
Statistica Sinica Preprint No: SS-2023-0310 
Title Bayesian Optimization with Pareto-Principled Training 

for Economical Hyperparameter Optimization 
Manuscript ID SS-2023-0310 

URL http://www.stat.sinica.edu.tw/statistica/ 
DOI 10.5705/ss.202023.0310 

Complete List of Authors Yang Yang,  
Ke Deng and 
Yu Zhu 

Corresponding Authors Ke Deng 
E-mails kdeng@tsinghua.edu.cn 













































BO WITH PARETO-PRINCIPLED TRAINING FOR HPO

Algorithm 1 Pseudocode for BOPT-HPO

Initialization: Generate ET and CT configurations (Xe,Xc) satisfying Xc ⊆ Xe, n =

|Xc|,m = |Xe| = sn, and evaluate the corresponding validation errors (ye,yc).

while the stopping criterion is not met do

for j = 1, . . . , s do

Fit the prediction model of ye(.) based on ET data (Xe,ye).

Calculate xem+1 = argmaxx∈X ϕe(x).

Get the ET run ye(x
e
m+1), and set Xe = Xe ∪ {xem+1} and ye = ye ∪ {ye(xem+1)}.

end for

Fit the prediction model of yc(.) based on ET and CT data (Xe,ye,Xc,yc).

Choose the configuration with the largest ϕc value from Xe \ Xc as xcn+1.

Get the CT run yc(x
c
n+1), and set Xc = Xc ∪ {xcn+1} and yc = yc ∪ {yc(xcn+1)}.

end while

return x∗c = argminx∈Xc yc.

get an alternative baseline method referred to as DGP-BOPT under the BOPT-HPO frame-

work, for comparison purpose. Because DGP-BOPT does not consider the constraint between

a CT run and the corresponding ET run as in TGP-BOPT, we would expect performance

degradation from TGP-BOPT to DGP-BOPT. By analyzing the degree of the performance

degradation, we can gain more insights on the advantages of TGP-BOPT over other methods.

5. Experiments

In this section, we evaluate the performances of the proposed BOPT-HPO algorithms (TGP-

BOPT and DGP-BOPT) via a series of optimization or HPO tasks. Six competing methods,
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including five methods in the HPO literatures (Random Search (RS), TPE, SMAC, GP-BO

and BOHB), and one multi-fidelity optimization method in computer experiments (EQIE),

are used for comparison. In all of these ML tasks, we have found that the computation time

of implementing a CT run is 3-4 times that of implementing an ET run (see Figure 1 in

Appendix), so we fix s = 2 for the BOPT-HPO. The settings of b1 and b2, and the definitions

of ET runs and CT runs of the three ML tasks can be found in Appendix S2.

5.1 Optimizing Synthetic Black-Box Functions

Our first experiment is about finding the maximum or minimum of a synthetic black-box

function yc(x), which can be approximated by a cheaper function ye(x). The 2-dimensional

Currin exponential example, 4-dimensional Park example, and 10-dimensional Rosenbrock

example are considered (Xiong et al., 2013; Mainini et al., 2022). The definitions of the three

examples can be found in Appendix S2.1.

Unlike evaluating on machine learning models that is time-consuming, evaluating on syn-

thetic functions for ye(.) and yc(.) using the actual computational time as cost is not suit-

able. Similar to the cost settings for the synthetic functions in Huang et al. (2006) and Stroh

et al. (2022), we assume that the cost for evaluating one CT run is 1 cost unit, and the cost

for evaluating one ET run is 1/5 cost unit. Denote the true optimal value of yc(x) as y∗c ,

where y∗c = maxx∈X yc(x) for maximization problem (Currin exponential and Park example)

or y∗c = minx∈X yc(x) for minimization problem (Rosenbrock example). For any black-box

function optimization method with Xc as the locations it has explored in the exploration space
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X , let ŷ∗c denote the best value explored in Xc for one method. The Simple Regret (SR) de-

fined below serves as a natural performance measurement: SR= |y∗c − ŷ∗c |, where a smaller SR

demonstrates a better performance.

Competing methods RS, TPE, SMAC, GP-BO, BOHB and EQIE can also be directly

applied to solve these problems and used for comparison. We generated initial CT runs and

ET runs for BOPT-HPO algorithms using NLHD. For the 2-dimensional and 4-dimensional

case, we generated 5 CT runs and 10 ET runs at an initial budget of 5 + 10 × 1
5

= 7 cost

units. For the 10-dimensional case, we generated 30 CT runs and 60 ET runs at an initial

budget of 30 + 60× 1
5

= 42 cost units. For a fair comparison of those approaches, we reported

the corresponding SRs of other approaches starting from the initial budget as in BOPT-HPO

algorithms. Note that although the synthetic functions themselves are deterministic, stochastic

behaviors in initialization and optimization algorithms (e.g., using Monte Carlo strategies in

model parameter estimation, and sampling the configurations for the HPO approaches, such

as RS) may introduce randomness into the HPO procedure. To average out the impact of

randomness in performance evaluation, we replicated the experiments of each method for 10

times, and summarized the average performance for method comparison in Figure 4.

Figure 4 demonstrates how the average SR value changes with the cost under different

methods in the three synthetic examples respectively, with the standard errors of the SR values

across 10 replicates highlighted by the shadow region as well. We find that TGP-BOPT and

DGP-BOPT perform similarly and outperform all the other methods significantly in all three

examples, achieving the smallest regret at almost every cost level. The performance gap among
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GP-BO, EQIE and BOPT-HPO enlarges from the Currin exponential example in Figure 4(a)

to the Rosenbrock example in Figure 4(c) with the dimensionality of the problem increases

from 2 to 10. These results suggest that by jointly modeling the ET and CT evaluations,

BOPT-HPO can approximate yc(x) more precisely, and find the optimal configuration more

efficiently.

(a) Currin exponential (d = 2) (b) Park (d = 4) (c) Rosenbrock (d = 10)

Figure 4: The simple regret against the cost of function evaluations. All curves are produced
by averaging over 10 replications with the standard errors highlighted by the shadow region.
Log-transformation is applied to the simple regret of Rosenbrock for better visualization.

5.2 Support Vector Machines on MNIST

Next, we assess the performance of BOPT-HPO on a real HPO problem of a support vector

machine (SVM) for an image classification task on the MINST dataset consisting of 70,000

black-and-white images of handwritten digits in 10 classes (60,000 images for training and

10,000 images for testing) (LeCun et al., 2010). As a supervised machine learning algorithm

for classification, SVM creates a hyperplane with the maximum distance between data points

of different classes in training data, so that new points in test data can be classified with more
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confidence. The behavior of SVM is determined by two hyperparameters: the regularization

hyperparameter C, which adds a penalty for each mis-classified data point, and the kernel

hyperparameter γ, which controls the influence of similarity measurement of data points when

the non-linear radial basis function kernel is applied. The HPO problem in SVM aims to

optimize x = (C, γ) over the pre-specified configuration space X = [2−10, 210]× [2−10, 210].

Considering that directly searching the vast configuration space X for the next config-

uration is inefficient, we take the log-transformation on X , and optimize xlog = log x over

logX = [−10, 10] × [−10, 10] when applying HPO methods and back transform xlog to x in-

stead when applying the SVM. Given a hyperparameter configuration, SVM is trained on the

training set, and the classification error on the validation set (referred to as validation error)

is reported as the measurement over the running time (Snoek et al., 2012; Falkner et al., 2018).

For the MNIST data, we randomly sampled 40,000 images from the original training images

as the training set, and use the rest 20,000 images as the validation set, following the similar

splitting rule in Domhan et al. (2015). The other six methods RS, TPE, GP-BO, SMAC,

BOHB and EQIE, are applied to this experiment, and all the eight methods are allocated with

the same amount of computational resources for fair comparison.

Figure 5 shows the average validation error of the methods mentioned above with five repli-

cated experiments. The markers with different colors on the x-axis indicate the initialization

time of different methods. The figure demonstrates that the model-based methods GP-BO,

SMAC, BOHB and BOPT-HPO reach almost the same comparative final performances and

perform much better than RS and TPE. Considering the time to reach the best performance,
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there is not much difference between BOHB and TGP-BOPT, however, TGP-BOPT is faster

in reducing the validation error during the middle searching stage. Benefiting from the con-

straints of the GP-TGP model, TGP-BOPT reaches the best performance a bit earlier than

DGP-BOPT. As for the two GP-based approaches, TGP-BOPT is almost two times faster

than GP-BO for reaching the best performance.

Figure 5: The average results of different HPO methods for optimizing two hyperparameters
of SVM on MNIST with standard errors highlighted by the shadow region.

5.3 Feed-Forward Neural Networks on MNIST

In this experiment, we explore the effectiveness of BOPT-HPO on a more complex machine

learning algorithm, a feed-forward neural network (FFNN), which consists of three main com-

ponents: an input layer, one or more hidden layers, and an output layer. We want to optimize

the hyperparameters of a FFNN, for the image classification task on MNIST. The size of the

training set and validation set is the same as in the previous experiment. We optimize six
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hyperparameters which determines the architecture (number of layers, neurons per layer) and

the training process (batch size, initial learning rate, exponential decay factor for learning

rate, dropout rate) of a feed-forward neural network, following the settings in Section 5.2.2 of

Falkner et al. (2018). The ranges of those hyperparameters are shown in Table 1 in Appendix.

Different from the intuition in Section 5.2, the range of the learning rate is too small which

makes HPO methods hard to find the hyperparameter meeting the required accuracy, so we

take log-transformation on the learning rate when applying the HPO methods and then back

transform it when applying the FFNN. With the number of layers, number of neurons and

batch size being integer values, we treat the log-transformed spaces of the two hyperparameters

(number of neurons and batch size) as continuous when applying HPO methods, and then

round those values to the closest integers to implement the FFNN. Since the hyperparameter

‘number of layers’ in the neural network takes only three integer values from 1 to 3, we optimize

it directly in the original discrete space by exhaustive enumeration.

The results of the eight HPO methods with five replicated experiments are summarized

in Figure 6. The model-based methods TPE, GP-BO, SMAC, BOHB, EQIE and BOPT-

HPO perform better than the model-free method RS. EQIE does not perform well in this

experiment, due to the fact that its performance is sensitive to the choice of the cost function

which is difficult to specify without prior knowledge. Benefiting from the joint modeling and

smart design strategies for the exploration and exploitation on ET and CT runs, BOPT-HPO

consistently outperforms other HPO methods and achieves a performance improvement of 5%

to 31%. The performances of TGP-BOPT and DGP-BOPT are comparable in this experiment.
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Figure 6: A comparison of different HPO methods for the hyperparameter optimization of the
FFNN on MNIST with standard errors highlighted by the shadow region.

5.4 Convolutional Neural Network on CIFAR-10

For the last experiment, we consider a more difficult classification task on a more complex

database, CIFAR-10 (Krizhevsky et al., 2014), which consists of 60,000 colour images in 10

classes, with 6,000 images per class. We design a more expensive machine learning algorithm, a

convolutional neural network (CNN), to better solve the classification task. The convolutional

layer is the core layer of a CNN architecture, aiming to extract features from local region to

decrease the spatial redundancy via some filters. In this experiment, we try to evaluate the

performance of the proposed BOPT-HPO using a CNN. We consider eight hyperparameters

(number of convolutional layers, number of filters per convolutional layer, number of fully-

connected neurons in the last hidden layer, batch size, initial learning rate, dropout rate,

optimizer, momentum) of the CNN model, with the ranges and log-transform strategy shown
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in Table 2 in Appendix. We randomly select 70% of the images from the original training

images as the training set, and use the remaining images as the validation set to evaluate the

performance.

The average results in Figure 7 with five replicates shows that all model-based methods

substantially outperform RS, but TPE, GP-BO and EQIE are not so competitive as SMAC,

BOHB and BOPT-HPO in terms of the best validation error. TGP-BOPT achieves the best

validation error of 0.261, which performs slightly better than SMAC and BOHB with the best

validation error of 0.263. While BOPT-HPO outperforms SMAC and BOHB during the middle

optimization stages, which leads to an optimization efficiency improvement of 14% to 24%.

Figure 7: The average results of different HPO strategies for optimizing the hyperparameters
of the CNN on CIFAR-10 with standard errors highlighted by the shadow region.

We have shown the superiority of the proposed BOPT-HPO (DGP-BOPT or TGP-BOPT)

algorithm over existing HPO methods in terms of overall running time in Figures 5-7. In

Appendix S2.4, we also provide a detailed analysis of the computational time required for ET
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runs and CT runs in BOPT-HPO. Those findings further confirm the effectiveness of the two-

stage exploration strategy via using ET runs to guide the search of the optimal hyperparameter

configuration.

The results in Figures 4-7 demonstrate that both TGP-BOPT and DGP-BOPT achieve

similar optimal performances. This phenomenon is intuitively natural because with more and

more data collected along the BO process, the DGP model can implicitly learn constraints

from the data, even without explicitly setting constraints in the model. However, if we look

closely into the result curves in these figures, we will find that the result curves of TGP-BOPT

in general converge a bit faster than those of DGP-BOPT. To provide quantitative evidences

to such a claim, we introduce the concept of the Area Under the Error-Cost Curve (EC-AUC)

to precisely evaluate the overall performance of an approach, with detailed results shown in

Table 4 of Appendix S2.5. A smaller EC-AUC indicates that the corresponding approach

converges quickly in general, and thus performs better. In most experiments except the SVM

case, TGP-BOPT has a smaller EC-AUC than DGP-BOPT. In the SVM case, although the

EC-AUC of TGP-BOPT is slightly larger than DGP-BOPT, TGP-BOPT reaches the optimal

performance faster. Our investigations indicate the advantage of modeling the constraint

explicitly in TGP-BOPT.

6. Conclusion

In this paper, we propose BOPT-HPO, a multi-fidelity Bayesian optimization method, to solve

the hyperparameter optimization problem, which has attracted great attentions in the machine
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learning community. Modelling complete training runs and eighty-percent training runs jointly

via GP-TGP and selecting the configurations for future ET and CT runs with a sequential

design strategy under the framework of Bayesian optimization, BOPT-HPO explores the hy-

perparameter space efficiently with constraints between ET and CT runs properly considered.

Experiments on both synthetic and real examples show that BOPT-HPO outperforms state-

of-the-art HPO methods for various machine learning algorithms.

Although BOPT-HPO is only applied to solve HPO problem for several shallow neural

networks with only a few hyperparameters in this work, while it is in principle capable of dealing

with deeper neural networks with more hyperparameters. When the deep neural networks of

interest involves too many hyperparameters, HPO becomes a very challenging task due to the

high dimensionality of the hyperparameter space. In such cases, using dimension reduction

techniques suggested by Binois and Wycoff (2022) can somehow alleviate this issue.

Moreover, the proposed framework can be further extended in several directions. For

instance, it is plausible to replace the truncated Gaussian process for the bias function δ(·)

by a log-Gaussian process to avoid the complication caused by the boundary effect of the

truncated Gaussian process. In addition, ET runs and CT runs are selected sequentially in

this work based on two independent acquisition functions, one for each fidelity level. A possibly

more efficient strategy, however, is to design an augmented acquisition function that considers

location, and computational costs of different fidelity levels together to guide the exploration

of hyperparameter space with multiple fidelity levels once at all. In fact, this could be achieved

by building a pair of new surrogate models for the running time of ET and CT runs, i.e., te(x)
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and tc(x), respectively. But, this would need much more efforts that clearly go beyond the

scope of this work.

Supplementary Material

Details about the proof of Theorem 1 and some experimental settings and results can be found

in the supplementary materials.
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