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Abstract: We propose a varying-coefficient panel-data model with unobservable
multiple interactive fixed effects that are correlated with the regressors. We ap-
proximate each coefficient function using B-splines, and propose a robust nonlin-
ear iteration scheme based on the least squares method to estimate the coefficient
functions of interest. We also establish the asymptotic theory of the resulting es-
timators under certain regularity assumptions, including the consistency, conver-
gence rate, and asymptotic distributions. To construct the pointwise confidence
intervals for the coefficient functions, we propose a residual-based block bootstrap
method that reduces the computational burden and avoids accumulative errors.
We extend our proposed procedure to partially linear varying-coefficient panel-
data models with unobservable multiple interactive fixed effects, and examine
the problem of constant coefficients versus function coefficients. Simulation stud-
ies and a real-data analysis are used to assess the performance of the proposed

methods.
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1. Introduction

Panel-data models typically incorporate individual and time effects to con-
trol the heterogeneity in the cross-section and across periods. Panel-data
analysis has attracted considerable attention in the literature. The method-
ology for a parametric panel-data analysis is relatively mature; see, for ex-
ample, Arellano (2003), Hsiao (2003), Baltagi (2005), and the references
therein. Individual and time effects may enter the model additively, or
they can interact multiplicatively, leading to the so-called interactive ef-
fects or a factor structure. Panel-data models with interactive fixed effects
are a useful modeling paradigm. In macroeconomics, incorporating inter-
active effects can account for the heterogenous effects of unobservable com-
mon shocks, while the regressors can be inputs, such as labor and capital.
Panel-data models with interactive fixed effects are used to incorporate un-
measured skills or unobservable characteristics, or to study the individual
wage rate (Su and Chen (2013)). In finance, a combination of unobserved

factors and observed covariates can explain the excess returns of assets.
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Bai (2009) considered the following linear panel-data model with interac-

tive fixed effects:
}/;'t:X;;fﬁ—i_)\ZFt_'—Eit; izl,...,N, tzl,...,T, (11)

where X;; is a p X 1 vector of observable regressors, 3 is a p X 1 vector of
unknown coefficients, \; is an r x 1 vector of factor loadings, F; is an r x 1
vector of common factors, such that \JF, = A\ Fy + -+ + N\ Fhy, and €5
are idiosyncratic errors. In this model, \;, F}, and ¢;; are unobserved, and
the dimension r of the factor loadings does not depend on the cross-section
size N or the time series length T

A number of researchers have developed statistical methods to study
panel-data models with interactive fixed effects. For example, Holtz-Eakin
et al. (1988) estimated model (1.1) using quasi-differencing and lagged vari-
ables as instruments. Their approach, however, rules out time constant
regressors. Coakley et al. (2002) studied model (1.1) by augmenting the
regression of Y on X with the principal components of the ordinary least
squares residuals. However, Pesaran (2006) showed that this method is in-
consistent unless X;; and A; tend to be uncorrelated or fully correlated as
N tends to infinity. As an alternative, Pesaran (2006) developed a corre-
lated common effects (CCE) estimator, in which model (1.1) is augmented

with the cross-sectional averages of X;;. Although Pesaran’s estimator is
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consistent, it does not allow for time-invariant individual regressors. Ahn
et al. (2001) developed a generalized method of moments (GMM) estima-
tor for model (1.1). Their estimator is more efficient than the least squares
estimator under a fixed T. However, being able to identify their estimator
requires that X;; is correlated with A;, and it is impossible to test for the in-
teractive random effects assumption. Bai (2009) studied the identification,
consistency, and limiting distribution of the principal component analy-
sis (PCA) estimators, showing that they are v/ NT-consistent. Bai and Li
(2014) investigated the maximum likelihood estimation of model (1.1). Wu
and Li (2014) conducted several tests for the existence of individual effects
and time effects in model (1.1). Li et al. (2016) studied the estimation and
inference of common structural breaks in panel-data models with interac-
tive fixed effects using Lasso-type methods. More studies can be found in
Moon and Weidner (2017), Lee et al. (2012), Su and Chen (2013), Moon
and Weidner (2015), Lu and Su (2016), and many others.

Note that the aforementioned works focus on linear specifications of the
regression relationships in panel-data models with interactive fixed effects.
A natural extension of model (1.1) is to consider the following varying-

coefficient panel-data model with interactive fixed effects:

}/;t:X;/H(Ult)_F)\Z—Ft_{_glta izl,...,N, tzl,...,T, (12)
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where B(-) = (51(),...,5,())7 is a p x 1 vector of unknown coefficient
functions to be estimated. We allow for {X;;} and/or {U;} to be correlated
with {\;} alone or with {F;} alone, or simultaneously correlated with {\;}
and {F;}, or correlated with an unknown correlation structure. In fact, X
can be a nonlinear function of A; and F;. Hence, model (1.2) is a fixed-
effects model, and assumes an interactive fixed-effects linear model for each
fixed time t, but allows the coefficients to vary with the covariate U;;. This
model is attractive because it has an intuitive interpretation, while retaining
the unobservable multiple interactive fixed effects, general nonparametric
characteristics, and explanatory power of the linear panel-data model.

Model (1.2) is fairly general, and encompasses various panel-data mod-
els as special cases. If X;; = 1 and p = 1, model (1.2) reduces to the
nonparametric panel-data model with interactive fixed effects, which has
received much attention in recent years. Huang (2013) studied the local
linear estimation of such models. Su and Jin (2012) extended the CCE
method of Pesaran (2006) from a linear model to a nonparametric model
using the method of sieves. Jin and Su (2013) constructed a nonparamet-
ric test for poolability in nonparametric regression models with interactive
fixed effects. Su et al. (2015) proposed a consistent nonparametric test

for linearity in a large-dimensional panel-data model with interactive fixed



Statistica Sinica: Preprint
doi:10.5705/55.202018.0248

VARYING-COEFFICIENT PANEL DATA MODEL 6
effects.
If r =1 and F; = 1, model (1.2) reduces to the fixed individual effects

panel-data varying-coefficient model:
Yie = XiB(Us) + Xi + €4t

This model has also been widely studied in the literature. For example,
Sun et al. (2009) considered estimations using a local linear regression and
kernel-based weights. Li et al. (2011) considered a nonparametric time
varying-coefficient model with fixed effects under the assumption of cross-
sectional independence, and proposed methods for estimating the trend
function and coefficient functions. Rodriguez-Poo and Soberon (2014) pro-
posed a new technique to estimate the varying-coefficient functions based
on the first-order differences and a local linear regression. Rodriguez-Poo
and Soberon (2015) investigated the model using the mean transformation
technique and a local linear regression. Li et al. (2015) considered variable
selection for the model using the basis function approximations and the
group nonconcave penalized functions. Malikov et al. (2016) considered the
problem of a varying-coefficient panel-data model in the presence of endoge-
nous selectivity and fixed effects. In addition, if \; = 0 or F; = 0, model
(1.2) reduces to the varying-coefficient model with panel data. For the de-

velopment of this model, refer to Chiang et al. (2001), Huang et al. (2002),
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Huang et al. (2004), Xue and Zhu (2007), Cai (2007), Cai and Li (2008),
Wang et al. (2008), Wang and Xia (2009), and Noh and Park (2010). Note,
however, that most of these studies focus on a “large N small T” setting.
Despite the rich literature on panel data models with interactive fixed
effects, to the best of our knowledge, there are few works on varying-
coefficient panel-data models with interactive fixed effects. As such, the
main goals of this study are to estimate the coefficient functions 3(-), and
to establish the asymptotic theory for varying-coefficient panel-data mod-
els with interactive fixed effects when both N and T tend to infinity and
there exist serial or cross-sectional correlations and heteroskedasticities of
unknown form in ;. To achieve these goals, we first apply the B-spline
expansion to estimate the smooth functions in model (1.2), owing to its
simplicity. We then introduce a novel iterative least squares procedure to
estimate the coefficient functions and the factor loadings, and derive some
asymptotic properties for the proposed estimators. Nevertheless, the exis-
tence of the unobservable interactive fixed effects and the weak correlations
and heteroskedasticities of unknown form in both dimensions make the
estimation procedure and the asymptotic theory much more complicated
than those in Huang et al. (2002). To apply the asymptotic normality to

construct the pointwise confidence intervals for the coefficient functions,
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we need consistent estimators of the asymptotic biases and variances. To
reduce the computational burden and to avoid accumulative errors, we pro-
pose a residual-based block bootstrap procedure to construct these confi-
dence intervals.

Moreover, we extend the proposed estimation procedure to include par-
tially linear varying coefficient models with interactive fixed effects, and
show that the convergence rate for the estimation of the parametric compo-
nents is of order Op((NT)~%/2). To determine whether a varying-coefficient
model or partially linear varying-coefficient model is appropriate, we pro-
pose a test statistic to test between the two alternatives in practice. Nu-
merical results confirm that our proposed estimation and testing procedures
work well in a wide range of settings.

The remainder of the paper is organized as follows. In Section 2, we
propose an estimation procedure for the coefficient functions and provide
a robust iteration algorithm under the identification restrictions. In Sec-
tion 3, we establish the asymptotic theory of the resulting estimators under
some regularity assumptions as both N and T tend to infinity. In Section
4, we develop a residual-based block bootstrap procedure to construct the
pointwise confidence intervals for the coefficient functions. In Section 5, we

extend the estimation procedure to partially linear varying coefficient mod-
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els and establish the asymptotic distribution of the estimator. In Section
6, a test statistic and the bootstrap procedure are developed. Finally, we
conclude the paper in Section 7. Technical details are given in the online
Supplementary Material, along with simulation studies and a real applica-

tion to demonstrate the efficacy of our proposed methods.

2. Methodology

To estimate the coefficient functions f(-), for 1 < k < p, we consider the
widely used B-spline approximations. Let By(u) = (Bgi(u), ..., Bgr, (u))”
be the (m + 1)th-order B-spline basis functions, where Ly = [ +m + 1
is the number of basis functions in approximating fx(u), Iy is the number
of interior knots for 5x(-), and m is the degree of the spline. The interior
knots of the splines can be either equally spaced or placed on the sample
number of observations between any two adjacent knots. With the above

basis functions, the coefficient functions fj(u) can be approximated by

Ly,
Br(u) ~ Z’Ylekl(U% k=1,....p, (2.1)
=1

where v, are the coefficients, and Ly represent the smoothing parameters,
selected using “leave-one-subject-out” cross-validation.

Substituting (2.1) into model (1.2), we have the following approxima-
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tion:
p Ly
Y, ~ ZZ7leit7kBkl(Uit)+/\27Ft+5it, i=1,...,N, t=1,...,T. (2.2)
k=1 I=1

Model (2.2) is a standard linear regression model with interactive fixed ef-
fects. Because each coefficient function fi(u) in model (1.2) is characterized
by Y& = (V1 - - - YkL,, )", model (2.2) cannot be estimated directly, owing to
the unobservable multiple interactive fixed effects. In what follows, we pro-
pose a robust nonlinear iteration scheme based on the least squares method
to estimate the coefficient functions and deal with these fixed effects.

For the sake of convenience, we use vectors and matrices to present the

model and perform the analysis. Let Y; = (Yy,...,Yir), F = (Fy, ..., Fr)7,

g; = (€i1,...,&7)", and A = (A1,...,Any)” be an N X r matrix. Let
Bn(u) B1L1(u) 0 --- 0 0 0
B(u) = ’
0 0 O --- 0 Bpl(u) Bpr(u)

Ry = (X,B(Uy))", and R, = (Ri,...,Rir)". Furthermore, let v =
(¥, -»%)7, where v = (V&1 - - -, Yr,)”- Then, model (2.2) can be rewrit-

ten as

Owing to potential correlations between the unobservable effects and
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the regressors, we treat F; and \; as the fixed-effects parameters to be es-
timated. To ensure the identifiability of the coefficient function B(-) =
(B1(+), .-, Bp(+))7, we follow Bai (2009) and impose the following identifi-

cation restrictions:
F'F/T =1, and A"A = diagonal. (2.3)

These two restrictions uniquely determine A and F. We then define the

objective function as
N
QUy, F,A) = Z(K_Ri7_F)‘i)T(}fi_Ri7_F)‘i)7 (2.4)
i=1

subject to constraint (2.3). Taking partial derivatives of (2.4) with respect

to \; and setting them equal to zero, we have

Ni=(FTF)Y'F(Y;— R~) =T 'F(Y; - Rn). (2.5)
Replacing \; in (2.4) with (2.5), we have

Q(v, F) (Y, - Ry — in)T(Yi — Ry — FXz)

-

@
Il
—

WE

(Y; = Ry)"Mp(Y; — Ry),

=1

where A = (A1, Mo, ..., Ay)7, and Mp = Iy — F(F"F)\F™ = [, — FF"T
is a projection matrix. For each given F', if Zf\il R MpgR,; is invertible,

the least squares estimator of v can be uniquely obtained by minimizing
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Q(v, F), as follows:

y(F) = (ENJ RZMFRz) 7 i R} MFpY;. (2.6)

i=1 =1

Because the least squares estimator (2.6) of v depends on the unknown
common factors F', the final solution of « can be obtained by iteration

between « and F' using the following nonlinear equations:

N -1 N
5 = (ZR{MFRZ) > RIM;Y, (2.7)
=1 =1
. 1 R
FVyr = |57 2 (Yi— RA)(Y. — RA) | F. (2.8)
=1

where Vyr is a diagonal matrix consisting of the r largest eigenvalues of the
matrix (NT)~! ZZJL(YZ — R~)(Y; — R”)", arranged in decreasing order.
As noted by Bai (2009), the iterated solution is somewhat sensitive to the
initial values. Bai (2009) proposed starting with either the least squares
estimator of « or the principal components estimate of F'. From the nu-
merical studies in the Supplementary Material, we find that the procedure
is more robust when the principal components estimator of F' is used for
the initial values. In general, poor initial values result in an exceptionally

large number of iterations. By (2.5), (2.7), and (2.8), we have
A= (ueee ) = T (F/(Ya = RiA), o P (Y — Ra) . (29)

Once we obtain the estimator 4 = (47, ...,4;)" of v with 4, = (Jx1, - -, Jrr,)"
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for k=1,...,p, we can estimate [(u) as
Ly,
Br(w) = AuBu(u), k=1,...p
=1

In what follows, we present a robust iteration algorithm for estimating

the parameters (v, F, A).
Step 1. Obtain an initial estimator (F',A) of (F,A).

Step 2. Given F and A, compute 4(F, A)

(leil RZRi) B Zz]il R (Y;—

).

Step 3. Given 4, compute F' according to (2.8) (multiplied by v/T, owing
to the restriction that F7F/T = I,), and calculate A using formula

(2.9).

Step 4. Repeat Steps 2 and 3 until (¥, ﬁ‘, A) satisfy the given convergence

criterion.

3. Regularity assumptions and asymptotic properties

To derive asymptotic properties for the proposed estimators, we let F =

{F:FF/T =1} and

D(F) = <= > R[MgR; - [W S5 R MeRja;).
=1

i=1 j=1
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where a;; = A\T(ATA/N)~'\;. To obtain a unique estimator of 4 with prob-
ability tending to one, we require that the first term of D(F') on the right-
hand side is positive-definite when F' is observable. The presence of the
second term is because of the unobservable F' and A. The reason for this

particular form is the nonlinearity of the interactive effects (see Bai (2009)).

3.1 Regularity assumptions

In this section, we introduce a definition and present some regularity as-
sumptions, which we use to establish the asymptotic theory of the resulting

estimators.

Definition 1. Let H, define the collection of all functions on the support U
whose mth-order derivative satisfies the Holder condition of order v, with
d = m+ v, where 0 < v < 1. That is, for each h € H,4, there exists a
constant My € (0, 00), such that |[h™ (u) — h™ (v)| < My|lu — v|”, for any

u,v €U.

(A1) The random variable X is independent and identically distributed
(i.i.d.) across the N individuals, and there exists a positive M, such
that [Xux] < M < oo, for all k =1,...,p. We further assume that
{Xit : 1 <t < T} is strictly stationary for each i. The eigenvalues

pr(u) < - < py(u) of Qu) = E(Xu X[|Uiy = u) are bounded away
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from zero and oo uniformly over u € U; that is, there exist positive
constants py and p*, such that 0 < pg < p1(u) < --- < py(u) < p* <

oo, foru e U.

The observation variables U;; are chosen independently according to
a distribution Fy on the support U. Moreover, the density function
of U, fu(u), is uniformly bounded away from zero and oo, and con-

tinuously differentiable uniformly over u € U.

Br(u) € Hy, for all k=1,...,p.

Let ugi, ..., uy, be the interior knots of the kth coefficient function
over u € U = [Up,Uy], for k = 1,...,p. Furthermore, let uyy = Uy

and wuy(,+1) = U;. There exists a positive constant Cy, such that

D, maxi<k<p N
—_— S CO and # S 007
mini<i<y, Ak ming <g<p N
where hy; = ugp; — Up—1) and hy = max hy,.
1<i<l+1

Suppose that ;relgtD(F) > 0.

E|F|* < M and Y], EF] /T L5 Sp > 0, for some r x r matrix

P . .
Y, as T'— 00, where “—” denotes convergence in probability.

E|N||* < M and ATA/N Ly 4 > 0, for some r x r matrix 3, as

N — oo.
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(A8) (i) Suppose that €;; are independent of Xj,, Ujs, Aj, and Fj, for all

i,t,j, and s with zero mean and F(g;)® < M.

(ii) Let 0415 = E(€i€js). |0ujus| < pij for all (¢, 5), and |o4;5] < 015

for all (7, ), such that

L& L , NI
NZ'OUSM’ ?ZQtS§M7 WZZ‘U@‘,MSM-
ij—=1 ts—1 ij=1t,5=1

The smallest and largest eigenvalues of €; = E(e;el) are bounded

uniformly for all ¢ and ¢, where &; = (g;1,...,67)" .

1
(iii) For every (t,s), E [N"YV2S"N [encis — Eleucis)]| < M.

(iv) Moreover, we assume that T->N~' 37, 3. |cov(€igis, Sjucjo)| <

M and T7'N7230, 37 |cov(€itejt, Emseis)| < M.

1,5,m,l

(A9) limsup(max Lj/ min L) < oco.
N,T k k

Assumptions (A1)—(A4) are mild conditions that can be validated in
many practical situations. These conditions have been widely assumed in
studies on varying-coefficient models with repeated measurements, such as
those of Huang et al. (2002), Huang et al. (2004), and Wang et al. (2008).
Assumption (Ab) is an identification condition for 4, and 4 can be uniquely
determined by (2.7) if D(F') is positive-definite. Assumptions (A6) and

(A7) imply the existence of r factors. In this study, whether F; or \; has
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a zero mean is not crucial, because they are treated as parameters to be
estimated. Assumption (A8) allows for weak forms of both cross-sectional
dependence and serial dependence in the error processes. Assumption (A9)
can also be found in Noh and Park (2010), and is used for the system of gen-
eral basis functions By;, which includes orthonormal bases, non-orthonormal
bases, and B-splines.

Let ||allz, = {J;, a*(v)du}"/? be the L, norm of any square integrable
real-valued function a(u) on U, and let || Al = {3°7_, [lal|?,}"/? be the L,
norm of A(u) = (a1(u),...,ay(u))”, where ai(u) are real-valued functions
on U (see Huang et al. (2002)). We define 3,(-) as a consistent estimator
of Bi() i lim 185() = Br()|lz, = 0 holds in probability. Define dyz =
min[v/N,T] and Ly = max Ly, which tend to infinity as N or T tends
to infinity. Let D = {(Xy, Uy, \i, Fy),i = 1,...,N,;t =1,...,T}. We use
Ep and Varp to denote the expectation and variance conditional on D,

respectively.

3.2 Asymptotic properties

Let FY be the true value of F. With an appropriate choice of L;, to balance
the bias and variance, our proposed estimators have asymptotic properties

including consistency, a convergence rate, and an asymptotic distribution.
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Theorem 1. Suppose assumptions (A1)-(A9) hold. If 6xmLylog Ly — 0

as N — oo and T — oo simultaneously, then

(i) Bk(), for k = 1,...,p, are uniquely defined with probability tending

to one.

(ii) The matriz FOTF /T is invertible and || Pp — Ppo| L0, where Py =

A(ATA)TYA" for a given matriz A.

Part (i) of Theorem 1 implies that, with probability tending to one,
we can obtain unique estimators Bk() for the unknown coefficient functions
Bi(+) under some regularity assumptions, regardless of whether unobserv-
able multiple interactive fixed effects exist in model (1.2). Part (ii) of The-
orem 1 indicates that the spaces spanned by F and F° are asymptotically
consistent. This is a key result that guarantees that the estimators Bk()
have good asymptotic properties, including the optimal convergence rate,

consistency, and asymptotic normality.

Theorem 2. Under the assumptions of Theorem 1, we further have

Ly Ly Ly

HBk(U) - 5k(u)||%2 =0Op (ﬁ + T2 + e —i—LJ_VM) , k=1,...,p.

Theorem 2 gives the convergence rate of Bk(u), for all kK = 1,...,p,

and, hence, establishes the consistency of our proposed estimators under
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the condition §y>Lylog Ly — 0 as N — 0o and T — oo simultaneously.
From the proof of Theorem 2, we note the following. The first term in
the convergence rate is caused by the stochastic error. The second and
third terms are caused by the estimation error of the fixed effects F° and
the presence of cross-sectional and serial correlation and heteroskedasticity,
respectively. The last term is the error due to the basis approximation. If
we take the appropriate relative rate T/N — ¢ > 0as N — oo and T' — o0

simultaneously, then we have a more accurate convergence rate, as follows

Ly

st = B0, = Or (575 + L) k=1Looop

Furthermore, if we take Ly = O((NT)Y24+1) then
1Be(u) = Br(w)|[2, = Op ((NT) 24Dy - k=1, p.

This leads to the optimal convergence rate of order Op ((NT)~24/(2d+1)),
which holds for the i.i.d. data in Stone (1982).

Next, we establish the asymptotic distribution of B(u). Let Z; =
MpoR; — N1 Zjvzl a;;MpoR;. The variance-covariance matrix of B(u),

conditioning on D, is ¥ = Var(8(u)|D) = B(u)®B(u)”, where & is the

limit in probability of

N -1 N -t
P* = (Z ZZZi) YNTI (Z Z;Zi) ;
=1 =1
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. N N T T - .
with ¥y = D i ZFI D oim1 et OijasZit L. Let @y denote the unit
vector in R? with one in the kth coordinate, and zero in all other coordi-

nates, for k = 1,...,p. Then, the conditional variance of Bk(u) is
Ekk = Var(@k(u)ﬂ)) = w;Ewk, k= 1, RN OB

To study the asymptotic distribution of B(u), we add the following

assumption.

(A10) Let %y be the limit in probability of g Sxr1; then, 4= =¥, Z7e; al

N(0,%;), where « Ly denotes convergence in distribution.

Denote ¥ = Dy'¥, Dy, where Dy = plim% Zfil Z7Z;. The follow-

ing theorem establishes the asymptotic distribution of B(u)

Theorem 3. Suppose that assumptions (A1)~(A10) hold. If x>Lylog Ly
— 0, L3 /NT — oo, and T/N — ¢ as N — 0o and T — oo simultane-
ously, then

SYH(B(u) — B(u) = N(b(u), Ip),
where b(u) = L7222 WO 4+ 5126 1V2W0 ) and WP s the limit in proba-

bility of W1, with
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and W3 is the limit in probability of W, with

N -1 —1
1 FO FO ATA
Wy = —B(u) (LyD(F°)) 1ﬁ§ jR;MFoQFU( - ) ( ~ ) A,
=1

where V; = N1 Z;VZI a;;R; and Q = N~! Zfil Q;.

From the asymptotic normality in Theorem 3, we find that B(u) has
a bias term b(u), and b(u) has a complex structure. In order to improve
the efficiency of a statistical inference, we propose a bias-corrected proce-
dure to remove the bias term b(u). Noting that cross-sectional and serial
dependence and heteroskedasticity are allowed in the error terms, we first

estimate W7 and Wy, as follows:

i=1 j=1 t=1
1 L1 AR
Wy = —B(u)DO—lﬁ > ~ > (R;QkF - T‘lFFTQkF> ( v ) Ai,
=1 k=1

where n satisfies n/N — 0, n/T — 0, and Dy = Ly SN ST Zu 27, with
F° )\, and A replaced with 13’, ;\i, and A in Zm respectively. Note that
RIOLF = (I, 0)(S7€,.5,)(07, I,)" and FTQu F = (0, 1,)(S7Q.S:) (07, 1,)7,
where pg = S20_ Ly and S7QS; = Cos + 30, [1 — v/(q+ 1)] (Ci + C3),
S, = (R, F), Cp; = %ZthuH Sit€ktéhi—vSis—v, and ¢ — oo and q/TH* —

0 as T — oo. Thus, we define the bias-corrected estimator of B(u) as
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The following theorem shows there is no bias term in the asymptotic

distribution of the bias-corrected estimator B(u).

Theorem 4. Suppose that assumptions (A1)-(A10) hold. If Sy=Lylog Ly
— 0, L2 /NT — oo, and T/N — ¢ as N — 0o and T — oo simultane-

ously, then

S72(Bu) — Blw) = N(0,1,).
In particular, we have Z;;/Q(ﬁvk(u) — Br(u)) L N(0,1), fork=1,...,p.

Next, we consider some special cases where the asymptotic bias can be
simplified. (1) In the absence of serial correlation and heteroskedasticity,
E(eqcjt) = 044 = 045, because it does not depend on ¢. It is easy to
show that W5 = 0. (2) In the absence of cross-sectional correlation and
heteroskedasticity, E(eitcis) = 0uirs = wis, because it does not depend on
7, in which case, a simple calculation yields W; = 0. Let II and = be the

probability limits, defined as, respectively,

N -1 N -1
11 = plimB (u) (Z Z[ZZ») SNro (Z Z[ZZ») B(u),
=1 =1

N -1 N -1
= = plimB(u) (Z Z[Zi> Y NT3 (Z Z[Zi> B(u)",
=1 i=1

N «N T - T T N .
where Xy72 = > i1, Zj:l Oij D i1 ZyZj, and Xnry = Dot D1 Wis D iy Zit Ly
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Corollary 1. Suppose that assumptions (A1)-(A10) hold. If 5Ly log Ly
— 0 and L3 /NT — 00 as N — 0o and T — oo simultaneously, we have

the following results:

(1) In the absence of serial correlation and heteroskedasticity and T /N —

0, II-Y%(B(u) — Blu)) = N(0,1L,).

(ii) In the absence of cross-sectonal correlation and heteroskedasticity and

N/T — 0, Z-12(B(u) — B(u)) - N(0,1,).

For model (1.2) with unobservable multiple interactive fixed effects,
Theorem 4 establishes the asymptotic normality for the bias-corrected es-
timator f;(-) of Bi(+). Hence, if we can obtain a consistent estimator Yy
of ¥y, the asymptotic pointwise confidence intervals for S (u) can be con-

structed as

v

Bk(u)iza/22;kl/27 k= 17"'7p7

where z,/9 is the (1 — a/2) quantile of the standard normal distribution.

4. A residual-based block bootstrap procedure

In theory, we can construct the pointwise confidence intervals for the coeffi-
cient functions S () from Theorems 3 and 4. For Theorem 3, we first need

to derive consistent estimators for the asymptotic biases and variances of
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the estimators Bk(), for k=1,...,p. Nevertheless, because the asymptotic
biases and variances involve the unknown fixed effects F' and the covariance
matrices €2; of g;, it is difficult to obtain their consistent and efficient esti-
mators, even if the plug-in method is used. For Theorem 4, it is difficult to
show the consistency of the estimators W1 and WQ, because cross-sectional
and serial dependence and heteroskedasticity are allowed in the error terms.

Therefore, the standard nonparametric bootstrap procedure cannot be
applied to construct the pointwise confidence intervals directly, because
cross-sectional and serial correlations exist within the group in model (1.2).
In addition to increasing the computational burden and causing accumula-
tive errors, they make it more difficult to construct the pointwise confidence
intervals. To overcome these limitations, we propose a residual-based block
bootstrap bias-correction procedure to construct the pointwise confidence

intervals for (). The algorithm follows.

Step 1. Fit model (1.2) using the methods proposed in Section 2, and

estimate the residuals €;; using

p L
En=Yi— > Y AuXuaBuUn) + \[Fy, i=1,... N, t=1,...,T.
k=1 I=1

Step 2. Generate the bootstrap residuals €}, by €;; using the block boot-

strap method with a two-step procedure: (i) Choose the block lengths.
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In our block bootstrap procedure, similarly to Inoue and Shintani
(2006), we choose block lengths of I, = ¢T'/? and I, = cN'/3, re-
spectively, for some ¢ > 0. (ii) Resample the blocks and generate the
bootstrap samples. The blocks can be overlapping or non-overlapping.
According to Lahiri (1999), there is little difference in the performance
for these two methods. We hence adopt the non-overlapping method,
for simplicity. Then, we first divide the N x T residual matrix €
into m; = T'/l; blocks by column, and generate the bootstrap sam-
ples N x T matrix € by resampling, with replacement, the m; blocks
of columns of €. Next, we divide € into my = N/Iy blocks by row,
and generate the bootstrap samples matrix €* by resampling, with

replacement, the msy blocks of rows of €.

Step 3. We generate the bootstrap sample Y;; using the following model:

p L
Y;: = ZZ’A}/leit,kBkl(Uit) +A2Ft+5:t7 1= 17"'7Na = 17---7T7
k=1 l=1

where g, Ft, and 5\1 are the respective estimators of vy, Fy, and \;,
using the estimation procedure in Section 2. Based on the bootstrap
sample {(Yi, X, Uy),i = 1,...,N,t = 1,...,T}, we calculate the
bootstrap estimator B(b)(-), also using the estimation procedure in

Section 2.
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Step 4. Repeat Steps 2 and 3 B times to obtain a size B bootstrap estima-
tor B®) (u), for b = 1,..., B. The bootstrap estimator Var*(3(u)|D)

of ¥ = Var(B(u)|D) is taken as the sample variance of 3® (u). Next,

the bootstrap bias-corrected estimator of [ (u) can be defined as
1 & 1 &
5 A A(b A A Ab
Bilu) = felw) - (E > B )~ m(u)) = 2hk() = 5 25w

Intuitively, the bias of a bootstrap estimator is a good approximation
to that of a true coefficient function estimator. Finally, we construct the

asymptotic pointwise confidence intervals for S (u) as

Bi(u) + zapp{Var* (Be(u)|D)}'?, k=1,....p,

where z,/9 is the (1 — a/2) quantile of the standard normal distribution.

5. Partially linear varying-coefficient model

In this section, we consider a special case of model (1.2), where some
components X;, = (Xi1,...,Xuq)" of X, are constant effects, and the
rest Xy = (Xitgr1,-- ., Xitp)” are varying effects, for i = 1,..., N and
t = 1,...,7. Then, model (1.2) becomes the following partially linear

varying-coefficient model with interactive fixed effects:

Yy = X280 (Uy) + X,,0 + \TF, + ¢4, (5.1)
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where B (u) = (B1(u)), ..., By(w)" and 8 = (Byi1,...,B,)"
Similarly to the proposed estimation procedure in Section 2, we can

define the following objective function:

N
Q(Y",8,F) =) (Yi— Ry — X,0) Mp(Y; - Ry — X6). (5.2)

i=1

Thus, the estimators of v() and @ can be obtained by iterating between

~M @, and F using the following nonlinear equations:

-1

N N I N
o~ |SXo i n (Y mun) 3w (X
=1 j

i=1

FVyr =

N

1 v ~TA al

7 2 Yi— B4V = X[0)(Y; - BAY - X, 9)1 F.
i=1

By the property of B-spline bases that 3.7 B(u) = 1 if fi(u) is a
constant [y, we set v, = Br1y,, where 1, is an Ly x 1 vector with entries

of one. With a slight abuse of notation, (5.2) can be rewritten as

N
Q",0,.F)=Q(v.F) =) (Yi— R Mp(Y;— Rry),  (5.3)
i=1
where vy = (77, ... Pl Bq+112q+1, . ,5])12?)7 = (47, 5q+1124+1, e ,Bplzp)r.
For each k =q+1,...,p, we treat [, as a function, and apply the estima-

tion procedure in Section 2 to obtain the initial estimators of 41, F., and
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A. Then, we propose the following robust iteration algorithm for estimating

the parameters (v, 0, F, A).
Step 1. Start with an initial estimator (4", F, A)

Step 2. Given 4%, F, and A, compute

Step 4. Given 4 and 8, compute F' according to (5.3) (multiplied by
VT, owing to the restriction that F™F/T = I,.), and calculate A

using formula (2.9), with 4 = (47, Bququ, . ,Bplzp)T.

Step 5. Repeat Steps 2-4 until (41, é, 13’, A) satisfy the given convergence

criterion.

In order to give the following asymptotic distribution, we first introduce

some notation. Let

2
2

_ __ 1 __
Zi=MpX;— > MpXjay Zi=MpR, - > MpRja;,
j=1 j=1
1 & 1 & 1 &
O=—0S 7.7, ©=— Z7Z, v=—0 Z Z
Y77 e- Y ziz, > Ziz,
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and Z, = Z, — Zigfl\lﬁ. In addition, we define the following probability

limits:

N N T T
I, = phm— Z Z Z Z 0ij, tSZitZ]TS.

The following theorem gives the asymptotic normality of the parametric

components.

Theorem 5. Suppose that assumptions (A1)-(A10) hold. If S35 Ly log Ly
— 0, L3 /NT — oo, and T/N — ¢ as N — oo and T — oo simultane-

ously, then

(NT)"Y%(0 — 0) =5 N(b, II; TILIT; Y,

where b= /289 + 1289 and S? is the probability limit of Sy, with
L XN %
O _ 11,7
S, = —(®—-Tvolu) {sz

1 =1 = TV)TFO ( Zglﬁﬁ)
il

_mg—l%zz (R, 7¥)TF (TZ Ztejtﬂ

and SY is the probability limit of Sy, with

N
- A 1 —
_ —1ymy-1 2: T 0,0
1 N
_ -1 T 0,0 .
Ve ;:1 R MpoQF°G )\Z>,

where G° = (F"F°/T)"Y(A"A/N)™ and Vi = N7' 3N a; X ;.
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It is easy to show that S = 0 in the bias term b if the cross-sectional
correlation and heteroskedasticity are absent. Similarly, S = 0 if the serial
correlation and heteroskedasticity are absent. We also show that both S? =
Sg = 0 if ;; are i.i.d. over 7 and ¢. From Theorem 5, the convergence rate
of 8 is of order Op((NT)~'/2). Thus substituting 8 for 6 in model (5.1)
will have little effect on the estimation of §;(u), for j = 1,...,¢. This
implies that the estimator Bj (u) will have similar asymptotic distributions

in Theorems 3 and 4.

6. Hypothesis testing

In practice, it is often of interest to test whether one or several coefficient
functions are nonzero constants or are identically zero. We here propose a
goodness-of-fit test that compares the residual sum of squares from least
square fits under the null and alternative hypotheses.

We consider the null hypothesis that some of the coefficient functions

are constants:

for all w € U, where B (k = g+ 1,...,p) are unknown constants. Under
Hy, model (1.2) reduces to the partially linear varying-coefficient panel-data

model (5.1). Let 4%, @, F*_ and X! be the consistent estimators of (1),
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0, F', and \;, respectively. Thus, the residual sum of squares under the null

hypothesis Hj is

N
1 A A A N A~
RSSy = += § j y* _X,0 — F* X)) (Y; - RAYW* — X,0 — F*)\}).

Under the general alternative that all coefficient functions are allowed

to vary with u, the residual sum of squares is defined by
1 X
RSS) = 7 ; F)\) (Y, — Ry — F)\). (6.4)

We extend the generalized likelihood ratio in Fan et al. (2001) to the current
setting, and construct the test statistic under the null hypothesis H, as
follows:

RSS, — RSS;

T\ — W W51 .
n RSS, (6.5)

where RSSy — RSS; indicates the difference of fit under the null and al-
ternative hypotheses. If T, is larger than an appropriate critical value, we
reject the null hypothesis Hy. Let ty be the observed value of T;,. Then,
the p-value of the test is defined as py = Py, (7}, > to), which denotes the
probability of the event {7,, > to}. For a given significance level ag, the

null hypothesis Hy is rejected if py < ayp.

Theorem 6. Suppose that the conditions of Theorem 3 are satisfied. Under

the null hypothesis Hy, T,, — 0 in probability as N — oo and T — oo.



Statistica Sinica: Preprint
doi:10.5705/55.202018.0248

VARYING-COEFFICIENT PANEL DATA MODEL 32
Otherwise, if infeg ||Bx(u) —al|r, > 0, for some k = q+1,...,p, then there
exists a constant ty, such that T, > to with probability approaching one as

N — o0 and T — 0.

Because it is difficult to develop the asymptotic null distribution of the
statistic T,,, we use the following bootstrap procedure to evaluate the null

distribution of 7;, and compute the p-values of the test.

Step 1. We generate the bootstrap sample {(Y;}, Xy, Uy),i =1,...,N,t =
1,...,T}, as described in Section 4, and calculate the bootstrap test

statistic 7T);.

Step 2. We repeat Step 1 many times to compute the bootstrap distribu-

tion of T

Step 3. When the observed test statistic 7T;, is greater than or equal to the
{100(1 — ap) }th percentile of the empirical distribution T)F, we reject
the null hypothesis Hy at the significance level ay. The p-value of the

test is the empirical probability of the event {T* > T, }.

7. Conclusion

This study contributes to the literature by proposing an estimation pro-

cedure for a varying-coefficient panel-data model with interactive fixed ef-
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fects. First, we use B-splines to approximate the coefficient functions for the
model. With an appropriate choice of smoothing parameters, we propose a
robust nonlinear iteration scheme based on the least squares method to esti-
mate the coefficient functions. Then, we establish the asymptotic theory for
the resulting estimators under some regularity assumptions, including their
consistency, convergence rate, and asymptotic distribution. Second, to deal
with the serial and cross-sectional correlation and heteroskedasticity within
our model, which increases the computational burden and cause accumu-
lative errors, we propose using a residual-based block bootstrap procedure
to construct the pointwise confidence intervals for the coefficient functions.
Third, we extend our proposed estimation procedure to include partially
linear varying-coefficient models with interactive fixed effects, and study
the asymptotic properties of the resulting estimator. In addition, we de-
velop a test statistic for the constancy of the varying coefficient functions,
and propose a bootstrap procedure to evaluate the null distribution of the
test statistic. Finally, numerical studies demonstrate the satisfactory per-
formance of our proposed methods in practice, and support our theoretical

results.

Supplementary Material

The online Supplementary Material contains the numerical studies,



Statistica Sinica: Preprint
doi:10.5705/55.202018.0248

VARYING-COEFFICIENT PANEL DATA MODEL 34

proofs of Theorems 1-6 and Corollary 1, and Lemmas 1-7 and their proofs.
In addition, we introduce the estimation procedure for a special model,

namely, the varying-coefficient panel-data model with additive fixed effects.
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