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Abstract: Statistical inference is developed for vector-valued functional panel data
which are i.i.d. with respect to subjects and infinite moving average in time. B-
spline estimation is proposed for trajectories, which are used to construct a two-
step estimator of the vector mean function. By using explicit Gaussian strong
approximation in vector form, in the context of moving average panel, the pro-
posed spline estimator is shown to be oracally efficient in the sense that it is
asymptotically equivalent to the infeasible estimator with all trajectories known.
This deep theoretical result points to a limiting Gaussian distribution of the vec-
tor mean estimator, which allows for the construction of various simultaneous
confidence region (SCR) for the vector mean function itself and linear combina-
tion of its elements. Asymptotic correctness of the SCRs is both established in
theory and validated in simulation experiments. The proposed SCRs are applied
to an Electroencephalogram (EEG) multivariate functional panel data set, vali-

dating multiple scientific facts.

Key words and phrases: B-spline, simultaneous confidence region, ElectroEn-



cephalogram, moving average, oracle efficiency.

1. Introduction

Functional data analysis (FDA) has been an important area of statistics

research for more than two decades. Comprehensive introduction to FDA

can be found in Ramsay and Silverman| (2005), Ferraty and Vieu (2006),

Hsing and Eubank| (2015) and Kokoszka and Reimherr| (2017)).

A functional random variable is a square-integrable continuous stochas-
tic process: specifically, n () € C[0, 1] almost surely, with Esup,c (o1 7*(x) <
oo. For such 7n(-), both mean function En(-) and covariance function
cov{n(x),n(z)}, z, 2’ € [0,1] exist and are continuous. A functional ran-
dom vector is a vector-valued functional random variable (-) = {n(-),.. .,
n(L)(‘)}T where each element is a square-integrable continuous stochastic
process. A functional data set in the abstract sense consists of repeated
observations {n; (-)};_, of a functional random variable 1 () or {n, (:)}\_,
of a functional random vector n(-).

As the essential first step in functional data analysis, estimation of the

population mean function En(-) was studied in Ma et al| (2012)), Zheng|

(2014) for sparse longitudinal data, and [Cao et al| (2012), |Cao and|

‘Wang| (2018)), |Cai et al.| (2020), Yu et al.| (2021), Huang et al. (2022) for




dense functional data, all with simultaneous confidence band (SCB). All of
these works are valid only for i.i.d. observations 7; (-),1 < i < n. More
recently, |Li and Yang (2023)) has extended SCB methodology for functional
mean to functional time series 7, (-),1 < ¢t < T, while Zhong and Yang
(2023)) has established simultaneous confidence region for auto covariance
function cov {n:(x), nern(2')}, x, 2" € [0,1], h € Ny of functional time series.
See also Horvath et al.| (2013)) for related work on functional time series.
In contrast to i.i.d. functional observations or functional time series,
functional panel data combines both in a realistic and informative man-
ner. A functional panel data consists of stochastic processes {"ht('>}?f1,t:1
called trajectories, where for each fixed i € {1,...,n}, {0, ()}, is a func-
tional time series of length 7', and each {nit(-)}thl ,1 < i < n has the
same distribution of a standard functional time series {n,(-)},_,. Within
the functional time series {n,(-)},_,, each n,(-),t € 1,...,T has the same
distribution as n(-). Instead of functional random variables from C|0, 1],
functional random vectors m(-) taking values from (C[0,1])" are investi-
gated in this paper to accommodate the multivariate circumstances. Those
multivariate trajectories are decomposed as n,,(-) = m(-) + £,,(-), where
m(-) = {mW(),... ,m(L)(-)}T is the vector mean function of 7(-), and cen-

-
tered trajectories &€;,(-) = {fi(tl)(-), e ,fff)()} are small-scale variations



of x on the t-th trajectory of the i-th subject, being (C[0, 1])* random vari-
ables with mean E&;,(-) = 07, and matrix covariance function E€,,(-)&,, ()"
of size L x L.

An example which motivates investigation of multivariate functional
panel data is the Electroencephalogram (EEG) signals for human sub-
jects during the task of surround suppression paradigm, studied in
(2017). Recorded at sample rate 500Hz (i.e., one recording per
0.002 second), the multichannel EEG series of n = 126 participants dur-
ing T' = 63 consecutive trials constitute multivariate functional panel data,

{mt(')}ﬁfi’ﬁip see Figure . For more details of this example, see Section

and for EEG data as multivariate functional data, see Zhang et al.| (2020).
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Figure 1: Plot of raw EEG signals on channels O1, O, P35, Py, C5, F3 for

one subject during one trial, which can be regarded as a sample of multivariate

functional panel data.

To model the distribution of the vector-valued functional time series



{n,,()}_,, the centered variations &;,(-) are embedded into a strictly sta-

tionary functional vector infinite moving average FVMA (00),

Eu() = A v(), t=0,£1,£2 .. 1<i<n, (1.1)
t'=0

where the operator Ay : {£2]0,1]}" — {£2[0,1]}" are bounded linear op-
erators playing the roles of coefficient matrices in vector moving average

models, see |Litkepohl| (2005). The sequence of functional random vectors
{¢i()}eg with ¢ ()T = {Cfl)(-), . »Q(tL)(‘)} are multivariate analogs of
strong functional white noises in Definition 3.1 of Bosq (2000)): they are
functional random vectors of which each element is an £? continuous pro-

cess, i.i.d. over index ¢t € Z, with vector mean function E¢;,(-) = 01, and ma-

, L
trix covariance function G¢(z,2") = {Gél’l )(x, x')}”l:l = K¢, (2)¢,, (o).

Model (1.1]) extends the FMA (c0) proposed in |[Li and Yang] (2023)).
For the univariate functional random variable (i(tl)('), 1 <1 <L, the

[-th element of {;(+), its covariance function Gél’l) (x,2') = Eg’g)(x)(g)(x’)

2

is continuous, and Mercer Lemma (Lemma 1.3, Bosq (2000)) entails that

Gél’l) (z,2) =372, Ag)ib,il) (x) ,(j) (2') with eigen values A) > AV > >

0 and corresponding eigenfunctions {1/1,(!)} , the latter an orthonormal ba-
k=1

sis of £2[0, 1], such that 32°°, A < oo, {1#,(;)}:) C C[0,1] and [ Gél’l)(x, ')
=1



,(cl)(x’ Yda' = )\g)q/J,(f) (). The well-known Karhunen-Loeve expansion fol-
lows: ( ) = >y Cztk N (), in which the rescaled eigenfunctions, ¢](€l),
. o . 0 o2 o
called functional principle components (FPCs), satisty ¢, = <)\k ) )
and [ ¢ Mz (l)(x)dx = /\,E: Ctk, for £ > 1; the random coefficients ((l)’
called FPC scores, are therefore uncorrelated over £ € N, with mean 0
and variance 1. It is assumed that Y .-, qu,(f)Hoo < 00 (see Assumption
(A4)), thus the Karhunen-Loeéve series converges absolutely uniformly al-

most surely by Dominated Convergence Theorem. Denote

1 L T 1 L L
¢k:(1(q)77¢1(€)> 7¢k:<](<;)77¢l({;)> )

(L T 1 L T
= (€0 ) 2= (0 )

where ¢,(f), ¢g), Cl(tl,)C and )\g) are respectively the k-th eigenfunction, FPC,
FPC score and eigenvalue for Cz-(tl) (+), the I-th element of {;,(+). Denote by “o”
the element-wise product of two matrices of the same dimension, specifically
{cll/}fl’,il o {dy lLl,Lll = {cll/dll/}fiil, then the matrix covariance function

G (z,2') and the functional random vector {;(-) are written as follows:

¥) = i Seo {dn (@) b ()T}, (12)

) :ZCitko¢k(')a (1.3)



where 3 . = cov (C,y) is in fact a correlation matrix. Equations
and are vector analogs for functional random vector ¢;(-) of Mercer
Lemma and the Karhunen-Loeve expansion, with {¢, ()} ren, called FPCs
and random coefficients {Cyy.}ycn, called FPC scores for ¢(-), all vectors
of dimension L.

As in Zhong and Yang| (2023)), elements of the FVMA (oo) coefficient
operators A; are defined relative to the orthonormal basis, then for any

t € N, the operator A; is defined via

Ay {Z Cg © ¢k()} = Zatk ocko(), e € R*, Z Hck”g < 00,
k=1 k=1 k=1

Qyy, € RL, HatkHoo < Capz, Ca € (0,00), Pa € (O, 1)7]{3 € N+,

(1.4)
where for any vector ¢ = (cy,...,cr)T € RE, |lell, = (lea] + ... + e D),
1 <r<oo e, =maxig<r (Jei],.. ., |cr]). The constraints in (1.4)) on

moving average coefficients a,; are vector versions of constraints in |Zhong
and Yang (2023)).

According to (|1.1),

£u() = Z Ay {Z Cist—t e © ¢k()} = Zfitk o (),
/=0 k=1 k=1



where

S
éitk - Z Qg O Ci,t—t’,ka t e Z, ke N+.

=0
Thus for each fixed i € {1,...,n},k € N, the vector time series {&;;;},c5,
with €, = (Si(tlk), . ,fgg) is an L-dimensional VMA (oo) series of {4 }ez-
These VMA(o0) series are uncorrelated over £ € N and i.i.d. over i €
{1,...,n}. One notes that VMA(o0) is a sufficiently broad class which
includes the most common VARMA(p, q), see Liitkepohl (2005).

Assume for convenience that for each fixed k € N, ZZ 0@ 00y, = 1p,
then each element of &, are of mean 0 and variance 1 as well. Since
{&itx tren, are uncorrelated over k € Ny, &;,(1) = D207, &y 0 @y(+) s also
the Karhunen-Loeve expansion of functional random vector &,,(+), and ran-
dom coefficients {&€;} ren, are the corresponding FPC scores. The matrix
covariance function G (z,2') = {G") (x>$/)}1gz,z/§L of &,,(-) has the fol-

lowing expression similar to Mercer Lemma

6o, =3 Bco {90 1), ()},

where Xy ¢ = cov (€;,) = Zkc0D 1og @@y, is actually a correlation matrix,
1<k < o0. Wheanl, 2k7552k7<51.

In practice, however, trajectories {n,(-)} are unknown, and the ob-



served multivariate functional panel data take the form of

Yi; =mQ/N)+ ) &uod(i/N) +0u(i/N)oew;,  (15)
k=1

for1 <i<n, 1<t<T,1<j<N,withY; = (nﬁ}%...,}gg)y, €itj =
(57%?, e ,5%)>T , O = (aﬁj), o ,agtL)>T , all vectors of L-dimension. The
terms o (j/N) o €;; represent measurement errors which occur with data
collection, €;; independent over ¢ > 1, ¢ > 1 and i.i.d. over j > 1, with
covariance matrix 3;; ., which is in fact a correlation matrix after normaliza-
tion, and elements of the vector standard deviation function o ;(-) satisfying
Hoélder continuity in Assumption (A2). B-spline is used to approximate the
vector-valued trajectories {n;,(-)} from observed vectors {Y ;,;}, and further

a two-step B-spline estimator for the vector mean function m(-) is built.
Unlike existing works Huang et al. (2022)), |[Li and Yang (2023) and
Zhong and Yang (2023) using classic implicit Gaussian strong approxima-
tion of the kind in Einmahl (1989), this work uses explicit Gaussian strong
approximation result of Gotze and Zaitsev| (2010). As a consequence, fi-
nite number of distinct distributions is no longer required of FPC scores

or measurement errors (see Lemma in the Supplement), significantly

broadening the applicability scope of the proposed method. Another note-



worthy feature of the asymptotic results is that only length T' of the time
series needs to go to infinity, the number n of subjects can either be bounded
or go to infinity, see also Remark [}

The paper is organized as follows. Section [2] proposes SCR for the vector
mean function and SCB for any linear combination of its elements built
from B-spline estimation, and establishes theoretical properties of them.
Implementation details of the proposed SCB and SCR are given in Section
Bl Section ] examines finite sample performance of the proposed methods in
simulation settings. An EEG data is studied in Section |5 with the new SCB

and SCR tools. All technical proofs are collected in the online Supplement.

2. Main results

2.1 Spline estimation of vector mean function

For simplicity of notations, one defines a bijective single rank over ¢ and t,
r(i,t) =n(t—1)+i,for 1 <i<nand —oco <t <T, sothat any double
summation 31 ST is converted to Z:(j;t):l'

For sequence of real numbers a,, and b, denote a,, < b, if a, = O(b,)
and b, = O(an), as n — oo. For any sequence ¢ = (¢n),,oy, € ¢, denote the

norm |lefl, = (3 ,en, |cn|P)Y/P. For any positive definite matrix H, denote

by Amax (H) and Apin (H) the maximal and minimal eigenvalues of H. For



2.1 Spline estimation of vector mean function

any function f (-) € C[0, 1], denote the norm || f[|ec = sup,e(o 1 [f () |. For
functions f, g € £2[0, 1], denote the inner product (f,g) = f[(m f(z)g(z)dx
with norm || f|ls = {(f, f)}"/?. For any non-negative integer ¢ and frac-
tion u € (0,1], denote by C@ [0,1] the space of functions with p-Hélder

continuous ¢-th derivative, i.e.,

cemo,1] = {gp :[0,1] = R

(9) _ @

' (z) — ' (y)

lell,, = sup — <400 p.
z,y€[0,1],a2y |z — yl

Besides, for vector-valued function f = (f@,... ,f(L))T e (C[0,1])", de-
note

1Fllo = max [|FO, I1£],, = max ||f©]] (2.1)

1<I<L 1<I<L op’

and for vector-valued functions f,g € (£2[0,1])" with f = (f&,... ,f(L))T,
g=(9".....g") " denote (f.g) = S, (f0,g0), | £]l,={(f. £}

Since m(+) and ¢(+) both belong to (C** [0, 1])L under Assumptions
(A1) and (A4) below, 1, (-) can be regarded as a functional random vector
taking values from (C@*) [0, 1])L. Had trajectories {n;, (-)}f&t)zl been all
observed over the entire interval [0, 1], the population vector mean function

m (-) can be estimated by the sample mean

nT

m () =0T Y 0y (). (2.2)

r(i,t)=1



2.1 Spline estimation of vector mean function

This “estimator” is infeasible as it makes use of unobservables. It however
serves as a benchmark.
To describe the spline functions, one denotes by {tg}Zil a sequence of
equally-spaced points, t, = (/(Js+1), 0 < < J,+1,0 =1t < t; <
. < ty, < 1 = t; 41, called interior knots, which divide the interval
[0,1] into (Js + 1) equal subintervals I, = [ty,tp41), £ = 0,...,Js — 1 and
I;, = [ts.,1]. Let HP=2 = H{®=2[0,1] be the polynomial spline space of
order pon I, ¢ =0, ..., Js, which consists of all (p — 2) times continuously
differentiable functions on [0, 1] that are polynomials of degree (p — 1) on
subintervals Iy, £ = 0,...,Js. Then, we denote by {By,(:),1 < ¢ < J;+p}
the p-th order B-spline basis functions of H®=2 (de Boor| (2001)), hence
HP) = { tztip A&I?B&p(')‘ Aep € R}-

Trajectories and their mean are estimated by spline regression

nT N
m()=mT)™" Y Aa(), Ag() = argmin > [V —g(i/N)|l5.
r(it)=1 g(-)e(H(P—2)>L =1

(2.3)



2.2 Assumptions

2.2 Assumptions

We first list in order some constraints on constants

pwe (0,1, ge N, p"=q+p, ve(0,1], (2.4)
RS (O,min {QV, p*zl_):l}> , (2.5)
Ba € (O,min{%,y—g,l—g—zi*}>, (2.6)
ro > max{4, . 2;29_ 5= 9} : (2.7)
max{l—l/,}%(%—l—%)}<’y<1—g—62. (2.8)

Elementary algebra shows that ({2.5)) is needed for (2.6) to be solvable for

Ba, (2.5)) and (2.6)) for (2.7) to be solvable for ¢, and that (2.5)), (2.6 and
(2.7) together ensure the existence of v that satisfies (12.8)).

The above constraints allow the following technical assumptions.

(A1) The vector mean function m (-) € (Cl@M [0, 1])L for the integer q,

constant p and p* = ¢ + p in ([2.4)).

(A2) The vector standard deviation functions o(-) € (C**) [0, 1])L for v

n " and maxlg,ﬂ(@t)SnT (Ha'thoo + Ho'itHO,V) S Ca fOI' O < Co' < 0.

(A3) AsT — 0o, N =N (T) — oo, n x T'= O (N?) for the 6 in (2.5).



2.2 Assumptions

A4) There exists ¢, > 0 such that G, (x,x) > c, I, Vx € [0,1] with
¢ ¢ ¢

G, (v, ) defined in (2.9). The rescaled FPCs ¢, (-) € (C@#) [0,1])"
with 3777 ) ||¢k||o,u+22°:1 1Dkllgt 21 |@1lloo < oo With the norm

defined in (2.1)).

(A5) On the probability space (§2, A, P) are FPC scores {Ci }, (i ez po1 100
dependent over k > 1 andii.d. over r(i,t) € Z withsup,s; E[[¢1 5 <
oo for ry in , measurement errors {€;},; y; ;5 independent
over r(i,t) > 1 and i.i.d. over j > 1, and {C;u.},; ez 51 independent
of {eitj}r(i,t)zl,jzp with covariance matrices X, ; = cov (Cll’k) ) Dite =
cov (€4,1). There exist i.i.d. N (0, X ¢) random vectors {Zitkvf}:g;,t)zl—nlnT
for 1 <k < k,r, and i.i.d N(0, X;; ) random vectors {Zitj,g}j.v:l for

1 < r(i,t) < nT on a new probability space (Q,fl, ]13’), Cy, Cy €

(O7+OO)7 Y1, 72 € (]-7 +OO)7 Bl S (07 1/2)7 62 in " such that

T

_ 7. B1 -n
Pq omax - omax Y (G Zie)|| > (nT) 6 < G (D)
r(i,t)=1—nl,r 9

T

Z (Ez‘tj - Zz'tj,s)

J=1

> NP2y < CuN—2,

2

P max  max
1<r(i,t) <nT 1<T<N

where positive integers k,r = O{(nT)“} for some w > 0, I,y >

—10log(nT)/log pa, Inr =< log (nT) and p, the geometric decay rate in



2.2 Assumptions

(A5)

. . T.ky, T,N
l) To avoid complex notations, {Cyu }, 21— nr, - he1> {Eitj}:(i,t):l,jzl
are used to represent random variables on (Q, A, I@’) with the same

joint distribution, and P to represent P.

The spline order p > p*, the number of interior knots Jy, = N7dy for

v in , dy + dyt = O(logeN) for 6 in (2.5), as N — oo.

The FPC scores {Cit,(inezr>1 are independent over & > 1 and

iid. over r(i,t) € Z, the measurement errors {e;;} are

r(it)>1,j>1
independent over r(i,t) > 1 and i.i.d. over j > 1, and {eitj}T(i H>1j51

are independent of {C;y}, (i ez 4>1- There exist constants r1 > 4+ 2w,

ro > (24 0) /s, for some w > 0, 6 in (2.5) and S5 in (2.6)), such that

suPg>1 El[Cro /2! 45D, (i1 Ell€ie1][s* < 0o. For covariance matrices
3 e = cov (Cn,k) , 2. = cov(ey), there exists a constant ¢y, >

07 such that )\max (Ek,(> /)\min (Ek,g) < Cx, )\max (Eit,s) /)\min (Eit,s) <

e, Vk,i,t € N,

Assumptions (A1) and (A2) are typical for spline smoothing. In par-

ticular, (A1) controls the size of the bias of the spline smoother for m (-)

and (A2) requires that the variance function is uniformly bounded on its

domain. Assumption (A3) restricts that total sample size n x T  increases by

a fractional power 6 of N, the number of observations for each trajectory.



2.2 Assumptions

The collective bounded smoothness of the principal components is stated
in Assumption (A4). Assumption (A5) provides the Gaussian strong ap-
proximation of measurement errors as well as the FPC score innovations
{Citkfiortoe sop—1- The “high level” Assumption (A5) can be ensured by an
elementary Assumption (A5’). Assumption (A6) makes constraints on the

number of interior knots J, and the measurement times V.

Remark 1. The assumptions above are quite mild and easily satisfied.
Default values for q, p, 8, p, yare g+ p=p* =4, v=160=1 p=4
(cubic spline), v = 3/8, dy =< loglog N are used for simulation in Section [4]
The choice of ¢ =0, p=1/2, p* =1/2, v =1/2, 0 = 3/5, p =1 (constant
spline), v = 16/25,dy < loglog N also satisfies all assumptions and allows

for non differentiable trajectories, as in Mohammadi and Panaretos (2023).

Remark 2. The Gaussian process ¢(-) of Theorem (1| is L-dimensional
according to definition in (2.12). This rules out the possibility of dimension

L — o0, since as a weak limit, () is fixed.

Remark 3. We concur with one Referee that it is feasible to allow time

dependent measurement errors {&;;}, making use of techniques in

i) >1,j>1

Huang et al.| (2022). This has been omitted due to space constraint.

Remark 4. A Referee has observed that the number n of subjects does



2.3 Asymptotic properties of the infeasible estimator

not have to diverge hence it is feasible to make inference on each subject’s

vector mean function as long as T' goes to infinity.

Remark 5. The independence of FPC scores {Cy.},; ez 51 Over k > 1is
presumed in most existing literature, and is needed to combine strong Gaus-
sian approximation of {Citk}r(i,t)el for all £ > 1 in one common probability
space, see Lemma in the Supplement.

2.3 Asymptotic properties of the infeasible estimator

The infeasible estimator m(-) is examined in this subsection.

Define a limiting matrix covariance function

Gyl ) = 3 Ao {Bula)n ()} 29)

where Ay, is the long-run covariance matrix of the vector series {&;,.},c5:

oo e’} o0 o0
T T T
Ay = E Efitkfi,t+h,k = E aQy, + 2 E § :a’tka’t—i-h,k o M.
h=—00 t=0 t=0 h=1

Noting that all elements of Aj are uniformly bounded for £ € N, one can

find a sequence of independent Gaussian vectors {Ux}y, of L-dimension



2.3 Asymptotic properties of the infeasible estimator

with EUy = 0 and EU U, = A,. Define

T

U= {(A}/%Ul)T,(A;/%UQ)T,..} , (2.10)

where )\,16/ 2, k > 1 denote the element-wise square-root of the vector, then
E|U|2 < O35, [All; < oo, thus U € £2 a.s.. In fact, U is a Gaussian
¢>random variable since u*(U) is Gaussian for all u* € (¢2)". For any
u=(u,ug,.. .)T € (%, where {u}y, are vectors of length L, consider
amap IT: €2 — (£2]0,1])" defined as TI(u)(-) = 302, uy, 0 b, (-), then IT is

isometric, which yields a Gaussian (£2]0, 1])"-random variable

MU)() =D AN oUrorh() =D Uiogy() (2.11)

with matrix covariance function G,,.

One defines next several rescaled Gaussian processes derived from IT(U)(-)

e() = G2 (-, ) TIU) (), (2.12)
o) = [diag {Go(-, )} 2 GY2 () (1), (2.13)
oo() = (BTG )b} BT GY () (), (2.14)

where b € RY/{0,} and the diag(A) sets all off-diagonal elements of a



2.3 Asymptotic properties of the infeasible estimator

square matrix A to zero. They are respectively (£2[0,1])", (£2[0,1])" and

£2]0, 1] Gaussian random variables, with matrix covariance functions

Ep (2) p(2')" = G (x,2) G, (x,2") G;I/Q (o', 2"),

B (2)p () = [diag {Gop(w,2)}] 7/ Gy(a,2) [diag {Gy (', 2")}] 2,

Ep()on(2) = bT Gy(z,2)b {bT Gylz, 2)bb Gz, 20} *, .2/ € [0,1].

Weak convergence of the infeasible estimator m (-) follows.

Theorem 1. Under Assumptions (A1), (A4) and (A5), as T — oo, the

1/2

infeasible estimator m(-) converges at the (nT)”" rate to m(-) with asymp-

totic matriz covariance function G, (z,2'), i.e.,

(nT)* G2 () {m () =m ()} = ¢ ().

o)

Consequently, (2.15) and (2.14)) imply that

(nT)"? [diag {Go (-, )} 2 {m () —m ()} = 0, (),

(D)2 {6 G, (-, )b} BT {m () —m ()} = ¢y ().

For any a € (0, 1), denote by Qp1- and @, 1, respectively the 100(1—

«)-th percentile of the absolute maxima distribution of ¢y () and ||¢(z)||



2.4 Oracle efficiency

over z € [0,1], i.e.,

P{ sup |pp(x)| < Qb71_a} =1-a, beRY/{0.},

z€[0,1]

P{ sup [[¢r(7)], < QL,l—a} =1-a

z€[0,1]

Corollary 1. Under Assumptions (A1), (A3)-(A5), as T — oo, one has

P [ sup (nT))"? ’{bTG@(x, ac)b}_l/2 b' {m(z) — m(x)}’ < Qbi-a| = 1—a,
z€[0,1] i

z€[0,1]

P [sup (nT) 1/2 H diag {G,(x,x)}]” 1/2 {m(x) — (x)}HOO <Qui—a| > 1—0,

where b € RY/ {0}

To construct SCBs for m(-), one shows next that the spline estimator

mm (+) in (2.3) is a good substitute of the infeasible estimator m (+).

2.4 Oracle efficiency

The next Theorem states that up to order o, {(nT)_l/ 2}7 the proposed
two-step spline estimator () is oracally efficient, i.e., it is asymptotically
equivalent to, or as efficient as the infeasible estimator m(-) with all tra-
jectories m,,(+) fully known by “oracle”. Thus m(-) enjoys all the same

asymptotic properties as m(+).



2.5 Multiple comparison

Theorem 2. Under Assumptions (A1)-(A6), the B-spline estimator m (-)

15 oracally efficient, i.e. as T — oo,

sup (nT)"?||m (z) — 1 ()] = 0, (1).

oo
z€[0,1]

Corollary 2. Under Assumptions (A1)-(A6), for any a € (0,1), as T —
oo, an asymptotic 100(1 — «)% correct SCB for any linear combination

b'm(.) of m(-), is given by
b () + {b Gyl )b}’ Q1o (nT) %, b e R¥/{0,},
and an asymptotic 100(1 — )% correct SCR for m(-) is given by
() + [diag {G( )} 10Qr1-a (nT) 2.

2.5 Multiple comparison

This subsection concerns simultaneous comparison of vector mean functions
from multiple samples.
Suppose for each s = 1,...,5 an independent set of functional panel

data of size ngy and time length T is recorded, for which Assumptions (A1)-



2.5 Multiple comparison

(A6) are satisfied, then as T' — oo,

(n,T)""? [diag {Gops (-, )7 {1 (1) = m, ()} = 1. 0),

where ¢, (-), s =1,..., S are independent (L0, 1))"*-Gaussian processes.
For 1 < s < ¢ <5, denote sample ratios 74y = limp_,o ns/ng, which
satisfy 754 € [c,, C;] for some constants 0 < ¢, < C; < oo. For 1 < s <

s’ < S, define (£2[0,1])"-Gaussian processes

Praw () = [diag (G N 01, () + [rewdiag {Gow ()N pr0 (),

which is of zero mean and covariance function Gy (z,2") = G, 5 (x,2') +

Tss G s (x,2"), and percentiles Q(ls_’i), §“_“‘jj) satisfying

P{?%FMHCWQJMAQ%WWW S@ﬁq=1—m
z€[0,1 0o

IP’{ sup max

xe[071} 1<s<s’'<S

Wmmawumm*ﬂwwwmeQﬁ?}zl—w

Denote difference of vector mean functions dsy(-) = ms(-) — mgy(-) with

estimate &SS/(~) =myg(-) — my(-).



Corollary 3. AsT — oo,

P | sup (n,T)"?
_zG[O,l}

diag {Gsy (2, 2)}] 2 {Elss/(x) _ dss,@:)}H < Qf_"i)] S1-a,

o0

P | sup max (nST)l/2

336[0,1} 1§S<S/§S

(ing (G .00} {le) — oo} < Qﬁ‘f?j‘)]

—1—-a.
Consequently, a multiple SCR for dsy (-),1 < s< s < S is
dyy (2) % [diag {Gaw (2, 2) 1?10 (n,T)? 1< s < s/ < 8.

3. Implementation

This section describes implementation of the SCB and SCR in Corollary

3.1 Knot selection

The number of knots Js for spline smoothing is selected subject to the
constraints of Assumption (A6). The smoothness order (q,u) of vector
mean function m (-) and eigenfunctions {¢; },y, is taken as (3,1) or (4,0)
by default with a matching spline order p = 4 (cubic spline). Therefore,
Js = [¢N7loglog N] is recommended with constant ¢, where [a] denotes the

integer part of a. The default values of parameters v = 3/8 and ¢ = 1 are



3.2 Estimation of matrix covariance function

found to be adequate in the simulation study.

3.2 Estimation of matrix covariance function

Recall that the matrix covariance function of &,,(-) is G(z, z') = E&,,(z)&,, (),
which is well approximated by the sample version G' (z, ') = (nT)~* Zf&t)zl

€,.(x)€) (¢'). Since trajectories {€;,(-)} are unobservable, G(x, ') is infea-

sible. Yet it suggests to use the plug-in sample covariance

nT
A AN WaT(X) / _ -1 ¢ AT /
G (r.a) = {G" @a)} = (D) 2 Gk

where €,(-) = 7,,(-) — m(-). Tt is feasible to show that

T 1/2 é(l,l/) 7\ - G(l,l/) N — O.(1).
D5 TG0 @2 =6 )| = 0y
The limiting matrix long-run covariance function G,(-,-) of &;(-) is
essential to construct the SCB and SCR. Note that

G, (z,2') = lim nT E{m (z) — m ()} {m(z') — m(z")}"

T—o00

i 1 - 1 a / Ny T
= B3 (e (0) = m (@) = 3 ) - i)

T—o00



3.3 FPC analysis

One defines
. 1 i
0ij (1) = —= () —m ()},
\/Et:(j—l)B—f—l

fori=1,...,n,7=1,...,[T/B], where B— coand B=0(T) as T — oo,

one would then use the following estimator of G, (x,2’)

n [T/B]
Gﬁﬂ (l‘,l‘/) = n [Tl'/B] Z; ; Sij (ZL") Sij ($/)T ) ($,QS,) € [07 1]2 3

3.3 FPC analysis

For functional random variable fi(tl) (+), the I-th element of functional random
vector &,(+), its covariance function is the [-th diagonal element of the

matrix covariance function G(z, ), with

/[01} G (2,0) 4 (') da! = \Du! (), /

[0

2
{1/1,?)(1;)} dr = 1.

71]

The eigenvalues and eigenfunctions for G (-, -) are approximated as

{Aff’c) eHPD NN > >0 k=1, J+p:

[ 6 @) i o =300 @), [ {0} o= 1}-

Linear algebra shows that 1&,(;) and 5\,(!) are well defined.



3.4 Estimating the percentiles

Next, the number of eigenvalues to select is kK = max {Hj(l),l =1,... ,L},
where 0 = argmin; o {ZZ;I /A\,E:l)/ZZ:{p 5\,(;) > 0.95}. Note that
{/A\,(cl), kE=1,...,Js+ p} are the complete set of eigenvalues of é(l’l)(-, s
which are non-negative since the integral operator defined by function G ()

is non-negative definite.

3.4 Estimating the percentiles

Define T1(u)(-) = 74P uy o () for u = (uf,... ,u}sﬂ))T, where uy, €
~ A A T A

RE, o, = (1/),(:), ce ,iL)> . Noting that {1/),(;), 1<kE< Js +p} is or-

thonormal basis of H®=2), I : REVs+p) (H(p_2))L is isometric. Define U

as an L(Js + p)-dimensional random vector by
A
- 172 A\ T <1/2 - T . -
U:{<)‘1 OU1> ,...,(}\J5+pOUJS+p> } ,UkNN(OL,Ak),
where

A <-1/2 A <-1/2 LI
A = / / {)\k o'zpk(x)} {)\k oqpk(ac)} oG, (x,2") dxda’,
[0,1] J[0,1]

~ A A n ~ e
A = <)\,(€1), e )\;L)> 1 <k < Js+p, and A,IC/Q, AL V2 denote the element-

wise square-root and inverse of square-root of vector Ay, then U is a data

version of the ¢2-random variable U in (2.10)). For a large integer s;;, gen-



erate Gaussian random vectors {US} distributed as U, and denote
1<s<sm
Gaussian functional random vector ¢; (-) and Gaussian functional random

variable ¢p s(+) by

One takes respectively the empirical quantiles Qp ;o Of {SUPme[o,u |Pb,5(2)| }zfl

and QL,l,a of {SUPxe[O,l] @r.s(7) Hoo}zfl as estimates of Qp1-o and Qr1-q.

For any vector b € RY/ {0}, the SCB for b my(-) is given by

/2

bTr() £ {b7GL(, )b} Qoo (i), (3.1)

and the SCR for m(-) = {mW(-),... ,m(L)(-)}T is given by

N

() £ [diag { Gy, ) }] 10001 () (3.2)

4. Simulation

In this section, one examines finite-sample performance of the proposed
SCB and SCR. The data are generated from the following model: Y ;;; =

m (j/N)+ iy €0 dy (§/N)+ 04 (j/N)oeyj, for 1 <i <mn, 1 <t <T,



1 <j <N, with L = 3. Mean functions m") (z) = 5 + 2sin {47(0.5 — z)},
m® (z) = 5+2sin {47(0.5 — 1)}, m® (2) = 5+sin {47(0.5 — 2)}, z € [0, 1],

and FPC components

¢ (2) = V2sin(2m2) (V4 V3,V2)T, ¢, () = V2 cos(2m2)(V2, V2, V1),
¢4 (2) = V2sin(4nz)(vV0.5,V1,V1)", ¢, (z) = V2 cos(4mz)(v/0.5,1/0.25,1/0.5) ",
&5 () = V2sin(672)(1/0.25,v0.5,v/0.25) ",

¢ (2) = V2 cos(6mz)(v/0.25,1/0.16,1/0.25) T,

¢ () = V2sin(87z)(+/0.09,/0.09,/0.16) T,

¢ (-) = 0 for all k > 8 FPC scores &, = > 7y @k © C; gy With
aogr, = 0.813, a1, = a9, = 0413, a3, = —0.213, ay, = 03, Vi > 4, k =
1,...,7. Forall 1 < ¢ <n, 1 <t <T, 1 <k<T71<7<N, (e
and g;; are mutually independent and identically distributed. Elements
of ey = <£§tl}, . ,61%»))—'— are independent and distributed as N(0,1) or

U(—+/3,/3). Multivariate normal distribution and t-distribution are con-

sidered for (., both distributions with two forms of covariance matrix
L
L
S = {=}

=1

Case 1. Autoregressive (AR-1): 2,(;7’5) = (.15

Case 2. Toeplitz (TOEP): £ = 1(1 = 1') + (0.05 + 0.1-"1) 1(1 £ 1').



The homoscedastic and strongly heteroscedastic deviation function, set
respectively as a(+) = G homo(*) = 0.513 and 0 () = O hetero () = 0.5 {5—
exp(—x)} /{5 + exp(—x)} 13 are both considered. The number N of obser-
vations per curve is taken to be 900 and 1600. The population size and the
number of curve segments for per individual are respectively n = [4log N]
and T = [0.25N%8]. Cubic spline is used, i.e. p = 4, and number of knots
is taken as J; = [NB‘/S log log N}.

Table (1] displays the empirical coverage frequencies of proposed SCB
of b'm (-), namely the percentage out of 1000 replications of the true
curve b'm (-) being covered by the cubic spline SCB at the N points
{1/N,...,N/N}, in which constant vector b is taken as (1, —1,0)". Similar
results for b = (1,0,0)" are given in Table of the Supplement. Table
displays the empirical coverage frequencies of the SCR of m(-). Overall,
the empirical coverage frequency approaches the nominal confidence level
as IV increases.

Figure [2| depicts the SCB for m() (-) = (1,0,0)"m (-), with SCR of
m(-) = {m(l)(-)}lel for [ = 1 also displayed. The SCRs are wider than
SCBs which are based on linear projection of m(-), and as expected, the
SCBs and SCRs become narrower as N increases (thus n(N) and T (N)

increase). Figure of the Supplement shows the cubic spline estimator



Table 1: Coverage frequencies for m™M(-) — m? () = (1,—1,0)m (-) by SCB

(3-1)-

ey ~ N(0,1) ) ~ U(=V3,v3)
Ohomo Ohetero Ohomo O hetero

0.95 0942 0.945 0.947 0.944

Citk Xk N 1-a

AR-1 900 0.99 0984 0.985 0.986 0.983
1600 0.95 0.954 0.953 0.955 0.951
0.99 0.992 0.993 0.991 0.992
Normal
900 0.95 0.935 0.935 0.936 0.935
TOEP 0.99 0.984 0.987 0.979 0.985
1600 0.95 0.946 0.942 0.941 0.943
0.99 0.988 0.991 0.99 0.99
900 0.95 0.946 0.944 0.945 0.944
AR-1 0.99 098 0.986 0.983 0.984
1600 0.95 0954 0.955 0.95 0.948
Student’s t 0.99 0993 0.99 0.991 0.991
900 0.95 0.934 0.932 0.932 0.933
TOEP 0.99 0979 0.977 0.983 0.982
1600 0.95 0943 0.946 0.944 0.946

0.99 0994 0.993 0.993 0.992

and SCB for (1,—1,0)"m (-) = mW(-) = m®@(.) = 0, by which one can test
Hy : mW(-) = mP®(.). Since the constant function 0 is entirely covered by

the SCB, one retains the null hypothesis, which is consistent with the fact.

5. Real data analysis

We apply the proposed method to a data set under Multimodal Resource for

Studying Information Processing in the Developing Brain (MIPDB) project



Table 2: Coverage frequencies for m (-) by SCR 1}

Cimk Eg,k N 1 — 552 ~ N(07 1) 552 ~ U(_\/gv \/g)
Ohomo Ohetero Ohomo O hetero
900 095 0.932 0.935 0.928 0.932
AR-1 099 098 0979 0.98 0.98
1600 0.95 0939 0943 0.939 0.943
0.99 0993 0991 0.992 0.993
Normal
900 0.95 0926 093 0.924 0.926
TOEP 099 0981 0.98 0.981 0.981
1600 0.95 0925 0928 0.932 0.926
0.99 0987 0987 0.983 0.984
900 0.95 0919 092 0.921 0.918
AR-1 0.99 0976 0972 0971 0.973
1600 0.95 0924 0924 0.921 0.92
Student’s t 0.99 099 0988 0.991 0.991
900 0.95 0934 0932 0.932 0.936
TOEP 0.99 0987 0987 0.985 0.985
1600 095 094 0939 0.937 0.946
0.99 0.982 0.982 0.984 0.982
10.0 10.01

Figure 2: Plots of the true m(Y(.) (solid) and cubic spline estimator (") (-)
(dashed), with 95% SCB (dotted) and SCR (dot-dashed). The number N of

observations in (a) and (b) are 900 and 1600 respectively.



of Child Mind Institute. The data were presented as a resource for the inves-
tigation of information processing in the developing brain, including EEG,
eye tracking and cognitive and behavior data collected from 126 individuals
aged 6-44. EEG data were recorded at a sampling rate of 500Hz on 128
channels of HydrocCel Geodesic Sensor Net. 126 individuals were divided
into 6 groups according to their ages and accordingly cognitive developing
stages, groups 1-6 indicating young to old. We focus on analyzing EEG
during the task of surround suppression paradigm, see Langer et al.| (2017))
for more details.

In the task of surround suppression paradigm, each trial began with the
presentation of the fixation spot for 500 ms, after which four circular stimuli
were flickered on-and-off at 25Hz for 2,400 ms on a plain background. Then
the following trial was initiated after an inter-trial interval of 500 ms. The
task consisted of 63 complete trials. In our study, multichannel EEG signals
during each trial are extracted as trajectories, which constitute multivariate
functional panel data, with N = 2.9 x 500 = 1450, T' = 63 for n; = 18,
ny = 17, ng = 18, ny = 22, ny = 13, and ng = 17 respectively in S = 6
groups (some individuals with incomplete data records are deleted).

Our study focuses on signals from 6 channels, namely O1, O2 over occip-

ital, P3, P4 over parietal, C3 over central scalp and F3 over frontal (named



by E70, E83, E52, E92, E36, E24 in 128-HydrocCel Geodesic Sensor Net re-
spectively). Hencein fact L = 6 and m (-) = {m(99) (-) ,m(©2) () ,m(P%) (),
mPD (), m(C) () mFH) ()}T is the vector mean function on 6 channels.
Cubic spline estimators for mean functions of group 1 with 95% SCB of
the each selected channels and 95% SCR of all selected channels are depicted
in Figures and of the Supplement respectively. Mean functions
at O1, O2, P3 and P4 show similar fluctuating patterns, which is quite
reasonable since occipital O1 and O2 reflect visual processing and parietal
P3 and P4 sensory and visual functions. Figure [3| displays the SCBs for

testing

Hy: mO () =m® () versus Hy: m¥ (x) #m) (2) for some = € [0,1],

with significance level o = 0.05 for (1,1") = (1,2), (3,4), (1,3),(1,5),(1,6),(3,5)
respectively, in which { # " € {1, 2, 3,4, 5,6} correspond to {O1, Oy, Ps, Py, Cs,
F3}, so for instance, m(©V () = mW (-),m() () = m® (-). The constant
function 0 is entirely covered by the SCB in subfigures (a) and (b), indicat-
ing that difference between O1 and O2, as well as between P3 and P4 are
negligible. Subfigures (d)-(f) show however, that constant function 0 is not

entirely covered by SCB, rejecting hypotheses, Hy : m(©V) (1) = m(©) (1),



Hy : m©O) () = m) () and Hy : m) (-) = ml®) (-), thus quantita-
tively validates that the flickering stimuli elicit visual evoked potentials of
higher amplitudes over posterior scalp (where Oq, Os, Ps, Py lie), which is
also found by [Langer et al. (2017). Subfigure (c) implies the rejection of
Hy : m©) () = mP) (1), suggesting that O; is evoked of higher potential
amplitudes and more sensible to visual stimuli than P;.

Based on Corollary (3] vector mean functions of the six groups are com-

pared by testing the hypothesis that they are all equal, i.e.,

Hy:my()=my(-)=my () =my () =ms () =ms (),

vs. H :m(z) #my (z), forsome 1 <s< s <S=6, xel0,1].

The p-value is < 107* (i.e., a confidence level of > 99.99% is needed for the
multiple SCR in Corollary 3| to contain dyy = 0 for all pairs 1 < s < ' <

S = 6), providing strong evidence against Hy. Thus one tests

Hy:mg () =my (), vs. H : mg(x) # my (z), for some z € [0,1].
(5.1)
for all pairs (s, s) to further probe. Figure 4| depicts the p-values, showing

no strong evidence against the null for (s,s’) = (1,2), (2,3), (4,5), (5,6),



while for other pairs (s, s") the p-values are all < 0.019. These findings sug-
gest that significance of EEG mean difference between groups is positively
related to age gap of the groups. This fact points to further investigation

into the basic sensory excitation by visual stimuli in the brain development.

6. Conclusions

A computationally efficient B-spline estimator is proposed for the mean
estimation in multivariate functional panel data. Asymptotic properties
of the estimator are established with simultaneous confidence band (SCB)
and simultaneous confidence region (SCR) as byproducts, which are ver-
satile inference tools. The SCBs and SCRs have satisfactory performance
in simulation studies, and have uncovered illuminating phenomena about
Electroencephalogram (EEG) data. The methodology is expected to find
wide applications on other physiological data such as event related potential

(ERP) and Electrocardiogram (ECG).

Supplementary Material

The online Supplement provides technical lemmas, detailed proofs of the

theorems, and additional figures and tables.
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Figure 3: Plots of cubic spline estimator (solid) and 95% SCB (dotted) for
bTm (-) of group 1, with reference constant function 0 (dot-dashed), (a)-(f) corre-

m(O) (1) —m(©3) (), mOD) (\) — mF) (1) and m(P) () — m(©8) (.) respectively.
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