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Cantor(x)




A classical Cantor r.v. admits the
representation:

in terms of i.i.d. Bernoulli(1/2) r.v.’s.



We consider the following generalized
Cantor r.v.

In terms of i.i.d. Bernoulli (p) r.v.’s
Notation:




The case in which p=1/2 was investigated by
Lad and Taylor(1992) and subsequently
by Hosking (1994).

The classical Cantor case corresponds to
p=1/2 and [OEINWR] .




he general model




The constraint 0 < ¢ < 1/21isn

to cuarantee that we have a sincular
> I

continuous r.v. , and thus a true

analog of the classical Cantor r.v.



Since the generalized Cantor distribution
O

has support in the interval |0, 1], its right

continuous inverse function (or quantile

function) is also a valid distribution function.




A random variable Y with this quantile function

as 1ts distribution function will be said to have

an inverse generalized Cantor distribution and

we write: Y ~ IGC(¢,p)




Note this usage is not customary, but it
seems reasonable

Compare:
Inverse gamma distribution

Inverse Gaussian distribution



Properties of the generalized Cantor distr.

A skewed version (idea:Hosking 1994).

The corresponding inverse distribution.

Bivariate and multivariate extensions.



Properties of the generalized
Cantor distribution.

— (1 - ¢)B) + 0X

where B; and X are independent

dll(l Y —d Y




Properties of the generalized
Cantor distribution.

The corresponding moment generating
function can be easily identified from either
of these two representations of X. Thus:




Properties of the generalized
Cantor distribution.

Using the recursive representation we can
compute moments (as done by Lad and
Taylor when p=1/2):




Properties of the generalized
Cantor distribution.

Thus:




Properties of the generalized
Cantor distribution.

Though both the mean and variance can be
more easily obtained using the series
representation




Properties of the generalized
Cantor distribution.

Note: F(X) > var(X)




Properties of the generalized
Cantor distribution.

Note: E(X) > var(X)

In fact X 1s more undersdispersed

than a Bernoulli (p) r.v.



Properties of the generalized
Cantor distribution.

Note: E(X) > var(X)

In fact X 1s more undersdispersed
than a Bernoulli (p) r.v.

Note that if X ~ GC(¢,p)

"

then 1 — X ~ GC(o,1 —p).




Properties of the generalized
Cantor distribution.

Consistent asymptotically normal estimates
of the parameters are available via the
method of moments:




Expected values of Order Statistics
of the generalized Cantor
distribution.

Here we follow Hosking (1994) who dealt
with the case p=1/2.

We wish to evaluate

But it will suffice to evaluate




Expected values of Order Statistics
of the generalized Cantor
distribution.

with probability (1 — p)

(1 — o)+ ¢X. with probability p.

X < ¢ with probability (1 — p)

X > 1 — ¢ with probability p.



Expected values of Order Statistics
of the generalized Cantor
distribution.

We then can condition on the number of X's
for which the corresponding Bl s are
equal to O, to obtain:

n

J

) (1 = p)'p" 7 OE(Xy,)

T P " [l — ¢+ ‘?E ( *\rl ‘N ) .




Expected values of Order Statistics
of the generalized Cantor
distribution.

2 — 20+ 3pp — _p tl—p
n—a——
1 —¢+2p(1 —p)o




Gini index.of the generalized
Cantor distribution




Gini index.of the generalized
Cantor distribution




Gini index.of the generalized
Cantor distribution




The skew generalized Cantor
distribution.

Hosking introduced an asymmetric version
of the generalized Cantor distr. In the
case p=1/2. The extension to O<p<1 is as
follows:




The skew generalized Cantor
distribution.

Recursion for moments:

- k—1 (k\ /- NK—d 9 T Vi
I — (1 —p)ak —psk

p(l — )
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X (5= 1}2 (a(p—1)+ps+1)
var(X) = N M e U —
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The skew generalized Cantor
distribution.

Recursion for expected sample minima:




The skew generalized Cantor
distribution.

Thus, for example




Recall
For generalized Cantor distr.

(1=p)(1—09)

& F

While for skew generalized Cantor
distr.




The inverse distribution.
If X ~SGC(«, 3,p) then we denote

its distribution function by
Fsqc(w; a, 3, p)

Since 0 < X < 1, the corresponding

right continuous quantile function

Fgéc(x; o, 3, p) is also a valid distr. fn.




The inverse distribution.

If Y has Fooo(z;a,3,p) as its distr.fn.

then we write Y ~ SGC~1(«a, 3, p) and
say that Y has an inverse-skew-gene

ralized-Cantor distribution.




The inverse distribution.

IfY ~ SGC~(a, B,p) then Y is discrete

with a countable number of possible

values. Like the corresponding r.v. X,

1t has a fractal structure.



The inverse distribution.

Thus Y can be described as follows:

(1—p) Y with probability a

(1 —p) with probability (1 — a — )

(1 —p)+ j}f with probability 3
a>0,0>0,a+0<land 0 <p<l1

in which Y =4V,




The inverse distribution.

Using this representation we find:

A =) —p)
a I —a+ P — f))[)ﬁ

(1—-p)P(l—-—a) 1—a+ap+ Gp

l—a+ap—0p)




The inverse distribution.

For the inverse classical Cantor distribution
Corresponding to the choice




On Moments of Inverse

Distributions

Suppose that X satisfies 0 < X < 1 and has
d.f. F. Let Y have the corresponding inverse
distribution, i.e., its d.f. is F~!. How are the

moments of X related to those of Y 7



On Moments of Inverse
Distributions

Integrating by parts, one finds




On Moments of Inverse
Distributions

With k=1, we get

E(X)+ E(Y) =1




On Moments of Inverse
Distributions

In the case of SGC variables, then

1 5!
/ yk’{[F (y:a, 3,p) = / F(r;a, J)] ‘dx
J0 /0

1
X [F ( X Ox, 'f . P )] & ‘[l} — / ad [F ( (Y, j} )]
J 0

I — E( Xy

where the Z;’s are i.1.d. SGC(8,a,1 —p) r.v.'s



A bivariate SGC random variable

¥ 4€F . sy
( '1? ) with probability pgo
o

(1= 5) + hX
¥9 } d

) with probability pg

‘_'1__ o~ with probability pgy
(I — F2) + oY

l';._ 1} T ! ~ with probability pqq
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Multivariate SGC random variables



Multivariate SGC random variables

We’'d need a bigger screen !!



Thank you for your attention.
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