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Abstract: We develop concentration inequalities for the I, norm of vector lin-
ear processes with sub-Weibull, mixingale innovations. This inequality is used
to obtain a concentration bound for the maximum entrywise norm of the lag-h
autocovariance matrix of linear processes. We apply these inequalities to sparse
estimation of large-dimensional VAR(p) systems and heterocedasticity and auto-

correlation consistent (HAC) high-dimensional covariance estimation.

Key words and phrases: high-dimensional time series, linear process, mixingale,

sub-Weibull, autocovariance, HAC.

1. Introduction

In this paper we develop general concentration inequalities that are used in
high-dimensional statistical literature. We study a class of high-dimensional
time series that can be represented by linear processes with dependent in-

novations. Specifically, we assume that innovation process is mixingale with



sub-Weibull tails. This specification covers a wide range of data-generating

processes, such as factor and conditionally heteroskedastic models, as dis-

cussed in[Wong et al.| (2020)), Bours and Steland, (2021]), Wilms et al.[(2021)),

Masini et al.| (2022), and |Adamek et al.| (2023a), among many others.

Linear processes are widely used in time series analysis for their ability
to represent a wide range of dependent processes. For example, the Wold
decomposition theorem represents stationary nonlinear processes as a linear
process with uncorrelated innovations. The Vector Autoregressive Moving
Average (VARMA) model, in turn, approximates the time series by a linear
process indexed by a finite number of parameters. Typically, innovations are

assumed to be independent, allowing for well-understood asymptotic prop-

erties (Hall and Heyde [1980; [Phillips and Solol, [1992; Lutkepohl, [2006). As

an alternative to independence, [Wang et al.| (2001)) shows the weak conver-

gence of partial sums for martingale difference innovations, while [Wu and

(2005)) establish a central limit theorem and the invariance principle for

these processes. Dedecker et al| (2011) presents maximal inequalities and a

functional central limit theorem for innovations in a class of weakly depen-
dent processes. For a comprehensive treatment of multivariate time series,

linear representation of nonlinear processes, and illustrative examples, refer

to [Liitkepohl (2006), Brockwell and Davis (2009) and (2013).




High-dimensional statistics deal with the problem when the dimen-
sion of the random vector is large, and one is often interested in obtain-
ing concentration bounds for averages that are uniform on the dimension.
Typically, these concentrations are derived under independence and either

sub-Gaussian or sub-exponential tails as thoroughly discussed in

(2018, chap. 2 and 3), Wainwright| (2019, chap. 3), and Zhang and Chen|

(2021). In order to account for dependence, many uniform concentration

results have been derived for mixing processes such as in (1994)),

ton, (1998)), Merlevede et al.| (2009), Mohri and Rostamizadeh| (2010), Hang|

and Steinwart| (2017), Wong et al.| (2020)), and Fan et al|(2023)) and others.

However, mixing is often difficult to verify in practice, favouring alterna-

tive forms of dependence, such as weak dependence (Dedecker et al., 2007)

and functional dependence (Wu, 2005) in Doukhan and Neumann (2007)),

‘Alquier and Doukhan| (2011)), Adamczak| (2015), and |Zhang and Wu/ (2017)),

among many others. Sub-Weibul tails have recently appeared as a weaker

alternative to sub-Gaussian and sub-exponential tails (Vladimirova et al.,

2020; Wong et al., 2020} |Gotze et al., 2021; [Kuchibhotla and Chakrabortty],

2022; |Zhang and Wei, 2022; Bong and Kuchibhotlal [2023). Sub-Weibull

random variables do not have moment generating functions and are often

encountered when dealing with products or powers of sub-Gaussian and



subexponential random variables.

Jiang (2009) and |Chen and Wul (2018) develop concentration inequal-
ities allowing for both short- and long-range dependence and also heavy-
tailed distributions. |Jiang (2009) focus on a triplex inequality in which
the dependence term is characterised by a mixing coefficient, whereas |Chen
and Wu (2018) consider a linear process on independent innovations, i.e.,
dependence comes from the linear weights. Both authors consider a mar-
tingale representation of the process, and the tail is a combination of an
exponential and second term that can be polynomial or sub-exponential as
well. We use a new concentration for martingales in |Lesigne and Volny
(2001), Fan et al. (2012), and [Fan et al.| (2012), which yield optimal bounds
for sub-Weibull tails, and account for dependence and dimensionality using
a mixingale dependence coefficient and Boole inequality, respectively.

Concentration bounds similar to ours admit a wide range of applica-
tions. For example, they are used to derive oracle estimation bounds for
VARMA models (Wilms et al) 2021), misspecified VAR(p) models with
[ penalty (Wong et al.; 2020; Masini et al., [2022)), and [; penalised Yule-
Walker estimation (Han et al) 2015; Reuvers and Wijler, 2024; Wang and
Tsayl 2023). Furthermore, these inequalities are essential for the deriva-

tion of statistical properties of methods for inference in high-dimensional
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time series, such as desparsified inference in VAR (p) models (Adamek et al.|
2023al) and multiplier bootstrap in high-dimensional time series (Krampe
et al. [2021; /Adamek et al.,|2023b). Finally, the concentration inequality for
lag-h autocovariances is also used in the estimation of long-term covariance
matrices and spectral density (Zhang and Wu, 2017; [Li and Liao| 2020;

Babii et al., [2022; Fan et al., [2023)).

1.1 Notation

For any vector b = (by,...,b;,) € R¥ and p > 1, |b|, is the £, vector-norm
with [b|, = (325, [b:?)/? for p € [1,00) and |b|o, = max<i<k |b;]. For a
random variable X, || X, = (E|X|P)'/? for p € [1,00) and || X||oc = inf{a €
R : Pr(|X]| > a) = 0}. For an (m x n)-dimensional matrix A with elements
s, AN = /K (A7) is its spectral nom, | A, = maxi<jcn S0 [a]
and || A, = maxi<i<m Y, |a| are the induced I, and I; norms, respec-
tively. The maximum entry-wise norm of A is [|Al] .. = [vec(A)|w =
max; ; |a;;| and its Frobenius norm is ||A||, = |vec (A)| = y/trace (A’ A).
The minimum and maximum eigenvalues of a square matrix A are Ay, (A)
and Apax(A), respectively. We shall use ¢, ¢, g, ... as generic constants

that may change values each time they appear. A constant with a symbolic

subscript is used to emphasise the dependence of the value on the subscript.



The vector e; is a canonical basis vector of adequate dimension.

2. Preliminaries

In this section, we introduce the dependence and tail conditions used in
the paper, and develop a concentration inequality for the /., vector norm

(sup-norm) of sums of dependent random variables.

2.1 Sub-Weibull random variables

Sub-Weibull random variables accommodate a wide range of tail behaviour,
including variables with heavy tails for which the moment-generating func-
tion does not exist, subexponential, and sub-Gaussian. Sub-Weibull ran-
dom variables are studied in |Wong et al.| (2020)), [Vladimirova et al.| (2020)),
Gotze et al. (2021)), Kuchibhotla and Chakrabortty| (2022)), |Zhang and Wei
(2022), Bong and Kuchibhotla (2023), and it has also appeared in the con-

text of entries of a random matrix in [Tao and Vu (2013 Condition C0).

Definition 1 (Sub-Weibull(a) random variable). Let a > 0. A sub-
Weibull(«) random variable X satisfies Pr(|X| > z) < 2exp{—(z/K)*},for

all z > 0 and some K > 0.

There are equivalent definitions in terms of moments and moment gen-

erating functions of a |X|* and Orlicz (quasi-) norms, denoted || - ||y, =



2.2 Mixingales

inf{c > 0 : E¢,(| - |/c) < 1}, with ¢,(-) = exp(z®) — 1 and > 0. In
the online supplement, we discuss Orlicz norms and sub-Weibull random
variables in detail. An important tail bound that follows after Markov’s

inequality is

Pr (s 11 > ) e |~ e - @)
Our approach differs from that of|Kuchibhotla and Chakrabortty (2022]),
Zhang and Weil (2022)), and Bong and Kuchibhotla| (2023) in several key as-
pects. Unlike the aforementioned authors, who assume independence, we
consider a dependent random sequence, which significantly alters the proof
methodology. Furthermore, we employ the classical Orlicz norm approach
(van der Vaart and Wellner, (1996, Sec. 2.2), in contrast to the generalised
Bernstein-Orlicz norm used by the authors. Despite these differences, we
demonstrate that, under our assumptions, our rate is nearly optimal, albeit

slower than that for sums of independent sub-Weibull random variables.

2.2 Mixingales

We characterise the dependence in the process using the moments and con-
ditional moments of the series. This mode of dependence is weak in the
sense that it only requires the conditional moments to converge to their

marginals in L, as we have conditioned further in the past. Some classical
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measures of dependence, such as strong mixing, imply mixingale depen-

dence.

Definition 2 (Mixingale). Let {X;} be a causal stochastic process, and
let {F;} be an increasing sequence of o fields in such a way that X, is F;
measurable. The process {X;} is an L,-mixingale process with respect to
{F:} if there exists a decreasing sequence {p,,} and a constant ¢, satisfying

[BLX | From] = EXIl, < cipm.

Mixingales can be represented as as a sum of a martingale difference

terms and a conditional expectation:

Y (X -EX)) =) (Z V%,t> + ) EX, - E(X)[Fem],  (2:2)

t=1 i=1 t=1

where V;; = E[X;|F;—it1] — E[X¢|Fi—;] is a martingale difference process.

2.3 Concentration inequality

We present the triplex inequality, based on (Jiang, 2009), followed by a

discussion of the concentration rates.

Theorem 1 (Concentration for sub-Weibul mixingale processes). Let {X; =
( X1ty .oy Xot)'} be a causal stochastic process and {F;} an increasing se-
quence of o-algebras such that X, is F; measurable, and write Sy, = Zle(Xt—

E[X,]). Suppose that each {X;i, Fi} is L,-mizingale with constants cj, and



2.3 Concentration inequality

_ 1T
{pjm}, and let p,, = maxi<j<p pjm and ep = maxi<j<, T1Y,_, ¢jr. Fur-
thermore, suppose that max; || Xt||y, < ¢y, < 00. Then, for any natural

m and scalar M > 0:

Ta?
< —
Pr (lrélkaSXT ISkl > Tx) < anexp{ SO + Qme}

+4 A" + X P
mexpq —————— ¢+ —nph,C
P17 e log(3nT) gp T

(2.3)

where ¢, := (2¢y, /log(1.5))“.

It is natural to ask how tight these bounds are in terms of rate. Lesigne
and Volny| (2001) and |[Fan et al. (2012)) show that martingales enjoy slower
concentration rates. It happens because to achieve faster rates we would
require further restriction on its quadratic variation process. Let {X;}
be a strictly stationary and ergodic martingale difference sequence with
sup, E[eXt*] < 0o, then P(ZiT:1 X; > Tx) > O(e~T*") where ¢ = a/(a+
2) (Theorem 2.1 |Fan et al.; 2012). If o = 2, i.e., X; has sub-Gaussian tails,
the rate is O(e_CTm), and, similarly, if X; has sub-exponential tails then
the rate is O(eT"""). It contrasts with the classical Azuma-Hoeffding
inequality, valid for bounded processes, which yields a rate of O(e=<T).

Consider the case where the dependence term has finite memory, i.e.,
there is some m* > 1 such that p,, = 0 for all m > m*, suppose logn <
T/ e+ A Ta log(T)?/(@+2) and take M = (Ta?log(nT))Y @2, Then the

right-hand side of equation (2.3)) is O (e*“’?a> where rp = T/log(nT)?*.



2.3 Concentration inequality

It means that under finite dependence the rate is nearly optimal, by a
factor of log(nT)!~%. Specifically, in the sub-Gaussian case the rate is
O(e=cT"/?/108(nT)'/%) iy the subexponential case the rate is O(e=<T"/*/los(nT)?/),
and in the sub-Weibull case with o = 0.5 the rate is O(e=T"/*/los(nT)*?)
compared to O(e=T""").

If we drop the finite dependence assumption in favour of a sub- Weibull
decay to the mixingale dependence rate p,, < e™/®%) for some v > 0,
the convergence rates will change accordingly. Let m = M®/7 log(3nT)/"
and M = (Tx?)?~/%log(3nT)% 2/ with ¢, = ay/{2a +v(2 + a)}.

Then, if log(3nT) < T12/¢er=t0/e7} ™" " the right hand side of equation

1
" ]S O(e_CT¢a,7/ log(nT)l Y 2+7)da,~y ):

ba,y

16 + dg9an T~ 5 log(3nT) "%

(Tz?)%an }

a1 log(3nT)1j+Tw’°w

1<k<T

T 2o
Pr(max |Sk|OO>Tx) §2eXp{— (Iz’) }

+ (4 + 2Pz Pér) exp {—

where ¢; = (2¢y, /log(1.5))* V 2¢,,.

In order to analyse this term, we have to impose rates for both o and
7. First note that as v — 00, @a0o = ¢ and 1 — ¢ (2 +7)7 1 = 1 — ¢,,
recovering the finite dependence case, as expected. Now we consider v = 2,

that is, pP < e~/ In the sub-Gaussian case, Qo = P22 = 1/3 and the

rate is O(e~<T"*/1os(mD)y "that is, we pay a price of TV log(nT)Y3 when
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compared to the optimal rate for martingales and (7'/log(nT))"/¢ when
compared to the rates obtained for the case of high-dimensional, limited
dependence. In the subexponential case the rate is O(e‘CT1/4/ log(”T)l/4)
which compares to O(e™T""") and O(e=T"/*/1s(T)*’*) fo1 the martingale
and finite dependence in the high-dimensional case, respectively. Increasing
the dependence to v = 1, yields a rate of O(e*CTM/ log(”T)M) for the sub-

(e=<T"/?/108(nT)*'*) for the sub-exponential tail case.

Gaussian tail case and O
Finally, considering a sub-Weibull tail with parameter o = 0.5 yields a rate
of O(e=<T""1es(T)*'T) " compared to O(e=<T"*/10s(T)**) in the case with a
high dimension and finite dependence.

In high-dimensional statistics, we are often interested in the situation
where n — oo at some rate depending on 7. In the next corollary we

present a useful result in which the rate is delegated to a parameter T,

which can be made dependent on n.

Corollary 1 (Sub-Weibull Concentration). According to the assumptions
of Theorem suppose that p,, < e ™/®%) for some v > 0. Then, for any

7> 0 and all T > log(n) + 7:

1
Pr (max ISkl > Tx) < 2¢p (log(n) + 7')%677- + 2P¢pxPe T
1<k<T
(2.4)
1 L 7(1\/7)0‘ S
+ 40; (log(n) —+ 7')?@01 log(3nT)(10g(n)+T)7+7 ,

where ¢, := (8¢y, "/ log(1.5)).



2.3 Concentration inequality

Proof. The proof follows by setting m := ¢, (log(n) + 7')% and mM =
VT /4y/log(n) + 7. O

The constants that appear in the inequality are not optimised. A sim-
pler bound for high-dimensional vectors, that is, large n, follows by setting
7 =log(n). Let ¢; = 2(2¢,)"7, ¢y == BQ%QJF%(C%C})M/log(1.5))"‘ and sup-

pose that T' > 2log(n) and T' < n®~1/3 for some 3 > 1. Then,

—(zvVT)*

1 /v 9pg — 7o m
Pr ( max [Sg| > Tx) < og(n) + 2T 2¢; log(n)/Veeatosm 27T
1<k<T n nxP

This inequality sheds some light on the rate of increase in n that we
can expect so that the right-hand side converges to zero. If a = 2, the sub-
Gaussian tail case, we have log(n) = o(T"/®*2) in the sub-exponential
tail case, a = 1, log(n) = o(T7/7%2) and in the case with a heavy tail with
a = 0.5, we have log(n) = o(T7/®7*2). In all cases, a strong dependence
will guide the rate. If ~ is very large, the rates are, respectively, close to
o(T"?), o(T"/3), and o(T"/®). This concentration will be used in the next

sections to handle more complex stochastic processes.

Remark 1 (Extension to other norms). Denote | - |, as some norm on R"
and let 1, = suppcpn |bly/|bloo denote the compatibility constant between
this norm and the supremum norm on the same space. Then, P(|Sr|, >

Tx) < P(|S7|ec > Tx/l,,). The compatibility constant [, will have an effect



on convergence rates. Suppose we are in a finite dependence situation with
subexponential tails. Then, we have P(|Sp|y > Ta) < O(e¢T"*/(nlognT))*/)
which can be very restrictive depending on [,,. Effectively, let the v norm
be the £, norm on R". Then [, = n'/? and the new convergence rate is
P(|S7l, > Tx) < O(e=<T"?/(!/710s(nT)?*) “\which is conservative for high-

dimensional vectors.

3. Linear processes with dependent innovations

In this section, we extend the concentration inequality in Theorem [I] to
linear stochastic processes with sub-Weibull tails. We first define the multi-
variate linear process followed by the Beveridge-Nelson (BN) decomposition
(Beveridge and Nelson, 1981). The latter decomposes a linear process into
simpler components that we can analyse using existing techniques and tools
(Phillips and Solo, [1992). In particular, we will use Theorem (1| to bound
the first term and Equation to bound the remaining terms.

Let {C;} denote the nxn matrices and {X;} denote a centered stochas-

tic process taking values in R™. The linear process Y; is
Y =) X, ;= C(L)X,, (3.1)
=0

where C'(L) = Z;io C,L? is a lag polynomial and L is the lag operator

satisfying LX; = X;_.



The tail behaviour of Y, is not directly inherited by X;, unless the

conditions in {C}}, discussed in Lemma [1] are satisfied.

Lemma 1. Let {a;} denote a sequence of elements in R" each with a finite
Ly norm, {Z} a sequence of random vectors satisfying supq), < [|@'Z¢[|y <
¢t < oo where || - ||y is @ norm and ¢;s are positive constants, and let Wy =

>0 @iZi—j. Then, [Willy <327 lajlici—j, provided Y72 la;] < oo.

The BN decomposition represents the matrix polynomial C'(2) as

C(z) =C(1) = (1 = 2)C(2), (3.2)
where C(z) = > C,27 and C; = > nejr1 Ck. Then, the linear process is
Y, = C(L)X, = C()X; — X, + X1, (3.3)

where X, = C(L)X,.

If X, is sub-Weibull(a) then each component of X, is also sub-Weibull(a),
provided » 7, jle;iCj|i < oo. Let {e; = (0,...,0,1,0,...,0),i = 1,...,n},
with 1 on the i element of the vector, denote the canonical basis vec-
tors for R". When applying the lemma [1| to max;<, ||€,Xy||., we substi-
tute a; = e;@, which means that we require » %, jle;Cj1 < oo for all

1 < <n, and supjy<; [[b' X[y < oo.



Theorem 2 (Concentration inequality for Linear Processes). Let {X; =
(X1gy .-, Xut)'} be a centered sub-Weibull(ae) causal process taking values
in R™, with sub-Weibull constant cy,,, and let {Fi} be an increasing se-
quence of o-algebras such that Xy is F; measurable. Assume that, for
each i = 1,..,n, {Xu, Fi} is L,-mizingale with positive constants {c;}
and decreasing sequence {pi,} and write ¢z = maxj<;<, T~ Zthl ¢t and
Pm = MaX1<i<n Pim-

Write the linear process Y, = C(L)X;, where {C;} is a sequence of
square matrices that satisfy max<;<y, Z;ilﬂe;th < Coo < 00 and denote
oo = [IC(D) |l -

Then, for any 0 <a <1, T >0, M >0 and m=1,2,..., we have

k
T 2
ZYt > Ta:) < 2mn exp{ (az) }
t=1 oo

P —
g <1r§nka§XT 8c2 (Mm)? + 2cocaxMm

e} e
el

(3.4)

where ¢1 = (2¢y, /10g(1.5))* and ¢y := (2¢y, ¢/ log(1.5))*

The next corollary removes the dependence of the bound on M, m, and

a, replacing them with appropriate sequences and constants.



Corollary 2. Under the assumptions of Theorem@ let p,, < e~™"/ (%) for

some v > 0. Then, for any 7 >0 and T > log(n) + 7,

k
Pr| max
1<k<T

S,

(@D deqo)Pe
> T[E) < ¢1(log(n) + 7)1/76_7 + ¢ calog(t2n) We”
x

_ (evT)>
+ 2¢1(log(n) + 7)Y7e s tos@nT)tosn)+m)

[67 [e3
2ty

where ¢ == 2(c,)V/7, ¢y = (4dey, Eoo/ 10g(1.5))%, and ¢s := (8cy, coocy "/ log(1.5)).

Proof. The result follows after replacing coomM = azy/T /4+/log(n) + 7,

m = {c,(log(n) + 7)}/7, and a = 1/2. The lower bound on T requires

(log(n) +7)/T < 1. O

Let 7 = log(n) and assume that T' < n®~1/3 for some 3 > 1. If we take
B =1+ log(3T)/log(n), we have equality and as long as log(7)/log(n)
00, as both n and T increase, § can be taken sufficiently large. This is often
the case in high-dimensional statistics where n is either larger or close to T’
in rate. A simplified inequality is

k
Pr [ max g Y,
I<kST |

1/ = c
log(n) /7 -y | (4co)?r
n nxP

> Til?) <
o

(zvT)™

- ey
+ 261 log(n)l/’y€ cg log(n) 2Ty

(3.5)
where the constants ¢; = 271/7(c, )Y/, ¢y 1= (4cy, G/ log(1.5))%, and
c3 = BZ%JF%(C%COOC}/V/10g(1.5))a. Therefore, the same rates as discussed

in the previous section are recovered.



Remark 2. Some comments on the previous results are in order:

1. In Theorems[l]and[2] the stochastic process {X;} is not assumed to be
stationary, only the tail and dependence properties hold. For instance,
we can have X; a heteroskedastic sequence with E[X;X}] = ¥; with

eigenvalues bounded away from zero and infinity for all ¢ € Z;

2. if X, is not centered, we must work with Z; = X; — E[X;], in which
case Yy = E[Y,] + 377 CjZ;, where E[Y,] = 3777 C/E[X,]. Note
that the values of E[X;] can also change for each ¢, so we can incor-

porate deterministic trends and seasonality into this process. Never-

theless, if ér < oo for all T, then T'/2log(n)/2+1/at1/v ‘Zle Y,

[e.9]

is stochastically bounded;

3. the sequence ¢r may increase with 7', in which case limiting arguments
used to obtain an expected rate of increase in n as to make probability

bound converge to zero will have to accommodate it;

4. similarly, ¢, and ¢, may depend on n, in which case ¢y in Theorem
is no longer a constant. To illustrate the effect of this change, let
a = 1/2 and suppose that c., is fixed but &, < co(log(1 + 2n))t/«:
the last term on the right-hand side of equation changes from

exp{(Tz)*/cylog(1 + 2n)} to exp{(Tx)*/cy(log(1l + 2n))?}, for two



distinct constants ¢y and cj;

Remark 3 (Martingale difference). A simpler but interesting case occurs
when the process {X;, F;_1} is a martingale difference. We take m = 1
and p,, = 0 in Theorem [2| which is equivalent to taking v — oo, which

produces rates for n and a tighter concentration bound.

Corollary 3 (Concentration for linear processes on martingale differences).
Let {X; = (Xu, ..oy Xout)'} be a centred sub-Weibull(c) causal process taking
values in R™, with sub-Weibull constant cy,,, and let {F;} be an increas-
ing sequence of o-algebras such that X; is F; measurable, and assume that
{Xy, Fi_1} is a martingale difference process.

Write the linear process Y, = C(L)X;, where {C;} is a sequence of
square matrices that satisfy maxi<i<n » ;- jl€jCjl1 < éx < 0o and denote
Coo = [ICM)]l -

Then, for any T > 0 and M > 0,

k
>,
t=1

T(az)? }

> < —
Pr (lrélkaSXT > Tx) < 2nexp { N2 + 200andl

4 -
* exp{ c1 log(3nT)

where ¢1 == (2¢y, /10g(1.5))* and ¢y := (2¢y, ¢/ log(1.5))*

Proof. We take m =1 and p,, = 0 in Theorem [2] O

|



Following the same arguments in Equation (3.5)), an equivalent, simpler,

probability bound is

T
Pr < ZYt
t=1

where ¢; 1= (4¢y, €/ 10g(1.5))%, and ¢z := (8cy, oo/ l0g(1.5))"

(zT)™ (zVT)*

> Tx) < % F e TR0 | 4e 2 BoolsmTE | (3.6)
(o)

Remark 4 (Integrated processes). In this example we show how integrated
processes violate the conditions in Theorem [2| Let {X;, ;_1} be a martin-
gale difference process with identity covariance matrix and C'(L) = I,,, and
suppose that {b’X;} has subexponential tails for all unit vectors b € R™.
Let Y, = X; and (1 — L)Y, = Xy, fort = 2,---, 7. Thus, Y, = S; =
25:1 X, is a martingale process with respect to F; ;. It follows from
the Burkhélder inequality that [|Syll, = O("/?) and [E[Sy|Fi—m]l, =
O((t —m)Y?) if m < t and ||E[Sy|Fi_wm][i = 0 otherwise, that is, p,, =
max (0, (1 — m/t))"/?" depends on t and ¢; = t'/?". It follows from Fan
et al.[ (2012, Theorem 2.1) and [Lesigne and Volny| (2001, Theorem 3.2) that

P(S, > ) S e """ and therefore ¢, = O(t'/3) also depends on ¢.

4. Empirical lag-h autocovariance matrices

In this section, we will examine the concentration properties of the empir-

ical lag h autocovariance matrix of sub-Weibull linear processes under the



maximum entry-wise norm. This concentration property is important in
the LASSO estimation of large vector auto-regressive models and in the use
of the multiplier bootstrap. By studying the concentration of the empirical
autocovariance matrix, we can better understand the behaviour of these
statistical methods in high-dimensional settings.

Let {X;} denote a centred, sub-Weibull, causal stochastic process tak-
ing values on R", and Y; = C(L)X;, t = 1,---,T, a dependent sequence

of random vectors. Let

T T
. 1 ~ 1
Pr(h) = > YiY,, and Tp(h):=E[lz(h)] = n > E[Y.Y ).
t=h+1 t=h+1
(4.1)
Our goal is to find a bound for
Ap(h) = H‘fT(h) - FT(h)H — lvec(Tr(h) —T2()| , (42

which is the maximum element in absolute value of the matrix.

Theorem 3. Let {X; = (Xyy, ..., Xnt)'} be a centred sub-Weibull(a), causal
process taking values in R™, and let {F;} be an increasing sequence of o-
algebras such that X, is F; measurable.

Write m, (k) = vec (X X|_,) and the stochastic process {n,(k) = (m(k),
for k=0,1,.... The processes {ni(k), Fi} are Ly-mizingale with constants

ciy and decreasing sequences piy, for each k =0,1,... and i = 1,...,n?. Let

o M2e(K))'}



or = maxj<j<p2 T71 ZtT:l Cit and pn, = MaXi<i<n Pim < €™/
Finally, let the linear process Y, = C(L)X;, where {C;} is a sequence

of square matrices, and define the following finite constants:

~ . 2
a. oo =0 JIICHI;

b. Cp ‘= MaXi<i<h H’Z;io Oj+k ® Cj

)
o

C. Coo ‘= IMaAX1<k<h H)ZSZO(Z;(;%FIC C}) & CZ

d. 500 = maxlgignz Z;ilj ‘Zzio 6;(0j+k ® Ck)’l

Let Ap(h) be as defined in equations (4.1)) - (4.2)). Then, for each n and T

that satisfies T > 4log(n) and 3T < nP~1 for some B > 1:

log(n)/" ) Colr

2 2
n n<x
R , (4.3)
(zVT) )/

R i -y
+ c3 log(n)l/’ye cylog(n) 4727 _|_ 46 c5 log(n)

Pr(Ar(h) > x) < ¢

where the constants cy, ..., cs depend only on 3, c,, Cip 2 C2,005 Chiy Cooy Cooy DUL

not on n or 1.

Conditions (a) - (d) regulate the persistence of the linear weight ma-
trices {C;} by imposing summation conditions. Conditions (b) - (d) are
satisfied by the simpler bound max;<;<, Y, j°|€;Cj[1 < oo. Specifically,

applying Hélder’s inequality, ¢, < max; [[|Cll,. Maxi<icn )52, |€C511,



Coo < maX; [|Cjlll 0 MaXi<ic<n Y52y jl€iC5]1, and o < max; [|Cyll,0 -
maxi<i<n y ;- j°|€;Cl1.

If {X;} is centered, uncorrelated in time, and Lo-mixingale, one can
show that for k = 1,2,..., [|E[XuX;s | Fimlli < Grie ™" /2% for ¢, >
(Civtcincioioml 1 X Xl | Xjakll2). Hence, {n;(k), Fi} is Li-mixingale
with the same “sub-Weibull” rate as {X;;, F;}. For k = 0 we directly as-

sume that {X; X, F¢} is L mixingale. Masini et al. (2022)) discusses this

condition, providing illustrative examples.

Remark 5 (Martingale difference). If the process X;, F;_; is a martin-
gale difference process, E[X;; X+ k| Fi—m] = 0 for k = £1, 42, ..., which is
equivalent to taking v — oo. However, the process {7,(0), F;_1} is not a
martingale difference and we still need the L;-mixingale condition in the
squared process. After small changes, we obtain a slightly tighter version

of Theorem [3 but the leading terms remain unchanged.

Remark 6 (Accounting for centering). Unless Y1,.., Y are centred, we
have to account for centering. If E[Y,;] = u, t = 1,..,T, are known, we
only have to demean Y; and nothing changes as we may assume p; = 0
without loss of generality in all derivations. However, p;s are typically un-
known and must be estimated. Consider the simple case where {X;} is

weakly stationary, so that u; = p, and define the estimators for the mean



Y(Tllh = ﬁ ;r:_lh Y, and Yg,,h_)h = ﬁ Zthh +1 Y. The lag-h autocovari-

ance estimator L'y (h) is

T
- 1 o _
Lr(h) = 7— S (Y =YY= Y, (4.4)
t=h+1
It follows directly that
1 T
o _. _
L(h) = o D (Ye= ) (Yoo — )’ = (Y3, = i) (Y3, = )’
t=h+1

meaning that after accounting for appropriate scaling and centering,

The first term on the right-hand side accounts for the covariances, and the

T
T—h

~

D —E [Trm)]|| <

A(h) +max Yy, = plZ.  (45)

second one for the mean.
For fixed h, the first term on the right-hand side of (4.5]) is bounded as

in Theorem (3| whereas the second term is bounded using Equation (3.5)):
2 _%
Pr (21%}1;: |Y¥)7h — pl2, > x) <0 <log(n)1/76 cs 1og(n)1+2+w> ‘

As the second term vanishes faster than the first, the convergence rate does

not change.

Remark 7 (Accounting for h). The concentration bound holds for each h,
T and n that satisfies the conditions in Theorem Bl We have connected n

and T to establish the dimension of Y;. Now, set 0 < lp = (T'—h)/T < 1



and suppose that T - I > 4log(n) and 3T - Ir < nP~1, for some 8 > 1. We

obtain the following bound in (4.3)):

log(n)Y" colh 1y
Pr(Ap(h) > o) < o 28Ty @
n n2x
(o/T]I) 2 a2’
17 s ton(m T 2T 3y _ED)
+ c3 log(n) Te calog(n) 7 4 4e  csloa(n)

(4.6)

where ¢, = maxj<;<p2(T — h)™! ZthhH cit. If we take h = (1 — v)T, for
0 < v < 1, then Iy = v and the bound remains unchanged in terms of rate.

In other words, we may take h o< T' in Theorem

5. Applications

In this section, we describe two applications of concentration inequalities
developed in the paper. The first application is to develop a nonasymp-
totic oracle bound for the regularized I; system estimation of the VAR(p)
representations of time series. The second application is a concentration
inequality for the maximum entry-wise error of the estimation of the long-
run covariance of a linear process. We consider the following restrictions on

the data-generating process.

Assumption (DGP). The stochastic process {Y;} taking values on R”"

admits the linear representation:

Yt = Z C'jut_j == C’(L)ut,
j=1



5.1 LASSO estimation of VAR(p)

where (i) the innovation process {u; = (uyy,...,u,) } is causal, centred,
uncorrelated, and sub-Weibull(a), with max; ¢ || uit||y, < cp.; (i) for each
i=1,...,n, {uy} is Le-mixingale, limy_,,, ér < 0o and there exist positive
constants ¢, and vy so that p,, < exp(—m?/(2c,)); (ii) for each i, j = 1,...,n,
{wiruje} is Li-mixingale, with limy . ér < oo and there exist positive
constants ¢, and vy so that p, < exp(—m?/(2¢,)); (iv) the sequence of
matrices {C;} satisfy for all T', n, and some r > 1, (a) E;’ilj\HCjW < 00;

and (b) maxlgign Z;il jr+1‘620j|1 < 0.

5.1 LASSO estimation of VAR(p)

Regularised estimation of high-dimensional time series models have recently
been the focus of much research, and two excellent reviews on this topic are
Basu and Matteson| (2021)) and [Masini et al. (2023)). Closer to our interest,
Basu and Michailidis (2015) and [Kock and Callot| (2015) consider LASSO
estimation of Gaussian VAR(p) models, obtaining estimation and predic-
tion bounds. [Wong et al. (2020) extends this setting to VAR models on
sub-Weibull strictly stationary stochastic processes with S-mixing depen-
dence. Masini et al.| (2022) derive nonasymptotic, oracle estimation bounds
for linear processes with martingale difference innovations and sub-Weibull

tails.



5.1 LASSO estimation of VAR(p)

We consider processes that admit a linear representation with sub-
Weibull, mixingale innovations. All previous examples are particular in-
stances of our setup. Note that {Y;} is not necessarily stationary, but we
require the process to be centred at zero. Integrated process do not sat-
isfy our conditions, but processes that are conditionally heteroscedastic are
covered by our setup. In effect, the VAR(p) model under consideration

approximates the process. We represent Y; using a VAR(p) model

Yt == ATthl + 4 A;thp + Wt,

where A7, ..., A} solve the quadratic program
T P 2
(A1, ..., 4)) = arg min Z E||Y;— Z AY
(A1, Ap) ER™XP™ g i=1 2

By construction, the error vector Wy =Y, —> " AY, ;, (t=p+1,.,T)
is not correlated with Y;_q,..., Y;_,.

In high-dimensional vector time series modelling, the number of series
n is large compared to the number of observations 7. It is assumed that
the parameters Af are weakly sparse, that is, most entries are (close to)

zero; thus, we only estimate a small number of them.

Assumption (Identification). The following identification conditions are

met. (a) the covariance matrix Xr, with blocks Xr,, s = I'r(r — s), has



5.1 LASSO estimation of VAR(p)

eigenvalues bounded between 0 < ¢ < 1 and 1/0yx2 uniformly on T'; (b) the

population parameters satisfy » ,_, |vec (A7)]2 < Ry, for some 0 < ¢ < 1.

The first requirement ensures the least squares program has a unique
solution whereas the second that this solution is weakly sparse.

One of the most popular ways for estimating sparse vector autoregres-
sive models is the LASSO (Least Angle Selection and Shrinkage Operator),

or the [; regularised estimator:

T

(ﬁl,...,ﬁp) = argmin Z

(At Ap)ERmxPn T2

2 p
+ A |vec (A7)
2 j=I

YooY AY.
1=1

The oracle estimation bound below follows as in Masini et al.| (2022)) The-

orem 1, and its adaptation to our case is found in the online supplement.

A o.;ﬂ*‘])/\q
2(1+lAlle)” 64Rq

Let a)y = min < ) and set

_ (a\vT)*/? /2

log(n)l/7 CaCr T T irgr & (axD)*
1/ +Itay — A
%, + c3log(n) /e calostm) +4e  esloeln

m(ay) = p

Then, with probability 1 — 2pm(ay) and T > 4log(n),

>a-a
=1

Suppose Assumptions DGP and Identification hold with o and R, uni-

< (44 + 2\ R, (%)“. (5.1)

2
F )

formly bounded for all n. Eventually, for A sufficiently small, ay = \/2(1 +

A" lc)- Set

log(n)

A > ¢ (loglog(n) + €)**log(n)**+1/ T
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for any € > 0 and some constant ¢ > 0 sufficiently large. Then, the oracle

bound will hold with probability at least

¢ 2pcilog(n)'/r (c2/c)erV'T
n? n?log(n)t/2+2/e+1/7(loglog(n) + €)?/®

1-2pr(ay) = 1—4pe”

In practice, 0% and R, can grow as a function of n, in which case the
rate of decrease on A would have to accommodate these quantities. We
_ 2(1—q) q
have for ay = o5 “A\1/64R,

2(1-q)

1
A > e ZE (loglog(n) + €)% log(n)*/* /1 og(n)
R, =

some constant ¢ sufficiently large. However, it is not necessarily a constraint
in the rate of A, provided that )\Ré/(l_q)/a% = O(1).

Consider the simplified setup in which R, and ¢% are bounded for all n
and 7. [Basu and Michailidis (2015)) obtain the estimation bound in of
O(log(n)/T) with probability 1—O(n~¢). Wong et al.| (2020)) obtain an ora-
cle bound O(log(n)/T) with probability 1—O(n=*ATe~1"*). Finally, in sys-
tem estimation, Masini et al.| (2022)) obtain a bound O(log(n)“=29/(log(n)/T)'~%/?)
with probability 1 — O(nTe 7" A n=%). In our case, we obtain a
bound O(log(n)?=9/7(log(n) loglog(n))“=20/*(log(n)/T)'~9/?) with prob-
ability 1 — O(n=2 A TY/?n=21og(n)~¢). Taking ¢ = 0 we recover the strong
sparsity condition in Basu and Michailidis (2015) and Wong et al.| (2020)),

in which case our upper bound is O(log(n)?7**/*loglog(n)**(log(n)/T))



5.2 Long-run covariance matrix

with similar probability. In this case we pay a O(log(n)¢) price for the

relaxed conditions.

5.2 Long-run covariance matrix

We present finite sample error bounds for a class of HAC estimators of
the long-run covariance )7, which is essential for precise inference in time
series. In stationary time series, {27 is related to its spectral density, thus
connecting the HAC estimators with the spectral density matrix estimators
in statistics and econometrics (see Politis (2011) and Xiao and Wu (2012)).

Historically, estimators for (long-term) covariance matrices proposed
by Newey and West, |Andrews| and Hansen| did not take into account high
dimensions. In recent years, researchers have focused on inference for high-
dimensional time-series models (Zhang and Wu, 2017; [Li and Liaol |2020;
Babii et al.| 2022; Fan et al., 2023). The most common approach is to assess
the characteristics of Newey and West/s HAC estimator in high dimensions
and under certain dependence and tail conditions. In the case of small
dimensions, Politis| (2011) shows that the flat-top kernels can achieve faster
convergence rates. We establish finite sample error bounds for the [Politis[s
flat-top kernel, spectral density matrix estimator under maximum entrywise

norm.



5.2 Long-run covariance matrix

We follow Assumption DGP with the added condition that {u;} is
weakly stationary. Then, the autocovariances I'(j) = E[Y,Y;_;] = I'(—j)’,

for 7 > 0 and each t. The spectral density matrix evaluated at w is

o0

1

F(w) := Dy

F(k)eiikw,

=—00

where i = v/—1. For 1 < w < 7, F(w) is positive definite and Hermitian,
and limy_,, Qr = 27 F(0). For each h = 0,£1, ..., the sample covariance
is Tp(h) = Tp(—h) for |h| < T and T'p(h) = 0 otherwise. The empirical

spectral matrix estimator is

T-1
~ 1 ~
F(w) = h:;H Kg.e(h/Mr)Tr(h),

where k,(-) is a flat-top kernel. The typical flat-top kernel is given by
Kge(u) = 1if |u| < e and Ky (u) = g(u) — 1 if |u| > €, where € > 0 is a
parameter and g : R — [—1,1] is a symmetric function, continuous at all
but a finite number of points, satisfying g(e) = 1 and [, g*(u)du < oco.

It follows after some algebra (see online supplement) that in a set with
large probability and for any w € [0, 27],

207“ Co HT 1+2 41 2
< — 4+ o3 (log 1 log(T fe,
RS R M§+WT+ Nia og(n) (loglog(n)+log(T)+7)

|70 = P

Naturally, we require the right-hand side to converge to zero. Therefore,

Hp and M cannot grow too fast. Such restrictions are expected and are

also observed in |Li and Liao| (2020) and Babii et al. (2022).



Remark 8. Let Y; = f(Z;6y) where the population parameter 6, is esti-

mated by §T. In this case, we have access to ?t = f(Zy; §T) and calculate

T

~ 1 ~ o~ ~ ~

FT(h) = ? E YtYllt—h and FT(—h) = FT(]'L>, h:(),l,T— 1.
t=h+1

The spectral density estimator is

T-1

F(w)= Y #glh/Mr)Tr(h).

h=—T+1
N2
If the estimation error max;<y, Zthl (Yi,t — Y;’t) <T 572” with high proba-

bility, we obtain

<y o o
max — W me'My @l

Jl#) ~ F]

H 2 1
+ =L log(n)1+5+?(log log(n) + log(T") + 7)2/0“,

VT

with large probability as well.

6. Discussion

In this paper, we explore the concentration bounds for the supremum norm
of averages of vector-valued linear processes. We demonstrate that, when
the weights are summable, the rates obtained for sums of mixingales can
be extended to sums of linear processes. This result is noteworthy for two
reasons: it does not require stationarity, and the constants depending on

the weights or the mixingale term can increase with the dimension n of



the process or the sample size T. Additionally, the mixingale condition is
a well-known condition used in the derivation of asymptotic properties of
time series estimators, as well as in the analysis of properties of nonlinear
models. Masini et al.| (2022, Section 3) provides some examples of processes
that meet the mixingale and tail conditions.

This article generalises the concentration results of |Wong et al.| (2020)),
which requires Y, to be 8 mixed, Masini et al.| (2022)), which requires Y; to
be an approximately VAR(p) process, and Bours and Steland| (2021]), which
assumes i.i.d. innovations. Masini et al. (2022)) was extended to encompass
misspecified linear models, where the mean is not an approximately sparse
VAR model. Bours and Steland (2021 showed that factor models and
generalised factor models can be represented by a linear process. This is
also applicable to processes with stochastic variance, as in [Masini et al.
(2022, Section 3).

Kuchibhotla and Chakrabortty (2022) demonstrate that the concen-
tration inequalities developed in this paper can be used in a variety of
statistical contexts, including the derivation of estimation bounds for the
maximum k-sub-matrix operator norm and the restricted isometry property.
Additionally, the restricted eigenvalue condition and restricted eigenvalue

condition for linear time series models were shown to hold.



We use our concentration inequalities to obtain estimation bounds for
weakly sparse V AR(p) autoregressions and error bounds for high-dimensional
HAC estimators with flat-top kernels. We extend the work of [Basu and
Michailidis| (2015]), [Kock and Callot| (2015), Wong et al.| (2020), and Masini
et al.| (2022) by considering a more general data-generating process. Addi-
tionally, we provide estimation error bounds for the HAC, flat-top kernel
estimator from Politis (2011) in a high-dimensional setting. This concen-
tration bound has been used in high-dimensional time series inference, as
demonstrated in Zhang and Wu (2017)), [Li and Liao| (2020)), Babii et al.

(2022), and Fan et al. (2023)).

Supplementary Material

This supplement provides a more comprehensive analysis of the innovation
process and its characteristics and also includes proofs of all the results in
the paper. We derive concentration bounds that are used in the proof of
the triplex inequality in Section [2] Then, we present the results of Sections

3, 4 and 5 of the main paper, along with their respective proofs.
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