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Post-selection inference in generalized linear models

via parametric programming

Qinyan Shen, Karl Gregory, Xianzheng Huang

University of South Carolina

Abstract: We propose a unified framework to draw inferences for regression coefficients
in a generalized linear model (GLM) following Lasso-based variable selection. We adapt
to non-Gaussian GLMs a recently developed parametric programming strategy for post-
selection inference in the linear model with a Gaussian response by drawing parallels
between maximum likelihood estimation in GLMs and least squares estimation in linear
models. We then conduct post-selection inference based on a linearized model for pseudo
response and covariate data strategically created based on the raw data. Using synthetic
data generated from regression models for three different types of non-Gaussian responses
in simulation experiments, we demonstrate that the proposed method effectively corrects
the naive inference that ignores variable selection while achieving greater efficiency than a

polyhedral-based post-selection adjustment.
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1. Introduction

Traditional statistical inference assumes all hypotheses of interest are for-
mulated prior to the observation of data. In regression contexts, practitioners
often explore their data in order to select from a set of available variables a sub-
set to use as covariates and, after fitting a model with these covariates, wish
to make inferences on their effects. Such a strategy permits the data to dic-
tate which hypotheses are ultimately tested, wherein lies the danger of incurring
higher Type I error rates than intended. This danger has motivated the develop-
ment of many post-selection inference methods to account for model selection.
We may categorize these as data splitting methods (Wasserman and Roeder,
2009} Meinshausen et al.,|2009; Rinaldo et al., 2019j |Rasines and Young, 2023)),
simultaneous inference methods (Berk et al., 2013} Zhang and Cheng, [2017; Ba-
choc et al., 2019, 2020), and conditioning methods (Lee et al., 2016} Tibshirani
et al., 2016; [Taylor and Tibshirani, 2018; Kuchibhotla et al., [2020; Pirenne and
Claeskens), 2024} Neufeld et al., [2022)).

We here pursue a conditioning method, whereby we make inferences on a
parameter in the selected model based on the conditional sampling distribution of
a relevant statistic given the selection event. The seminal work |Lee et al. (2016)

studied the sampling distribution of a linear contrast of Gaussian responses in



a linear model given selection via L;-penalization of the least-squares criterion,
showing that the selection event can be characterized as the union of many poly-
hedra in the support of the response data. To obtain a more tractable sampling
distribution of the statistic, these authors further condition on the signs of the
selected regression coefficients. This additional conditioning costs efficiency in
statistical inference, leading to wider-than-necessary confidence intervals that,
although guaranteeing a nominal coverage probability, could have infinite ex-
pected width (Kivaranovic and Leeb, 2021). Some recent developments in this
vein extend beyond linear models and Lasso regularization, where one seeks a
useful conditional sampling distribution of the target statistic after intersecting
the selection event with additional characteristics of the selected model so that
the conditional event is (approximately) polyhedral in the support of the response
data (Panigrahi and Taylor, 2023;Zhao et al., 2022;|Shen et al.,[2024; Taylor and
Tibshirani, 2018). We refer to these methods as polyhedral methods.

Le Duy and Takeuchi| (2021) made improvements to the work of Lee et al.
(2016) by introducing a parametric programming (PP) approach to find the sam-
pling distribution of a linear contrast of the response data conditional only on the
selection event, avoiding the efficiency loss incurred by the sign-conditioning of
the polyhedral method. |Pirenne and Claeskens| (2024) extended the PP approach

to inference following model selection via adaptive Lasso, adaptive elastic net,



and group Lasso. In our work we adapt the PP approach to generalized linear
models (GLMs) for non-Gaussian responses.

Our proposed strategy consists of two steps. Section[2]provides the develop-
ment of the first step, in which we “linearize” the regression problem specified
by a GLM for non-Gaussian data. Section [3|elaborates on the second step, where
we apply the PP method to the linearized regression model. Section 4] describes
in detail the implementation of the proposed method in three non-Gaussian re-
gression settings. Section [5|presents simulation studies comparing the proposed
method with the naive method (the method which ignores model selection), the
polyhedral method. Section [6] presents three case studies in which we make in-
ferences on covariate effects following variable selection using different types
of non-Gaussian data arising from real-life applications. Section [/| outlines key

takeaways and suggestions for future research.

2. Pre-selection inference in GLMs

Suppose we observe (x1,Y7), ..., (X, Y,), where Xy, ..., x,, € R are fixed
covariate vectors and Y7, . .., Y, are independent responses such that
yn; — b(mi
Yi ~ f(y;mi, &) ZeXp{a(—@()—c(y,qb)}, (2.1)

where 1; = By +x/ 3, fori = 1,...,n, where a(-), b(-) and ¢(-, -) are known
functions, ¢ is a dispersion parameter, and 3, and 3 = (f,...,0,)" are pa-
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2.1 Maximum likelihood estimation in a submodel

rameters with unknown values. This is the canonical generalized linear model
(GLM); see McCullagh and Nelder (1989). Note that the mean and variance of
Y; are O'(n;) and a(¢)b”(n;), respectively, where () and b”(-) are the first two
derivatives of b(-). Throughout, let My = {j € {1,...,p} : 5; # 0} be the set
of indices corresponding to nonzero regression coefficients. We will consider

making inferences following the selection of a model M C {1,...,p}.

2.1 Maximum likelihood estimation in a submodel

To focus on making inferences on the regression coefficients in the GLM
specified by (2.1]), we will for most of the paper assume ¢ is known. The max-
imum likelihood estimator (MLE), which we denote by (5, 3), of the tuple

(Bo, B) can be obtained by maximizing the log-likelihood

ly(to, t) = Z{Ym to, t) — b(mi(to, t))} — ZC(YL@
i=1
over (tp,t) € R x RP, where n;(ty,t) = to + x; t. Instead of including all
covariates, one may consider selecting a model M C {1,...,p} indexing which

covariates to include in the construction of the linear predictors 7y, . . . , 17,.

The MLE in model M, denoted by (3, Bi°), maximizes the function

lom(to, t) = Z{Yﬁtho, b(miar(to, t))} — Z (Yi, ®)

over (t,t) € RxRM| where n; v/ (o, t) = to+(x;) ist, | M| is the cardinality of
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2.1 Maximum likelihood estimation in a submodel

M, and (x;) s is the vector constructed from the entries of x; with indices in M.
omle  mle

Under regularity conditions (White, |1982), as n — oo, (355, B}°) converges

in probability to the limiting value of

BorBi) = argmax E-{Ly(Bo. B) — lon(to, 1)},

(to,t)ERxRIM| T

where the maximand is proportional to the Kullback-Leibler divergence of the
true model from model M. One may therefore regard (/35 5, 3},) as the target of
estimation when model M is considered. Denoting by 3,, the vector containing
the entries of 3 with indices in M, we will have (5; ,,, B),) = (8o, Bay) if M
contains all the indices in which 3 is nonzero, that is if M D M.

If model M results from variable selection based on the observed data, valid
inferences for (3}, using the same data should account for the selection event. In
this study, we focus on Lasso-based variable selection. For example, one may

select a model by finding the L,-penalized MLE, defined as

R ) . 1
(B, By) = argmin { = ~Ly(to,t) + Altll }, 22)

(to,t)ERXRP
where ||t||; is the L;-norm of t and A > 0 is a tuning parameter governing the
sparsity of 37", A selected model is then MM = {j : (81"); # 0}. To make
inferences on (3,); based (3mie) ;» where for a generic vector v we denote by
(v); entry 7 of v, it is necessary to obtain the conditional sampling distribution

of (B1I¢); given the selection event {M® = M}. However, this conditional
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2.2  Model linearization

distribution does not appear to be analytically tractable in the GLM setting. For
this reason we pursue a two-step strategy whereby we first “linearize” the GLM

and then apply a post-selection inference method developed for the linear model.

2.2 Model linearization

In linear regression with a Gaussian response, the exact conditional distri-
bution of (371),|{ MM = M} has been found (Lee et al., 2016; Le Duy and
Takeuchi, [2021). This motivates our strategy of linearizing the GLM and then
performing model selection and post-selection inference in the linearized model.
Our linearization step is inspired by the Newton-Raphson (NR) update leading
to the MLE:s of (5, 3), which we describe next.

For each (to,t) € R x R? define z(ty, t) as the vector with entries

Y; — b (n:(to, t))

VUV (nito.t))

the vector ug (o, t) with entries \/b"(n;(to,t)), and the matrix U(ty,t) with

Zi(tOvt) = b"(ﬁi(toat))ni(tojt) +

rows /0" (n;(to,t))x, fori = 1,...,n. Then, with initial value (t((]o), t(0), the

iteratively reweighted least squares formulation of the NR update is

(157 6%) ¢ argmin 2D — (ug" Vit + UE DY, 23)
(to,t)ERXRP

where z(*~1) = z(t(()k_l),t(kfl)), u(()k_l) = uo(t(()k_l)7t(k*1)), and Uk-1 =

U8 £¢:-1); see Davison| (2003).



2.2  Model linearization

Upon convergence of (t[()k),t(k)) to (BO,B), define z = Z(BO,B), a, =
u(Bo, B), and U = U(BO, B) To focus on the parameters in 3, we now de-
fine “centered” versions of the response vector z and the design matrix U.
First define Py (to,t) = [[uo(to, t)||"uo(to, t)ug(to, t) " as well as zy(ty, t) =
{I—Py(to, t)}z(to, t) and Uy(t, t) = {I — Py(to, t)}U(to, t). Then set Py =
PO(BO, B) aswell as zg = (I — 150)2 and U, = (I— 130)(]', noting that P, is the
orthogonal projection onto the space spanned by the “intercept” vector 1.

Then we have 3 = arg ming g, ||zo— Ugt||% so that we may regard 3 as the
least squares estimator in linear regression with response vector z, and design
matrix Uy. From here our strategy will be to treat the response vector z, as
though it arose from a Gaussian linear model with design matrix Up and to apply
a post-selection inference method developed for Gaussian linear regression.

Since our strategy is to treat zy and Uy, as Gaussian linear model data, we
propose to select a model via L;-penalization of the Gaussian log-likelihood

with Zo and U, plugged in. That is, we propose computing the sparse estimator

N . 1 R N
B, = arg min o ||zo—U0t||2+)\Ht||1, 2.4)
tERP n

for some A > 0 and selecting the model My = {j : (8,); # 0}. Note that
the model selected in this way may be distinct from the model M mle selected via
L,-penalization of the original GLM log-likelihood; however, in Section[2.3| we

argue that these models should be reliably similar as n — oo. Then, on the event
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2.3 The idealized linear model

that the model M » = M is chosen, we consider the conditional distribution of
the vector 3,, = arg min ||zo — IAJQ art||%, the entries of which may be expressed
teRP

as contrasts in the vector z of the form
A T1T T 1777 5
<18M)j =€ (UU,MUU,M) U07MZU7 (2.5)

forj =1,...,|M]|, where e; is the | M| x 1 vector with entry j equal to one and
remaining entries equal to zero.

In order to study the conditional distributions of contrasts of the form in
(2.3), we next introduce idealized counterparts to z, and Ijo, which we denote
by zy, and Uy, which one would observe if one knew the true values of the

parameters 3, and 3.

2.3 The idealized linear model

The response vector z, the vector 1y, and design matrix U can be viewed
as approximations to unobservable, idealized counterparts z, u,, and U, respec-
tively, which we define as z = z(5y, 3), up = uo(fo, 3), and U = U(p,, B).
Moreover, letting zg = z¢(5o, 3) and Uy = Ug(fy, 3), we obtain idealized
counterparts to the “centered” response vector z, and design matrix U,.

If one could observe zy and Uy, one could base inferences on the idealized

linear estimator of 3 given by 3 = argmin, g, ||zo — Uot||>. Likewise, one



2.3 The idealized linear model

could compute the idealized sparse estimator

1
B, = argmin 2—Hz0—Uot||2+)\HtH1, (2.6)
teRp n

and the corresponding idealized selected model My = {j : (3,); # 0}. Fur-
thermore, on the event M » = M, one could make conditional inferences by
considering the conditional distributions of the entries of the idealized estima-

2 which could be expressed as contrasts in the

tor B3y, = argmin||zg — Ug st
teRP

vector zo with form

(Bum); = €] (Ug 3 Uonr) Uy y%0. 2.7)

Note that the contrast in (2.7) is an idealized version of the contrast in (2.5).

Defining foreach M C {1,...,p}and j = 1,...,|M| the vector
carj(to,t) " = e;'r{UO,M(tmt)TUO,M(tht)}ilUO,M@Oat)Ta

where Uy (%o, t) is the matrix formed with the columns of Uy(t, t) having
indices in M, we set ¢, = car;(fo, B), which has idealized counterpart ¢, ; =
cu,j(Bo, B). This allows us to write (2.5) and as (Bu); = €120 and
(Bu); = C,1jZ0» Tespectively.

Our first result gives conditions under which, prior to model selection, one

can make inferences based on the observable z, and U, which are asymptotically

equivalent to those based on their idealized counterparts z, and U,. To state our
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2.3 The idealized linear model

result, define for any (¢y,t) € R x RP the function

car,;(to, t) " {z(to, t) — Ulty, t)ﬁ}'

- t 71;; =
gM7]7 ( 0 ﬁ) \/CMyj(t[)’t)TCM,](tO?t)

Then the function gy ; (%o, t; 3) may be used to construct some useful pivotal

quantities. Specifically we define

AT A~ -
R 5o Crr.i(2o — UoB)
gM,j,n(ﬁ) = gM,j,n(BOa/@;/g) = = = N
CL,]‘CM,J'

as a feasible pivotal quantity and

CL,;‘ (zo — UoB)

T .
\/ Cam €M,

as its idealized counterpart. After stating an assumption, we can present our first

gM,j,n(ﬁ) = gM,j,Tl(/B()?B; /6) =

main result.

Assumption 1. Given M C {1,...,p} and an index j = 1,... |M

, suppose

(i) |[carjlloo/ll€arj]| = 0 as n — oo and (ii) for some ng > 1 and 6,C € |0, c0),

Elg jn(to, 6 8) = gajn(Bo, B; B) < Cll(to, ") = (B0, B1) '
forall n. > ng for all (ty, t) such that ||(to,t )" — (B0, BT) || < 6.

Assumption 1(i) is mild and holds if the maximum leverage in the linear
model with design matrix U, converges to zero; see|Huber|(2011). Assumption

1(ii) is a smoothness condition on the function g, (o, t; 3) in the neighborhood
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2.3 The idealized linear model

of the tuple (y, 3). Namely, it requires that the expected change in the (random)
function gy ;. (to, t; 3) as (to, t) moves away from ([, 3) is bounded above by
some constant times the distance between (%o, t) and (/3y, 3). Both assumptions

describe conditions on the sequence of design vectors {x, },>1.

Theorem 1. Under Assumption|l|we have (i) gas jn(3) KN N(0,a(¢)) and (ii)

|§M,j,n(ﬁ) - gM,j,n(:B)| L 0asn — oo

The following corollary shows how Theorem [I] would enable inference on

an entry of 3,, based on the observable z; and U,.

Corollary 1. Under Assumption|l} if M O M, then, as n — oo, we have

@)j —Badi 4 (0, a(g)).
\/eJT(U({ wUonr) e

Note that if M 2 M, then the estimation targets in the linearized model

become the entries of the vector
B = (Ug 1, Uoar) ' Ug 5, U (2.8)

Note that Theorem [I] and Corollary [I] give asymptotic distributions which
are not yet conditioned on the selection of a model. In order to establish asymp-
totic equivalence of conditional inferences after model selection based on the
observable linear model data z, and Ijo and those based on the idealized linear

model data z, and U, we must investigate whether the selected model M \ based
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2.3 The idealized linear model

on the sparse estimator Jé; \ In and the selected model M, based on 3 \ In
(2.6) will agree with high probability. If so, one may assume in every step of
the analysis that one has observed the idealized response z, and design matrix
U instead of their observable counterparts z, and ﬂo. Proofs of Theorem and
Corollary (I|are given in the Supplementary Material.

Defining the vector of correlations ) = U] (zg — U3, ), the KKT con-
ditions give that |(¥y);| = A for all j € M, and |(Fy);| < A forall j ¢ M.
Likewise defining i = Uj (20 — UoB,), we have |(3);] = A for all j € M,
and |(t)),;] < A forall j ¢ M,. If one assumes for the idealized pseudo-data
that (i) |(¥,),] < A(1 — p) for all j ¢ M, for some p € (0, 1), a condition called
strict dual feasibility (Wainwright, |2009), and (ii) min; ;. |(B,\)J| >c>0,a
so-called beta-min condition (Zhao and Yu, [2006)), hold with probability tending

to one as n — oo, then P(M, = M,) — 1 provided
[Ex=Eal %0 and By — B, %0 (2.9)

as n — oo. This is due to the fact that under (i), the first convergence in (2.9)
implies that for all indices j for which |(F5);] < X (and therefore (8,); = 0),
we will also have |(#,);] < A (and therefore (3,); = 0). So we will have
(3,) ; = 0 for all j such that (3,); = 0. Under the beta-min condition (ii),
the second convergence in (2.9) implies that for all j such that (3,); # O,

we will have (3,); # 0. The convergences in (2.9) can be established under
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2.4 Variable selection after linearization

mild smoothness and convexity conditions on the objective function defined by
qn(s;to, t) = (2n)71||zo(to, t) — Ug(to, t)s||* + A||s|1, for which we can write
B, = arg ming ¢, (s; So, B) and B,\ = arg ming g, (s; Bo, B) Under such condi-
tions, ||(B0, B7)T — (6o, BT)T|| 2 0 will imply the convergences in (2.9).

We next describe post-selection inference based on treating z, and U, as

though they were equal to z; and U, and treating M, as though it matched M.

2.4 Variable selection after linearization

Here we consider whether variable selection in the linear model with pseudo-
data o and U, will be perform similarly to variable selection based on L;-
penalization of the original GLM likelihood; that is, we consider how likely it is
that selected models M \ and Mf\nle will match.

We find that if the conditions are met for model selection consistency by
Ly-penalization of the GLM likelihood, then the conditions are also met for
model selection consistency by Lj-penalization in the linear model with the
idealized pseudo-data z, and U,. In particular, Lee et al.| (2015) present two
main assumptions allowing for model selection consistency of a class of regu-
larized M-estimators. These are a restricted strong convexity (RSC) condition
and the so-called irrepresentable condition, the first version of which appeared

in|/Zhao and Yu|(2006). To express these conditions in our GLM setting with L;-
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2.4 Variable selection after linearization

penalization, denote the Hessian of the scaled negative log-likelihood appearing
in 22) by Q(to, t) = {na(¢)} " 320, V" (mi(to, t))X:X; , where %; = [1 x/]",
i=1,...,n,and set Q, = Q(fy,B). Now let Cy x C C R x RP be a known
convex set containing (/3y, 3) and set M = span{e;, j € My}, where {e;, j =
1,...,p} are elementary basis vectors in R?. Furthermore let P} represent a vec-
tor & = (6p,8")7 for (6,8) € R x RP. Then the RSC condition in our GLM
setting becomes STQ¢(t0, t)d > k||8]| for all (89, ), (to, t) € Co x (CNM,) for
some x > 0 (cf. Assumption 3.1 of Lee et al.|(2015)). In addition, the irrepre-
sentable condition becomes [|Q, /e ar, Q;}WO, Mo S18N (B, )|oo < 1—& for some
¢ € (0,1), where Q , 4 denotes the matrix constructed from Q, by keeping
rows with indices in A and columns with indices in .

Now, in the idealized linear model the Hessian of the loss function ||z, —
(ugto + Ut)||? is exactly Q. Therefore if the RSC condition holds, then the
same condition holds when Q, (%o, t) is replaced by Q, = Q,(f5o, 3), since
(Bo, B) belongs to the set Cy x (C N M,). Therefore, if the RSC is satisfied for
the GLM, it will also be satisfied in the idealized linear model. Moreover, the
irrepresentable condition for the GLM is identical to its counterpart in the linear
model with the idealized pseudo-data, as it is formulated in terms of Hessian
evaluated at the true parameter values.

Therefore, if these conditions are met for consistent variable selection via
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L-penalization of the GLM log-likelihood, they will also be met for consistent
variable selection via L;-penalization of the least-squares criterion in the ideal-
ized pseudo-data. By the discussion at the end of Section 2.3 model selections
based on zy and UO will reliably match those based on the idealized z, and U,
so that, by extension, model selection via L;-penalization of the least-squares
criterion in zg and Ijo, giving M 1, Will be reliable whenever model selection via
L -penalization of the GLM log-likelihood, giving M™e_ig reliable. In support
of these findings, we present an empirical comparison of selected models M,

and M mle on simulated data sets in the Supplementary Material.

3. Post-selection inference based on the linearized model

The (centered) idealized response vector z, may be written as

zo = UoB + &, (3.1)

where the term &, is defined as the centered version &, = (I — P)€& of the
vector &€ = (&5,...,&,) 7, where & = {Y; — V(n)}//V'(n:), i = 1,...,n are
independent random variables with mean zero and variance a(¢), so that the
covariance matrix of & is (I — Pg)a(¢).

Here we apply the parametric programming (PP) approach in Le Duy and
Takeuchi (2021) for making post-selection inferences based on observing the

idealized data z, and Uy in (3.1), treating this as a Gaussian linear model.
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3.1 Post-selection sampling distribution of idealized LSE

3.1 Post-selection sampling distribution of idealized LSE

Given a model M C {1,...,p} the estimator B s has entry j given by
(Bu); = c)y;Z0- and its estimation target is (By) ; with 3, defined in (Z:8).
Recall that M, is the model selected via L;-penalization in (2.6) of the least-
squares criterion in the idealized pseudo-data z, and U,. Given the event M, =
M, we consider making conditional inferences on (BL) ; based on the condi-
tional distribution of (3,,);|{ M = M}.

This is reminiscent of the problem raised in Section [2.1] of finding the dis-
tribution of (371),[{ M = M} in order to make inferences on (3},); in the
GLM setting. In essence, we transform the original intractable problem in GLMs
to an easier (and solved) problem in linear models. The analogy of these two
problems is justified by the asymptotic equivalence of the pivotal quantities con-
sidered in Theorem [I] and, moreover, as we discuss in Section [2.4] the fact that
selected models M and M, will be reliably similar under standard conditions.

Treating £, as multivariate Gaussian, the estimator (B ar)j» prior to condi-
tioning on the selection of model M, has the N'((3,,);, a(¢)||car,||?) distribu-
tion, where this approximately holds when &, is non-Gaussian, by Theorem 1(i).
To account for variable selection, inference should be based on the conditional

distribution of (3,,); given the selection event {M, = M} = {z, € R" :
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3.1 Post-selection sampling distribution of idealized LSE

M A(zo) = M}, where we use M A(2z0) to indicate the dependence of M, on zg
Given any contrast ¢ 'z, of interest, the main idea of the PP approach of
Le Duy and Takeuchi (2021) is to “parameterize” all the relevant response vec-
tors zo in R™ by linking them to a “parameter” 7 in R so that the selection
event can be identified with a subset of parameter values in R rather than with
a subset of response vectors in R". To achieve this parameterization, we define
another event {zg € R" : q(z9) = q}, where q(zg) = (I — P.)z, where
P. = ||c]|"2cc”, and q is in the column space of (I — P,) as a realization of
d(zo) in a given application where M is the realization of M) (z). By construc-
tion, ¢(zo) and ¢z, are uncorrelated, and since we are treating £, as multivari-

“i”

ate Gaussian, they are independent. Thus, using to refer to “equivalent in

distribution,” we have

c'zo|{zo € R" : My(zo) = M}
4 cTz0|{z0 e R": M)\(ZO) = M, 4(z0) = q}
o c'zg|{zo € R": M)\(Z()) =M, (I1-P.)zy=q}
4 c'z|{zo € R" : My(z9) = M, 29 = q + Pezo}
L ¢Tz|{zo € R": My(q + Pezo) = M}

d n . _
= cTz0|{z0 eR™: My(q+|c| 2ccTzo) =M}

g CTZOHT ceR: M)\(Z()(T)) = M}, (32)

18



3.1 Post-selection sampling distribution of idealized LSE

with zo(7) = q + 7|c|| ?c, indexed by T, so that it moves across the support of
Zo as 7 moves across R. Similarly, we “parameterize” the models selected via

the minimization in (2.6) be writing

1
B, (1) = argmin %HZO(T) — Ut |* + Al|t]|1, (3.3)

teRP
so that My (2zo(7)) = {j : (B,(7)); # 0} as 7 varies in R. This translates
the search of z, in R” for the selection event {M,(zy) = M} to the search
of 7 in R that satisfies M, (zo(7)) = M for a given model M. [Le Duy and
Takeuchi (2021) provided an efficient algorithm to identify the values of 7 in
Tar = {7 € R: My(zo(7)) = M} as a union of disjoint intervals in R.
With ¢ = cy; and Ty, as the support of the conditional distribution of

(BM)j = CXMZO, by we have
(Bar);{ M (z0) = MY ~ Ny, ((Bs)ss al@)llearsll?).

where N7, (a,b) represents the normal distribution with mean a and variance
b truncated to have support on 7. Denoting by Fr;, (-; a,b) the cumulative
distribution function (CDF) of this distribution, we can pass (B ar); through its
own CDF to construct a pivotal quantity with which a post-selection (1—a)100%

confidence interval for ((3},); may be constructed as

CIMJ = {:u ceR: a/2 < FTM,j((IBM)j;Na CL(QS)HCMJHQ) <1- 04/2} (3.4)
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3.2 Accounting for penalty parameter selection

for o € [0,1/2]. Similarly, a post-selection p-value for testing (3,,) ; = 0 versus

(By); # 0 for j € M based on (B3,,); can be defined as

2 win { Pry, (Byr)si 0,a(6) learsl12), 1= Fro, ((Bar): 0, a(@)llenrs ) -
(3.5)
We propose carrying out these steps, substituting for zy and U the observ-

able counterparts z; and ﬂo after selecting the model M \ based on the estimator

B)\ in 2.4).
3.2 Accounting for penalty parameter selection

Instead of being pre-specified as assumed in Section [3.1} we may allow the
penalty parameter \ to be selected based on the data z, and Uy, as is usually
done in practice. This change demands a revision of the selection event in (3.2)
to acknowledge the additional selection of A\. This extra selection can again be
“parameterized” via 7 when \ is chosen based on one partition of (zg, Ug) into
a training set, (zJ*", U§4"), and a validation set, (z}, Ug).

More specifically, the selection of A can be formulated as an optimization
indexed by 7, A(zo(7)) = argminy., ||z2(7) — U B (2(7))||?, where A
is the set of candidate values for A, and, for each A € A, mimicking (3.3)),
B (29(7)) = arg min e, (20) |25 (7) — Unt][2 + Alltl)1. Define 7, =

{r € R: Mzo(r)) = A}, viewing X as a realization of \(zo(7)) correspond-
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ing to M as the realization of M) (zo(7)). Then the complete selection event is
T\NTu; ={reR: :\(ZQ(T)) =\, MA(Z()(T)) = M}, and thus (BM)]HM)\ =
MY ~ Ny ((Bap)ss a(9)]lear]|?). Le Duy and Takeuchi (2021) developed
an algorithm for identifying 7. It is now straightforward to obtain a (1—«)100%
confidence interval for (BL) ; and to compute the p-value for testing the signif-
icance of this covariate effect based on (B ar);- one simply changes the support
of the post-selection sampling distribution of (3,,); from Ty to Tx N Tar; in

the distribution function in (3.4)) and (3.5).

4. Implementation of the proposed method

Here we describe the construction of zy and fJo in three non-Gaussian mod-
els. The first two are GLMs, while the third, though not a GLM, admits a con-
struction of zy and Ijo analogous to that in GLMs. We note that if the MLE
is undefined due to, for example, a complete or quasi-complete separation in
binary response data (Albert and Anderson, |1984), or if p > n, we prescribe re-
placing the MLE with a slightly regularized estimator, such as an L;-penalized
estimator with weak penalization. Theorem 1(ii) will hold as long as z, and ﬂo

are constructed with a consistent estimator of (5o, 3).
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4.1 Logistic and Poisson models

4.1 Logistic and Poisson models

For a binary response, the logistic regression model is most widely used.
Here a(¢) = 1 and b(n) = log(1 + €7) for all n € R in (2.1), yielding b/(n) =
e/(1+e") and b”(n) = V' (n){1—"¥'(n)} as the key quantities needed to evaluate
the 2, and Uy. For responses which are counts, the Poisson regression model is
often used. Here a(¢) = 1 and b(n) = b'(n) = b"(n) = e" foralln € R. Ifa
GLM involves an unknown ¢, we prescribe substituting for ¢ the MLE ngS This
is also our strategy for dealing with a nuisance parameter irrelevant to the linear

predictor 7 in the third regression model described next.

4.2 Beta regression

For continuous responses Y1, ...,Y, € [0, 1], such as rates or proportions,
observed with x4, ..., x,, € RP,|Ferrari and Cribari-Neto|(2004) considered beta
regression under which Y; ~ Beta(u;¢, v;¢) with p; = 1/(1 + €7 ") and v; =
1 — u; and 7; as before, forv = 1,...,n, where ¢ > 0 is a precision parameter.
In this model Y; has mean y; and variance y;(1 — ;) /(1 + ¢) fori = 1,...,n.
The NR update is not the same in this setting as in Section due to the fact
that the Hessian of the log-likelihood depends on the responses (see Appendix
A in [Ferrari and Cribari-Neto, 2004). As an alternative to NR, we adopt Fisher

scoring (Davison, 2003} Section 4.4.1), whereby the Hessian is replaced by its
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4.2 Beta regression

expected value. If ¢ is known, we can describe the Fisher scoring update by
setting j1;(tg,t) = 1/{14+e 000 and v;(t, t) = 1 — pi(to, t) with n;(to, t) =
to 4+ x; t as well as V; = log(V;/(1 — Y;)) and fi;(to,t) = ¥(ui(to, t)d) —
W(v;(to, t)¢) fori = 1,...,n, where ¢(-) is the digamma function. From here

we define weights

w;(to, t) = \/g,ui(tO’t)Vi(tOyt)\/¢/(Hi(t07t)¢) + U’ (vi(to, t))

fori = 1,...,n and the vector z(%y, t) having entries

Zi(to, t) = wi(to, t)mi(to, t) + 11i(to, t)vi(to, £){Y; — fi(to, t)}/wilto, t),

the vector uy (o, t) having entries w; (¢, t) and the matrix U(¢(, t) having rows
w;(tg,t)x; for i = 1,...,n. Then, for a fixed value of ¢, an initial value
(t?, £©) can be updated as in (2:3).

To estimate unknown ¢, one maximizes the log-likelihood evaluated at the
current (t(()k), t(*)) with respect to ¢ (the maximizer can be obtained in closed
form); then one updates (¢, t*)) via (2:3) with ¢ fixed at its current estimate.
Iterating until convergence yields the MLE (Bo, 83, é) of (Bo, B, ®). As before,
we set z = Z(BO,B), uy = uO(BO,B), and U = U(BO,B) as the pseudo-data,
and to disregard the intercept we construct z, and Uy as in Section

The idealized counterparts to z, 0y, and U are defined, as before, as z =

z(Bo, B), ug = ug(fo,B), and U = U(fy, B), and the “centered versions”
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are also obtained as before. Thus we may write zo = UyB8 + &, as in (3.1),
where £, = (I — Pg)&, except that in beta regression the vector £ has entries
& = w i (Y; — ;) with w; = wy(Bo, 8) and fi; = ji;(Bo, B) fori =1,...,n.
Since Y; has mean ji; and variance ' (u;0) + ¢/ (v;¢), & has mean zero and
variance ¢! fori = 1,...,n. The covariance matrix of £ is thus (I — Pg)¢~!
in beta regression. Therefore, in Section [3.1|a(¢) is replaced with a(¢) = ¢,

where for the value of ¢ we plug in the MLE.

5. Simulation study

Here compare on simulated data sets the performance of the proposed method
of applying parametric programming after linearization, which we abbreviate as
PPL, with i) standard Wald-type inference in the selected model without any
conditioning on the selection event and with ii) polyhedral-based post-selection
inference as in Lee et al.| (2016) following out linearization step. Comparisons

of PPL and data-splitting are provided in the Supplementary Material.

5.1 Parametric programming versus the naive method

Under the logistic, Poisson, and beta regression models in Section E], we
generate response data after drawing covariate vectors X1, ...,X, € R? having

independent A (0,1) entries under n = 500 and p = 20. On each of 1000
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5.1 Parametric programming versus the naive method

simulated data sets we implement our PPL method as well as the naive method
to construct confidence intervals for the coefficients in the selected model M -
On each data set we perform model selection at each value in a grid of twenty
values for \, equally spaced on logarithmic scale. In each model we set 5y = —2
and M, = {1,2,3}. For logistic regression we set 3, = (2,2, 1)T, for Poisson,
By, = (1,1,—1)7, and for beta, 3,;,, = (1,—1/2,1/2)" and consider a set of
A values in the intervals [2,12], [8,56], and [2, 10], respectively, where these
intervals were chosen to yield wide spreads of model sizes.

For each simulated data set, at each A\, we perform post-selection inference
by constructing the confidence interval CI,, ; in (3.4) at o = 0.05 for each index
J in the selected model M. We then record a realization of the Type I error rate
as the proportion of unimportant covariates in M for which a nonzero regression

coefficient is inferred, that is, we record the ratio

{j € M: 0 ¢ Cly,; and (B,,); = 0}
{5 € M: (Bu); =0} ’

where CI,, ; is defined in (3.4). If [{j € M : 5; = 0}| = 0, we record a zero for

Type I error =

the Type I error. For the naive method, we use Wald-type confidence intervals
based on B‘};}e that ignore selection events.

Figure[I|shows the average Type I error achieved by the PPL method across
1000 Monte Carlo replicates for all regression settings at each A with the average

Type I error from the naive method overlaid. The average sizes of the selected
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5.1 Parametric programming versus the naive method

models at each \ are also depicted (by the heights of the bars). As expected,
the naive method leads to increasingly inflated Type I error rates as A increases.
In contrast, our PPL method provides reliable inference after model selection,
maintaining a Type I error close to the nominal level of 0.05 across all A values.
We also compare the average Type I error achieved by the PPL and naive
methods under data-based selection of the tuning parameter A\. Here we se-
lect a value of A\ from among the grid of twenty values as described in Section
using a single 70%/30% split of the data. For logistic regression, the aver-
age Type I error rates achieved by the PPL and naive methods under o = 0.05
were 0.049 and 0.198, respectively; for Poisson regression these were 0.044 and
0.269, respectively; and for beta regression these were 0.048 and 0.349 respec-
tively. Here also we see that the proposed method maintains an average Type |
error close to 0.05 across all three regression settings, whereas the naive method
leads to drastically inflated Type I errors. This also showcases the versatility of
the PPL method when compared with the polyhedral method, which cannot ac-
commodate data-driven penalty parameter selection. Even without involving the
additional selection of A\, our method still outperforms the polyhedral method,

as we show next.
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5.1 Parametric programming versus the naive method
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Figure 1: Average Type I error across 1000 Monte Carlo replicates over the
grid of A\ values for logistic, Poisson, and beta regression achieved by the PPL
method (solid lines) and by the naive method (dashed lines). Heights of bars

indicate average sizes of the selected models across the A values.
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5.2 Parametric programming versus polyhedral method

5.2 Parametric programming versus polyhedral method

Our method of parametric programming after linearization (PPL) prescribes
applying the PP approach to a linear model following a linearization step. Alter-
natively, following the linearization step, one could apply the polyhedral method
described in Lee et al.| (2016). The advantages of the PP method over the polyhe-
dral method are twofold. First, the PP method avoids the “overconditioning” (on
the signs of selected coefficients) that the polyhedral method involves. The min-
imal conditioning of the PP method enhances the statistical efficiency compared
to that of the polyhedral method. Second, the PP method can easily account for
data-driven selection of \.

Focusing on logistic regression, we compare in Table [I| the performances
of 95% confidence intervals based on these two strategies. As two valid post-
selection inference methods, they both preserve coverage probabilities close to
the nominal level of 95%. For the truly non-zero coefficient /3, the average
widths of the CIs obtained from the PP method tend to be wider than those ob-
tained from the polyhedral method for most A values. But, for 3, and (s, which
are truly equal to zero, the CIs from the PP method are substantially tighter than
those from the polyhedral method. This indicates that the over-conditioning (on

signs) required by the polyhedral method is particularly detrimental to statistical
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5.2 Parametric programming versus polyhedral method

power when inferring a null covariate effect, as the signs of these regression co-
efficients in the estimated model can be positive or negative with non-vanishing
probability even as the sample size grows. In contrast, coefficients that are far
away from zero will, with high probability, have the correct signs in the selected
model, so conditioning on their signs has less impact on statistical power.

Table 1: Average lower and upper bounds, average width, and empirical cov-
erage probability of 95% confidence intervals from the PPL method and the

polyhedral method at certain \ values.

PPL Polyhedral
Coefficient 95% CI ~ Width Coverage 95% CI ~ Width Coverage
A =2
Bo [0.50, 1.52] 1.02 93.0 [0.54, 1.61] 1.07 93.5

B;  [-0.49,0.54] 1.03 958  [—0.74,1.33] 2.07 948

B [-0.50,0.52] 1.02 949  [-0.74,1.35] 2.07  95.1
=35

By [1.36,2.71] 1.35  95.8 [1.57,2.70] 1.13  90.5

B, [-0.42,044] 0.86 948  [-0.62,0.61] 1.23  93.8

Be [—0.44,0.43] 0.87  96.6  [-0.61,0.57] 1.18  94.9
A =82

B [1.13,2.57] 1.44  96.6 [1.56,2.53] 0.97  93.6

Bs  [-0.41,0.46] 0.87 949  [—0.66,0.59] 1.25  94.7

Be [-0.49,0.42] 0.91 955  [-0.61,0.59] 1.20  97.6
) =12

B, [1.20,2.47] 127  96.5 [1.53,2.42] 0.89  93.5

B, [-0.42,047] 089 946  [-0.56,0.57] 1.13  93.8

B [-0.44,0.43] 0.87 935  [-0.58,0.62] 1.20  96.9
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6. Illustrations on real data sets

6.1 Logistic regression for binary data

The Spambase data set from the UCI Machine Learning Repository con-
tains descriptive information for n = 4601 emails, each classified as spam or not
spam (Hopkins et al., [1999). There are p = 57 numeric features giving, for ex-
ample, the frequencies of certain words or symbols, or the lengths of sequences
of capital letters. We fit a logistic regression model to predict whether to clas-
sify an email as spam. After selecting A using 70% of the data as training data
and 30% as validation data, 25 variables were selected. Our PPL method for
post-selection inference found 13 of the variables to be significant in classifying
emails as spam or not spam, while naive inference found 19 of the variables to
be significant at the 0.05 significance level.

Table [2| summarizes the results, showing confidence intervals from the PPL
method and the naive method, along with p-values associated with the 19 vari-
ables deemed significant according to the latter. The proposed method produces
CIs generally wider than those from the naive method, and with larger p-values
than their naive counterparts. All selected features fall in the three types of fea-
tures frequently reported as strong predictors in existing studies (Prerika et al.,

2025): word frequency features, capital letter features, and special character
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6.1 Logistic regression for binary data

frequency features. Among the six selected features identified as statistically
significant by the naive method but deemed insignificant by the PPL method,
three (word_freq_all, word_freq_will, word_freq_email) are not among the top
features selected by most existing studies.

Table 2: Inferences on selected covariate effects for the Spambase data set for
the 19 covariates found to be significant according to the naive method. Names
of covariates found insignificant by PPL are italicized.

PPL Naive
Covariate p-value CI Width | p-value CI Width
word_freq_all 0.32 [—0.11, 0.20] 0.31 0.02 [0.02, 0.20] 0.18
word_freq_our 0.00 [0.22, 0.49] 0.26 0.00 [0.23, 0.40] 0.17
word_freq_over 0.02 [0.04, 0.32] 0.28 0.00 [0.11, 0.31] 0.19
word_freq_remove 0.00 [0.54, 0.96] 0.42 0.00 [0.84, 1.25] 0.41
word_freq_internet 0.00 [0.11,0.38] 0.27 0.00 [0.21, 0.43] 0.23
word_freq_will 0.18 [—0.34, 0.09] 0.43 0.00 [-0.39, —0.15] 0.24
word_freq_free 0.00 [0.53, 0.95] 0.42 0.00 [0.40, 0.69] 0.30
word_freq_business 0.01 [0.08, 0.43] 0.34 0.00 [0.18, 0.41] 0.24
word_freq_email 0.21 [—0.06, 0.26] 0.33 0.01 [0.03, 0.23] 0.20
word_freq_you 0.00 [0.05, 0.32] 0.27 0.00 [0.31, 0.52] 0.21
word_freq_your 0.14 [—0.12, 0.42] 0.54 0.00 [0.27, 0.47] 0.20
word_freq_000 0.00 [0.36, 0.82] 0.47 0.00 [0.60, 1.07] 047
word_freq_money 0.00 [0.10, 0.38] 0.28 0.00 [0.24, 0.63] 0.39
word_freq_re 0.05 [-1.13,—=0.00] 1.02 0.00 [-1.18,—-0.62] 0.55
word_freq_edu 0.80 [—1.59, 3.68] 5.27 0.00 [-1.66,—0.72] 0.95
char_freq_! 0.00 [0.24, 0.53] 0.29 0.00 [0.54, 0.90] 0.36
char_freq_$ 0.00 [0.56, 0.98] 0.42 0.00 [0.70, 1.03] 0.33
capital_run_length_longest | 0.05 [0.00, 0.30] 0.29 0.00 [0.35, 0.66] 0.31
capital_run_length_total 0.32 [—0.20, 0.36] 0.56 0.00 [0.08, 0.29] 0.21
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6.2 Poisson regression for count data

6.2 Poisson regression for count data

Here, we analyze the Medicaid1986 data from the R package AER (Kleiber
and Zeileis|, 2008) using Poisson regression. These are Medicaid utilization data
from the 1986 Medicaid Consumer Survey. Considering only those records un-
der the Aid to Families with Dependent Children program and encoding cate-
gorical variables with indicators, the data set contains n = 485 observations and
p = 12 covariates. The response is the number of doctor visits.

After selecting the penalty parameter A with 70% of the data used for train-
ing data and 30% used as validation data, we select 4 covariates. Naive post-
selection inference finds all four significantly associated with the number of
doctor visits; however, our post-selection inference procedure finds only three
to be significant. Table [3|summarizes the results, showing that the naive method
claims stronger covariate effects after model selection than our PPL method. For
example, the p-value associated with the covariate school from the PPL method
is above 0.05, while the naive method produces a nearly zero p-value. Previous
analyses on the data (Gurmu, 1997) confirmed that health status measures, such
as healthl, are among the most important predictors for the number of doctor
visits; covariates such as school become less important once these measures are

included in the model.
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6.3 Beta regression for proportion data

Table 3: Inferences on selected covariate effects for the Medicaid data set.

Names of covariates found insignificant by PPL are italicized.

PPL Naive
Covariate | p-value CI Width | p-value CI Width
children 0.01 [-0.27,-0.06] 0.21 0.00 [-0.27,-0.11] 0.16
healthl 0.00 [0.36, 0.50] 0.14 0.00 [0.36, 0.47] 0.11
access 0.01 [0.06, 1.35] 1.29 0.00 [0.08, 0.22] 0.14
school 0.07 [—0.02, 0.26] 0.28 0.00 [0.10, 0.26] 0.16

6.3 Beta regression for proportion data

Lastly, we perform beta regression on the Student Performance data set from
the UCI Machine Learning Repository (Hussain, 2018), which examines stu-
dent achievement at two Portuguese secondary schools. Covariate information
includes students’ grades and demographic, social, and school-related attributes.
After encoding categorical variables and removing outliers, the data set contains
n = 649 observations and p = 39 covariates. The response variable is a student’s
final grade (ranging from O to 20) divided by 20.

Using beta regression, after selecting A with 70% of the data used as train-
ing data and 30% as validation data, 27 covariates were included in the selected
model. Our post-selection method identifies 10 variables as significant, while
the naive method identifies 13 variables. Table [] displays the inference results
from the two methods. After adjusting for model selection, the PPL method is

less aggressive in claiming the strength of covariate effects, with wider interval
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6.3 Beta regression for proportion data

estimates and larger p-values than those from the naive method. In particular,
the PPL method concludes that the covariates, goout and health, are statistically
insignificant, although they are significant at the 0.05 significance level accord-
ing to the naive method. The findings of the PPL method are more in line with
the consensus in the literature (Bhatia et al., 2025; |Kesgin et al., 2025): among
the non-grade features, the covariate absences and failures are top-ranked fea-
tures, study time and academic support matter (e.g., studytime, schoolsup_yes,
higher_yes) also tend to be highly influential on a student’s final grade, parental
education (Medu) is moderately influential, whereas some social and lifestyle

variables, such as goout and health, have much weaker predictive power.
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Table 4: Inferences on selected covariate effects for the student performance
data set for the 13 covariates found to be significant according to the naive

method. Names of covariates found insignificant by PPL are italicized.

PPL Naive
Covariate p-value CI Width | p-value CI Width
age 0.00 [0.04, 0.13] 0.09 0.00 [0.04, 0.13] 0.08
Medu 0.02 [0.02, 0.23] 0.21 0.01 [0.02, 0.11] 0.10
studytime 0.02 [0.01, 0.10] 0.09 0.01 [0.02, 0.10] 0.08
failures 0.00 [-0.19,—-0.10] 0.09 0.00 [-0.19,-0.10] 0.08
goout 0.17 [—0.11, 0.02] 0.14 0.04 [-0.09, —0.00] 0.09
health 0.14 [—0.08, 0.02] 0.10 0.03 [-0.08, —0.00] 0.08
absences 0.00 [-0.14, —0.03] 0.10 0.00 [—0.12, —0.04] 0.08
school_MS 0.03 [-0.12,-0.00] 0.11 0.00 [-0.11,-0.02] 0.08
sex_M 0.02 [-0.11,-0.01] 0.10 0.00 [-0.11,-0.02] 0.09
Fjob_teacher 0.03 [0.01, 0.10] 0.09 0.01 [0.02, 0.10] 0.08
reason_reputation 0.13 [—0.02, 0.10] 0.12 0.02 [0.01, 0.09] 0.08
schoolsup_yes 0.00 [-0.12, —0.04] 0.08 0.00 [-0.12,—-0.04] 0.08
higher_yes 0.00 [0.07, 0.14] 0.08 0.00 [0.07, 0.15] 0.08

7. Discussion

We propose parametric programming following a linearization step for per-
forming post-selection inference in generalized linear models, which can be
adapted to models outside of GLMs, such as the beta regression model. The
proposed method addresses key limitations of the polyhedral method, which
involves over-conditioning, leading to wider confidence intervals and compro-
mised statistical power. The proposed method can also adjust for data-based

penalty parameter selection, in contrast to the polyhedral method, which as-
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sumes a fixed penalty parameter chosen prior to the observation of the data.

Compared to the work by Taylor and Tibshirani| (2018)), where extension
of the polyhedral method in generalized regression models was considered, our
work provides more insight into inferences and variable selection based on the
pseudo-data in a linear model and those based on the original data in a GLM. The
gained insight can potentially lead to further extension of the proposed method-
ology in several interesting directions. These include post-selection inference in
nonparametric regression models, or when response data are partially observed
and prone to error as in group testing settings, or when covariates are prone to
measurement error. Our current approach is grounded in maximum likelihood
estimation. Generalizing it to the broader M-estimation framework is another
reachable goal that can broaden its applicability.

Computer code for implementing our proposed method and competing meth-
ods considered in the simulation study are available at https://github.

com/kateshen28/InfGLM.

8. Supplementary Material

The online Supplementary Material contains additional simulation results

and proofs of Theorem I]and Corollary [I]
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