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MIRROR-SYMMETRIC ORTHOGONAL LATIN HYPERCUBES
WITH ATTRACTIVE SPACE-FILLING PROPERTIES

Chunyan Wang! and Min-Qian Liu*7

L Renmin University of China and > Nankai University

Abstract: Computer experiments have been widely used to build high-quality surrogate models
for complex emulation systems. Orthogonal Latin hypercubes are efficient designs for com-
puter experiments as they enjoy both orthogonality and one-dimensional maximum stratifi-
cation. Mirror-symmetric designs have also been advocated for computer experiments. The
mirror-symmetry structure can yield higher-order orthogonality and significantly benefit the
identification of the main and interaction effects. The construction of mirror-symmetric orthog-
onal Latin hypercubes is limited and challenging. This paper proposes a construction method
for mirror-symmetric orthogonal Latin hypercubes using orthogonal arrays from Reed-Solomon
codes. Theoretical results guarantee that the resulting designs enjoy attractive orthogonali-
ty and low-dimensional space-filling properties. Moreover, some of the resulting designs are
optimal under the maximin distance criterion. Simulation comparisons are also provided to

demonstrate the superiority of the proposed designs over existing designs.

Key words and phrases: Computer experiment, Latin hypercube, maximin distance, orthogo-

nality, stratification.

1. Introduction

Computer experiments are widely used in many fields to explore complex systems.

*Corresponding author. E-mail: mgliu@nankai.edu.cn.
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Space-filling designs are a general tool for designing computer experiments (Fang, Li

and Sudjianto| (2006) and Santner, Williams and Notz (2018))). This kind of design

scatters its design points over the experimental region uniformly, allowing efficient ex-
ploration of the region. The space-filling property of a design can be evaluated by

low-dimensional stratification. Latin hypercubes (LHs) are the most traditional space-

filling designs (McKay, Beckman and Conover} 1979). An LH with n runs accom-

modates n equally-spaced levels in each factor and therefore achieves one-dimensional
maximum stratification. In addition to the space-filling property, orthogonality is also
an important property for computer experimental designs, ensuring uncorrelated esti-
mations of the main effects. Orthogonal LHs (OLHs) achieve both orthogonality and
one-dimensional maximum stratification and thus are effective designs for computer

experiments. The research on OLHs dates back to (1998), and then has been fur-

ther pursued by Steinberg and Lin| (2006), Bingham, Sitter and Tang| (2009)), |Sun, Liu

and Lin (2009), Pang, Liu and Lin (2009)), Lin, Mukerjee and Tang| (2009), Georgiou

and Stylianou (2011)), Yang and Liu (2012), (Georgiou and Efthimiou| (2014), Sun and|

(2017D) and Wang et al| (2018)), etc. The mirror-symmetry is also a desirable

aspect for computer experimental designs as it yields higher-order orthogonality and

guarantees uncorrelated estimations of the main and interaction effects.

(2014) and Wang and Xul (2022) proposed methods for constructing mirror-symmetric

factorial designs based on regular designs. However, the research on mirror-symmetric
OLHs (MSOLHSs) is very limited and challenging.

In this paper, we propose a general rotation method for constructing MSOLHs
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using orthogonal arrays from Reed-Solomon codes. Theoretical results guarantee that
the resulting designs have attractive orthogonality and low-dimensional space-filling
properties. Specifically, the resulting designs are orthogonal and second-order orthog-
onal, while their columns can be partitioned into groups such that the columns from
different groups enjoy attractive low-dimensional stratifications. Moreover, some of the
resulting designs are optimal under the maximin distance criterion and flexible in run
sizes. Connections of the newly proposed designs to several kinds of designs in the
literature are explored. Simulation comparisons are also provided to demonstrate the
superiority of the proposed designs over existing ones.

The remainder of this paper proceeds as follows. Section 2 introduces some notation
and background. Section 3 proposes a general construction method for MSOLHs and
investigates their theoretical properties. Concluding remarks are provided in Section

4. All proofs and some large tables are deferred to the Supplementary Material.

2. Preliminaries

Let D(n,s; X -+ X S,) denote a design of n runs and m factors, with each of
the s; levels from {0,1,...,s; — 1} replicated equally often in the ith column. A
D(n,s; X --- X s,) becomes a D(n,s™) if all the s;’s are equal to s. To facilitate
the study of orthogonality, sometimes we center the s levels of a D(n,s™) design D
into Q(s) = {z —(s—1)/2|]z =0,...,s — 1} and denote the resulting design by D*.
For example, the levels 0 and 1 are mapped to —1/2 and 1/2 respectively for s = 2,
while the levels 0, 1 and 2 are mapped to —1, 0 and 1 respectively for s = 3. Then

D is mirror-symmetric if —D* = D* up to row permutation. For a mirror-symmetric
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D(n,s™) design D, D* can be written as (X7, —X7T)T for even n or (X707, —XT)7

Y Ym?
for odd n up to row permutation, where 0,, is the row vector of m zeros. Take s = 2

as an example, the OA(4,2,2,2) in Table [l}is mirror-symmetric, where the first row is

symmetric to the third row, and the second row is symmetric to the fourth row.

Table 1: A mirror-symmetric OA(4,2,2,2).

Run B B*
1 0 0 -0.5 -0.5
2 0 1 —-0.5 0.5
3 1T 05 05 |
4 1 0 0.5 —0.5

A D(n,s™) design D is orthogonal if the inner product of any two distinct columns
of D* is 0. Moreover, an orthogonal design is second-order orthogonal if the sum of
elementwise products of any three columns is 0. A mirror-symmetric orthogonal design
is second-order orthogonal and thus significantly benefits the identification of the main
and interaction effects. A D(n,s™) becomes an LH, denoted by LH(n,m), if s = n.
Similarly, we have the OLH(n,m) and MSOLH(n, m).

A D(n,s; X -+ X 8,) becomes an orthogonal array of strength ¢ and si,..., s,
levels, denoted by OA(n, m, s X - -+ X 8, t), if all possible level combinations for any ¢
columns occur with the same frequency. Moreover, when all the s;’s are equal to s, the
array becomes an OA(n,m, s, t). A design D(n,p; X - -+ X p,,,) achieves a stratification
on an s; X - -+ X 8 grid in some ¢ (¢ > 2) dimensions if the ¢ columns can be collapsed
into an OA(n,t,s1 X - -+ X 84, t), where the p; levels of the ith column are collapsed into
si levels by |z/(pi/s;)] for z =0,...,p; — 1, therein the |v] is the largest integer not

exceeding v.
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Let GF(s) = {ap,...,as_1} be the Galois field with order s, where o; = ' for
1 =1,...,s — 1, with a being the primitive element of this Galois field. An n x m
matrix on GF(s) is called a difference scheme, denoted by D(n,m,s), if the vector
difference between any two columns contains every element of GF'(s) equally often.

We next introduce the definitions of mirroring permutations and invariant designs,

which provide a basis for the later constructions.

Definition 1 (Mirroring permutation). Let 7 = (7p,...,7,-1) be a permutation on
GF(p) = {ao,...,a,-1} where the element «; is mapped to 7; for i = 0,...,p — 1.

Then the permutation 7 is called mirroring if

() # o, fori=0,...,p—1,
7(1(e;)) =, fori=0,...,p—1,

for even p, or there exists some k € {0,...,p — 1} such that

T() = Qu,
(o) # o and 7(7()) = o, for i =0,....,k =1L, k+1,...,p—1,

for odd p.

It is clear that for a mirroring permutation 7, there exist p/2 elements v, . . ., Az
such that {a.,,...,a. ,,7(az),...,7(a, ,)} equals GF(p) for even p, or there ex-
ist [p/2] + 1 elements ay,, vy, .. 0, such that {a., as,. 0 0z, ), T(0s), ..

T(&ZWQJ)} equals GF(p) with 7(a,,) = a,, for odd p. For example, 7 = (3,2,1,0),
which maps 0,1,2,3 to 3,2,1,0 respectively, is a mirroring permutation, while 7 =

(2,1,0,3) is not.

Definition 2 (Invariant design). A D(n,p™) design A on GF(p) is invariant if there
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exists a mirroring permutation 7 such that 7(A) equals A up to row permutations,

where 7(A) = (7(a;;)) for A = (ai;).

Given an OA(16,4,4,2) A and a mirroring permutation 7 = (3,2,1,0), where A
is shown in the left part of Table [2] we can obtain 7(A4) from A by mapping levels
0,1,2,3 to 3,2,1,0 respectively, as shown in the right part of Table 2| It is easily
checked that 7(A) = A up to row permutations. Thus, design A is invariant under

mirroring permutation 7.

Table 2: An invariant OA(16,4,4,2) under 7 = (3,2, 1,0).

Run A T(A)
1 0 0 0 0 3 3 3 3
2 1 1 1 1 2 2 2 2
3 2 2 2 2 1 1 1 1
4 3 3 3 3 0 0 0 0
) 0 1 2 3 3 2 1 0
6 1 0 3 2 2 3 0 1
7 2 3 0 1 1 0 3 2
8 3 2 1 0 0 1 2 3
9 0 2 3 1 3 1 0 2
10 1 3 2 0 2 0 1 3
11 2 0 1 3 1 3 2 0
12 3 1 0 2 0 2 3 1
13 0 3 1 2 3 0 2 1
14 1 2 0 3 2 1 3 0
15 2 1 3 0 1 2 0 3
16 3 0 2 1 0 3 1 2

Let A be an invariant OA(n, my,p,2) on GF(p) under a mirroring permutation
7, where {a,,...,a,, ,,7(az,), ..., 7(a,,,)} equals GF(p) for even p or {ay, @y, .. -,
sy T(Qy)s ooy (0, )} equals GF(p) with 7(ay,) = a,, for odd p. To facilitate
the later study, a,, and 7(a,) are called paired levels. In this way, any p-level invariant
design has |p/2] paired levels. Let B be a mirror-symmetric OA(p, ms, s,2), where B*

can be written as (X7, —XT)T for even p or (XT,0L  —XT)T for odd p. In each

) mo)
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column of A, replace the paired levels o, and 7(a,,) by the ith and (i + [p/2])th rows
of B respectively for i = 1,...,[p/2], and further replace the level a,, by the [p/2]th
row of B if p is odd. Here [z] represents the smallest integer not less than z. Then we

obtain the matrix

H=(H,... .Hpy). (2.1)

where H; = (H;1, Hja, ..., Him,) represents the ith group of my columns obtained by
replacing the levels in the ith column of A by the rows of B, for i = 1,...,m;. For

this H, we have the following results.

Theorem 1. Let A be an invariant OA(n,my,p,2) and B be a mirror-symmetric
OA(p,ma, s,2). Then design H in (2.1)) is a mirror-symmetric OA(n,mims, s,2), and
any four columns obtained by taking two columns from H; and two columns from H,,

with iy # ia must form an OA(n,4,s,4).

Theorem[I]says that H is a mirror-symmetric orthogonal array. Moreover, although

H has strength two, many of its four-column subarrays have strength four.

Let
s —s2 —s 1 1 0 0 0
2 8 =1 s 0 -1 0 0
R — d =
o=y 1 ¢ _e|®™m@=1 o g
1 S 2 s 0 0 0 1

be two rotation matrices of order 4, where s is a prime number or a power of a prime
number. Then for any & > 1, a rotation matrix of order 2¥*2 labelled R, can be

obtained by

[ sBik—1 —Qp . [ Qr 0
Ry = (le 3Rk1> with Q) = ( 0 _le) (k>1), (2.2)
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where the nonzero entries in each column form a permutation of 1,s,...,s* up to
sign switches.

Let (Ey,...,E;) be an OA(n, (282 s, 2) for an integer k& > 0, where each E; is
an OA(n, 22 s,2) and has the property that all subarrays of k + 4 factors corre-
sponding to the nonzero entries in each column of R are full factorials. Then follow-
ing Sun and Tang (2017b)), each E; can be rotated into an OLH(n,28+2) via Ef Ry,

while an OLH(n, [28+2) can be further obtained by combining the OLH(n, 25+2)’s from

Ey, ..., E;.. Now we consider the mirror-symmetry of designs and have the following
result.
Theorem 2. Let (Ey, ..., E) be a mirror-symmetric OA(n, 12872 5,2) for an integer

k > 0, where each E; is an OA(n,2%2 s,2) and has the property that all subarrays
of k + 4 factors corresponding to the monzero entries in each column of Ry are full

factorials, then (E; Ry, ..., EfRy,) is an MSOLH(n, [2k+2).

Theorems (1| and [2| are crucial for later constructions in the subsequent sections.
We provide rigorous proofs in the Supplementary Material for those readers who are

interested in the details of the derivation.

3. Construction Method and Results

3.1 Construction of MSOLHs
Here we propose a general construction method for MSOLHs and investigating

their properties. The construction is given in Algorithm [I}
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Algorithm 1 (Construction of MSOLHs).

Input: (a) s: a prime number or a power of a prime number; (b) k: a nonnegative
integer; (c) A: an invariant OA(s?, my, s?,2) under mirroring permutation 7; (d)
B: a mirror-symmetric OA(s?,my,s,2); (e) D,: a difference scheme D(s, s, s)

with D, = (do,dy,...,ds_1); (f) Ry: the rotation matrix of order 28+2 in ([2.2)).

Output: W: an MSOLH(s*™, gr), where g = 2\; and r = \¢*2" with \; = [m, /2],

Ay = [ma/2] and ¢ = |s/2].

Step 1. In each column of A, replace each of the |s?/2] paired levels by two symmetric
rows of B, and further replace the level o, by the [s%/2]th row of B if s* is odd.
Then obtain H = (Hy,...,Hp,) in , where H; = (H;1, ..., Hip,) is the ith
group of my columns arising from replacing the levels in the ith column of A by
the rows of B for i =1,...,m;. Let A\; = [my/2] and Ay = |my/2| and further

let Hy; = (Hy2j-1), Hi2j)) for i =1,...,2\, 7 =1,..., Xo. Order H;;’s as
Hl-l; HQ.l, A, ., HQ)\I.l, Hl.g, HQ.Q, c.. ,Hg)\l.Q, e Hl-)\27 HQ.)\Q, ey HQ}\l'/\T

Take two successive H;.; at a time and obtain ¢ = A Ay sets of four columns,

denoted as Fi, ..., Fy.
Step 2. Forl=1,2,...,q,j1=0,1,...,( — 1 with ( = |s/2], define

Fi, = (daj, ® F,daj 41 D F).

J1
Each Fj; has s% rows and 8 columns, where the xth column corresponds to the

kth column of F} with & = kK —4[(k — 1)/4]. For k > 2, define

E = (d2]k @E 7d2jk+1 ®Ej1j2"'.7k—1)’ .]k = Oa]-a"wc_ L.

J1J2- Ik J1J2° " Jk—1
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cej

Each £, . . has s*** rows and 2¢72 columns, where the xth column corresponds

to the £th column of F;. Here the Ath column of Fj is called the leading column

of the xth column of Fj,

J1J2- Ik "

Step 3. Forl=1,...,q, 71,---,Jk = 0,1,...,( — 1, center the s levels of F}, and

J1J2 Ik

obtain Ejmmjk. Rotate these designs via ), and obtain

_ * * * *
T =(Fy, Bk -, 1171“_1)((_1)”‘(4_1)R;€7 v B Ry Fq(g_l)(g_nm(c_l)Rk).
For design 7', collect the columns whose leading columns are in Hy, ..., Hs),, and

denote the resulting designs as Wy, Ws, ..., Wsy,, respectively. Then we obtain

W =Wy, Wy, ..., Way,).

Theorem 3. Design W in Algorithm 1| is an MSOLH(s**, gr), where g = 2)\; and
r = XM CF2EL with Ay = |my /2], Ao = |ma/2] and ¢ = |s/2]. Furthermore, W can be

partitioned into g disjoint groups of r columns each with the following properties:

(i) any two columns can be collapsed into an OA(s*+4,2,s,2);
(i) any two columns from different groups can be collapsed into an OA(s*,2, 52 2);

(iii) any three columns from two different groups can be collapsed into an OA(s**4,3, s, 3).

From Theorem |3, design W achieves a stratification on an s? x s? grid in any two
columns from different groups and a stratification on an s x s grid in any two columns
from the same group. We use 7 to denote the proportion of two-tuples that achieve

stratifications on s% x s? grids. Then, we have

T=1-(r—1)/(gr—1)=21-1/g, (3.1)
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for the MSOLH(s***, gr) from Algorithm |1} where g = 2)\; and r = \y¢*2~ 1

Example 1. Let A be an invariant OA(16,4,4,2) under the mirroring permutation
7 = (3,2,1,0) and B be a mirror-symmetric OA(4,2,2,2) where B* can be written
as (XT,—XT)T. Designs B and A are given in Tables [I] and [2| respectively. For
1=1,2,3,4, replace the 4 levels 0, 1, 2, and 3 in the 7th column of A by the first, second,
fourth, and third rows of B respectively and denote the resulting design as H;. Create
Fy = (Hy,Hy), F, = (Hs, Hy), Fiy, = (do ® F1,dy & Fy) and Fy, = (dy ® Fy,dy & F),
where (dy,d;) is a difference scheme D(2,2,2) on GF(2) with d; = (0,0)" and dy =
(0,1)". Center the levels of Fy, and Fy, and denote the resulting designs by F}. and
Fy respectively. Let T' = (F} Ry, F5 Ri), Wi = (t1,ta,t5,t6), Wo = (L3, 14, t7,13),
W3 = (to, t10,t13,t14) and Wy = (t11,t12, t15, t16), where t; is the ith column of 7.
Then we can obtain an LH(32,16) by taking W = (W, Wy, W3, W,), as shown in
Table |3| It is easy to check that W is orthogonal and mirror-symmetric, where w; =
—w;y16 for i = 1,...,16, therein w; represents the ith row of design W. Thus W
is an MSOLH(32,16). In addition, W can be partitioned into 4 disjoint groups of
4 columns each where any two columns can be collapsed into an OA(32,2,2,2), and
any two columns from different groups can be collapsed into an OA(32,2,4,2). The
design achieves stratifications on 4 x 4 grids in the proportion of # =80%. The two-
dimensional stratification properties are shown in Figure[I, where W;; is the jth column
of W;. Moreover, any three columns from two different groups can be collapsed into

an OA(32,3,2,3).
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Table 3: An MSOLH(32, 16).

Run|IV; Wo Wi W,

1|—15.5 —4.5|—14.5 —5.5| —8.5 —3.5| —9.5 —2.5|—15.5 —4.5—14.5 —b.5| —8.5 —3.5| —9.5 —2.5
2| —5.5 14.5| —4.5 15.5] —2.5 9.5 —3.5 8.5 —5.5 14.5| —4.5 15.5| —2.5 9.5 —3.5 8.5
3—13.5 —0.5—12.5 —1.5| —0.5 13.5| —1.5 12,5, 7.5—10.5/ 6.5—11.5 10.5 7.5 11.5 6.5
4 =75 10.5 —6.5 11.5—10.5 —7.5—11.5 —6.5| 13.5 0.5 12.5 1.5/ 0.5—13.5| 1.5—12.5
5—11.5 —6.5—10.5 —7.5| 6.5—11.5| 7.5—10.5 11.5 6.5/ 10.5 7.5 —6.5 11.5( —7.5 10.5
6 —1.5 12.5| —0.5 13.5 12.5 1.5 13.5 0.5| 1.5—12.5] 0.5—13.5—-12.5 —1.5—-13.5 —0.5
7 —9.5 —2.5| —8.5 —3.5 14.5 5.5 15.5 4.5/ —=3.5 85 —2.5 9.5 4.5-15.5 5.5-14.5
8 —3.5 8.5 —2.5 9.5 4.5—15.5| 5.5—14.5| —9.5 —2.5| —8.5 —3.5 14.5 5.5 15.5 4.5
9—14.5 —5.5 15.5 4.5| —9.5 —2.5| 8.5 3.5—14.5 —5.5 15.5 4.5 —9.5 —2.5 85 3.5
100 —4.5 15.5| b5.5—14.5 —3.5 8.5 2.5 —9.5| —4.5 15.5| 5.5—14.5| —3.5 85 2.5 —9.5
11—12.5 —1.5] 13.5 0.5 —1.5 12.5] 0.5—13.5| 6.5—11.5| —7.5 10.5 11.5 6.5—10.5 —7.5
12| —6.5 11.5 7.5—10.5—-11.5 —6.5/ 10.5 7.5 12.5 1.5-13.5 —0.5| 1.5—12.5| —0.5 13.5
13—-10.5 —=7.5 11.5 6.5 7.5—10.5 —6.5 11.5 10.5 7.5—-11.5 —6.5 —7.5 10.5| 6.5—11.5
14 —0.5 13.5 1.5—12.5/ 13.5 0.5—-12.5 —1.5| 0.5—13.5| —1.5 12.5—-13.5 —0.5 12.5 1.5
15 —8.5 —3.5| 9.5 2.5 15,5 4.5—-14.5 —5.5| —2.5 9.5 3.5 —8.5 5.5—14.5| —4.5 15.5
16 —2.5 9.5 3.5 —8.5| 5.5—14.5| —4.5 15.5| —8.5 —3.5| 9.5 2.5 15.5 4.5—-14.5 —5.5
|17 155 45 145 55 85 35 95 25 155 45 145 55 85 3.5 95 2.5
18 5.5—14.51 4.5-—15.5 2.5 —9.5/ 3.5 —8.5| 5.5—14.5| 4.5—15.5/ 2.5 —9.5/ 3.5 -85
19 13.5 0.5 12,5 1.5 0.5-—13.5( 1.5—12.5| —7.5 10.5| —6.5 11.5—-10.5 —7.5—11.5 —6.5
20 7.5-10.5] 6.5—11.5 10.5 7.5 11.5 6.5—13.5 —0.5—12.5 —1.5( —0.5 13.5| —1.5 12.5
21 11.5 6.5 10.5 7.5 —6.5 11.5| —7.5 10.5—11.5 —6.5—10.5 —7.5 6.5—11.5 7.5—10.5
22| 1.5-12.5| 0.5—13.5|—-12.5 —1.5—-13.5 —0.5) —1.5 12.5| —0.5 13.5 12,5 1.5/ 13.5 0.5
23] 9.5 2.5 85 3.5—-14.5 —5.5|—15.5 —4.5| 3.5 —85 2.5 —9.5 —4.5 15.5| —5.5 14.5
24 3.5 —8.5] 2.5 —9.5| —4.5 15.5| —5.5 14.5) 9.5 2.5/ 85 3.5 —14.5 —5.51—15.5 —4.5
250 14.5 5.5—15.5 —4.5| 9.5 2.5 —8.5 —3.5| 14.5 5.5 —15.5 —4.5 9.5 2.5 -85 —3.5
26| 4.5—15.5| —5.5 14.5| 3.5 —8.5| —2.5 9.5 4.5—15.5 —5.5 14.5 3.5 —8.5| —2.5 9.5
27 12.5 1.5—-13.5 —0.5| 1.5—12.5| —0.5 13.5| —6.5 11.5 7.5—10.5—-11.5 —6.5 10.5 7.5
28 6.5—11.5| —7.5 10.5| 11.5 6.5—10.5 —7.5—12.5 —1.5 13.5 0.5 —1.5 12.5| 0.5—13.5
29/ 10.5 7.5—-11.5 —6.5| —7.5 10.5| 6.5—11.5—-10.5 —7.5 11.5 6.5 7.5—10.5 —6.5 11.5
300 0.5—-13.5| —1.5 12.5|—-13.5 —0.5 12.5 1.5 —0.5 13.5| 1.5—12.5 13.5 0.5—12.5 —1.5
31 85 3.5] —9.5 —2.5|—-15.5 —4.5| 14.5 5.5 2.5 —9.5| —3.5 85 —5.5 14.5| 4.5-15.5
32| 2.5 —9.5] —3.5 8.5 —5.5 14.5| 4.5—15.5| 85 3.5/ —=9.5 —2.51—15.5 —4.5| 14.5 5.5
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Wi

Wi

Wau

(a) Stratification on a 2 x 2 grid. (b) Stratification on a 4 x 4 grid.

Figure 1: Stratifications of the column pairs of design W in Example [1]

Example 2. Let A be an invariant OA(81,9,9,2) under the mirroring permuta-
tion 7 = (0,5,6,7,8,1,2,3,4) and B be a mirror-symmetric OA(9,4, 3, 2), where B*
can be written as (X7T,07, —XT)T (see Tables S.1 and S.2 in the Supplementary
Material). For ¢ = 1,...,8, obtain H; = (H;, H;, H;3, H;4) from the ith colum-
n of A by replacing the 9 levels 0,1,...,8 with the 5th, 1st, 2nd, 3rd, 4th, 6th,
7th, 8th, and 9th rows of B, respectively, where H;; is the jth column of H;. Let
H;1 = (Hn,Hip) and H;o = (H;3, H;4). Then eight full factorials can be obtained
by taking Fy = (Hy.1, Ha1), F» = (Hsq, Hyq), F3 = (Hsq, He1), Fy = (Hqpq, Hg),
Fs = (Hya, Hos), Fs = (Hzo, Hyo), Fr = (Hso, Hgz), and Fg = (Hr.o, Hgs). Let
T = (FyRo, F5 Ry, F5 Ro, Fi Ry, FX Ry, F{ Ro, F¥ Ry, F§Ry), and further define W; =
(toi—1,toi, tais1s, taiv1e) for @ = 1,...,8, where t; is the ith column of 7. Then an
LH(81,32) can be obtained by taking W = (W7, ..., Wy), as shown in Table S.3 in the
Supplementary Material. It can be readily verified that W is orthogonal and mirror-
symmetric. W has eight groups of four columns each such that any two columns can

be collapsed into an OA(81,2,3,2), while any two columns from different groups can
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be collapsed into an OA(81,2,9,2). Thus, we have m = 90.32% for design W. The

two-dimensional stratification properties are shown in Figure [2 where W;; is the jth

column of W;. Moreover, any three columns from two different groups can be collapsed
into an OA(81, 3,3, 3).
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(a) Stratification on a 3 x 3 grid. (b) Stratification on a 9 x 9 grid.

Figure 2: Stratifications of the column pairs of design W in Example

3.2 Construction of the source orthogonal arrays

The difference schemes (D) needed in Algorithm are available in Hedayat, Sloane

and Stufken| (1999)). We next present a construction of the required invariant orthogonal
arrays (A) and mirror-symmetric orthogonal arrays (B).

Codes are designed to correct errors in the transmission of data over noisy commu-
nication channels (Hedayat, Sloane and Stufken, 1999, Chapter 4). Let P be a set of
size p called the alphabet, and P™ be the set of all p™ vectors of length m. A code C'is

then defined as a collection of vectors in P™, where the vectors are called codewords.
The Hamming distance between any two vectors in P™ is defined to be the number of

positions where they differ, while the Hamming distance ¢ of code C' is further defined
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as the minimal distance between distinct codewords. If C' contains N codewords then
we say that it is a code of length m, size N and minimal distance ¢ over an alphabet
of size m, or as an (m, N,t),. Reed-Solomon codes are an especially important class
of codes, because of their widespread use in compact disks and very high-speed data
transmission. Here we restrict our attention to Reed-Solomon codes with parameters
(p+1,p",p—~+2), for any prime or prime power p and integer v > 0. We present a
construction method for the required invariant orthogonal arrays and mirror-symmetric
orthogonal arrays in Algorithm [I] using such Reed-Solomon codes.

Let GF(p) = {ag,...,ap—1}. Then we can obtain p” polynomials ¢;(z) = S +
Bax + ...+ Bip—1ya? !t with i = 1,...,p", where the coefficients range over the field
GF(p). A code C of p? vectors of length p + 1 can be obtained with the ith vector
being (¢i(w), ¢i(a), ..., i(ap_1), Bi(y—1)) for i =1,...,p7. It can be verified that C is
a Reed-Solomon code (p+1,p", p—~v+2), (MacWilliams and Sloane, 1977)). According

to |[Hedayat, Sloane and Stufken! (1999, Chapter 5), we have the following results.

Lemma 1. Code C, the Reed-Solomon code with parameters (p + 1,p7,p — v + 2),,
corresponds to an OA(pY,p + 1,p,7). Here the codewords of C' form the rows of the

orthogonal array.

It is clear that the first p columns of the OA(p”,p + 1, p,~) in Lemma (1| form an
OA(p?,p,p,7), we call it the Reed-Solomon type orthogonal array to facilitate the later

study. We are now ready to propose the following theorem.

Theorem 4. Let A be a Reed-Solomon type OA(s*, s, 52, 2) and B be a Reed-Solomon

type OA(s?,s,5,2) for s =2,3,4,5. Then A is invariant under mirroring permutation
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7 and B is mirror-symmetric. Here 7 = ((s* —1),---,0) for even s* and 7 = (0, (s* +

1)/2,...,82=1,1,...,(s* = 1)/2) for odd s*.

Given s = 3, it can be easily checked that the Reed-Solomon type OA(81,9,9,2)
is invariant under mirroring permutation 7 = (0,5,6,7,8,1,2,3,4), while the Reed-
Solomon type OA(9, 3, 3,2) is mirror-symmetric.

According to Theorem , a mirror-symmetric OA(s?, s, s,2) can be obtained via
the Reed-Solomon construction. Tang and Xu/ (2014)) and [Wang and Xu| (2022)) further
demonstrated that, in certain special cases, mirror-symmetric orthogonal arrays with
one additional column, i.e., OA(s?, s+1, s,2), can be constructed. The following result,

taken from Wang and Xu| (2022), will be used in this paper.

Lemma 2. For an odd prime s, let D be a reqular s*7'=C=Y design with two in-

dependent columns, denoted as x1 and xs, and s — 1 dependent columns, denoted as

x3,...,Tsy1, which are defined by
Topi = 1 +&pra (mod s), fori=1,...,s—1
Here each vector (§1,&i2) is a generator with entries that are constants in {0, ...,s—1}.

For a1 x (s—1) row vector A = (Ay,...,As_1), let
Dy = (21, 22,23+ A1y, X1 + Asm1)  (mod s),

and E\ = W(D,), where W(z) = 2z for 0 < x < s/2, and W(z) = 2(s —z) — 1
for s/2 < x < s. Then, Ex is a mirror-symmetric OA(s* s + 1,s,2), here N =
(N, oo, AL ) with X, = (1—=&1—&i2)o (mod s) fori=1,...,s—1, whereo = (s—1)/4

if s=1 (mod 4), and 0 = (3s — 1)/4 if s =3 (mod 4).
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We refer to the orthogonal array obtained from Lemma [2| as the Wang-Xu type

orthogonal array to facilitate the subsequent construction.

Example 3. Let D be a regular 3*~2 design with two independent columns, denoted
as r1 and x9, and two dependent columns, denoted as x3 and x4, which are defined
by z3 = x1 + x5 (mod 3) and z4 = x; + 225 (mod 3). Here, we have s = 3, {1 = 1,
9 =1, &1 = 1, and &y = 2. Then, 0 = 2, \] = (1 = &1 — &p)o (mod 3) = 1,
and A, = (1 — & — &x2)o (mod 3) = 2, so that X = (1,2). Consequently, a mirror-
symmetric OA(9,4, 3,2) can be obtained by taking Ey = W (D, ), as shown in Table

[ This is the same mirror-symmetric OA(9,4, 3,2) as that in Example 2.

Table 4: The Wang-Xu type OA(9,4, 3,2) in Example .

D Dy Ey =W (Dy)
Run Ty Ty T3 Xy Yi Y2 Y3 Y4 21 Z2 23 24
1 0 0 0 0 0 0 1 2 0 0 2 1
2 0 1 1 2 0 1 2 1 0 2 1 2
3 0 2 2 1 0 2 0 0 0 1 0 0
4 1 0 1 1 1 0 2 0 2 0 1 0
5) 1 1 2 0 1 1 0 2 2 2 0 1
6 1 2 0 2 1 2 1 1 2 1 2 2
7 2 0 2 2 2 0 0 1 1 0 0 2
8 % 1 0 1 2 1 1 0 1 2 2 0
9 2 2 1 0 2 2 2 2 1 1 1 1
D = (z1,22,%3,%4); Dy = (y1,92,¥3,¥y4), where y1 = x1,y2 = x2,y3 = x3+1, and ys = x4+2; By =

(21, 22, 23, 24), where z; = W (y;) for i = 1,2,3,4.
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3.3 Applications and results
Based on the orthogonal arrays from Section 3.2, many MSOLHs can be obtained

via Algorithm [1}

Proposition 1. Let A be a Reed-Solomon type OA(s?, s?, s 2) and B be a Reed-
Solomon type OA(s*,s,s,2) for s = 2,3,4,5. Then the resulting design W from Al-
gom’thm is an MSOLH(s**, gr) where g = 2\ and r = (20)*™ with A, = |s%/2]
and ¢ = |s/2]. W has g disjoint groups of r columns each and enjoys the properties
mentioned in Theorem [3  Moreover, the r columns of each group can be partitioned
into (2C)* disjoint classes of 2¢ columns each in the column order. Then any two

columns from different classes can be collapsed into an OA(s¥t4,2,s x s%,2) and an

OA(s*,2, 52 x 5,2).

Let n denote the proportion of two-tuples that achieve stratifications on s x s and

52 x s grids. For the designs in Proposition (1, we have

n=1=(f=-1)/(cf=1)=21-1/c, (32)
where ¢ = 2)\;(2¢)* and f = 2(.

Proposition 2. Let A be a Reed-Solomon type OA(s?,s?,5%,2) and B be a Wang-
Xu type OA(s?,s + 1,5,2) for an odd prime s. Then the resulting design W from
Algorithm[1is an MSOLH(s"+*, gr) where g = 2)\; and r = X\oCF2¥1 with A, = |s%/2],
A= [(s+1)/2] and ( = [s/2]. W has g disjoint groups of r columns each and enjoys

the properties mentioned in Theorem [3.
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Obviously, when both A and B are Reed-Solomon type OAs, W exhibits improved
two-dimensional properties in the sense that certain two-tuples within the same group
tend to enjoy a stronger space-filling property. An illustrative example is provided

below.

Example 4 (Example [I| continued). As discussed in Example [l design I in Table
is an MSOLH(32, 16). It achieves stratifications on 2 x 2 grids in all two dimensions and
stratifications on finer 4 x 4 grids in all two columns from different groups. Moreover,
it can be easily checked that any four columns of each group can be further partitioned
into two classes of two columns each, such that any two columns from different classes
can be collapsed into an OA(32,2,2 x 4,2) and an OA(32,2,4 x 2,2). The design
achieves stratifications on 2 x 4 and 4 x 2 grids in the proportion of n =93.33%. The
two-dimensional stratification properties are shown in Figure [3| where W;; is the jth

column of W;.
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(a) Stratification on a 2 x 4 grid. (b) Stratification on a 4 x 2 grid.

Figure 3: Stratifications of the column pairs of design W in Example [1]
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Table 5: Some MSOLHs from Algorithm H and their space-filling properties.

A: Invariant OA(s*, my, s2,2)
B: Mirror-symmetric OA(s?,ma,s,2) k W: MSOLH(s***,gr) g r (%) ¢ f n(%)
A: RS type OA(16,4, 4,2) 0 MSOLH(16,8)" 4 2 8571 4 2 85.71
B: RS type OA(4,2,2,2) 1 MSOLH(32, 16)1 4 4 8000 8 2 93.33
2 MSOLH(64, 32)1 4 8 7742 16 2 96.77
3 MSOLH(128, 64)1 4 16 7619 32 2 98.41
4 MSOLH(256, 128)7L 4 32 7559 64 2 99.21
5 1\/ISOLH(512,256)Jr 4 64 7529 128 2 99.61
A: RS type OA(81,9,9,2) 0 MSOLH(81, 16) 8 2 9333 8 2 93.33
B: RS type 0A(9,3,3,2) 1 MSOLH(243, 32) 8 4 9032 16 2 96.77
2 MSOLH(729,64) 8 8 88.89 32 2 9841
3 MSOLH(2187,128) 8 16 88.19 64 2 99.21
A: RS type OA(81,9,9,2) 0 MSOLH(81,32) 8 4 9032 8 4 90.32
B: WX type OA(9,4,3,2) 1 MSOLH(243, 64) 8 8 8389 8 8 88.89
2 MSOLH(729, 128) 8 16 88.19 8 16 88.19
3 MSOLH(2187,256) 8 32 87.84 8 32 87.84
A: RS type OA(256, 16, 16,2) 0 MSOLH(256, 64) 16 4 9524 16 4 95.24
B: RS type OA(16,4,4,2) 1 MSOLH(1024,256) 16 16 94.12 64 4 98.82
2 MSOLH(4096,1024) 16 64 93.84 256 4 99.71
A: RS type OA(625, 25, 25,2) 0 MSOLH(625,96) 24 4 96.84 24 4 96.84
B: RS type OA(25,5,5,2) 1 MSOLH(3125,384) 24 16 96.08 100 4 99.22
A: RS type OA(625, 25,25, 2) 0 MSOLH(625,144) 24 6 96.50 24 6 96.50
B: WX type OA(25,6,5,2) 1 MSOLH(3125,576) 24 24 96.00 24 24 96.00

Design W is an MSOLH(s**4, gr) where g = 2A; and r = Aa¢F2F+1 with \;

and ¢ = |s/2].

two columns from different groups can be collapsed into an OA(s*4, 2,52, 2) while any two columns from

different classes can be collapsed into an OA(s*+4,2, s x s2,2) and an OA(sF14,2, 52 x s, 2), respectively. W

achieves stratification on an s2

grids in proportion n. RS: Reed-Solomon. WX: Wang-Xu. Symbol } indicates the corresponding design has

the maximin Ly-distance among all possible MSOLHs.

= |m1/2], A2 = [m2/2]

W has g disjoint groups of r columns and c disjoint classes of f columns, where any

x s2 grid in proportion 7, while achieves stratifications on s x s and s2 x s
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Table [5| summarizes some resulting designs. Their space-filling properties are char-
acterized by the parameters g (the number of groups), r (the number of columns in each
group), 7 in (3.1)), ¢ (the number of classes), f (the number of columns in each class)
and 7 in (3.2). As shown in Table 5| most of the values of m and n are close to 100%,
implying that all the resulting designs enjoy appealing two-dimensional space-filling
properties.

Maximin distance designs are a popular class of space-filling designs that maxi-
mize the separation distance between design points. Such designs have quite general
asymptotically optimum characteristics under G- and D-criteria (Johnson, Moore and
Ylvisaker, 1990)) and thus have received widespread attention. More recently, Li, Tian
and Liu (2024) gave a comprehensive review of maximin distance designs and presented
a systematic method for orthogonal maximin distance designs with flexible numbers of
runs and factors.

For an LH(n,m), let do(x;, ;) = > oo, |wi — x;k|* be the Lo-distance of design
points z; = (%1, ..., %im) and x; = (z;1,...,%jy). Then the Lo-distance of design D
is defined as do(D) = min{ds(z;,z;) : z;,x; € D with i # j}. Following Zhou and
Xu (2015), do(D) < [mn(n + 1)/6] for any LH(n,m). [Sun, Liu and Lin (2009) gave
an upper bound of the factors for MSOLHs. Wang, Yang and Xul (2018) established
an upper bound of Lo-distance for MSOLHs and further developed the equivalence
between orthogonality and maximin distance criteria. We summarize these results in

Lemma [3]
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Lemma 3. Let D be a mirror-symmetric LH(n,m) andn > 2 be even, then m < [n/2]
and do(D) < |m(n? —1)/6]. When n = 2m, D has the mazimin Ly-distance among

all mirror-symmetric LH(n,m)’s if D is orthogonal.

Next, we show that many MSOLHs from Algorithm || are optimal in terms of the
maximin Lo-distance criterion. At the same time, the number of their factors reaches

the upper bound in Lemma [3| This is fully supported by the following theorem.

Theorem 5. Let A be a Reed-Solomon type OA(16,4,4,2) and B be a Reed-Solomon
type OA(4,2,2,2). Then the design W in Algorithm [1] is an MSOLH(2"+4, 2¥+3) and it

has the mazimin La-distance among all mirror-symmetric LH(284 2843)’s for k > 0.

Example 5. Revisit the design W in Table [3] As discussed in Examples [I] and [, W
is an MSOLH(32,16) and enjoys appealing low-dimensional stratification properties.
Moreover, the number of factors m achieves the upper bound [n/2] in Lemma 3 We
can also check that the Ly-distance of design W is 2728 = |[m(n* — 1)/6], i.e. W has

the maximin distance among all mirror-symmetric LH(32,16)’s.

From Theorem [5, many resulting MSOLHs from Algorithm [I] can accommodate
the maximum number of columns and are optimal under the maximin Lo-distance

criterion. These designs are marked with the symbol { in Table

3.4 Comparisons and simulations
For comparison, we consider the MSOLHs from Algorithm [1} the OLHs from Sun,
Liu and Lin| (2009), the mappable nearly orthogonal arrays (MNOAs) from Mukerjee,

Sun and Tang (2014)), and the strong-group orthogonal arrays (SGOAs) from Wang,
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Yang and Liu| (2022).

The OLHs in [Sun, Liu and Lin! (2009) have n = 2**! runs and 27 factors for any
positive integer z, where the design is mirror-symmetric and any two columns achieve
a stratification on a 2 x 2 grid. Using Algorithm , equally-sized MSOLH (25t 2%)’s
can be obtained by taking A to be the Reed-Solomon type OA(16,4,4,2) and B to be
the Reed-Solomon type OA(4,2,2,2). It is worth noting that such an MSOLH from
Algorithm [1] can be partitioned into g = 4 groups of r = 272 columns and ¢ = 2*7!
classes of f = 2 columns, where any two columns achieve a stratification on a 2 x 2
grid, any two columns from different classes achieve stratifications on 2 x 4 and 4 x 2
grids respectively, any two columns from different groups achieve a stratification on a
4 x 4 grid, and any three columns from two different groups achieve a stratification on a
2 x 2 x 2 grid. Clearly, the design obtained from Algorithm [I] significantly outperforms
the design in |Sun, Liu and Lin| (2009) in both two- and three-dimensional space-filling
properties, while accommodating the same number of factors.

The MNOA(n, ((s*)*)?, (s*)”) in Mukerjee, Sun and Tang (2014) has s* levels.
It can be partitioned into v groups of u columns, where any two columns achieve a
stratification on an s x s grid, and any two columns from different groups achieve
a stratification on an s? x s? grid. These space-filling properties also hold for the
proposed MSOLH(s**, gr) from Algorithm [1] The MSOLH has s*+* levels, where
most of the two-tuples in the same group achieve stratifications on s x s? and s x s grids
respectively, and any three columns from two different groups achieve a stratification

on an s X s X s grid. Thus, the proposed MSOLHs are more space-filling than the
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MNOAs in one, two and three dimensions. In addition, the proposed MSOLHs are
second-order orthogonal, which is not guaranteed by the MNOAs.

The SGOA(n,uv,s?,2) in [Wang, Yang and Liu (2022) has s* levels. It can be
partitioned into v groups of v columns, where any two columns achieve a stratification
on an s X s grid, any two columns from different groups achieve stratifications on s x s?
and s% x s grids, while any three columns from two different groups achieve a stratifi-
cation on an s X s x s grid. These space-filling properties also hold for the proposed
MSOLH(s***, gr) from Algorithm [1|when treating the classes in the MSOLH as group-
s. It is worth noting that a large proportion of the two-tuples of the MSOLH achieve
stratifications on s? x s% grids and the MSOLH is second-order orthogonal, which is
not guaranteed by the SGOAs. Therefore, the proposed MSOLHs perform better than
SGOAs in terms of one- and two-dimensional space-filling properties, orthogonality,

and second-order orthogonality.

Table 6: Comparisons on the properties of the proposed MSOLHs and related designs.

Orthogonality and Stratification in two dimensions from
Design 2nd-order orthogonality|different groups|different classes|the same class
MSOLH(s*+4, gr) f 1 52 x 2 sx 8% 82 xs $X 8
OLH(2°%1,27) # 1 2% 2 2% 2 2 %2
MNOA (n, ((s2)%), (s%)V) ) 52 x s? $X s $X 8
SGOA (n, uv, s%,2)° 0 sx 82,82 %xs sX s $X s

TMSOLH(s*t4, gr) from Algorithm [t} *OLH(2+1,27) in|Sun, Liu and Lin| (2009); MNOA (n, ((s2)*)?, (s*)?) in

Mukerjee, Sun and Tang (2014); *SGOA (n, uv, s2,2) in [Wang, Yang and Liu (2022); § = (uv — u)/(uv — 1).
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Table 7: Comparisons on the sizes between the proposed MSOLHs and related designs.

MSOLH(n,m)f OLH(n,m)* | MNOA(n, (44), (2*)")t | SGOA(n,uv, 4,2)°
n m (%) n(%) m m = uv 5(%) m = uv 5(%)
16 8 85.71 85.71 8 15 85.71 14 92.31
32 16 80.00 93.33 16 27 92.31 30 96.55
64 32 77.42 96.77 32 63 96.77 62 98.36
128 64 76.19 98.41 64 123 98.36 126 99.20
256 128 75.59 99.21 128 255 99.21 254 99.60
512 256 75.29 99.61 256 507 99.60 510 99.80

TMSOLH(n, m) from Algorithm |1} achieving stratifications on 4 X 4 grids in proportion 7, and stratifications on
2 X 4 and 4 x 2 grids in proportion 7. It is second-order orthogonal, and achieves the maximum stratification in
one dimension; *OLH(n,m) in|Sun, Liu and Lin| (2009). The OLH is second-order orthogonal, and achieves the
maximum stratification in one dimension; fMNOA (n, (4*)?, (2*)?) in Mukerjee, Sun and Tang] (2014)), achieving
stratifications on 4 x 4 grids and orthogonality in proportion J; "SGOA(n, uv, 4, 2) in|Wang, Yang and Liu| (2022]),
achieving stratifications on 2 x 4 and 4 X 2 grids and orthogonality in proportion d; All these designs achieve

stratifications on 2 x 2 grids in all two dimensions.

Table [6] shows that the proposed MSOLHs enjoy much better two-dimensional
space-filling and orthogonality properties than the MNOAs in [Mukerjee, Sun and Tang
(2014) and the SGOAs in Wang, Yang and Liu| (2022). Moreover, they have better
two-dimensional space-filling properties than the OLHs in [Sun, Liu and Lin| (2009)),
with the same number of columns as the latter ones. Table [7 lists the sizes of some
selected designs for s = 2. It is clear that the proposed orthogonal designs are a very
competitive choice.

More recently, Yin, Wang and Xu| (2023) proposed a series of construction methods
for maximin distance LHs based on a piecewise linear transformation. The resulting
designs are asymptotically optimal under the maximin distance criterion and exhibit

low correlations and mirror-symmetry. Compared with their designs, the proposed
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MSOLHs are orthogonal and enjoy better two-dimensional and three-dimensional s-
tratification properties. Wang, Lin and Liu| (2025)) developed methods for constructing
orthogonal designs with attractive space-filling properties. Compared with their de-
signs, the proposed MSOLHs are mirror-symmetric and thus significantly benefit the
identification of the main and interaction effects. Moreover, some of the proposed M-
SOLHs are optimal under the maximin distance criterion, which is not guaranteed by
their designs.

We next illustrate the usefulness of the proposed designs by simulation comparison-
s. More specifically, we evaluate the performance of the resulting MSOLHs in terms of
building statistical surrogate models and compare them with other types of designs.

Here the simulation uses the borehole function to generate data, which is popular-
ly used in simulations of assessing computer experimental designs (Moon, Dean and
Santner, 2012; Xiong, Qian and Wu, 2013; |Chen et al., 2016; Shi and Xu, [2024). The

borehole function is

2nxg(ry — x6)
In(zo/m1)(1 + —~282 . 4 73 /15)

In(z2/x1 )ac%xg

y(X) =

where y(X) represents the rate of water flow (in m?/yr) through a borehole drilled from
the ground surface through two aquifers, and X = (x1,...,zg) is the variable vector
with each variable and the range of interest being given in Table [§ Let (X;, y(X;)) be
a sample from the borehole function with X; € Xy qining, Where Xy, 4ining is the training
dataset. Following Xiao, Wang and Xu/ (2019)) and [Shi and Xu| (2024), we fit these data
by a Gaussian process model with constant mean and the Matérn correlation function

with parameter v = 5/2. Then the performance of different types of designs can be
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Table &8: The variables of the borehole function.

Input variable Description (units) Range

T radius of borehole (m) [0.05, 0.15]
To radius of influence (m) [100, 50000]
X3 transmissivity of upper aquifer (m?/yr)  [63070, 115600
N potentiometric head of upper aquifer (m) (990, 1110]
x5 transmissivity of lower aquifer (m?/yr) [63.1, 116]
Tg potentiometric head of lower aquifer (m) (700, 820]
X7 length of borehole (m) [1120, 1680]
Tg hydraulic conductivity of borehole (m/yr)  [9855, 12045]

evaluated using the normalized root mean squared error

> (?Q(Xi)—y(Xi))Q 1/2

Xi EXtest

> (- (X))

XiGXtest

Normalized RMSE =

Therein §(X;) is the predicted response from the fitted Gaussian process model,
y is the average response for the training data for building the model, and X;. is
the test dataset. Take four Xyrqining’s to be (1) the MSOLH(32, 16) from Algorithm
[ (2) the OLH(32,16) from |Sun, Liu and Lin| (2009), (3) the first 16 columns of
the MNOA(32, (4%)?,(2)?) from Mukerjee, Sun and Tang| (2014)), and (4) the first 16
columns of the SGOA(32, 30,4, 2) from |Wang, Yang and Liul (2022), respectively. To
facilitate a fair comparison, we expand the levels of MNOA and SGOA to 32 (Tang,
1993), resulting in four designs, each comprising 32 runs, 16 columns, and 32 levels.
For each design, we consider all subdesigns with 8 columns, and randomly assign the
columns in each subdesign to the inputs. The test dataset is generated using a random

LH with 100 runs. As shown in Figure [} the proposed MSOLH surpasses all other



MIRROR-SYMMETRIC ORTHOGONAL LATIN HYPERCUBES 28

designs. In summary, the simulation demonstrates that the proposed MSOLH is a kind

of very efficient space-filling design for building statistical surrogate models.
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Figure 4: Normalized root mean squared errors: (1) the MSOLH(32,16) from Algo-
rithm (1] (MSOLH), (2) the OLH(32, 16) from [Sun, Liu and Lin| (2009)) (OLH), (3) the
first 16 columns of the MNOA(32, (4%)?, (23)?) from Mukerjee, Sun and Tang| (2014))
(MNOA), and the first 16 columns of the SGOA (32, 30, 4,2) from Wang, Yang and Liu

(2022) (SGOA).

4. Concluding Remarks
This paper focuses on an important class of designs: MSOLHs. These designs enjoy
second-order orthogonality and one-dimensional maximum stratification, and thus are

efficient designs for computer experiments. We propose a construction method for such
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designs using orthogonal arrays from Reed-Solomon codes. It is worth noting that the
resulting designs also enjoy attractive two- and three-dimensional space-filling proper-
ties. Moreover, some are optimal under the maximin distance criterion. Theoretical
results and simulation comparisons are also provided to demonstrate the superiority of
the proposed designs over existing designs.

In the present paper, we restricted our attention to constructing MSOLHs with
appealing space-filling properties. One interesting direction worth pursuing is to con-
sider mixed-level designs with similar properties, which are very useful when the factors

cannot have the same number of levels. We leave further details to the readers.

Supplementary Material

The online Supplementary Material includes the proofs of Theorems[IH5|and Propo-
sitions [IH2] as well as three tables, where Tables S.1, S.2, and S.3 list the invariant
OA(81,9,9,2), mirror-symmetric OA(9, 4, 3,2), and MSOLH(81, 32) in Example [2] re-

spectively.
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