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Abstract: Covariate-adaptive randomization (CAR) is commonly used to enhance
covariate balance in randomized experiments, yet the development of statistical
inference procedures on quantile treatment effects (QTEs) under CAR is still
limited, with most existing work focusing on stratified CAR procedures. In this
paper, we establish a unified theoretical framework for statistical inference on
QTE under CAR procedures, encompassing a wide range of commonly used
CAR procedures. First, we introduce a simple regression estimator for QTE
and derive its asymptotic properties. To further enhance estimation efficiency,
we propose an imbalance vector adjusted estimator. Additionally, we develop
methods for estimating the asymptotic variance, including the moving block
estimator and the covariate-adaptive randomized bootstrap. Simulation studies
and a real data example demonstrate the effectiveness of the proposed methods,

highlighting their practical utility in various settings.
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1. Introduction

Nowadays, a growing number of researchers tend to choose covariate-adaptive

randomization (CAR) procedures to balance baseline covariates in clinical

trials (lRosenberger and Lachinl, |201ﬂ; |TavesL |201d; tLin et a1.|, |2015|) and

experiments in economics research (lChong et a1.|, IZ()ld; tBurchardi et al.|,

}201‘(1; |Anderson and McKenzieI, fZOZj). For categorical covariates or dis-

crete covariates, many CAR procedures including stratified permuted-block

randomization (, ), Pocock and Simon’s procedure (, ;

tPocock and Simonl, |197d) and Hu and Hu’s procedure (tHu and Hu|, lZOIj)

have been proposed to balance treatment assignments within strata and
over covariate margins. These procedures can also be applied to continuous
covariates through discretization, though this may result in a loss of infor-
mation. To address this issue, numerous approaches have been proposed

that directly utilize continuous covariates, such as Atkinson’s D 4-biased

coin design (IAtkinsonL |198ﬂ), the method based on the Kullback-Leibler di-

vergence between empirical cumulative distribution functions (,

), the method based on kernel density (IMa and HUI, |2013|) and adaptive

randomization via Mahalanobis distance (|Qin et a1.|, bOZﬂ). Additionally,

|Ma et a,l.| (b024|) recently proposed a new and unified family of CAR pro-

cedures, which are applicable to discrete or continuous covariates or their



combinations.

In recent years, statistical inference under CAR procedures has at-
tracted many researchers’ interests, especially problems of parameter es-
timation and hypothesis testing for average treatment effects (ATEs). A
large number of literature has explored the statistical inference issues con-
cerning the ATEs under stratified randomization. Shao et all (2010) proved
that the two-sample t-test is conservative under a covariate-adaptive biased
coin design. Ma et al| (2015) studied hypothesis testing under the linear
model framework for stratified CAR, which assumes that the overall and
marginal imbalances across covariates are bounded in probability. Bugni
et al| (2018, 2019) studied the statistical inference for ATE under the frame-
work of stratified CAR, which requires that the fraction of units within each
stratum tends to be normally distributed. Moreover, in order to further im-
prove the estimation efficiency, some researchers have included additional
auxiliary baseline covariates for regression adjustment ([Ye et al,, 2022, Ma
et al), 2022). Lasso adjustment and machine learning methods have also
been developed, which are applicable to high-dimensional baseline covari-
ates (Liu et al), 2023). For more general CAR procedures, Ma et al| (2020)
derived the theoretical properties of statistical methods based on general

CAR under the linear model framework and extended the framework to



logistic regression models.

Although the ATE provides a valuable overview of the general impact of
a treatment by quantifying the mean difference in outcomes between treated
and control groups, it falls short in capturing the heterogeneity of treatment
effects across different positions of the outcome distribution. For example,
in clinical trials for rheumatoid arthritis treatment, as reported by van der
Heijde et al) (2006) and Kremer et al| (2006), the efficacy in preventing
structural damage is notably consistent across approximately 75% of the
patient population. However, in the case of the most challenging 25% of
patients, there is a notable divergence in treatment efficacy, with the less
effective treatment showing a substantial decline in effectiveness, which is
unable to be captured by ATE.

In order to solve the problem, some researchers arise their interests in
the statistical properties of quantile treatment effects (QTEs) under CAR
procedures. Under the framework of Bugni et al| (2018), Zhang and Zheng
(2020) proposed the simple quantile regression and the inverse propensity
score weighted quantile regression to estimate unconditional QTE and Jiang
et al) (2023) proposed regression-adjusted estimation to further improve es-
timation efficiency. Besides, Liu et al] (2025) investigated inference for

conditional quantile treatment effects (cQTEs) under stratified CAR pro-



cedures. However, to the best of our knowledge, the methods for estimating
QTE under CAR procedure that directly incorporate continuous covariates
remain largely unexplored. In the past, progress in this direction was limited
by the lack of theoretical understanding of such designs. In recent years,
however, theoretical developments in CAR procedures that accommodate
continuous covariates have made this line of research increasingly feasible
(Qin et all, 2022, Ma et al|, 2024, Zhang, 2023). In this article, we inves-
tigate the estimation of quantile treatment effects within a more general
and flexible framework. This framework not only encompasses most strati-
fied randomization procedures commonly used in practice but also extends
to methods that directly utilize continuous covariates without requiring
discretization. By addressing a broader class of covariate-adaptive random-
ization procedures, our approach enhances the applicability and relevance
of QTE estimation in diverse experimental settings.

The main contributions of this article are as follows. First, we propose
a unified framework that encompasses a wide range of CAR procedures and
derive the asymptotic properties of the simple regression estimator within
our general framework, providing theoretical support for quantile treat-
ment effect estimation across a broader family of covariate-adaptive ran-

domization procedures. Second, we propose the imbalance vector adjusted



estimator which includes additional baseline covariates to improve estima-
tion efficiency. Third, we propose two methods to estimate the asymptotic
variance of our estimator.

The rest of the paper is organized as follows. In Section E, we describe
the model setup and notation. In Section E, we propose a simple regression
estimator and an imbalance vector adjusted estimator. In Section @, we
introduce some common CAR procedures. In Section E, we propose two
methods to estimate the asymptotic variance of simple regression estimator.
In Section B and H, simulations and a real data example are presented to
illustrate the effectiveness of the proposed theory. The technical proofs are

given in Supplementary Material.

2. Set up and Notation

Suppose that n units are to be assigned to two treatment groups using a
CAR procedure. Let T; be the assignment of the ¢th unit, where T; = 1 in-
dicates assignment to the treatment group and 7; = 0 indicates assignment
to the control group. Define ny = Y | T; and no = > (1 —T;) as the
number of units in the treatment and control groups, respectively. Let Y;(1)
and Y;(0) represent the potential outcomes for unit ¢ under treatment group

and control group, respectively. The researcher observes {Y;, X;, T;}" |,



where Y; = T;Y;(1) + (1 — T;)Y;(0) is the observed outcome and X; =
(zi1,ig, -+ , ;)" denotes the covariate vector for unit . We next intro-
duce the assumptions that characterize the data-generating process (DGP)

and the randomization schemes.

Assumption 1. (i) For W; = (Y;(1),Y;(0), X,))T, {W;}, are independent
and identically distributed as W = (Y (1),Y(0), X )T with E(||W||3) < cc.

(i) {Yi(1), Yi(0) }imy AT}, [{ X}y

Assumption 2. If m(X) is a function of X with E{m?(X)} < oo, then

there is a g, > 0, such that

% > (T~ m(Xs) & A0, 03) (2.1)

Furthermore, if f(X) is a function of X with E{f(X)} = 0and Var{f(X)} =
o} < o0; {Zi(1),Zi(0), X;};_, are independent copies of {Z(1),Z(0), X'}
with E{Z(a)|X} = 0 and Var{Z(a)} < o0, a = 0, 1; and that, conditional

on {X;}",, {Z;(1), Z;(0)}_; are independent of {T;}" ;. Let
&= 2T — Dm(X;) + f(Xi) + Zi(V)T; + Zi(0)(1 = T3), (2.2)

then

1 n
%zgiﬁf\f(o,ag),



where
2 2 2 1 1
o =0, +o;+ 5 Var{Z(0)} + §Var{Z(1)}. (2.3)

Assumption m is a regularity condition that is frequently adopted in
the literature on CAR and holds for a broad class of CAR procedures. In
contrast, Assumption E serves as a key condition in our framework.

Although Assumption E may appear complex, Ma et al| (2024) demon-
strated that it holds for the unified family of CAR procedures they proposed,
which encompasses many commonly used CAR methods such as Hu and
Hu’s procedure and COV procedure. Moreover, Assumption E also holds for
adaptive randomization via Mahalanobis distance (Qin et al), 2022), with
the proof provided in the Supplementary Material.

Equation (@) can be viewed as a central limit theorem for CAR proce-
dures. Nevertheless, for the unified family of CAR procedures, the closed-
form expression for o2 remains an open problem (Ma et all, 2024, Zhang),
2023).

In addition, we introduce the following assumption, which is widely

used in the literature of quantile estimations.
Assumption 3. For a = 0,1, denote f,(-) and f,(-|x) as the probability
density functions of Y;(a) and Y;(a)|X; = @, respectively. f,(-) and f,(:|x)

are continuous, bounded and bounded away from zero for each 7 € (0, 1).



3. Estimation of Quantile Treatment Effect

Our parameter of interest is the 7th quantile treatment effect defined as
q(1) = q1(7) — qo(7), where 7 € (0,1) is a quantile index and ¢, (7) is the
7th quantile of the random variable Y (a) for a = 0,1. In this section, we
propose a simple regression estimator to estimate ¢(7), and an imbalance

vector adjusted estimator to further improve its efficiency.

3.1 Simple Regression Estimator

In this subsection, we propose the simple regression estimator to estimate
q(7), which is widely used in the estimation of quantile treatment effect
(Zhang and Zheng, 2020). We obtain the simple regression estimation by

running a quantile regression of Y; on 7T;, that is

(@(7),q(r)" = argmin > " p, {Y; = Ty — (1 — T3)o},

61760 =1

where p.(m) = m{r—1(m < 0)} is the standard check function. The simple
regression estimator is defined as q(7) = ¢1(7) — @o(7) and the following

theorem establishes its asymptotic property.
Theorem 1. If Assumptions B, @ andB hold, then for fizred 7 € (0,1), we

have

Va{d(r) —q(m)} L N(0,0%(7)),



3.2 Imbalance Vector Adjusted Estimator

o*(1) = o{(1) + 03(7) + 03(7),
T=P{Y;(1) <a(r) [ Xi} 7 —-P{Yi(0) < ql7) | Xz}:|
e ()} Jolao(m)} ’
P{Vi(1) <au(7) | X} — H{Y;(1) < Ch(T)}]
f{a(m)}
P{Y;(0) < q(7) | Xi} — I{Vi(0) < QO(T)}:|
fol{ao(T)} 7

and o?(7) satisfies that n=Y23"" (2T, — 1)g(X;) 4 N(0,0%(7)) with

03(7) = Var {

o2(1) = Var {

+ Var [

T—P{Yi(1) < q(7) | Xi} LT P{Y;(0) < qo(7) | Xi}
fi{a(7)} folao(7)} '

Note that o3(7) and o3(7) are invariant across different CAR, proce-

9(X;) =

dures, we therefore refer to them as the design-invariant variance compo-
nents. In contrast, the randomization-specific contribution to the asymp-
totic variance of ¢(7) is captured by o%(7), which we refer to as the randomization-
specific variance component. If there exists a CAR procedure such that

2

oi(1) = 0, then the corresponding ¢(7) has a possibly minimum asymp-

totic variance.

3.2 Imbalance Vector Adjusted Estimator

The simple regression estimator is constructed based solely on the observed
outcomes {Y;}, and treatment assignments {7;}! ,, without incorporat-

ing any covariate information {X;}!" ;. However, it is now widely recognized



3.2 Imbalance Vector Adjusted Estimator

that incorporating the covariates used in CAR procedures into the inference
stage can substantially improve estimation efficiency (Ma et al), 2022, Ye
et al), 2022, Liu et all, 2023, Jiang et al,, 2023). Motivated by this, we
extend our analysis to include covariates in the estimation procedure. Un-
der certain randomization procedures, such as complete randomization and
Hu and Hu’s procedure, the term o%(7) admits a closed-form expression.
In these cases, conventional covariate-adjusted estimators can be applied,
as discussed in detail in Zhang and Zheng (2020) and Jiang et al| (2023).
In contrast, when o3(7) does not admit an explicit expression, the effect
of conventional regression adjustment on this randomization-specific com-
ponent becomes nontransparent. In particular, it is unclear whether the
induced change increases or decreases 0%(7), and hence whether efficiency
is improved. Consequently, traditional covariate-adjusted methods cannot,
in general, guarantee efficiency improvement at the theoretical level. This
observation highlights the importance of selecting covariates that enable a
clean variance decomposition. The key requirement for covariate selection
is to leave the randomization-specific component o?(7) unaffected, while re-
ducing the design-invariant components o3(7) and o3 (7), thereby improving
estimation efficiency. To achieve this goal, we impose the following assump-

tion on the choice of covariates.



3.2 Imbalance Vector Adjusted Estimator

Assumption 4 (Balance of imbalance vector). Suppose that there exists
a design-based r-dimensional vector ¥(X;) = (¢1(X;),- -+ ,¢,(X;))T such

that E{sp(X,)} = 0, and 7, (27, — 1)eb(X,) = 0p(y/).

Remark 1. Assumption @ is satisfied by a broad class of CAR proce-
dures. In particular, Ma et al| (2024) proposed a unified framework that
encompasses many widely used CAR methods and establishes that As-
sumption @ holds under mild conditions. Consequently, Assumption H

is fully satisfied provided that the overall treatment imbalance satisfies

SL(2T5 — 1) = op(y).

Remark 2. This assumption indicates that only highly balanced covari-
ates can be used for covariate adjustment. The results in Zhang (2023)
show that only design-based covariates, which correspond to the covariates
used to define the imbalance measure in CAR procedures and their linear
combinations, satisfy this assumption. Consequently, additional covariates
that are not design-based cannot be incorporated into the covariate adjust-
ment proposed in this paper. For this reason, we refer to the proposed

adjustment method as the imbalance vector adjusted estimator.

First, we consider initial imbalance vector adjusted estimator of g;(7)



3.2 Imbalance Vector Adjusted Estimator

and qo(7) with respect to ¥ (X), which are defined as

G0y (T Moy ) = argmin » (T, = a) {p-(Y; — q) + ¢\ 9(X)) } ,a = 0,1,
g i=1
where A, = (A14,-- ., )\M)T are constant r-dimensional vectors. Then, the

initial imbalance vector adjusted QTE estimator is

a\;dj(Tv )‘17 )‘07 ’(p) = Z]\f,adj (7-7 )‘17 I‘:b) - %,adj(Tv >‘07 Ilp)

Specifically, when Ay = Ag = 0, it reduces to the simple regression es-

timator. The following theorem establishes the asymptotic property of
/q\gdj (T7 Ala AOa 'l)b)

Theorem 2. If Assumptions B, @, B and hold. Then, for fized T € (0,1),

we have
\/_{qadj T, A17A071¢ }_>N 0 o ( )+V(7—7 )‘17)‘071/)»7
where
Al )\0 i )\1 )‘0
Ve N = | ] P T T
_2[ AL X ]T { bi(r, ) bo<7,¢)]
fi{a(m)} folao(M)}] [fla(n)}  folw(r)}

Ty = Cov{yp(Xi)} and ba(r,%) = E[(r — I{Yi(a) < ¢u(7)})9p(X;)] for

a=0,1. In addition, V (1,1, Ao, ) attains its minimal value when

Al _ Ao — |:b1(7'7¢) _ bo(ﬂ@b)}
o} folo)} 7Y e} folaw()}



3.2 Imbalance Vector Adjusted Estimator

where EL/, denotes the Moore-Penrose pseudoinverse of 3ay,. Furthermore,

let Viin(T,%) denote the minimal value of V (7, A1, Ao, ¥), then

b (7, %) bo<w>]T2+ [bl(mb) bo(7. )

VT = ) Rl 2 e e) ~ Rolw@i ]

This theorem shows that Assumption @ helps isolate the contribution
of the design from that of the adjustment, thereby preventing potential
cancellation between these two effects in the asymptotic expansion.

Note that the function V' (7, A1, Ao, ¢) may be positive for some choices
of Ay and Ag, but V,,u(7,%) < V(7,0,0,%) = 0. Therefore, choosing
suitable values of A; and Aq is crucial for enhancing the efficiency of the
estimator. In the following, we determine the optimal values of A; and A
that minimize V' (7, A1, Ao, %), and subsequently discuss their estimation.
Due to the challenges associated with accurately estimating f,{q.(7)}, it is
preferable to avoid direct estimation of f,{q.(7)}. A practical and effective

choice is

Aaopt(T, ) = 2$¢ba(7, ),a=0,1,

which can be estimated by

~ /\Jr o~
Xaopt (T, ) = By ba(7,9),0 = 0,1,



3.3 Selection of % for Imbalance Vector Adjusted Estimator

where §J¢¢ is the sample covariance matrix of ¥ and

~ 1 — N
bu(r ) = — > (Xi) [r = I{Y; <@} I(T; = a),a =0,1.
@ =1
Then, the imbalance vector adjusted estimator with respect to 1(X) is
defined as
Qadi (T: Y) = Qadi (T, ¥) — Q.0 (T, P),

where

Qo (7,%) = argqmmi 1T = @) { o (Y; = 0) + 03 (7 9)$(X0) | 10 = 0, 1.
i=1
The asymptotic property of guq;(7, %) is summarized in the following corol-
lary, which follows immediately from Theorem E
Corollary 1. If Assumptions B, @, B and hold, then for fixred T € (0,1),
we have /n{Gua; (T,%) — q(7)} 4, N(0,0%(7) + Vinin(7, ).
Corollary m indicates that the efficiency of the imbalance vector ad-

justed estimator is at least as efficient as the simple regression estimator.

Furthermore, if 3, is non-singular, then as long as by(7,%)/fi{q:(7)} #
bo(7,%)/ folao(T)}, we have Vi (7,7) < 0.
3.3 Selection of © for Imbalance Vector Adjusted Estimator

In the previous subsection, we proposed the imbalance vector adjusted esti-

mator under the condition that ) satisfies Assumption @ In what follows,



3.3 Selection of % for Imbalance Vector Adjusted Estimator

we explore the optimal choice of 9. Under a CAR procedure, there exists
a design-based imbalance vector, which we denote by ¥ ,5. Let w(X) be
a function of X. In most cases, the existing theoretical results can only
guarantee that Y (27; — 1)w(X;) = op(yv/n) if w(X) € Span{epz(X)}
(Ma et al), 2024, Zhang, 2023). Therefore, all admissible functions can be
written as a linear combination ¢(X) = Hpg(X), for some matrix H.

The following theorem provides the theoretical foundation for the optimal

choice of 1.

Theorem 3. If Assumptions @, @, B and hold, then we have the following
conclusions:

(i) If H and Cov(vp pg) are non-singular and ¥* = Hppp, then Vi (T, % pp) =
Vinin (T, 97).

(7i) Let U = {4p* : op* = Hap 5 for some matriz H} be the set of all admis-

sible imbalance vector functions. Then, mingey Vinin (7, %) = Vinin(T, ¥ pp)-

This theorem shows that the design-based imbalance vector is optimal.
For convenience, it can sometimes be multiplied by a non-singular matrix
without affecting the optimality. We will further illustrate this point with

specific examples in the next section.



4. Properties of Several Randomization Procedures

In this section, we present several common randomization procedures that
satisfy Assumptions m and E and provide the form of 4(X;) in imbalance

measure adjusted estimator for each CAR procedure.

Example 1 (Complete Randomization). Complete randomization (CR)
assigns units to each treatment group with the equal probability 1/2. It
can be seen as a special case of CAR procedure. Since the treatment as-
signment is independent and does not depend on covariates, it follows from
central limit theorem that n=2/2 ™" (27; — 1)m(X;) % N(0, O&R.m)s Where
0tpm = Var{m(X)} and n™'/23"" & LN N(0,0¢ge), where 02y, =
Var{(2T; — D)m(X;) + f(X;) + Z()T; + Z;(0)(1 — Ti)} = 0pm + 07 +
+Var{Z(0)}+1 Var{Z(1)}. Thus, Assumption B is satisfied under complete
randomization and o3, = Var{g(X;)}. However, Assumption @ does not
hold, thus the imbalance measure adjusted estimator is not applicable for

complete randomization.

Example 2 (Hu and Hu’s Procedure). Hu and Hu’s procedure (HH) was
proposed by Hu and Hu (2012), and it seeks to simultaneously decrease
overall, marginal, and within-stratum imbalance, denoted by D,,, D, (l;s;)

and D, (s), respectively. The procedure is designed for discrete (categori-



cal) covariates. In practice, continuous covariates must be discretized into
categorical variables with a finite number of levels. Let )?Z = (Ti, 0, Tip) "

denote the discrete version of X;, where z;; € {0,1,--- ,¢;}. Suppose the

kth unit falls into stratum s* = (s},---,s;). The imbalance measure is

then defined as

p
Imbg = woDi + > wai{Da(l; 57)} + wf Du(s)}?,  (4.1)

=1

where w,, wy,; and wy > 0 denote the weights for D,,, D,,(; s} ), and D, (s*),
respectively. The treatment status is determined sequentially for 1 < k <n

as

(

p ifImb{l}, < Imb{'},,
P[Ty = I{X 0 AT = 11— p if Imb;{}{H > Imb,(c%H, (4.2)

0.5  ifTmby ), = Imb\},,,

\

where 0.5 < p <1, Imbg}l y and Imbl(f])q 5 denote the “potential” imbalance
measures corresponding to 7, = 1 and T}, = 0, respectively. The proce-
dure provides a general framework for CAR procedures, under which many
existing designs can be viewed as specific instances. When w, = w, = 0,
the procedure corresponds to Pocock and Simon’s procedure (Pocock and
Simon, 1975). When w, = w,,; = 0, the procedure corresponds to strat-

ified biased coin design (Shao et al), 2010). Hu and Hu’s procedure can



be regarded as a special case of the unified family of CAR procedures (Ma
et all, 2024), which ensures that Assumption E holds. In particular, if
ws > 0, then o7 1y = E[Var{g(X,)|X;}] < Var{g(X;)}, which implies that
the simple regression estimator of quantile treatment effect under Hu and
Hu’s procedures is more efficient than that under CR. Based on the estab-
lished theoretical properties in Hu and Zhang (2020), Assumption @ holds

for Pocock and Simon’s procedure with

Yps(Xi) = (I (@ =5)) —P@ij=s5) 15 =1, i85 =0, 1)),
(4.3)
and Assumption @ holds for stratified biased coin design with

Yep(Xi)=I(X;=8)—P(X;=8):5€8)T, (4.4)

where S denotes the set of all strata. For Hu and Hu’s procedure with

Wy > 0 and wy > 0, (@) can be used as the imbalance measure.

Remark 3. Under Hu and Hu’s procedure, the asymptotic variance ad-
mits an explicit expression. This facilitates the incorporation of additional
covariates to further improve estimation efficiency; see Zhang and Zheng

(2020) and Jiang et al) (2023) for a detailed analysis.

Example 3 (COV Procedure). The COV procedure, originally proposed by

Ma et al, (2024), incorporates the balancing of overall differences, covariate



means, and covariance matrices. The imbalance measure is defined as
2 5 v |12 2
Imb,, cov = weD} + w1 || X1 — Xo||, + w2 [|S1 — Solly »

where X, and S, denote the covariate sample mean and covariance ma-
trix under treatment (a = 1) and control (a = 0), respectively, ||| is the
Frobenius norm and wy, w; and ws are the corresponding weights. The se-
quential treatment assignment rule for the kth unit follows the same form as
Equation (@) with Imby, g replaced by Imby cov. It has been established
in Ma et al) (2024) that Assumption E is satisfied. Moreover, Assumption
W holds with ooy (X;) = (X7 — B(XT), vec{X:XT — B(X; X ne)

where vec{ X; X — E(X; X.") }unique denotes the vectorization of the unique

(non-redundant) elements in the matrix X; X — E(X;X]T).

Example 4 (Adaptive randomization via Mahalanobis distance). Adap-
tive randomization via Mahalanobis distance (ARM) was proposed by Qin
et al. (2022), which allocates treatment sequentially by minimizing the Ma-
halanobis distance between covariate means of the treatment and control
groups, thereby achieving covariate balance without discretization. For con-
venience, we assume that n is even; otherwise, the last unit is assigned to

the treatment and control groups with equal probability. The imbalance



measure for the first 2k units is defined as
_ _ T ~—1 _ _
Imbo arnr = (Xiok — Xogr) 2 (K26 — Xogk)

where 3 is the sample covariance matrix, X 12k and X@Qk denote the co-
variate means of the first 2k units in the treatment and control groups,
respectively. The sequential treatment assignment rule for the (2k — 1)th

unit is given by

(

0,1)
P if Imbék Ay < Im bék ARM >

k—
P[Tor-1 = I{ X} AT = 1—p if Imb(Q}g’SiRM > Imb(Q%QRM,

1,0) 0,1)
0.5 if Imbék Ary = Im bék ARM >

\

where 0.5 < p < 1, ImeE(BRM and Imbg,)c’zRM denote the “potential” im

balance measures corresponding to (Tox—1, Tor) = (1,0) and (Tox—1, Tox) =
(0, 1), respectively. The (2k)th unit is then assigned as Top = 1 — Tor—1 to
maintain the equal proportions. As shown in Qin et al| (2022), Assumption
@ is satisfied with ¥ 45, (X;) = X; — E(X;). In addition, Assumption B is
satisfied under mild conditions, with the proof provided in the Supplemen-

tary Material.

Remark 4. For ARM, the design-based imbalance measure is ¥ 4 s pp(Xi) =

Z;(l)? arm(Xi), where Yxy = Cov(X;) and ZXX denotes its inverse



square root. For convenience, we tend to select 1 45,,(X;) as the imbalance

measure in practice, which is also optimal from the perspective of efficiency.

5. Estimation of Asymptotic Variance

In this section, we consider the estimation of asymptotic variance of g(7)
and ,q;(7,9). First, it is easy to note that the consistent estimator of
Vimin (T, %) can be obtained by

_ bire)  bo(n ) | ot [ Bilnp)  Bo(r )
me T, = — | = — =< b)) =< — =< 4
(:¥) fla () fo{aom}] i [fl{az(f)} Foldo(r)}

where f;() is estimated by the kernel density estimation using the obser-

vations Y; provided that T; = a. Therefore, we only need to consider the
consistent estimation of o?(7).

Multiplier bootstrap and covariate-adaptive randomized bootstrap are
two widely used approaches to estimate the asymptotic variance of quantile
treatment effect estimators under covariate-adaptive randomization (Zhang
and Zheng, 2020, Jiang et al., 2023, Liu et al), 2025). Unfortunately, under
our framework, multiplier bootstrap estimator is not consistent, since the
multiplier bootstrap sample does not preserve the negative cross-sectional
dependence in the original sample. In this section, we propose a moving

block estimator and a covariate-adaptive randomized bootstrap to estimate

o?(7).



5.1 Moving Block Estimator

5.1 Moving Block Estimator

In this subsection, we propose the moving block estimator (MB) to estimate
the asymptotic variance. For each ¢ = 0,1,--- ,n — ¢, we select a block
of data {Y}, Xj, Tj};:f ., and obtain the simple regression estimator of q(7)
based on the block of data, which is denoted as @; ¢,s(7). Then, the moving
block estimator of the asymptotic variance of \/n{q(7) — q(7)} is given by

the sample variance of {@'7@7mb<7)}?:_0£ multiplied by ¢. That is,

n—~{
14
~92 - ~ = 2
Oop(T) = n—t+1 ; {Giemv(T) — Gmn(7)}
where @,,(7) denotes the sample mean of {g; ¢mp(7) ?;(f .

To prove that 62,(7) is consistent, we introduce the following assumption.

Assumption 5. Suppose that ¢ — 0o and ¢/n — 0, as n — oo, we have

| net [ it 2P
EZ(Z 51) =7

=0 \j=i+1
where the definition of & and o7 are provided in equations (@) and (@),

respectively.

Remark 5. It can be proved that Assumption B is satisfied for the new
and unified family of CAR procedures proposed by Ma et al! (2024). The
proof follows a similar approach to that of Theorem 3.6 in Zhang (2023)

and we will not go into further details.



5.2 Covariate-adaptive Randomized Bootstrap

Theorem 4. Suppose that Assumptions B, @, B and B hold. If { — oo and

¢/n =0 as n — oo, then for fived 7 € (0,1), 52,(1) 2> o2(7).

Remark 6. Although the moving block estimator is excellent in theoreti-
cal properties, the converge rate is very slow, which implies that it is not
useful when the sample size is not very large. For moderate sample sizes,
the estimator’s performance is highly sensitive to the choice of ¢, yet its op-
timal selection remains an open question. A similar dilemma is discussed in
Zhang (2023) when estimating the asymptotic variance of the estimator for
average treatment effect. Further investigation into this issue constitutes
an important direction for future research. In practical applications, Zhang

(2023) recommends setting ¢ to integer(n'/?) or integer(n'/?).

5.2 Covariate-adaptive Randomized Bootstrap

Inspired by the bootstrap methods proposed by Shao et al) (2010), Zhang
and Zheng (2020) and [Liu et al, (2025), we propose the covariate-adaptive
randomized bootstrap (CAB) for our framework. The procedure is as fol-
lows.

(i) Resampling covariates: Draw {X;}" , with replacement from the em-
pirical distribution of {X;}! ;.

(ii) Generating treatment assignments: Generate {7} ; based on { X},
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and the predefined treatment assignment rule.

(iii) Resampling outcomes: For T} = a and X = &, we randomly select k*
from the set arg minyc ;.7 _qy [|[Xx — X;[[2, which consists of indices k corre-
sponding to units assigned to treatment a and having covariates X} closest
to X/ in terms of the Euclidean distance. Since this set is guaranteed to
be non-empty, we can always draw k*. The outcome Y;* is assigned as Yj«.
(iv) Computing bootstrap estimates: Compute ¢*(7) based on the bootstrap
sample {Y;*, T, X}, with the same working model as that for g(7).

(v) Repeating the process: Repeat steps (i) - (iv) for B times and denote
the B bootstrap estimates by {¢**(7)}2 ;.

Then the covariate-adaptive randomized bootstrap estimator is given by

B
~ n A L 2
Jgab(T) = B_1 Z {q b(T) _ qB<T)} )
b=1
where g®(7) denotes the sample mean of {g**(7)}Z,.

Remark 7. The theoretical properties of the covariate-adaptive random-
ized bootstrap have not yet been fully established. However, extensive simu-
lation studies demonstrate that the method performs effectively in practice,
providing reliable variance estimates and supporting accurate inference in

various settings.



6. Simulation

To assess and compare the performance of our proposed estimators, g(7)
and Guq(T,v), we conduct a series of simulation studies. Specifically, we
consider the following data-generating process (DGP). For each treatment

level a = 0, 1, the potential outcome Y (a) is generated according to

Yi(a) = pa + 9a(X;) + 04(Xs)gi(a),

where X;, ¢.(X;), 0.(X;) and ¢;(a) are specified below for two different
models. In each of the models, {X;,e;(0),e;(1)}_, are i.i.d. Besides, &;(0)
and ¢;(1) are independent of X;.

Model 1: X; is a two-dimensional vector satisfying X; ~ N5(0,0.5 x Iy +
0.5 X 13x2), where 145 denotes a 2 X 2 all-ones matrix. The model com-
ponents are specified as follows: u; = 2.5, po = 0, ¢1(X;) = 5(xn + z42),
9o(Xi) = o3 + 2% + Tinio + Ty + iz, 01(X;) = 5(1+23), 00(X;) = 1+ 23
and (g;(1),;(0)) are jointly standard normal.

Model 2: X; is a four-dimensional vector, where z;; ~ N(0,1), x;5 ~
Beta(2,2), ;3 ~ Unif[0, 4] and x;4 ~ Exp(1), and they are independent of
each other. The model components are specified as follows: p; = 17.8, g =
0, 01(X;) =1, 00(X;) = 24 + 25 + 2% + 22, 1(X;) = ¥ T2 3, 5 + 75y,

go(X;) = 2€"1 %2 4 6(x; 3 + x;4) and (g(1),£;(0)) are mutually indepen-



dently 7'(4) distributed.

For each DGP, we employ the following randomization procedures:

(i) Complete randomization (CR);

(ii) Hu and Hu’s procedure (HH) with weights w, = 2/5, ws = 2/5 and
W =1/(5p), j=1,---,p;

(iii) COV procedure (COV) with weights wy = 1, w; = p and wy = 1;

(iv) Adaptive Randomization via Mahalanobis distance (ARM).

When applying HH, discretization of continuous variables is required. For
model 1, we discretize x;; and x;o into four levels and for k = 1,2, z; =
Z?Zl I(zy; < s;), where (s1,52,53) = (—0.6,0,0.6). For model 2, we dis-
cretize x;1, T2, x;3 and x4 into two levels and the discretization rule is
given by Ty = I(xy < 0), Tp = [(x < 0.5), T3 = [(z3 < 2) and
Ty = I(zy <1).

To approximate the true value of ¢(7), which is difficult to compute
exactly, we compute an empirical estimate based on simulations with a
sample size of 50,000 and 10,000 replications. The simulation results are
presented in Table m In addition, we also report the ATE as a benchmark
for comparison, which helps to illustrate how QTEs provide a more de-

tailed characterization of treatment effects across the outcome distribution.

The results for both models demonstrate the advantage of using QTEs over



the ATE in characterizing treatment effects. For instance, in Model 1, the
ATE is approximately zero, suggesting no overall difference between the
two treatment groups. However, the estimated QTEs reveal substantial
heterogeneity across the outcome distribution. This contrast clearly illus-
trates that while the ATE masks distributional differences, QTEs capture

how treatment effects vary across individuals with different outcome levels.

Table 1: Empirical true values of ATE and QTESs obtained from simulations

ATE QTE(r =0.25) QTE(r =0.5) QTE(r = 0.75)

Model 1 0.000 -1.758 1.140 3.094

Model 2 0.010 9.039 2.872 -6.284

We report the results for 7 = 0.5 under sample sizes n = 1,000 in
Table @ of the main text. Additional results for 7 = 0.25 and 7 = 0.75 are
presented in the Supplementary Material.

Table E presents the bias, standard deviations (SD), root mean square
error (RMSE), average estimated standard deviation (SE) and coverage
probability (CP) of asymptotic 95% confidence intervals for the simple re-
gression estimator and the imbalance vector adjusted estimator under dif-

ferent data generating models and randomization procedures. The SEs and



CPs are based on variance estimators from moving block estimator and
covariate-adaptive randomized bootstrap estimators, respectively. Specif-
ically, we set ¢ = [y/n] = 32 for moving block estimator and use 2,000
bootstrap replications for covariate-adaptive randomized bootstrap estima-
tors. The confidence intervals based on the simple regression estimator and

imbalance vector adjusted estimator are given by

[a(f) + 20.0751/02(7) /n| and [aadj (1, 9) £ z0,975\/ {33(7) + Vin(T, ¢)} /n] ,

where 8?(7') represents the estimated asymptotic variance obtained from

the moving block estimator or the covariate-adaptive randomized bootstrap
estimator (f € {mb,cab}). In addition, every scenario is evaluated with
2,000 simulation runs.

First, from Table B, it is evident that all the estimators exhibit suf-
ficiently small biases and their RMSEs are almost identical to their SDs,
indicating their overall reliability in parameter estimation. Second, the SDs
and RMSEs of the simple regression estimator under various CAR proce-
dures are consistently smaller than those under CR. This suggests that
CAR procedures enhance the estimation efficiency of the quantile treat-
ment effect. Third, imbalance vector adjusted estimator outperforms the
simple regression estimator in terms of SDs and RMSEs under the same

model and CAR procedure. This improvement is particularly illustrated in



Model 2 under the COV procedure. Specifically, the SD of Guqi (7, % cov)
is reduced by 11.7% compared with that of g(7). Fourth, the values of
SEs are generally close to those of SDs and RMSEs, indicating that the
estimated variances are reasonably accurate. Moreover, the SEs obtained
from the covariate-adaptive randomized bootstrap estimators are more con-
sistent with the corresponding SD and RMSE values than those from the
moving block estimators, suggesting that the covariate-adaptive random-
ized bootstrap estimator is more accurate. Finally, the CPs are close to
the nominal level of 95%, demonstrating that the constructed confidence

intervals achieve the desired coverage and the inference is reliable.

7. Real Data Example

In this section, we analyze the well-known Lalonde experimental dataset
(lalonde.exp), which originates from the National Supported Work (NSW)
Demonstration study conducted by LaLonde (1986). The dataset includes
information on individuals who participated in a job training program and
a control group of nonparticipants. The total number of units was 445
and the outcome was post-treatment earnings in 1978. We use the dataset
solely for the purpose of generating synthetic data to illustrate the efficiency

of the simple regression estimator under various CAR procedures and the



Table 2: Simulated bias, SD, RMSE, SE and CP of the QTE estimates

under different models and randomization procedures (n = 1000, 7 = 0.5)

SE CP

M. Ran. Estimator Bias SD RMSE CAB MB CAB MB
1 CR q(T) 0.006 0.383 0.383 0.382 0.371 0.945 0.935
HH q(T) -0.016 0.338 0.339 0.339 0.354 0.942 0.949
Qudj(T,¥sp) -0.015 0.322 0.323 0.320 0.336 0.941 0.953
COoVv q(T) -0.004 0.359 0.359 0.355 0.343 0.938 0.937
Qudj(T,Ycoy) -0.003 0.344 0.344 0.337 0.325 0.935 0.928

ARM q(T) 0.005 0.344 0.345 0.342 0.344 0.942 0.941
Qudj (T, Y agp) 0.010 0.328 0.329 0.335 0.328 0.945 0.941

2 CR q(T) -0.034 0.798 0.799 0.791 0.773 0.942 0.938
HH q(7) -0.005 0.716 0.716 0.719 0.758 0.945 0.960
Qugj(T,¥sp)  0.010 0.680 0.680 0.673 0.715 0.938 0.958

COVv q(7) -0.007 0.725 0.724 0.724 0.757 0.944 0.954
Qudj(T,Ycoy) -0.005 0.640 0.639 0.663 0.701 0.940 0.956

ARM q(1) -0.005 0.695 0.695 0.706 0.694 0.940 0.945
Qudj (T, Y sppr) -0.008 0.658 0.658 0.658 0.663 0.939 0.942

Abbreviations: M, Model; Ran, Randomization.



capability of imbalance vector adjusted estimators to further improve effi-
ciency.

To generate the synthetic data, we employed the random forest ap-
proach to complete the lalonde.exp dataset. To further improve the ac-
curacy of the imputation, we incorporated auxiliary information from the
lalonde.psid dataset, which contains similar variables collected from a dif-
ferent sample.

Then, we reassign units into treatment and control groups using various
randomization procedures, including CR, HH, COV, and ARM. The HH
procedure is implemented by stratifying subjects according to three binary
covariates (black, hispan, and married), resulting in eight strata. The COV
and ARM procedures are implemented using six covariates: age, education,
black, hispan, married, and nodegree.

Table E reports QTEs evaluated at 7 € {0.25,0.5,0.75}, their associ-
ated 95% confidence intervals and the variance reduction. The variance
reduction for the simple regression estimator is measured against complete
randomization, while that for the imbalance vector adjusted estimator is
measured against the simple regression estimator at the same quantile level
under the same CAR procedure. The confidence intervals are constructed

based on variance estimators obtained from the covariate-adaptive random-



ized bootstrap estimator with 2,000 bootstrap replications.

In most cases, the confidence intervals constructed from the simple
regression estimator under CAR procedures are shorter than those under
CR. The efficiency of the simple regression estimator varies across different
CAR procedures and quantile levels. Specifically, the HH procedure per-
forms best at 7 = 0.25 and 7 = 0.75, whereas the ARM procedure achieves
the highest efficiency at 7 = 0.5.

Across different CAR procedures, the estimated quantile treatment ef-
fects exhibit similar patterns. There is substantial heterogeneity in the
effect of the job-training program on the earnings in 1978. At the upper
quantile (7 = 0.75), the confidence interval includes zero, suggesting that
the job training program does not have a statistically significant impact
on income among higher-income individuals. In contrast, at the lower and
median quantiles (7 = 0.25 and 7 = 0.5), the confidence intervals exclude
zero, indicating significant income gains for low-income and middle-income
groups from the job training program. Notably, the estimated QTE is
largest at 7 = 0.25, implying that the job training program is particularly

effective in improving the earnings of low-income individuals.



Table 3: QTEs on the earnings in 1978

Ran 7 Estimator  Estimate 95% CI VR
0.25 q(r) 2.278  (0.321,4.235) -
CR 05 q(7) 0.837  (0.286,1.388) -
0.75 q(r) 1221 (—0.343,2.784) -
q(r) 1.958  (0.549,3.366) 0.482
025 Quaj (T, Y py) 1958 (0.552,3.364)  0.004
q(r) 0.666  (0.177,1.155) 0.212
HE 05 Gugi (T, 5y)  0.645  (0.165,1.125)  0.037
q(r) 0.784  (—0.586,2.154) 0.287
075 Guai (T, ) 0.729  (=0.569,2.027) 0.033
q(7) 3.168  (1.534,4.803) 0.214
025 Gugi (T, Yooy)  3.062  (1.448,4.676)  0.026
q(r) 0.955  (0.435,1.475) -0.098
COV 05 Gugi (T, Wooy)  0.809  (0.347,1.271)  0.211
q(7) 1.155  (—0.035,2.345) 0.135
07 Gudi (T, Yooy) 0960 (—0.170,2.090) 0.098
() 2.205  (0.496,3.915) 0.237
025 Gugi (T, Y apas)  1.893  (0.185,3.600) 0.018
q(7) 0.642  (0.265,1.019) 0.532
S Gugi (T: Y agar)  0.629  (0.263,0.996) 0.161
q(7) 1.254  (—0.288,2.796) 0.027
0.75

Qudj (T, Y arny)  0.761  (—0.756,2.278) 0.076

Abbreviations: Ran, Randomization; CI, confidence interval,

VR, variance reduction.



8. Conclusion

This paper develops statistical inference methods for QTE within a broad
class of CAR procedures, significantly generalizing existing approaches that
are largely limited to stratified CAR procedures. We show that the sim-
ple regression estimator is asymptotically normal under our framework and
propose an imbalance vector adjusted estimator to further improve the ef-
ficiency. Besides, we establish two methods to estimate the asymptotic
variance of the simple regression estimator. In simulations, both simple
regression and imbalance vector adjusted estimators perform well. This
work lays a theoretical foundation for the statistical inference on quantile
treatment effect under CAR experiments.

The findings of this paper can be extended in several directions. First,
this paper focuses on QTE. In contrast, cQTEs provide more precise policy
guidance by capturing the heterogeneity of treatment effects across subpop-
ulations with different covariate profiles. Statistical inference on cQTE has
been studied under stratified CAR procedures (Liu et al, 2025). It is there-
fore desirable to extend these inference methods to the more general CAR
framework considered in this paper. Second, multi-armed experiments and
unequal allocations are ubiquitous in both clinical trials and economic stud-

ies. The theoretical properties of the unified family of multi-armed CAR
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procedures and unequal allocation CAR procedures have been well studied
by Zhang (2023) and [Liu et al) (2025), respectively. It would thus be valu-
able to extend our framework to accommodate the multi-armed setting and

unequal allocation setting.

Supplementary Material

The online Supplementary Material contains proofs and additional numer-

ical studies.
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