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Principal Component Analysis is NOT WORK

- we start with two datasets



Example 1 - MNIST D

taset
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Example 2. Mice protein expression
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Question: how to impove the PCA method
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nature > nature communications > articles > article

Article | Open access | Published: 30 May 2018

Exploring patterns enriched in a dataset with
contrastive principal component analysis

Abubakar Abid, Martin J. Zhang, Vivek K. Bagaria & James Zou &

Nature Communications 9, Article number: 2134 (2018) | Cite this article

30k Accesses | 92 Citations | 39 Altmetric | Metrics
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Contrastive PCA method (Abid et al. (2017, 2018) )

Algorithm 1: Contrastive PCA given o (Abid et al., 2018)
Input: centered target data {x;}] ; and centered background data {y,}",

Step 1. Calculate the sample covariance matrices

_ RS - 1 <
cov(zx) = - Zm%mj and cov(y) = — Zyéy;r.
i=1

i=1
Step 2. Obtain the first r leading eigenvectors {u;}}_; of ¥ = cov(x) — acov(y).

Output: U = (uy,...,u,)
Remark. Abid et al. (2018) proposed a procedure of selecting values of a automatically based

on spectral clustering (Ng et al., 2001) of an affinity matrix, where the affinity is the product of

the cosine of the principal angles between the subspaces.

24



contrastive matrix

> = cov

target

() — acov(y)

background

e target data {x;}!' , is the original data

e background data {y,}

* | 1s the data which we select

e cPCA represents the trade-off between maximizing target

variance and minimizing the background variance. "




Two datasets again!
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Example 1. MNIST Dataset

clear images observed images
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Example 2. Mice protein expression

"  PCA . cPCA
O
..
) A
% .
N 0 S .“
0.
= ot
_5_ | g
—27 ° %
10! _ 9 ¢
e Non-DS —4t e Non-DS S
e Down Syndrome (DS) e Down Syndrome (DS)
Ty —20 0 20 g 0 20
PC1 cPC 1

visualization

28



cPCA is significatly better than PCA in the real data



However, the existing algorithm for the cPCA requires heavy com-

putational loading in high dimension
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We would like to investigate cPCA for

developing an efficient algorithm in high dimension



Journal of Computational and Graphical Statistics > Enter keywords, authors, DOI, etc
Latest Articles

Submit an article Journal homepage

237 Research Article . . . . .
Views A Geometric Algorithm for Contrastive Principal
o Component Analysis in High Dimension

citations to date Rung-Sheng Lu, Shao-Hsuan Wang & ' & Su-Yun Huang

0 Received 20 Feb 2023, Accepted 24 Nov 2023, Published online: 08 Jan 2024

"i} Check for updates

Altmetric 66 Cite this article https://doi.org/10.1080/10618600.2023.2289542
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Part I. Geometric curvilinear-search algorithm for cPCA

Part II. Numerical examples
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Part I. Geometric curvilinear-search algorithm for cPCA



We turn the optimization to the following problem

> — cov(@) — acov(y)

U* = argmax F' (U), where F'(U) =

—~

Ltr (U'XU).
U cSt(p,r)

Stiefel manifold

4

St (p,r) = {U e R®*"|U'U = I,.} , which is a submanifold of RP*".

35




For unconstrained optimization problem, the fastest rising direc-

tion of F'is its gradient, which is a p X r matrix given by

VF(U)= g 0| =%U

dpXr

Uk+1:Uk—|—SVF(Uk),S>O

36



For unconstrained optimization,

+ SVF(Uk)

AX1milzer
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For constrained optimization,
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The proposed geometric algorithm

D ~@ | |
Step 1. projected gradient

/

Step 2. Cayley transform

Ay _




The procedure of geometric algorithm

At the k-th iteration,

1. Calculate the projected gradient PF(,-C)(M St(p.r) (VF (U U"))).
U :

2. Generate a Cayley transformed curve Cy(7T), defined as in , which passes U®) based
_ plo) (k)
onT = PTU(k)St(p,T) (VF (U ))

3. Determine the step size by using the Armijo rule.

4. Move from U® to U*+1) along the curve in step 2 with the step size determined in step 3.

40



Projected gradient

1 Define T5:St(p, ) = {T e RP*"|[UT+T"U = 0}.

2 For any given G € RP*", (A1, As)e = tr(A; As)

let szsup,r)(a) (Euclidean metric

1
<A1, A2>c = tr (AI(IP - ZUUT)AQ)

and PS;St(N)(G) (canonical metric/

denote the projection of G' onto Ty St(p,r)

3 In our case, P%St(p,r) (VF(U)) = P%St(p,,_,_) (VF (U))=(I,-UU")ZU.



Remark. The matrix T, which is tangent to St(p,r) at U, has a general form

T-UA+U,B,

where A is r x r skew-symmetric and B is any p X r matrix. Using the representation of tangent

vectors given in @, we have

(T, T)e = tr(ATA)+tr(BTB)=2) aj+)» b

i<j ij
For cannoical metric,

1
(A1, As)e = tr (AI(IP - 2UUT)A2)

» (T: T)C = Zi<j a?j + Zij b’?j

42



Cayley transform

Given U € St(p,r) and T € TySt(p,r), the Cayley retraction mapping

Cu(T) is defined as
-1
Cy(T) = (Ip + %W) (Ip — %W) U,

where W = Iy (T)U" — Uy (T)' with Iy (T) = (I, - UU")T.

43




Cayley transform

The Cayley transformed curve Cy (7T') satisfies the following properties.

1. Cy (7T) stays in St (p,r) for all 7 € R.
2. Cy(0)=U.

7=0 —



01’
Cu(0T)=U T

5 tangent space of U
® U = CU (TT)

stiefel manifold
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Algorithm 2: Geometric algorithm for maximizer of F(U).

Input: initial point U® € St (p, )
Step 1. Calculate the gradient VF' and the projected gradient P( ) o St(p,) (VF ).

Step 2. Obtain the corresponding C'(UU!c , T) = & Cuym (T'P c)( St(p.r) (VF (U(k)))).

Step 3. Implement the Armijo rule to find a suitable step size 7*).
Step 4. Obtain U*) = c(U®, +®).
Step 5. Iterate Steps 1-4 until |F(U*®) — F(U®)|/|F(U™)| is smaller than an

error tolerance. Notationally, set £ = oo to indicate that the iteration has stopped.

Result: the maximizer U* of F(U).
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Computational efficiencies

cPCA

Let | |
eigen-decom — geometric

e n: the sample size of the target data

Ti lexit 2y O((nV m)pr
e m: the sample size of the background data HIE COMPIEXILY O((n v m)p ) (( Jor)

Wins
e p: the data dimension ,
[Space complexity O(p?) O((nV m)p)
e 7: the number of leading components. \‘NYﬂS

wheh p is very large (with respect to m and n)
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Numerical examples



MNIST dataset
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Case 1. Not-large dimension

The MNIST dataset consists of 70000 images of handwritten dig-
its, 60000 for training and 10000 for testing.

e Each image is superimposed with a different complex back-

cround, namely, an image ot a section of grass from a lawn.

e The images are of size 28 x28, which are transtormed into a

784 %1 covariate vector.



Goal: The commonly used method for cPCA — the eigen-

value decomposition works in not-large dimension. In this case,

we can compare the performance of reconstruction from the two

cPCA algorithms.
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(b) cPCA via the proposed algorithm

(a) cPCA via the eigenvalue decomposition
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(b) Test images mixed with grass

(a) Clear test images
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(c) Test image reconstructions by PCA (d) Test image reconstructions by cPCA



Case 2. High dimension

The MNIST dataset consists of 70000 images of handwritten dig-
its, 60000 for training and 10000 for testing.

e To turther illustrate the advantage ot the proposed method
in high dimensions, we use larger images. Larger images are
formed by combining 16 images of 28 x 28 leading to image
size 112 x 112. Then, the dimensionality becomes 12,544.







Using “super computer” — an Nvidia DGX A100 server, featuring
an AMD EPYC 7742 64-Core CPU and 1008 GB of RAM.

k 4 6 8 10 12 14
cPCA by EVD || 47.22 | 152.78 | 441.26 | 955.38 | 1969.22 | 3618.36
our algorithm 85.80 | 310.41 | 1971.28 | 2645.79 | 3706.64 | 3838.28

k 16 18 20 22 24 26
cPCA by EVD || 7286.98 NA NA NA NA NA
our algorithm | 5146.81 | 6040.28 | 7145.28 | 8892.65 | 9809.06 | 11370.33

Table 4.1: Computing time in CPU seconds, with dimension p = (28)* x k* 150 components and

a=1.

e the symbol “NA” indicating cases where the problem size exceeded the machine’s

capacity, resulting in unavailable results. 56
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Figure 4.5: Computing time comparison, with 150 components and a = 1.

57



Chest X-ray dataset
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Chest X-ray dataset — high dimenaionl case

The dataset contains X-ray images with two categories (Pneumo-
nia/Normal). The training dataset consists of 3875 pneumonia
images and 1341 normal images, and the testing dataset consists

of 390 pneumonia images and 234 normal images.

Each image is resized to 224 x 224, which leads to a high dimen-
sionality 50176. In this data example,

e pneumonia images (target dataset)

e normal images (background dataset)



(a) Normal

(b) Pneumonia
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