

level for the tests is set at o« = 0.05.

a | o1 | o9 Ay Ao As Ay As

0.2 105075051582 0.35678 0.69732 0.86106 0.85744

02|15 1.2 | 0.50984 0.35372 0.69618 0.94708 0.95818

0.6 | 0.5 | 0.75 | 0.31633 0.29006 0.70262 0.82698 0.78369

0.6 | 1.5 | 1.2 | 0.31804 0.29186 0.70456 0.94171 0.93867

0905075033664 0.30749 0.70172 0.85628 0.79709

09|15 | 1.2 | 0.34200 0.31184 0.70283 0.87077 0.87242

1.1 1 0.5 ] 0.75 | 0.34948 0.31709 0.70186 0.89102 0.83491

1.1 115 ] 1.2 | 0.35608 0.32331 0.70215 0.82016 0.80129

1.6 | 0.5 ] 0.75 | 0.37185 0.33446 0.70434 0.93520 0.85016

1.6 | 1.5 | 1.2 | 0.38433 0.34566 0.70380 0.76512 0.68864

1.9 0.5 | 0.75 | 0.38052 0.34017 0.70607 0.95240 0.84732

1.9 | 1.5 1.2 | 0.39830 0.35532 0.70394 0.77235 0.68768

2 105075 038254 0.34167 0.70620 0.95577 0.83667

2 15| 1.2 | 040138 0.35765 0.70363 0.77634 0.69182

Tx,,x, and Tx, x, are displayed in Supplementary Figure 77, for a = 0.2 and yi2 =
—0.3. The distributional shape indicates strong evidence that these components follow
an approximately normal distribution.

Supplementary Figure 77 illustrates the confidence region for the estimated values



of (B, B2), constructed using Hotelling’s T? statistic and based on the BFGS optimiza-
tion algorithm, under the setting o = 0.2. The Hotelling’s T?-based confidence ellipses
are centered at the origin, with both By and By lying close to zero. This result is con-
sistent with the null hypothesis of independence, indicating no significant evidence of
association between the components.

To numerically verify Theorem we estimate (B1, B2) from simulated data and
ezamine the distribution of Tx, x, and Ty, x,. Histograms in Supplementary Figure 77
suggest that the components are approximately normally distributed, providing empirical
support for the theorem.

From Ezample 2.7.4 in |Samorodnitsky and Taqqu (1994), we obtain [Xi, Xs]a =
2=0/2 3, V02 and [Xo, Xila = 272 4107722 Furthermore, || X0 = 279/2 2%
and || Xo||@ = 27/2 7;12/2 . Consequently, we have

B, = (X1, Xola _ M2 By = (X1, Xo]o _ T2
1= Tv e 2 = —

—_— = . 4.1
X0 7 Xale e (41)

As a result, 51 and By are independent of o, and we therefore expect their estimators to
remain stable as a varies. This behavior is confirmed in Table[3, that reports estimates
of (B1,P2) obtained using the methods described in Table |1 of Example . Similar to
Table |1, all estimation methods yield closely aligned results, providing strong support
for the validity of the parameter estimates. To further evaluate these estimators, we
compute their errors relative to the theoretical values given in . The results, shown
in Table [{|, demonstrate that the proposed methods produce parameter estimates with
manimal error.

Qverall, the tables indicate that estimation accuracy remains stable across different



values of o and v12, confirming the robustness of the proposed procedures.

Table @ reports the p-values for the statistical tests A;, i = 1,...,5 (as defined
in Section , evaluated at the 0.05 significance level across different stability indices
a and scale parameters. The corresponding codifference measures, Tx, x, and T, x,
(computed using FEqs. and ), are reported in parentheses, offering additional
insight into the dependence structure of the variables.

The first three tests, Ay, As, and Az, may fail to detect dependence under certain
sub-Gaussian settings. Specifically, when the marginals are dependent, but 5 = 0,
these tests do not reject the null hypothesis of independence. This occurs because the
test parameters [B; reduce to the correlation parameter (see Eq. ), which vanishes
even though the underlying sub-Gaussian vector remains dependent. As a result, these
tests may incorrectly indicate independence.

Hypothesis Ay shows reduced performance for o > 1, while A5 becomes unstable as «
approaches 2. In such cases, we recommend using the approach described in FEq. (2.12)
for a more reliable assessment of dependence. The limitations of Ay reflect the fact
that a zero codifference does not generally imply independence for SaS wvectors (see
Theorem @) Likewise, As fails to produce valid p-values near o = 2, as the extended
codifference is not defined for this value (see Remark @)

According to Proposition 2.5.2 in|Samorodnitsky and Taqqu| (1994)), the joint char-

acteristic functions of X1 + X5 and X1 — Xy are given by

w|R

)

1
E(exp(i(X) + X3))) = exp < - ‘5(’711 + 722 + 2712) |



o
2

E(exp(i(X — X)) = exp (= |50 + 20 — 2m2)| ).

These expressions demonstrate that X; and Xs may remain dependent even when o =
0, highlighting that zero covariance does not imply independence in sub-Gaussian or
more general stable distributions.

The codifference measures are computed as

115 |11 1T |1 g
TX1,X2 = ‘5%1 + ‘5’722 - ‘5(’)’11 + Y22 — 2712)| (4.2)
. 12 |1 |F 11 11 2
Txx, = (3] 372l —3 5(711 + Y22 — 2712) 3 5(711 + 7922 + 2712)| - (4.3)

These codifference and extended codifference measures complement the p-values, provid-

ing a robust evaluation of the dependence structure among the variables.

5. Single-Cell Clustering

Cell or gene clustering has an important role in identifying putative cell types in complex
tissues using gene expression patterns. For example, Single-cell RNA sequencing, as
a groundbreaking method for this purpose, allows scientists to gather large catalogs
detailing the transcriptomes of thousands of individual cells, with the main focus of
clustering individual cells using unsupervised clustering methods (Kiselev et al., |2019)
based on gene expression patterns.

There are multiple computational packages for clustering of single cells, including

Scanpy (Wolf et al., 2017) and Seurat (Satija et al., [2015). All the existing packages



Table 3: Estimation of (81, 5) based on sub-Gaussian samples

«o Y12 BFGS L-BFGS Nelder-Mead CG

0.2 | —0.3 | (—0.59908, —0.39840) (—0.59908, —0.39840) (—0.59908, —0.39840) (—0.59908, —0.39840)
02| 0 (0.00210, 0.00317) (0.00210,0.00317) (0.00206, 0.00318) (0.00210,0.00317)
02| 0.3 | (0.59768,0.39927) (0.59768, 0.39927) (0.59765,0.39928) (0.59768, 0.39927)
0.6 | —0.3 | (—0.59908, —0.39840) (—0.59908, —0.39840) (—0.59908, —0.39840) (—0.59908, —0.39840)
06| 0 (0.00210,0.00317) (0.00210,0.00317) (0.00206, 0.00318) (0.00210, 0.00317)
06| 03 | (0.59768,0.39927) (0.59768,0.39927) (0.59765,0.39928) (0.59768, 0.39927)
0.9 | —0.3 | (—0.59908, —0.39840) (—0.59908, —0.39840) (—0.59908, —0.39840) (—0.59908, —0.39840)
09| 0 (0.00210,0.00317) (0.00210,0.00317) (0.00206,0.00318) (0.00210,0.00317)
09| 03 | (0.59768,0.39927) (0.59768, 0.39927) (0.59765,0.39928) (0.59768, 0.39927)
11| —0.3 | (—0.59908, —0.39840) (—0.59908, —0.39840) (—0.59908, —0.39840) (—0.59908, —0.39840)
11 0 (0.00210, 0.00317) (0.00210,0.00317) (0.00206, 0.00318) (0.00210,0.00317)
11| 03 | (0.59768,0.39927) (0.59768,0.39927) (0.59765,0.39928) (0.59768, 0.39927)
1.6 | —0.3 | (—0.59908, —0.39840) (—0.59908, —0.39840) (—0.59908, —0.39840) (—0.59908, —0.39840)
16| 0 (0.00210, 0.00317) (0.00210,0.00317) (0.00206, 0.00318) (0.00210,0.00317)
1.6 | 0.3 | (0.59768,0.39927) (0.59768, 0.39927) (0.59765,0.39928) (0.59768, 0.39927)
1.9 | —0.3 | (=0.59908, —0.39840) (—0.59908, —0.39840) (—0.59908, —0.39840) (—0.59908, —0.39840)

1.9 0 (0.00210, 0.00317) (0.00210,0.00317) (0.00206, 0.00318) (0.00210, 0.00317)

1.9 0.3 (0.59768, 0.39927) (0.59768, 0.39927) (0.59765, 0.39928) (0.59768, 0.39927)

mainly employ a sequence of computational methods, including standardization, prin-
cipal component analysis (PCA), and several clustering Algorithms, including Lieden
and Louvain (for Scanpy). In addition, these packages have a primary screening process

that removes genes with sparse expression values, and those include extreme values or



Table 4: Error in estimation of (31, 52) based on sub-Gaussian samples

«o Y12 BFGS L-BFGS Nelder-Mead CG
02| -0.3 (0.00092, 0.00160) (0.00092,0.00160) (0.00092, 0.00160) (0.00092, 0.00160)
02 0 (0.00210, 0.00317) (0.00210,0.00317) (0.00210, 0.00317) (0.00210, 0.00317)
0.2 0.3 | (—0.00232,—-0.00073) (—0.00232,—0.00073) (—0.00235,—0.00072) (—0.00232,—0.00073)
0.6 | —0.3 (0.00092, 0.00160) (0.00092,0.00160) (0.00092, 0.00160) (0.00092, 0.00160)
06| 0 (0.00210, 0.00317) (0.00210,0.00317) (0.00206, 0.00318) (0.00210, 0.00317)
0.6 | 0.3 | (—0.00232,—0.00073) (—0.00232,—-0.00073) (—0.00235,—0.00072) (—0.00232, —0.00073)
09| -0.3 (0.00092, 0.00160) (0.00092,0.00160) (0.00092, 0.00160) (0.00092, 0.00160)
09 0 (0.00210, 0.00317) (0.00210,0.00317) (0.00206, 0.00318) (0.00210, 0.00317)
09| 0.3 | (—0.00232,—-0.00073) (—0.00232,—0.00073) (—0.00235,—0.00073) (—0.00232, —0.00073)
1.1 | -0.3 (0.00092, 0.00160) (0.00092, 0.00160) (0.00092, 0.00160) (0.00092, 0.00160)
1.1 0 (0.00210, 0.00317) (0.00210,0.00317) (0.00206, 0.00318) (0.00210, 0.00317)
1.1] 0.3 | (—=0.00232,—-0.00073) (—0.00232,—0.00073) (—0.00235,—0.00072) (—0.00232, —0.00073)
1.6 | —0.3 (0.00092, 0.00160) (0.00092, 0.00160) (0.00092, 0.00160) (0.00092, 0.00160)
1.6 0 (0.00210, 0.00317) (0.00210,0.00317) (0.00207,0.00318) (0.00210,0.00317)
1.6 | 0.3 | (—0.00232,—-0.00073) (—0.00232,—0.00073) (—0.00235,—0.00072) (—0.00232,—0.00073)
1.9 | -0.3 (0.00092, 0.00160) (0.00092, 0.00160) (0.00092, 0.00160) (0.00092, 0.00160)
1.9 0 (0.00210, 0.00317) (0.00210,0.00317) (0.00206, 0.00318) (0.00210, 0.00317)
1.9 0.3 | (—0.00232,—0.00073) (—0.00232,—0.00073) (—0.00235,—0.00072) (—0.00232, —0.00073)

have heavy tails. Hence, they include a fraction of the genes in the analysis.

However, removing genes with extreme expression causes loss of information, and

the PCA method ignores the information in extreme observations, as it only works for

well-behaved normal data. In this section, we apply spectral clustering using our novel



Table 5: P-values for hypothesis tests with null hypotheses A;, i =1,2,...,4

a | m2 Ay As As Ay As

0.2 | —0.3 | 0.00000 0.00000 0.00067  0.00000 (0.78489)  0.00000 (0.83416)
0.2 0 0.38921 0.34707 0.70926  0.00000 (0.82304)  0.00000 (0.82304)
0.2 | 0.3 | 0.00000 0.00000 0.00057 0.00000 (0.88343)  0.00000 (0.83416)
0.6 | —0.3 | 0.00000 0.00000 0.00067  0.00000 (0.42796)  0.00000 (0.55951)
0.6 0 0.38921 0.34707 0.70926  0.00000 (0.53636)  0.00000 (0.53636)
0.6 | 0.3 | 0.00000 0.00000 0.00057  0.00000(0.69106)  0.00000 (0.55951)
0.9 | —0.3 | 0.00000 0.00000 0.00067  0.00475(0.21351)  0.00000 (0.39476)
0.9 0 0.38921 0.34707 0.70926  0.00000 (0.36967)  0.00000 (0.36967)
0.9 | 0.3 | 0.00000 0.00000 0.00057 0.00000(0.57600) 0.00000 (0.39476)
1.1 | —=0.3 | 0.00000 0.00000 0.00067  0.18946 (0.09155)  0.00000 (0.30110)
1.1 0 0.38921 0.34707 0.70926  0.00001 (0.27737)  0.00000 (0.27737)
1.1 | 0.3 | 0.00000 0.00000 0.00057 0.00000(0.51065)  0.00000 (0.30110)
1.6 | —0.3 | 0.00000 0.00000 0.00067 0.00280 (—0.15339) 0.00033 (0.11292)
1.6 0 0.38921 0.34707 0.70926  0.01864 (0.09955)  0.00039 (0.09955)
1.6 | 0.3 | 0.00000 0.00000 0.00057 0.00000(0.37923)  0.00034 (0.11292)
1.9 | —0.3 | 0.00000 0.00000 0.00067 0.00000 (—0.26682) 0.16522 (0.02559)
1.9 0 0.38921 0.34707 0.70926  0.50699 (0.02193)  0.13998 (0.02193)
1.9 | 0.3 | 0.00000 0.00000 0.00057 0.00000(0.31801) 0.17020 (0.02559)

codifference dependence measure to a single-cell RNA-Seq data collected from Adipose

tissue (Rajbhandari et al. 2019) and compare our results with those of the Scanpy



package (Wolf et al., 2017). Our method is extremely fast and can be applied to the
whole data without pre-processing, standardization, or removal of the sparse genes.

The Adipose tissue single-cell RNA-seq data includes 36661 individual cells and
27334 genes; it is highly sparse, and RNA-Seq expression of some of the cells is heavy-
tailed. Figure [1| (Left panel) presents a histogram of the percentage of non-zero ex-
pression values for 1000 selected cells with an estimated 0 < o < 2. We use the Hill
estimator (Hill, [1975) to estimate the tail index. The majority of these cells are sparse
with non-zero expression values for less than 10% of all genes. Also, Figure [1| (Middle
and Right panels) presents the histograms for two cells with estimated o = 0.361 and
1.368, demonstrating that they are heavy-tailed with different index values.

We applied spectral clustering (Von Luxburg, 2007) using the codifference matrix
as the adjacency matrix and compared the result with the Scanpy package implemented
using both Leiden and Louvain clustering algorithms, presented via diffusion map in
Figure 2l Although Scanpy presents moderately clearer identification of some clusters,
the results of our clustering using the codifference measure are quite comparable. The
remaining noise in the spectral clustering can be due to multiple factors.

First, Scanpy uses a small fraction of highly variable genes for the initial PCA
dimensionality reduction, while we do not exclude any gene from clustering analysis.
This is particularly important in identifying genes that are differentially regulated in
small subsets of cells. Moreover, this can provide biologists with a potential new sub-
cluster of cells that differ from one another only in the expression of some of these genes.

Second, we use the data in its full dimensionality, but Scanpy reduces the dimension



significantly, which reduces variation in the data.

In summary, this example contributes to two important fronts: scientific and com-
putational. Scientifically, our approach preserves a greater portion of the original signal,
particularly low-expression genes that may nonetheless play critical roles in cellular dif-
ferentiation or disease pathways. Computationally, our method demonstrates stable
clustering behavior directly on raw data, whereas traditional pipelines often require

aggressive filtering and pre-processing before producing meaningful results.

Figure 1: (Left) Presents the histogram of percentage of genes with non-zero expression
values within a single cell, for 1000 individual cells with a < 2. (Middle, Right) present
histograms of the expression values for the entire gene population in two single cells,
(Left) Adipocyte and (Right) Macrophage. The tail indexes are estimated using the Hill

method, and other parameters are estimated using StableEstim R packages.
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6. Discussion

In this paper, we studied multiple measures of dependence for heavy-tailed data and

proposed extended codifference as an alternative measure of dependence for heavy-



Figure 2: Diffusion maps presenting clustering maps based on Scanpy (left and middle

panels) and based on codifference measure (right panel).
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tailed random variables. We also proposed non-parametric estimators for codifference
and extended codifference, which are much easier to compute as they do not require
estimating the o index and spectral measure.

This work can be extended and improved in multiple directions. Omne possible
direction is to develop a linear dimensionality reduction method that, unlike PCA, takes
the tail behavior into account. This will help reduce the remaining noise in the data
before clustering, while using the information hidden in the extreme expression values
in the clustering. Another possible direction is to study measures of association between
random vectors in the domain of attraction of a stable distribution with different tail

indices. This class is a large class of heavy-tailed distributions and includes the class of

regularly varying distributions.
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Supplementary Material

The online Supplementary Material contains selected graphs for the simulation example,

along with proofs and detailed derivations of the theorems and remarks.
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