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Introdutionp In many pratial situations, statistial infereneunder restritions on parameters is quiteimportant.

p Most works related to statistial inferene underrestritions are reviewed by Barlow et al. (1972)and Robertson and Wright (1988) andp in reent two monographs, Silvapulle and Sen(2004) and Van Eeden (2006).
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Introdutionp We onsider the problem of estimating theordered means of two normal distributions withunknown ordered varianes.

p We disuss the estimation of two ordered means,individually and/or simultaneously, under Pitmanloseness riterion.
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The de�nition of Pitman loseness riterionp Let T1 and T2 be two estimators of �.

p Then T1 is loser to � than T2 ( or T1 is preferedto T2)p if PrfjT1 � �j < jT2 � �jg > 1=2:
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About Pitman loseness riterionp refer the reader to Rao (1981), Keating andManson (1985), Peddada (1985), Rao, keatingand Mason (1986), Khattree and Peddada (1987)for details.

p Many works related to Pitman's riterion werepublished in the speial issue of Communiationsin Statistis - Theory and Methods A20 (11) in1992 andp were uni�ed in the monograph by Keating,Manson and Sen (1993).
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The purposep Here we onsider the estimation of two orderednormal means when unknown varianes areordered using Pitman loseness riterion.

p We propose the estimators whih is loser to theunknown means than the usual estimators whihignore the order restrition on varianes using themodi�ed Pitman loseness riterion suggested byGupta and Singh (1992).
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The history bakgroundp First, we state some fundamental results on theestimation of ommon mean and ordered meanswhen the MSE or stohasti domination isonerned.
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the unbiased estimators of �i and �2i ,p Let Xij; i = 1; 2; j = 1; : : : ; ni be independentobservations from normal distribution with mean�i and variane �2i , where both �i and �2i areunknown.

p Also let
�Xi = niX

j=1 Xij=niands2i = niX
j=1 (Xij� �Xi)2=(ni�1)

be the unbiased estimators of �i and �2i ,respetively.
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Estimation of Common meanp For the ommon mean problem when twovarianes are unknown and there is no orderrestrition between two varianes, Graybill andDeal (1959) have proposed an estimator

p
^�GD = n1s22n1s22 + n2s21 �X1 + n2s21n1s22 + n2s21 �X2

p and gave a neessary and suf�ient ondition onn1 and n2 for ^�GD to have a smaller variane thanboth �X1 and �X2.
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Estimation of Common mean when �21 � �22p For the ase when it is known that �21 � �22

p Nair (1982) modi�ed ^�GD and proposed anestimatorp
^�Nair = � ^�GD; if s21 � s22n1n1+n2 �X1 + n2n1+n2 �X2; if s21 > s22;p showed that ^�Nair has smaller variane than ^�GD.
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Estimation of Common mean when �21 � �22p Elfessi and Pal (1992) showed that ^�Nairstohastially dominates ^�GD. (As for thede�nitions of stohasti dominane and universaldominane, see Hwang (1985).)
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estimation of k normal means satisfy simple order restrition and varianes are knownp For the ase when k normal means satisfy simpleorder restrition and varianes are known,

p Lee (1981) showed that RMLE (restrited MLE)uniformly improves upon sample means underMSE.p Kelly (1989) and Hwang and Peddada (1994)proved that RMLE universally dominates samplemeans.
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estimation of 2 normal means satisfy simple order restrition and varianes are unknownp For the ase when �2i ; i = 1; 2 are unknown andtwo normal means satisfy the simple orderrestrition, �1 � �2,

p Oono and Shinozaki (2005) proposed a trunatedestimators of �i; i = 1; 2,^�OS1 = minf �X1; ^�GDg; ^�OS2 = maxf �X2; ^�GDg;

p they showed that ^�OSi uniformly improves upon�Xi, if and only if the risk of ^�OSi is not larger thanthat of �Xi when �1 = �2. (See also Garren(2000).)

A Broad Class Estimators for Two Ordered Normal Means with Ordered Varianes under Pitman's Comparison � p.13/??



estimation of 2 normal means satisfy simple order restrition and varianes are unknownp For the ase when �2i ; i = 1; 2 are unknown andtwo normal means satisfy the simple orderrestrition, �1 � �2,p Oono and Shinozaki (2005) proposed a trunatedestimators of �i; i = 1; 2,^�OS1 = minf �X1; ^�GDg; ^�OS2 = maxf �X2; ^�GDg;

p they showed that ^�OSi uniformly improves upon�Xi, if and only if the risk of ^�OSi is not larger thanthat of �Xi when �1 = �2. (See also Garren(2000).)

A Broad Class Estimators for Two Ordered Normal Means with Ordered Varianes under Pitman's Comparison � p.13/??



estimation of 2 normal means satisfy simple order restrition and varianes are unknownp For the ase when �2i ; i = 1; 2 are unknown andtwo normal means satisfy the simple orderrestrition, �1 � �2,p Oono and Shinozaki (2005) proposed a trunatedestimators of �i; i = 1; 2,^�OS1 = minf �X1; ^�GDg; ^�OS2 = maxf �X2; ^�GDg;p they showed that ^�OSi uniformly improves upon�Xi, if and only if the risk of ^�OSi is not larger thanthat of �Xi when �1 = �2. (See also Garren(2000).)
A Broad Class Estimators for Two Ordered Normal Means with Ordered Varianes under Pitman's Comparison � p.13/??



When order restritions are given on both means and varianesp When order restritions are given on both meansand varianes, Chang and Shinozaki (2010) haveonsidered the estimators based on the estimatorsgiven by Oono and Shinozaki (2005) as follow:
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When order restritions are given on both means and varianesp
^�CS1 = � ^�OS1 ; if s21 � s22minf �X1; n1n1+n2 �X1 + n2n1+n2 �X2g; if s21 > s22: (1:2)

p
^�CS2 = � ^�OS2 ; if s21 � s22maxf �X2; n1n1+n2 �X1 + n2n1+n2 �X2g; if s21 > s22: (1:3)
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When order restritions are given on both means and varianesp They showed that ^�CS2 stohasti dominates ^�OS2 ,

p but ^�CS1 does not improve ^�OS1 even in term ofMSE.p They also showed that (^�CS1 ; ^�CS2 ) stohastidominates (^�OS1 ; ^�OS2 ) when estimating (�1; �2),simultaneously.p Shi (1994) and Ma and Shi (2002) disussed theorder restrited MLE of �i and �2i under squarederror loss.
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A wider lass estimators of two meansp Let that ; ~, and + are funtions of n1; n2; s21,s22, and �X1 � �X2 and that 0 � ; ~; + � 1 and,

p

+ = ( ; if  � n1n1+n2 ;~; if  < n1n1+n2 :p Chang, Oono and Shinozaki(2011C) haveonsidered estimators of the forms^�1() = minf �X1;  �X1 + (1� ) �X2g (1:4)and^�2() = maxf �X2;  �X1 + (1� ) �X2g: (1:5)
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A wider lass estimators of two means

p if  = n1s22n1s22+n2s22 then

p

^�1() = ^�OS1and ^�2() = ^�OS2p if  = n1n1+n2 thenp

^�1() = ^�CS1and ^�2() = ^�CS2
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A wider lass estimators of two meansp Theorem Suppose thatPf < n1=(n1 + n2)g > 0. Then ^�2(+)stohastially dominates ^�2()

p if we hoose ~ so thatn1n1 + n2 � ~ � 2 n1n1 + n2�; when  < n1n1 + n2 :(3:2)
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A wider lass estimators of two meansp ^�1() has smaller MSE than ^�1(+) forsuf�iently large � = �2 � �1.
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A wider lass estimators of two meansp Theorem Suppose thatPf < n1=(n1 + n2)g > 0. If ~ is hosen tosatisfy

p
n1n1 + n2 � ~ � 2 n1n1 + n2�; when  < n1n1 + n2 ;p then (^�1(+); ^�2(+)) dominates (^�1(); ^�2())in the sense thatp

P ( 2Xi=1
� ^�i(+)� �i�i �2 � d) � P ( 2Xi=1
� ^�i()� �i�i �2 � d)

for any d > 0, where � 2i = �2i =ni.
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Modi�ed Pitman's riterionp Now, we state the modi�ed Pitman's losenessriterion for estimating the ordered means.

p For the ase, when the estimators are equal withpositive probability, Nayak (1990) modi�edPitman's riterion as follows :p T1 is said to be loser to � than T2 if

PrfjT1 � �j < jT2 � �jg > 12PrfT1 6= T2g:
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Modi�ed Pitman's riterionp Motived by Nayak (1990), Gupta and Sinha(1992) de�ned the modi�ed Pitman nearness (MPN ) of T1 ompared to T2. Setting

p
MPN�(T1; T2) = PrfjT1 � �j < jT2 � �jjT1 6= T2g= PrfjT1 � �j < jT2 � �j; T1 6= T2gPrfT1 6= T2g ;

p T1 is loser to � than T2 ifMPN�(T1; T2) > 1=2.
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Modi�ed Pitman's riterionp They showed that MLE of two ordered normalmeans with ommon variane,

p
^�GS1 = min( �X1; n1X1 + n2X2n1 + n2

);

p
^�GS2 = max( �X2; n1X1 + n2X2n1 + n2

);

are loser to respetive means than �Xi; i = 1; 2,that is,MPN�i(^�GSi ; �Xi) > 1=2; i = 1; 2;.
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Our results under modi�ed Pitman's riterionp TheoremSuppose that Pf < n1=(n1 + n2)g > 0, then theestimator ^�2(+) is loser to �2 than ^�2(),

p i.e., for all �1 � �2 and �21 � �22,MPN�2(^�2(+); ^�2()) > 1=2;

p if we hoose ~ so thatn1n1 + n2 � ~ � 2 n1n1 + n2�; when  < n1n1 + n2 :
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Modi�ed Pitman's riterionp TheoremThe estimator ^�1(+) is not loser to �1 than^�1() for suf�iently large �.
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Modi�ed Pitman's riterionp TheoremIn simultaneous estimation of (�1; �2),

p If ~ < 2n1n1+n2 �  thenp (^�1(+); ^�2(+)) is loser to (�1; �2) than(^�1(); ^�2()), in the sense thatp
MPN�(^�(+); ^�())= PrfP2i=1(^�i(+)� �i)2=�2i �P2i=1(^�i()� �i)2=�2i ; ^�(+) 6= ^�()gPrf^�(+) 6= ^�()g> 1=2:
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Conlusionp Rao (1981) ompared the minimum MSE andPitman's loseness riteria and suggested thatPitman's loseness riterion ould be used as analternative riterion to ompare estimators.

p However, Blyth (1972) pointed out theintransitivity drawbak of Pitman's losenessriterion and also pointed out that there is someinonsisteny among Pitman's loseness,minimum MSE, and minimum mean absoluteerror reiteria.
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Conlusionp For the estimation problem of two orderednormal means with ordered varianes, we haveon�rmed that the result obtained by using thePitman's loseness riterion is onsistent with theone obtained by using the MSE riterion.

p Thank you for your attention.
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