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Liangbo Lyu
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Molei Liu

Columbia University Mailman School of Public Health

Abstract:

Doubly robust (DR) estimation is a crucial technique in causal inference and missing
data problems. We propose a novel Propensity score Augmented Doubly robust
(PAD) estimator to enhance the commonly used DR estimator for average treat-
ment effect on the treated (ATT), or equivalently, the mean of the outcome under
covariate shift. Our proposed estimator attains a lower asymptotic variance than
the conventional DR estimator when the propensity score (PS) model is misspecified
and the outcome regression (OR) model is correct while maintaining the double ro-
bustness property that it is valid when either the PS or OR model is correct. These
are realized by introducing some properly calibrated adjustment covariates to lin-
early augment the PS model and solving a restricted weighted least square (RWLS)

problem to minimize the variance of the augmented estimator. Both the asymptotic
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analysis and simulation studies demonstrate that PAD can significantly reduce the
estimation variance compared to the standard DR estimator when the PS model is
wrong and the OR is correct, and maintain close performance to DR when the PS
model is correct. We further applied our method to study the effects of eligibility
for 401(k) plan on the improvement of net total financial assets using data from

the Survey of Income and Program Participation of 1991. Key words and phrases:

Causal inference; Covariate shift correction; Double robustness; Intrinsic efficiencys;

Outcome regression; Propensity score.

1. Introduction

1.1 Background

Doubly robust (DR) estimation has attracted extensive interest in the litera-
ture on semiparametric theory and causal inference and is frequently used in
biomedical science, economics, and policy science studies. It incorporates two
nuisance models, a propensity score (PS) model, and an outcome regression
(OR) model to characterize distributions of the exposure and outcome against
the adjustment covariates respectively, and draws valid inferences when either
one of them is correctly specified. It has been well-established that when both
the PS and OR models are correct, the DR estimator is semiparametric ef-
ficient and its asymptotic variance does not really depend on the estimating

equations for the nuisance models (e.g., Tsiatis, 2006)). Nevertheless, there still



remains an intriguing question on how to improve the asymptotic efficiency of
the DR estimator when one nuisance model is misspecified. For the scenario
with correct PS and wrong OR models, there is a track of work (e.g., Cao et al.,
2009; Tan, 2010) proposing the so-called intrinsic efficient estimator that will
be reviewed in Section [I.3] This type of estimator preserves the double robust-
ness property and achieves improved efficiency over the standard DR estimator
when the PS model is correct and the OR is wrong. Interestingly, we notice
that the dual problem of this, i.e., improving the (intrinsic) efficiency of the
DR estimator under wrong PS and correct OR, is supposed to be equally im-
portant but has not been handled yet due to certain technical reasons that will
be discussed later. Aimed in this paper, filling this methodological blank can

effectively complement the existing tools for DR and semiparametric inference.

1.2 Problem Setup

To make our idea easier to understand, we focus on a specific missing data
problem: transfer estimation of the outcome’s mean in the presence of covari-
ate shift (e.g., Huang et al., 2006). This is also equivalent to estimating the
average treatment effect on the treated (ATT) (e.g., Hahn, 2004) in the con-
text of causal inference and matching-adjusted indirect comparison frequently
conducted in biomedical studies (Signorovitch et al., 2010). Our method could

be generalized to other settings such as estimating the average treatment effect



(ATE) and transfer learning of regression models (Liu et al., 2023)).

Suppose there are n labeled samples with observed outcome Y and co-
variates X € R? and N unlabeled samples only observed on X. Let A =1
indicate that the sample is labeled and A = 0 otherwise. The labeled ob-
servations (Y;, X;) are collected from a source population § with A; = 1 for
i=1,2,...,n. Assume (Y;, X;) ~ ps(x)q(y|x) for i = 1,2, ... ,n where ps(x)
and ¢(y|x) represent the density of X on S and the conditional density of Y’
given X = x respectively. Meanwhile, there are unlabeled samples from a tar-
get population T indicated by A; = 0 and only observed on covariates X; for
i=n+1,...,N+n. Assume that on T, (V;, X;) ~ pr(x)q(y|x) with pr(x)
representing the density of X on T and the distribution of Y | X remaining
to be the same as that on §. Our goal is to estimate iy = E7Y, the marginal
mean of Y on 7. In the absence of observed Y on the target samples, two

simple strategies to estimate p( are introduced below.

(PS) Define the propensity score (PS) or density ratio between the two pop-
ulations as 7o(x) = pr(x)/ps(x). Estimate ro(x) with some 7(x) and

average the observed Y; weighted by 7(X;) over i = 1,2,...,n from S.

(OR) Define the outcome regression (OR) or imputation model for Y as mg(x) =
E(Y | X = ). Estimate mo(x) with some m(x) obtained using the la-

beled samples and average m(X;) over i =n+1,...,n+ N from T.



Both the PS and OR strategies are built upon the assumption that the distri-
bution of Y | X is the same between S and T so the knowledge of Y on S is
transferable to 7. This is in the same spirit as the no unmeasured confounding

assumption in the context of causal inference.

1.3 Related literature

Our work is based on the doubly robust (DR) inference framework that has
been frequently studied and applied in the past years (Robins et al., 1994;
Bang and Robins, 2005; [Kang and Schafer, 2007; Tan, 2010; |Vermeulen and
Vansteelandt, 2015). It combines the PS and OR models introduced in Sec-
tion to construct an estimator that is valid when at least one of the two
nuisance models are correct and, thus, regarded as a more robust statistical
inference procedure than the simple PS and OR strategies. Early work in
DR inference (e.g., Bang and Robins, 2005; |Kang and Schafer, 2007) mainly
used working low-dimensional parametric regression to construct the PS and
OR models. Recent progress has been made to accommodate the use of high-
dimensional regression or complex machine learning methods in estimating
the nuisance models (e.g., (Chernozhukov et al., 2018; Tan, 2020)), which is
less prone to model misspecification. We focus the scope of this paper on the
low-dimensional parametric setting that is technically less involved but more

user-friendly and less sensitive to over-fitting in practice. It is also possible and



valuable to generalize our work to the settings of high-dimensional paramet-
ric (e.g., Tan, 2020; [Dukes and Vansteelandt, 2021) or semi-non-parametric
(Liu et al., 2023)) nuisance models, in which model misspecification is still an
important concern.

There has risen great interest in studying and improving the asymptotic
efficiency of the DR estimator. One track of literature studied the local effi-
ciency of the DR estimator, i.e., if it is semiparametric efficient when both the
PS and OR models are known or correctly specified. While it was shown that
the standard DR estimator for the ATE (Robins et al., 1994) achieves such
local efficiency (Hahn, 1998} Tsiatis, 2006). This result cannot be directly
applied to the ATT estimator because unlike ATE, the PS model of ATT is
informative (or non-ancillary) (Hahn, 1998, [2004). |Shu and Tan (2018)) further
studied this subtle issue and proposed locally efficient DR estimators for ATT
based on its influence function.

Meanwhile, another track of literature focuses on improving the efficiency
of the DR estimator in the presence of correct PS and potentially wrong OR
models and, thus, is more relevant to our work that also aims at automatic
variance reduction under model misspecification. A class of intrinsic efficient
DR estimator has been proposed for the efficient estimation of ATE (Cao

et al., 2009; Tan, 2010), ATT (Shu and Tan, 2018), casual regression model



(Rotnitzky et al., 2012), longitudinal data (Han, 2016), individual treatment
rule (Pan and Zhao, 2021)), etc. This type of estimator is (i) valid when either
nuisance model is correct; (ii) equivalent with the standard DR estimator when
both models are correct; and (iii) of the minimum variance under correct PS
and wrong OR, among all the DR estimators with the same parametric speci-
fication of the OR model, and, consequently, more efficient than the standard
DR estimator.

Although the correct PS and wrong OR setting has been frequently stud-
ied, there is still a paucity of solutions to its dual problem, i.e., enhancing the
DR estimator under the wrong PS and correct OR, which is the goal of this
work. We also notice some early work like |Kang and Schafer (2007) and |Cao
et al. (2009) arguing that the simple OR strategy is an ideal choice when one
knows the PS model is wrong since it is free of PS weighting that may decrease
the effective sample size. However, since there are no perfect ways to examine
model correctness without any additional assumptions, this strategy cannot
be as robust as the DR estimator to OR’s misspecification.

It was shown that including more prognostic covariates or auxiliary basis
when fitting the PS model can help to reduce the variance of the ATE estimator
(Hahn, 2004; Tsiatis, 2006). Motivated by this, (Cheng et al. (2020)) proposed

a double-index PS estimator for ATE that smooths the treatment over the



parametric PS and OR models to achieve the DR property as well as variance
reduction under correct PS and wrong OR. Nevertheless, methods in this track
of work are ensured to reduce the variance of the ATE estimator only when the
PS model is correct. In contrast, our work aims at variance reduction under
wrong PS and correct OR. Also, our idea can be used for ATT, ATE (see
Supplement S2.4), and other casual parameters while this existing strategy
only works for ATE but not ATT.

We also notice a large body of work in statistical learning and causal infer-
ence that aims at leveraging some auxiliary data or information to boost the
asymptotic efficiency of certain estimators using the idea of augmentation. For
example, Kawakita and Kanamori (2013), Chakrabortty et al. (2018)), |Azriel
et al. (2022)), and (Gronsbell et al. (2022) proposed different semi-supervised
learning methods that improve estimation efficiency leveraging large unlabeled
data drawn from the same distribution as the labeled samples. Methods like
Chen and Chen (2000) and Yang and Ding (2020) utilized external data with
error-prone outcomes or covariates to construct control variate for variance re-
duction. These methods, as well as other examples, rely on some auxiliary data
to construct estimators that always converge to zero and are asymptotically
correlated with the target estimator. These zero estimators are then used to

augment the target estimator properly for variance reduction. Our work also



adapts the high-level idea of augmentation. But different from these methods,
ours does not leverage any auxiliary samples or knowledge and additionally
cares about the need of prioritizing validity (double robustness) over statisti-
cal power. Consequently, the asymptotic behavior of our augmented estimator
actually varies according to the correctness of the nuisance models and is more

technically involved in to study.

1.4 Our contribution

To estimate p introduced in Section [1.2]efficiently, we propose a novel Propensity
score Augmented Doubly robust (PAD) estimation method that enhances the
standard DR estimator of p through linear additive or multiplicative aug-
mentation of the PS model. The augmentation functions and their linear
coefficients are carefully constructed such that the augmentation term always
reduces the variance of the DR estimator if the PS is wrong and the OR is
correct while it automatically converges to zero if the PS is correct, in order
to avoid bias and ensure double robustness. Also, when both models are cor-
rect, our PAD estimator becomes asymptotically equivalent to the standard
DR estimator.

To our best knowledge, the proposed estimator is the first one to simulta-
neously have the DR property and a smaller variance than the standard DR

estimator under wrong PS and correct OR models. Thus, our work serves as



an important complement to existing DR inference approaches, especially to
the intrinsically efficient DR estimators proposed to work for the setting with
correct PS and wrong OR (e.g., Cao et al., 2009; [Tan, 2010)). In this work,
our idea is primarily studied in the covariate shift setup with specific nuisance
model estimators, aiming at variance reduction under wrong PS and correct
OR. All these can be extended to different or more general scenarios. Thus, we
also propose in Supplement S2 the extension of our method to address general
nuisance estimators, variance reduction under wrong OR and correct PS, and

the efficient estimation of the ATE.

2. Method

2.1 Doubly robust estimator

As a prerequisite of our proposal, we first introduce the standard DR estimator
for pp under the setup described in Section[1.2] which has been studied for years
(e.g., Hahn, 1998, 2004; |[Shu and Tan, 2018)). Following a common strategy
(Bang and Robins, 2005; Shu and Tan, 2018} Liu et al., 2023), we form the
PS and OR models as r(x) = exp(x'y) and m(x) = g(x"«) where v and «
are model coefficients and ¢(-) is a known and differentiable link function. We
say that the PS (or OR) model is correct if there exists v, or ag such that

the true ro(x) = exp(x™y,) or mo(x) = g(x ). Denote the empirical mean
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operator on S and T as IES and IET such that

n n+N
Esa(X,Y)=n"> a(X.Y), Era(X,V)=N")Y" a(X.Y)
=1 i=n+1

for any function a(-). Suppose the two nuisance estimators 4 and a are ob-

tained respectively by solving the estimating equations:
EsX exp(X™y) =E+ X, EsX{Y —g(X"a)} =0. (2.1)

The estimating equations for -« in is usually referred as covariate bal-
ancing (Imai and Ratkovic, 2014} |Zhao and Percival, 2017), and those for a
correspond to the ordinary least square regression when g(a) = a and the lo-
gistic regression when Y is binary and g(a) = expit(a) = e*/(1 + €*). Note
that one can use alternative estimation procedures to obtain v and «, e.g.,
running a logistic regression on A against X to estimate <y, and our proposed
method could naturally be adapted to different choices; see Remark [2]

Based on 4 and @, the PS and OR estimators introduced in Section
can be specified as fips = EsY exp(X'5) and Jigx = E7g(X @) respectively.
Then the standard DR estimator is constructed by augmenting one of them

with another nuisance model:
fior = Es{Y — g(X"@)} exp(X"7) + Erg(X'@). (2.2)

When the PS model is correct and 4 converges to =, IAETg(XTa)—I/E\lgg(XTa) exp(X'y)

converges to zero and the remainder term EgY exp(X ') is exactly the PS es-
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timator converging to . Similarly, when OR is correct, we can show that
Es{Y — g(X @)} exp(X™) converges to zero and Eyg(X @) converges to
tto- Thus Jipg is doubly robust in the sense that it is consistent when either the

PS or OR model is correctly and consistently estimated.

2.2 Expansion of DR estimator under correct OR model

To help the readers understand our method more intuitively, we now heuristi-
cally derive and analyze the asymptotic expansion of jipz when the OR model is
correctly specified. Suppose that 4 and & converge to some 4 and & defined as
the solutions to the population-level estimating equations Es X exp(X™vy) =
ErX and EsX{Y — g(X &)} = 0, respectively. Let 7(x) = exp(X'5),
7(x) = exp(X™¥), and S(a) = S(Y, X, ) = X{Y — g(X"'«x)}. Suppose
that the OR model is correct, i.e., mo(x) = g(X 'ap) and a9 = @, and
n'/?(a — a&,5 — 7) is asymptotically normal with mean zero following the

standard M-estimation theory (Van der Vaart, 2000). Then we have
Es{Y — g(XT@)H{A(X) - 7(X)} = o,(n" )

due to Neyman orthogonality, which, as will be strictly proved in Section
implies that fipg defined in (2.2)) is asymptotically equivalent with
ﬁDR :ES{Y - g(XTd)}f(X) + ]/ET9<XT6‘)
+ [ES{Q(XTd) —g(X"@)}r(X) + Er{g(X @) — g(X"a)}

12



~Es{Y — 9(Xa)}r(X) + Erg(X a) + LEsX{Y — g(X a)},

where L = ~H ' {Es X §(X a)r(X) - Er Xg(X &)}, H=Es X X §(X @),
and ¢(a) is the derivative of g(a). To derive the above result, we use the stan-
dard asymptotic expansion of & given by our technical lemma in Supplement
S3.2, and the symbol “~x” indicates that the difference between the two lines
is up to op(n_l/ %) and, thus, asymptotically negligible. So when OR is correct,
the asymptotic variance of n'/?(fipz — pto) is equal to that of n'/?(fipg — o),

which can be expressed as
aVar{n'/?(Jiox — 110)} = Es{7(X)}*v(X) + 2L'Es X7( X )v(X) + C, (2.3)

where v(x) = Var(Y | X) and C' is some positive constant free of 7(-) and,
thus, needs not to be considered in the following derivation. Note that when
the PS model also is correct, i.e., 7#(-) = ro(+), we further have L = 0.

Empirically, term L in (2.3) can be estimated by
L= H! {@SXQ(XTa) exp(XTH) — ETXg(XTa)} , (2.4)

where H = Es X X" §(X"@). Estimation of v(x) relies on our working assump-
tion on the form of Var(Y | X). For example, one may assume Y = mo(X)+e
where € ~ N(0,0?) so v(x) is invariant of  and can be simply imputed
with the moment estimator of ¢2. Also, for the common Poisson model
Y ~ Poisson{exp(X )} and logistic model Y ~ Bernoulli{expit(X ay)},

13



one can naturally estimate v(x) by exp(z'a) and expit(x"a){1 —expit(x )}
respectively. To preserve generality, we introduce a working model vg(x) for
v(x) with some nuisance parameter 8 to be estimated as 6 that could be par-
tially or fully determined by @. Suppose that 0 converges to some 6. As
will be shown in Section 3| violation of this conditional variance model, i.e.,
v(x) # vg(x) does not impact the double robustness of our proposed estimator

but only affects its efficiency gain when PS is wrong and OR is correct.

2.3 PAD estimator

Now we formally introduce the propensity score augmented doubly robust
(PAD) estimator. Our central idea is to augment the PS model 7(X) =
exp(X ) as 7., (X;8) = exp(X'5) + ¥'3 and use 7,,(-) to replace 7(-) in
the DR estimator. Here W is some properly constructed basis function of X
and 3 is some loading coefficient vector to be estimated. We first describe the
empirical construction procedures for PAD in Algorithm [I] and then discuss
the implementation and intuition of the key steps in this algorithm.

Beside estimating 4 and a that are also needed by the standard DR
method, our method only requires to solve one more restricted weighted least
square (RWLS) problem (2.5). This RWLS can be shown to have a unique and
explicit-form solution under Assumption 3| consisting of common and mild reg-

ularity conditions on X and ¥. Since ¥ has a larger dimension than X and

14



Algorithm 1 Propensity score Augmented Doubly robust (PAD) estimation
[Step 1] Solve the estimating equations in (2.1)) to obtain 4 and &, and

obtain the conditional variance estimator as 0.

[Step 2] Specify ® = ¢(X) of larger dimensionality than X using any basis

function ¢(-), and take A . IET[q)va(X)}/]ETvg(X).

[Step 3] Solve the restricted weighted least square (RWLS) problem:

B = argmingV,(8), st. EsXg(X'a)¥ B =0, (2.5)

with the objective function defined as

~ ~ R ~T A~ . AT

V.(8) = Es{exp(X')+ ¥ B}v5(X) +2L"Es X {exp(X'7) + ¥ B}ug(X),
(2.6)

and L defined in equation ([2.4]).

[Step 4] Obtain the PAD estimator through

o = Es{Y — g(X @) Hexp(X™7) + ¥ B} + Erg(X"a).

is non-singular, the feasible set of the linear constraint in (2.5)) is non-empty,

and IA/M(B) is strongly convex, which, combined together, implies that 1} has
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a unique solution; See our technical lemma in Supplement S3.2 for more de-
tails. In Supplement, we provide the specific form of this solution. Therefore,
numerical implementation of Algorithm |1} is stable, straightforward, and not
time-consuming. This is an advantage of our method over existing intrinsic ef-
ficient DR methods like Rotnitzky et al. (2012)) that require solving non-convex
optimization problems prone to the local minima issue.

For heuristic analysis, suppose that all estimators used in converge to
their limiting values. Then let ¥ = & — E7[®vg(X)|/E7ve(X) be the limits
of \/I\J, B the limits of B, with its specific form given by our technical lemma in

Supplement S3.2, and
Vi(B) = Es{exp(X"3) + ¥78}°05(X) + 2L'Es X {exp(X'7) + ¥ B}vg(X)

the limiting function of vu(ﬁ) specified in Algorithm . We shall consider two
scenarios separately to demonstrate that our proposed PAD estimator not only
maintains double robustness property but also has a lower asymptotic variance
than jipz when the OR model is correctly specified and PS is wrong. Rigorous

justification for these results will be provided in Section [3]

Correct PS model. When the PS model is correct, we easily have L = 0

as stated in Section [2.2]so V,(8) = Es{exp(X %) + ¥'B}?v5(X), and

OV,.(B)

W‘ﬁzo = 2EsW exp(X')vg(X) = 2E7Pup(X).

16



By definition of ¥, we have E7Wvg(X ) = 0, as ensured by the mean shift of
® in Step 2 of Algorithm . Thus, B = 0 minimizes V,(8) and consequently,
is the solution of the population-level version of the RWLS problem since
the linear constraints in is trivially satisfied by 3 = 0. Also, as discussed
above, this solution is unique by the strong convexity of V,,(3). These imply
that as long as the PS model is correct, ,B\ converges to 0 so the augmented PS
estimator exp(X'y) + \TITB converges to the correct PS model, which ensures
Llpap tO converge to the true pg. Meanwhile, it is clear that the augmentation
of PS does not change the OR model at all. Therefore, ipsp preserves the same
DR property as fipg, i.e., being (root-n) consistent whenever the PS or the OR

model is correctly specified.

Correct OR and wrong PS. Note that fipyp = ﬁDR—i—IES\TlT,/B\{Y—g(XTa)}
and when the OR model is correct,
Es¥ B{Y — ¢(X"a)} =Es¥ B{Y — g(X )} + Es¥ B{g(X ) — g(X @)}
~ESTTB{Y — g(X )} + Es(eo — @) X§(X"@)T'B,
(2.7)
in which we use the orthogonality between \/I\IT,@ —¥'Band Y — g(X ) on
the first term, as well as expansion on g(X ag) — g(X @) in the second term

of the first line, to derive the “~<” relation shown in the second line. Here, “~”

in (2.7) again means that the difference between the first and second line is up

17



to 0,(n~1/2) and, thus, becomes asymptotically negligible.

In addition, due to the moment constraint in , EsX 9(X Ta)\TITB con-
verges to 0. So the second term in the second line of is also negligible
and Jlpap ~ Jlog + I/E\ZS\I'TB{Y — g9(X ") }. Combining this with equation (|2.3))

as well as the asymptotic equivalence between jipr and fipg discussed in Section

2.2] we have

aVar (/2 (fipo— o)} = Es{7(X)+ 97 BY0(X)+2L Es X {F(X)+ 9" B}o(X)+C.
(2.8)

which, after dropping the invariant C is equal to Vu(B), the limiting value of

the minimized objective function \A/M(B) in the RWLS problem . Note that

B = 0 is always feasible to the linear constraint in and if we simply replace

B with 0 in the right-hand side of , it reduces to the asymptotic variance

of n'/?(Jiog — p10) derived in . Meanwhile, when the PS model is wrong,

OV,(B)/01 is typically not 0 at B = 0 so the population-level minimizer 3 # 0.

Thus, aVar{n'/?(fiea — p10)} < aVar{n'/?(jicr — o)} when the OR model is

correct and the strict “<” will hold in general when the PS model is wrong.

Remark 1. The construction of Step 3 in Algorithm [I] seems complicated
because the nuisance & and 7 could influence aVar{n'/?(fipap — po)}, which

needs to be accounted for. When both @& and 4 are given or not varying with

18



the data, the empirical variance of \/n(fipsp — f10) can be reduced to
~ R ~T
Bo{exp(X™7) + &' 8120 X),

which leads to a simplification on the form of \A/M(,@) by dropping the second
term in . In this case, the linear constraint in can also be removed
when solving for 8. This simplified form corresponds to the variance of the
influence function {r(X)+¥'BHY —m(X)} on § when the imputation model
is correct.

In our construction, the second term in is used to account for the
influence of & — ayg. The constraint in is unavoidable because without it,
the form of aVar{n'/?(Jipao — ft0)} will not allow one to simultaneously achieve
(i) validity when PS is correct; (ii) variance reduction when PS is wrong and

OR is correct.

Remark 2. In Step I of Algorithm [1] we specify 4 and @ as the solutions
to the estimating equations in . In general, Step I can accommodate
other choices of the estimating equations or procedures for the nuisance model
parameters, e.g., the maximum likelihood estimation of 4 and a.. For 4, it has
no asymptotic influence on aVar{n'/?(Jipxo—f10) } when the OR model is correct,
so any change of its estimating equations in Step I will not affect constructions
of the following steps in Algorithm[I] In response to an alternative &, we only

need to modify the form of YA/M(B) in Step III, more specifically, the second
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term in (2.6)) according to its asymptotic expansion. Under this modification,
(2.5) is still a RWLS with a unique solution of an explicit form. Details are

presented in Supplement S2.

2.4 The multiplicative PAD estimation

Since the augmentation term \TITB in Algorithm [1]is additive to the PS model,
we also refer the method introduced in Section as additive PAD (aPAD).
Though this aPAD method can attain desirable asymptotic and numerical re-
sults as shown in next sections, its augmented PS function exp(X™5) + \/I\ITB
is not ensured to be positive, which presents a problem of interpretability. In
response to this range issue, we introduce and study a multiplicative PAD
(mPAD) estimator in Supplement S4, in which the PS model is taken as
exp(X Ty + \/I\I/TB,) with a multiplicative augmentation term exp(l/I\l/T,@/) spec-
ified and derived following a similar idea as the aPAD method.

Again similar to aPAD, we discuss and numerically investigate the perfor-
mance of mPAD in two scenarios: (i) correct PS model; and (ii) correct OR
and wrong PS, to demonstrate its properties. We demonstrate that the mPAD
estimator could attain the doubly robustness property as well as variance-
reduction compared to the standard DR under wrong PS. However, we note

that the mPAD’s version of the optimization problem ({2.5) is no longer an

RWLS and even non-convex. This presents an additional challenge in terms
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of optimization and obtaining the global solution for the coefficients 3. In
addition, as shown in Supplement S4, mPAD tends to have less stable finite-
sample performance than aPAD in some cases, due to the presence of outlying
squared exponential terms in its construction. Therefore, if there is no strong
willing to specify a strictly positive PS model, we still recommend aPAD as

the default choice over mPAD when implementing our method.

3. Asymptotic analysis

In this section, we rigorously present the asymptotic properties of the proposed
PAD estimator and compare PAD with the standard DR estimator. We first
introduce some mild and common regularity assumptions. Without loss of
generality, we assume that n/N = O(1) so the desirable parametric rate of the

DR estimators will be O(n~'/2).
Assumption 1. The supports of X and ® are compact and EY* < oo.

Assumption 2. The link function g(-) is differentiable with derivative g(-)
and there exists a constant L such that |g(x1) — ¢(x2)| < L|xy — xo| for all

1,22 € R.

Assumption 3. The dimension of ¥ is larger than that of X. Matrices
Es{TP05(X)}, Es{X X exp(X'¥)}, Es{X X ¢g(X"a)} and Eg{T X (X ") }
have all their eigenvalues bounded and staying away from zero.
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Assumption 4. The conditional variance function vg(x) is differentiable on
0 with a bounded partial derivative dgvg(a). The estimator 0 converges to
some @ in probability and satisfies that n'/2 (5 — ) is asymptotic normal with

mean zero.

Remark 3. Assumptions are all mild, standard, and commonly used to
justify the asymptotic properties of M-estimation (Van der Vaart, 2000). Note
that in Assumption [3| we take ¥ to have larger dimension than X and make
regularity conditions on Es{X X ¢(X @)} and Es{¥X "¢g(X @&)}. These
are to ensure that B is not zero and properly converges to ,[_3 Assumption
constrains the way of specifying vg(x) and estimating 6. Under Assumptions
this assumption is satisfied when either 0 is fully determined by a, e.g.,
in a Poisson or logistic model for Y against X, or when 0 is estimated by

additionally fitting some parametric model of Var(Y | X) against X.

Now we present the main results about the robustness and efficiency of
our proposed PAD estimator in Theorem (1| with its proof given in Supplement
S3. Some important heuristics of this theorem has already been discussed in

Section 2.3l
Theorem 1. Under Assumptions 1]} it holds that

(i) Double robustness. When either the PS or the OR model is correctly
specified, i.e., ro(x) = exp(x'y,) for some v, or mo(x) = g(x o) for
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(i)

(iii)

~ p ~
some v, Hpap — flo and nl/Q(MPAD—;LQ) weakly converges to some normal

distribution with mean zero.

Variance reduction under wrong PS. When the OR model is cor-
rect while the PS model may be misspecified, the asymptotic variance of
M2 (Jioan — o) s always not larger than that of n*/*(fipx — o). Further
when B # 0 (the explicit form of B is given by our technical lemmas
in Supplement S3.2, n'/?(Tieao — pto) has a strictly smaller asymptotic

variance than n/*(Jiox — o).

Equivalence under correct PS and OR. When both the PS and OR
models are correct, n'?(fipao — o) and n'/?(Jior — pio) are asymptotically

equivalent and have the same asymptotic variance.

Remark 4. In Theorem [I] we considered fixed dimensional and regular ¥

resulting in n

~1/2_consistent 3; see our technical lemmas in Supplement S3.2.

Adding more features in W could potentially lead to more variance-reduction.

It is tentative to extend our method and theory for the augmentation high

dimensional ¥, e.g., sieve methods (e.g., [Newey, 1997) and high-dimensional

sparse regression (Tibshirani, 1996). In the latter one, one should impose

¢1-penalty on 3 in the RWLS (2.5) and could choose ¥ with higher dimen-

sionality than n. In both cases, ,CA'i will have lower convergence rates than n~

/2.
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Nevertheless, Theorem (1| may still hold for them under proper smoothness or
sparsity conditions. For sieve, one could adopt under-smoothing to achieve
the n~%-consistency and normality of fipap. For high-dimensional sparse re-
gression, when the OR model is correct, the excessive impact of B — 3 could
be automatically removed leveraging the orthogonality between \II(B — ) and
Y — g(X ayp); when PS is correct, since the true B = 0, the lasso shrinkage

would not inflate the error of 8 beyond n=Y/2.

4. Simulation study

We conduct simulation studies to evaluate our proposed estimator in Section
2.3land compare it with the standard DR estimator. In our studies, we generate
covariates X = (Xi, X, X3)" from N(0,X) with ¥ = (0;;) € R** and 0y; =
0.31"=71. For generation of the population assignment A and outcome Y, we

consider six settings, namely:

(G1l) Gassuian Y, Correct PS, Correct OR. Pr(A =1 | X) = expit(X; —

2Xo + X3) and Y = 0.5X; + 0.5X5 + X5 + € where € | X ~ N(0, 1).

(G2) Gassuian Y, Correct PS, Wrong OR. Pr(A =1 | X) = expit(X; —

QXQ ar Xg) and Y = O5X1 + O5X2 + SiH(XQ + 05X3) + €.

(G3) Gassuian Y, Wrong PS, Correct OR. Pr(A =1 | X) = expit(4 +
X1 —|—X2 +X3— 15’X1’ - 15’X2’ - ’Xg’) and Y = 05X1+05X2 —|—X3+€.
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(L1) Binary Y, Correct PS, Correct OR. Pr(A =1 | X) = expit(X; —

2X2 + Xg) and PI’(Y =1 ’ X) = eXp1t<O5X1 + 05X2 + Xg)

(L2) Binary Y, Correct PS, Wrong OR. Pr(A = 1| X) = expit(X; —

2Xo+X3) and Pr(Y =1 | X)} = expit{0.5X; +0.5X,+sin(X2+0.5X3)}

(L3) Binary Y, Wrong PS, Correct OR. Pr(A =1 | X) = expit(4+X; +
Xo+ X3 —1.5|Xq]| — 1.5|X5| — | X3]) and Pr(Y = 1| X) = expit(0.5X; +

0.5X5 + X3).

In Settings (G1)—(G3), Y is a gaussian variable and we fit linear models for
Y ~ X with vg(x) = 1. While in Settings (L1)—(L3), we fit logistic models
for the binary Y against X with vg(x) = expit(X a){1 — expit(X 'a)}. We
consider different scenarios about the correctness of the PS and OR models to
examine the robustness and efficiency of PAD. Bootstrap is used for estimating
the asymptotic variance and constructing the confidence interval (CI). For
effective variance reduction on PAD when PS is wrong, i.e. under Settings
(G3) and (L3), we include in the augmentation covariates ® a decent amount
of X’s basis functions including X, |Xj|, exp(—Xj), exp(—X,, — X,,), and
exp(—X; — Xo — X3) for all j and j; # jo € {1,2,3}. We set N =n =500 or
N = n = 1000 separately and generate 1000 realizations for each setting.
Table |1 reports the absolute average bias (Bias), standard error (SE), and

coverage probability (CP) of the 95% CI of the DR and PAD estimators. When
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at least one nuisance models are correct, DR and PAD attain very close bias,
which is much smaller compared to their SE and, thus, grants their CPs to be
close to the nominal level. This indicates that PAD achieves the double ro-
bustness property just like the standard DR estimator under finite samples. To
compare PAD and DR in terms of their estimation variance and efficiency, we
present in Table 2| their relative efficiency (RE) defined as Var(iipg)/ Var(fipap)-
Under Settings (G1), (G2), (L1), and (L2) where the PS model is correct, the
two estimators show nearly identical variance, with their REs located between
1£0.04. Under Settings (G3) and (L3) with misspecified PS and correct OR
models, our proposed PAD estimator shows 20% to 40% smaller variance than
the standard DR estimator. All these results demonstrate that conclusions in
Theorem [1| also apply well for finite samples. In specific, PAD performs very
closely to the standard DR when the PS model is correct and is potentially

better than DR in the presence of wrong PS models.
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Table 1: The absolute average bias (Bias), standard error (SE), and coverage
probability (CP) of the 95% confidence intervals of the DR and PAD estimators
under the settings described in Section [d All results are produced based on

1000 repetitions.

n =N = 500 n = N = 1000

Setting  Method Bias SE CPp bias SE CP

(G1) DR 0.006 0.145 0.94  0.005 0.106 0.92

PAD 0.005 0.142 0.93  0.004 0.105 0.92

(G2) DR 0.007 0152 092 0.008 0.111  0.92

PAD 0.005 0.149 0.92  0.007 0.112 0.92

(G3) DR 0.010 0.162 093 0001 0.121  0.92

PAD 0.006 0.136 093 0.001 0.105 0.93

(L1) DR 0.000 0.055 0.92  0.001 0.040 0.92

PAD 0.001 0.054 0.93  0.001 0.040 0.93

(L2) DR 0.001 0.054 0.92  0.004 0.040 0.92

PAD 0.001 0.053 0.92  0.004 0.040 0.92

(L3) DR 0005 0.057 093 0003 0.038 0.92

PAD 0.005 0.052 093 0.002 0.035 0.93
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Specification of the augmentation basis ® can have a substantial influence
on the performance of PAD. We investigate and compare the relative efficiency
(RE) to the standard DR estimator of the PAD estimators derived under
different choices on the basis ®. Beside ®!) = & used beforehand including
X;, |X;|, exp(—Xj), exp(—X,, — Xj,), and exp(—X; — Xy — Xj3) for all j and
J1 # jo € {1,2,3}, we also successively define ®@ by excluding the term
exp(—X; — Xy — X3) in ®Y; @® by excluding exp(—X;, — Xj,) for all pairs
(j1,72) in @3 and &Y by excluding all exp(—X;) terms in ®®. We then
generate data in the settings (G1)—(G3) and (L1)—(L3) with NV = n = 500 and
evaluate REs to the standard DR of the PAD estimators with ®1), ... ‘I>(4),
denoted as PADgq),...,PAD 4.

The results are presented in Table[2] Under Settings (G1), (G2), (L1), (L2)
where the PS model is correct, all the PAD estimators show nearly identical
variance to the standard DR, with their REs locating around 1. Under (G3)
and (L3) with wrong PS and correct OR, the PAD estimators attain smaller
variances than the standard DR estimator. PAD4u) with the highest dimen-
sional basis functions shows 42% smaller variance than DR in (G3) and 20%
n (L3). Along with the form-reduction of the basis functions from PADgq)
to PAD g, the resulted RE to DR decreases and becomes gradually closer

to 1. For example, after removing exp(—X; — X, — X3) in ®, the RE of

28



PAD under (G3) decrease from 1.42 to 1.16. These results demonstrate the

importance of properly specifying the augmentation basis ®.

Table 2: Relative efficiency (RE) between DR and PAD, ie.,

Var (fipr)/ Var(fies), under the settings described in Section 4]

Method  (G1) (G2) (G3) (L1) (L2)  (L3)

PAD 40 1.04 1.04 1.42 1.04 1.04 1.20
PAD 42 1.03 1.03 1.16 1.01 1.02 1.17
PAD g 1.00 1.01 1.08 1.01 0.98 1.09

PAD g 0.99 1.00 1.02 1.00 0.98 1.01

Interestingly, in our simulation, (moderately) adding more terms to ® does
not cause bias inflation but can contribute to variance-reduction under wrong
PS. This is probably due to the linear constraint in that imposes certain
linear projections of 3 to be zero. Therefore, it is appealing to extend our
approach to accommodate high-dimensional or nonparametric estimation of
the augmentation term as discussed in Remark [4 In addition, exponential
terms like exp(—X;), exp(—X;, — Xj,), and exp(—X; — Xy — X3) seem to
be more effective in variance reduction because they are more likely to be

correlated with the original PS function that also has an exponential form.
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5. Real example

The effects of the 401(k) program have been investigated for a long time (e.g.,
Abadie, 2003; Chernozhukov et al., 2018). Different from other plans like
Individual Retirement Accounts (IRAs), eligibility for 401(k) is completely
decided by employers. Therefore, unobserved personal preferences for savings
may make little difference in 401(k) eligibility. However, there may be some
other confounders affecting the causal studies of 401(k), such as job choice,
income, and age. To address this problem, (Abadie, 2003)) and (Chernozhukov
et al., 2018) proposed to adjust for certain covariates related to job choice so
that 401(k) eligibility can be regarded exogenous.

Whether 401(k) eligibility contributes to the improvement of people’s net
total financial assets is an important topic studied in existing literature like
Abadie (2003)) and (Chernozhukov et al. (2018)). However, whether 401(k) can
improve the financial assets of those actually not eligible for 401(k) is still an
open and interesting problem. To investigate this problem, we analyze the
data from the Survey of Income and Program Participation of 1991. The data
set consists of n + N = 9275 observations. The outcome of our interests, Y
is defined as the indication of having positive net total financial assets. There
are 9 adjustment covariates in X, including age, income, family size, years

of education, benefit pension status, marriage, two-earner household status,
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individual participation in IRA plan, and home ownership status. The source
(treated) samples S with A = 1 are taken as those eligible for 401(k) and
the target (untreated) samples 7 are those without 401(k) eligibility. We
applied PAD and standard DR to estimate p, the effect of 401(k) eligibility on
improving the positive rate of net total financial assets among people without
401(k) eligibility. The PS model is specified as exp(X ') and the OR model
is expit(X'a). In our method, the augmentation covariates vector ® consists
of X, exp(—0.3X;), |X;|, and X7 for all X;’s that are not binary. We again
use bootstrap to estimate SEs and construct Cls.

In Table [3] we report the point estimation, their estimated standard errors
(ESE), and 95% CIs for the treatment effect p, obtained using the standard
DR and our proposed PAD methods (including aPAD and mPAD). All meth-
ods indicate that 401(k) eligibility has a significant effect on improving the
rate of having positive net total financial assets among people who are ac-
tually not eligible for 401(k). The estimated treatment effect is 0.169 (95%
CI: 0.142,0.196) by the standard DR, 0.150 (95% CI: 0.126,0.175) by aPAD
and 0.156 (95% CI: 0.132,0.180) by mPAD. Moreover, the ESEs of our meth-
ods are smaller than that of the standard DR, with their estimated RE, i.e.,
Var(fipr)/ Var(fipap) being around 1.25 and Var(fipg)/ Var(fimep) being around

1.30, which means our proposed can characterize the treatment effect p more
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precisely.

Table 3: The point estimation (PE), its estimated standard error (ESE), and
95% confidence interval (CI) for p, the effect of 401(k) eligibility on improving

the positive rate of net total financial assets among people without 401 (k)

eligibility, derived using the standard DR, aPAD, and mPAD methods.

Method PE ESE CI

DR 0.169 0.0140 (0.142,0.196)
aPAD 0.150 0.0125 (0.126,0.175)
mPAD 0.156 0.0123 (0.132,0.180)

6. Discussion

In analogy to our PS model augmentation strategy, we also propose an OR
model augmentation strategy (OAD) that augments the OR model with some
bases of X satisfying certain moment conditions like ¥ in Algorithm [T} De-
scription and discussion of this method are presented in Supplement S2. Sim-
ilar to Theorem [l we are able to show that this OAD estimator is doubly
robust, of a smaller variance than the standard DR estimator when the PS
model is correct but the OR model is wrong, and equivalent with DR when

both nuisance models are correct. Just like PAD, this OAD method is easy
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to implement and only requires convex optimization. We notice that some ex-
isting methods in intrinsic efficient DR estimation like |[Rotnitzky et al. (2012)
and (Gronsbell et al. (2022) rely on non-convex training to construct the OR
model when it is not linear. This OAD strategy could mitigate this practical
problem and still achieves the purpose of variance reduction in the presence of
misspecified OR models.

Furthermore, we introduce in Suppplement S2 a natural and effective en-
semble method that convexly combines the PAD and OAD estimators (or po-
tentially other existing estimators), using the optimal allocation weights. The
proposed ensemble estimator is doubly robust and more efficient than the stan-
dard DR estimator whenever the PS or OR model is wrong and the other one
is correct. For ease of demonstration, we focus on covariate shift correction, or
equivalently the problem of ATT estimation in this paper. Our proposed PAD
estimation can be potentially generalized to address other causal or missing
data problems like ATE estimation (e.g.,|Bang and Robins, 2005)), casual model
estimation Rotnitzky et al. (2012), transfer learning of a regression model |Liu
et al. (2023)), etc. In Supplement S2, we present the detailed implementation
procedure for the PAD estimation of the ATE, and heuristically justify its
validity and effectiveness. At last, as discussed in Remark {4 and Section

finding the optimal choice or enlarging the dimensionality of the augmentation
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basis function @ in our framework is a crucial yet open problem warranting

future research.

7. Supplementary Material

The Online Supplementary Material includes implementation details of Algo-
rithm [I, methodological extension discussed in the main paper, justification of
the asymptotic properties, as well as technical details and numerical results of

the mPAD estimator.
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