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3.2 Empirical Analysis of Soil Data

understanding how Ca affects the modal (i.e., most typical) level of CTC is
crucial for site-specific soil management and sustainable agricultural prac-
tices. To estimate this relationship, we consider the model

CTC;; =m(Ca;j;)+ei, 1 <i<25 1<75<10, (3.3)
where the x-coordinate corresponds to Linha, the y-coordinate is Coluna,
and the conditional mode satisfies Mode(e; ; | Ca; ;) = 0. As noted in Re-
mark |4 we first apply the sm.regression function from the sm R package
to remove large-scale spatial trends in both Ca and CTC, ensuring approxi-

mate stationarity in the residual spatial processes prior to modal estimation.
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Figure 2: Spatial Perspectives of Soil Dataset

Figure[2] provides a spatial and distributional overview of the soil dataset

and motivates the use of spatial modal regression. The top row displays the



3.2 Empirical Analysis of Soil Data

raw surfaces of Ca and CTC, both of which exhibit spatial trends and large-
scale variation, indicating the presence of nonstationarity in the original
data. Following the detrending procedure, the resulting surfaces (bottom-
left panels) reveal localized irregularities and fine-scale spatial heterogene-
ity, suggesting complex spatial dynamics that are unlikely to be captured
by global smoothing techniques or mean regression models. Notably, the
empirical density of the detrended CTC values (bottom-right panel) shows
marked asymmetry and possible multimodality, with heavy tails and de-
viations from Gaussian behavior. These distributional departures are fur-
ther substantiated by the estimated conditional density of CTC given Ca
(bottom-middle panel), which displays complex, ridged patterns and non-
elliptical contours. Such structures violate key assumptions of mean regres-
sion, potentially leading to estimates that fall in regions of low probability
density and obscure the dominant spatial response behavior. As modal re-
gression is robust to distributional asymmetry and tail behavior, it provides

a more interpretable model for conditional spatial structure of the soil data.

Figure |3| presents a comparative analysis of spatial estimation results
derived from mean regression and the proposed modal regression, highlight-
ing substantive differences in both magnitude and spatial structure. The

top-left panel displays the estimated mean regression surface, which shows a
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3.2 Empirical Analysis of Soil Data
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Figure 3: Mean and Modal Estimation Results

generally smooth gradient, with an initial upward trend in CTC followed by
a noticeable decline across certain regions of the spatial domain. The modal
regression surface (top-middle panel), by contrast, reveals more localized
variability and maintains a plateau-like structure in high-Ca regions. This
suggests that modal regression better preserves spatial features that may be
flattened or misrepresented by mean regression. The top-right panel depicts
the pointwise difference between the two regression surfaces (modal minus
mean). Notably, the modal estimates are consistently higher in regions with
elevated Ca content, suggesting that the mean regression surface may be

biased downward by sparse or extreme low-CTC values. The bottom-left
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wireframe plot offers a complementary 3D view of these differences, empha-
sizing the high-frequency spatial structure and spatially clustered deviations
that occur primarily in agronomically meaningful areas. The lower row of
contour plots reinforces this interpretation. The mean regression contours
(bottom-middle) appear overly smooth and may miss important local fea-
tures, whereas the modal regression contours (bottom-right) exhibit sharper
boundaries and more localized plateaus. These localized features are agri-
culturally interpretable, as they may reflect real spatial heterogeneity driven
by underlying soil composition, management zones, or drainage patterns.
Importantly, the plateauing behavior observed in the modal surface aligns
with established agronomic findings, which suggest that increasing Ca con-
centration enhances CTC only up to a certain point, beyond which addi-
tional Ca does not yield further gains; see White| (2005)) and |[Brady and Weil
(2016). The modal regression surface accurately captures this saturation
pattern by maintaining high but stable CTC values in regions with high Ca.
By contrast, the mean regression surface suggests a decline in CTC in these
regions, a result that is not only inconsistent with agronomic findings but
also likely driven by the influence of heavy-tailed residuals or skewed error
structures. These findings underscore the utility of modal regression as a

robust and informative tool for spatial modeling in agricultural contexts.



4. Concluding Remarks

We in this paper propose a nonparametric spatial modal regression model
designed to uncover relationships between the dependent variable and spa-
tial covariates that may be overlooked by conventional spatial mean or quan-
tile regression approaches. Under mild regularity conditions, the asymptotic
normality of the estimators of m(x) and its gradient is established by relying
on a Bahadur representation. By virtue of a Gaussian kernel, we construct a
modified MEM algorithm to numerically estimate the developed model and
provide rules for bandwidth selection in practice. The proposed estimation
procedure is supported by both asymptotic theory and favorable finite sam-
ple properties through simulation studies and empirical analysis. Addition-
ally, we discuss several extensions, including scenarios where the size of the
rectangular domain tends to infinity at different rates, and provide insights
into various other model perspectives to offer a comprehensive understand-
ing of the suggested regression. Finally, to avoid the curse of dimension-
ality and relax the linearity assumption, we extend the developed model
to propose an additive spatial modal regression model; see Supplementary
Material-S5. All presented findings can serve as a foundation for future re-
search on mode-based analysis in spatial settings, with broad potential for

applications in environmental science, agriculture, and beyond.
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Supplementary Material

The Supplementary Material contains comments for MEM algorithm and
theoretical conditions, boundary analysis, additional simulations, general-
izations to additive and extended spatial modal regression models, as well

as technical proofs of the main theorems and supporting lemmas.
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