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124 RITEI SHIBATA

The theorem shows that the increase in risk corresponding to the use of £ depends asymp-
totically only on ¢f and K — k,. From the proof we can easily obtain the bounds

0< Al’im NE[L{a,8(k)} — L{a, 8(ko)}] < (K — ko) o},

where £ is any selection method such that

E{||a(k) — a(ko)| 2 <y} = o(1/N).

The lower bound is attained if k, is known and & = k,, and the upper bound is attained if
the trivial selection £ = K is taken. The numerical examples in Table 2 show that if K —k,
is small we have not so much gain but if it becomes large we have a relatively large gain
compared to the above trivial selection.

Table 2. The increase in risk by using Akaske’s snformation criterion (of = 1)
K~k 1 2 3 4 5 ] 7 8 9 10

Increase 0-5724 0-9784 1-285 1-523 1-711 1-863  1-985  2.084 T"'2.200  2-330
Increase[(K —k,) 0-5724 0-4892 0-4283 0-3808 0-3422 0-3105 0-2836 0-2605 0-2444 0-2330

Table 3. The frequency of the order selected by Akaike’s information criterion in 500 realszations
of a first-order process

\k 0 1 2 3 4
N G,

*R
(-
LS |
oo
(<]
-
o

50 —-08 0 366 61 29 24 5 b 6 2 2 0

—0-3 100 281 48 36 18 () 4 4 3 0 0

+0-3 128 264 48 27 24 7 4 3 4 1 0

+0-8 0 369 58 32 16 9 ki 4 1 3 1

100 -0-8 0 365 61 33 20 b 11 1 1 1 2

—03 30 333 65 256 16 12 8 8 2 0 1

+0-3 30 322 76 33 17 9 6 3 3 1 0

+0-8 0 3566 68 37 16 9 6 5 4 0 0

200 -08 0 370 50 26 26 b 10 6 4 1 3

—-03 1 361 54 30 14 12 8 8 b 2 b

+ 03 1 358 58 35 14 12 7 7 5 3 0

+08 0 360 56 356 22 4 9 7 2 1 4

300 —-08 0 359 61 32 16 8 11 3 (] 3 1

—-0-3 0 358 61 36 12 15 6 6 3 2 2

+0-3 0 361 67 32 13 8 5 7 5 2 0

+0-8 0 354 65 34 23 7 6 3 6 2 1

400 —-0-8 0 362 86 36 20 9 4 4 7 2 1

-03 0 373 61 20 14 9 9 1 3 2 2

+0-3 0 373 67 25 16 13 5 5 2 2 3

+0-8 0 366 60 41 16 13 3 2 2 2 5

500 —-08 0 366 61 36 12 10 i 2 3 3 1

—0-3 0 372 82 21 15 11 4 7 6 1i 1

+0-3 0 376 59 20 15 16 b 8 2 2 1

+0-8 0 376 50 32 21 7 6 2 5 1 0
Asymptotic

(Table 1) 0 369 87 29 18 12 8 6 4 4 3

7

¥10T ‘6 dunf uo Areiqr 90Ud10§ 9JITeIUIS BIWOPEIY J& /310°S[BWNofpIoyx0-jaworq//: dyy woiy popeojumo(]




194

HANNAN AND QUINN — Autoregressive Order

[No. 2,

for a test of significance for p%(k,+1|k,) would be about 4. For this reason also the value
¢ =1 was used since it would seem pedantic, for the values of N used in Table 1, to choose
some value of ¢ such as 1-01. In Table 1 below the results of 100 replications of a number of
simulations, for varying N and varying o(1) (k, being unity), are presented.

TABLE 1

Frequencies of estimated order. First-order autoregression

N
50 100 200 500 1000
o k ¢ Alc ¢ 4AIC ¢ 4IC ¢ 4IC ¢ AIC
o1 0 8 72 79 59 55 41 30 17 g 2
1 9 10 16 22 40 37 66 57 86 60
2 73 5 10 2 3 3 14 4 17
3 14 0 2 14 B 1 4
>3 3-8 R 15 o3 0o 17
03 0 35 24 5.3 3 ) 0 0 0 0
1 5 5 7 72 8 B N NN
2 5 9 4 11 2 1 1 13 5 N
3 1 6 F § 3 s 3 Y3
>3 3 10 o 8 1 6 0o 10 o 8
05 0 1 0 0 0o o 0o o 0 0
1 178 66 9 74 91 74 93 69 93 170
24 1 7 11 6 14 5 11 6 12
3 s 8 P4 & - EEE 14
>3 2 8 2 H 2 4 0 16 0 14
0-7 0 1.8 o o 0 0 0 0 0o 0
1 78 67 91 2 B N 94 78 95 170
2. B 2 5 10 39 6 11 5 1
3 1 6 2 7 35 0 5 0 2
>3 | 2 1 i3 0 6 o 11

The table shows what is to be expected, namely underestimation of the order relative to
AIC for smaller N and smaller « but better results than for AIC for larger N or larger o

In a second simulation we took x(n) = &(n)+&(n—1) and again used ¢(k) and AIC(k).
The results of 100 replications for N = 100 are shown in Table 2.

TABLE 2

Frequencies of estimated order. First-order moving average

AIC

k
01 2 3 4 5 6 7 8 9 10 >10
00 10 19 30 12 15 5 7 1 1 0
00 2 319 9 2 13 154 7 6

Here p(k|k—1)=(—1)*/k. Since {2N-'InlnN} =018, 2NHt=0-14 it is evident

that the results are much as might be expected.

This content downloaded from 140.109.232.123 on Wed, 07 Sep 2016 02:29:46 UTC
All use subject to http://about.jstor.org/terms




2438 C.-K. ING AND C.-Z. WEI

TABLE 1
Empirical estimates of PE(X, 1 (k,f)) and yopt(n, Kn)

)
0.8 0.6 —-0.6 —-0.8
b0 n/Ky P R P R P R P R

-0.9 60/7 1:23 1 1.46 1 1.64 1 1.68 1
120/10 1.21 0.56 1.46 0.54 1.58 0.58 1255 0.71
200/14 1.29 0.36 1.56 0.34 1.67 0.38 152 0.54
500/22 125 0.17 1.56 0.15 1.63 0.17 1.53 0.34
1000/31 1.29 0.09 1.54 0.08 1.58 0.10 1.46 0.17
=0.7 60/7 1.23 1 1.44 1 2.90 1 2.49 1
120/10 125 0.57 1.49 0.54 2.48 0.68 2.37 0.70
200/14 129 0.37 1.61 0.35 2.25 0.51 1.95 0.59
500/22 1.31 0.17 1.53 0.16 1.97 0.27 1.65 0.38
1000/31 1.28 0.10 1.56 0.09 1193 0.17 1.62 0.23
-0.5 60/7 1.23 1 1.50 1 3.48 1 1.49 1
120/10 1:25 0.57 1.62 0.53 3.01 0.65 1.47 0.67
200/14 1:33 0.36 157 0.35 2.78 0.47 1:53 0.46
500/22 1233 0.17 1.56 0.16 2.29 0.27 1.44 0.21
1000/31 1.26 0.10 1.56 0.09 1:99 0.17 1.42 0.13

0.5 60/7 1:55 1 3.10 1 1.49 1 1.25 1
120/10 1.51 0.67 2.98 0.63 1.59 0.55 1.23 0.56
200/14 1.48 0.46 2.86 0.45 1.55 0.38 1.31 0.37

500/22 1.47 0.22 245 0.26 1.61 0.16 1.28 0.17
1000/31 1.41 0.13 1.99 0.16 1:57 0.09 1:32 0.10
0.7 60/7 2.71 1 2:97 1 1.55 1 1.25 1
120/10 2:31 0.71 2.56 0.62 1.58 0.53 1:25 0.56
200/14 1.92 0.62 2:31 0.48 1.61 0.36 1.29 0.37
500/22 1:79 0.37 2.04 0.27 1.53 0.16 1.28 0.18
1000/31 1.56 0.24 1.95 0.16 1.44 0.09 1231 0.10
0.9 60/7 195 1 1.58 1 1.43 1 1.24 1
120/10 1.56 0.70 1.61 0.57 1.50 0.53 1.23 0.57
200/14 1:57 0.51 1.66 0.37 1.58 0.32 1.31 0.37
500/22 1.49 0.29 1.68 0.17 1.54 0.15 131 0.17
1000/31 1.48 0.17 1.57 0.10 1.47 0.08 1.29 0.10

NOTE. Column P denotes the empirical estimates of PE(X,41 (12,;4)) and column R denotes the em-
pirical estimates of yopt (1, Kn).

than those in the other cases in this category. However, the reduction in the values
of PE (Xn+1 (l?f,‘)) is also much smaller (only a slightly decreasing trend can be ob-
served). Another observation regarding this category is that, as (n, K,) increases
to (1000, 31), }3\E(£n+l(/2,?)) decreases to a value around 1.5 if 6y = +0.8, and
decreases to a value around 1.95 if 6y = £0.6. The third category contains the re-
maining parameter combinations, namely, (¢g, 69) = (0.5, 0.8) and (—0.5, —0.8).
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model selection consistency and minimax-rate optimality in estimating the regression func-
tion cannot be resolved. But this does not indicate that there exists no criterion achieving
the pointwise asymptotic efficiency in both well-specified and mis-specified scenarios, be-

cause the minimaxity (uniformity over the linear coefficients) is intrinsically different from

—

the (pointwise) efﬁciency.l In the remarkable work by Ing (2007), a hybrid selection proce-

? ST ELEE TR

e

dure combining AIC and a BIC-like criterion was proposed. Loosely speaking, if a BIC-like
criterion selects the same model at sample sizes N £(0 < ¢<1)and N, then with high prob-
ability (for large N) the model class is well-specified and the true model has been converged
to, and thus a BIC-like criterion is used; otherwise AIC is used. Under some conditions,
the hybrid criterion was proved to achieve the pointwise asymptotic efficiency in both well-
specified and mis-specified scenarios. In estimating regression functions with independent
observations, Yang (2007) proposed a similar approach to adaptively achieve asymptotic effi-

ciency for both parametric and nonparametric situations, by examining whether BIC selects

Page 4 «

P

|

the same model again and again-at different-sample sizes (instead of only two sample sizes/ﬁ

used by Ing (2007))% Liu & Yang (2011) proposed a method to z;d;ptively choose between
an ase )on a measure called parametricness index. In the context of sequential
Bayesian model averaging, Erven, Griinwald & De Rooij (2012) and van der Pas & Griinwald
(2014) used a switching distribution to encourage early switch to a better model and offered
interesting theoretical understanding on its simultaneous properties. Cross-validation has
also been proposed as a general solution to choosing between AIC and BIC. It was shown
by Zhang & Yang (2015) that, with a suitably chosen data splitting ratio, the composite
criterion asymptotically behaves like the better one of AIC and BIC for both the AIC and
BIC territories.
In this paper, we introduce a new model selection criterion which is referred to as the
bridge criterion (BC) for autoregressive models. The bridge criterion is able to address the

following two issues: First, given a realistic time series data, an analyst is usually unaware

of whether the model class is well-specified or not; Second, even if the model class is known
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TABLE 1
Empirical estimates of RE (k)

Models APE;, IC Two-stage
n Goifs) iy by B oy HO B 00 AT 005
180 (0.0,098) 0.88 093 092 093 089 078 095 094 094
(0.5, 0.8) 095 095 095 094 098 0.83 0.98 0.97 0.97
(0.5,0.4) 1.28 1.07 1.05 1.03 1.36 1.26 1.08 1.08 1.08
(0.9, 0.0 221 1.34 1.33 1.28 - 231 3.59 1.81 1.86 1.95
300 (0.0,098 0.88 094 094 094 08 074 0.97 0.96 0.95
(05,08 098 099 098 097 096 079 095 094 093
(0.5,0.4) 1.28 1.03 1.03 1.03 1.24 1.24 1.09 1.09 1.09
(/} (l( 601 (0.9, 0.0) 2.18 1,57 1.32 1.26 244 3.46 1.95 1.99 2.07
‘ 500  (0.0,098) 0.85 094 095 095 085 068 096 095 094
N (0.5,0.8) 097 097 097 096 098 0.78 0.97 0.95 0.95
A (0.5,0.4) 1.28 1.10 1.05 1.04 1:32 1.17 1.03 1.02 1.06
\ SN ’__E(O%Q, 0.0) 231 1.36 . - : 2.43 241
(\.1000 ~(0.0,098) 086 095 096 095 086 066 099 098 098 |
\L 7—0.5, 0.8) 1.05 097 096 0.96 1.01 0.80 0.97 0.97 0.95 \
{ L sady o188 R i 108 T13F A0 - 100 - 100 - 058 \
| ATOO) 28 13 1 13 M 4 36 1M 3T ‘
\ Note: 8y, = (logn)\",\bjj,,.,g\l — (2/3)(ogn)~%1 83, =1—(2/3)(logn) %12 and 64, = 1 —
( (2/3)(ogn)~014. S, g |
(2) HQ and APEy, ,, where §; , = (logn)~!. First fiote-that the prediction ef-
ficiencies of these two criteria seem quite close. They perform comparably-to AIC
when 6y = 0.8, and much better than it when 6y < 0.4. This phenomenon can be\\\D
explained by the fact that HQ and APEj, , are asymptotically efficient in both the
finite-order AR model and the AR(co0) model with AR coefficients decaying ex-
ponentially (see Theorem 5). Their efficiencies, however, are smaller than AIC in
the case 6y = 0.98. Since it is difficult to distinguish between an MA(1) process
with a very large MA coefficient and an AR(c0) process with AR coefficients de-
caying algebraically in finite samples, Examples 3 and 8 (which show that HQ and
APEj, , are not asymptotically efficient in the algebraic-decay case) may explain
why HQ and APE;, , perform worse than AIC when 6 is very close to unity. In
addition, we also observe that these two criteria are not as efficient as BIC in the
case fp = 0, but they beat BIC in all other cases.
(3) APEs,,,i =2,3,4, where 8, = 1 — (2/3)(logn) %1, 83 , =1 — (2/3) x
(logn)_o'12 and 84, = 1 — (2/3)(logn)_0'14. Table 1 shows that APEy,  ,i =
2,3, 4, holds a slight advantage (disadvantage) over AIC when 6y = 0.4 (69 > 0.8).
However, since the amount of the advantage (disadvantage) is not sizable, these
Monte Carlo results seem to support the theoretical findings revealed in Exam-
A s ) ples 4-6 and 8 that AIC and these APE;, criteria are asymptotically equivalent in

AR((

"
/
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10 Hsu et al.
Inspired by (3), our strategy to achieve (22) is to first construct the method of moments estimators

of MI (1) and Ly(1),

(‘)>

N N
Z(yt+h— J(h)xi( Jl> LN

t=1
and -
Lh() = tr (ﬁ;vl(z)éh,oa)) + 2t ( ﬁ;vl(oéh,s(z)> :
s=1
respectively, where RN( =N ¢ Zt 1 x:(J)x{ (J;) and
N—s
ahvs(l) = - Z Xy Jl)xt+s Ji) El})l E:)—sh
t=1

We then use h-step MRIC, MRIC}, (1), to quantify the performance of J;, where

MRIC (1) = 62(1) + T”Lh(l), (23)

with
n172 — 00, (24)

and
— =0 (25)

|

Finally, we choose model .J; -, in which [, = arg minj <;< g MRICy(1). The major difference between
MRICy,(I) and the natural estimator 62 (1) + n1Ly(1) of E (Ynsn — Jnsn())? (cf.(3)) is that the former
contains an additional penalty factor C,. This factor plays a crucial role in search of the best predictive
model and is particularly relevant in situations where several competing models share the same MI. To

see this, note first that under (C1)—(C6) and two additional assumptions, (31) and (32) (see below), we

have
&7(1) = MIz(1) + Op(n~'/?), (26)
and
Ln() = Ly (1) + 0,(1), (27)
yielding
MRIC (1) = MI, (1) + Op(n~Y?) + %Lh(l) L (%) ; (28)

In view of (25), property (28) immediately implies
lim P(J; € M) =
n— o0

Moreover, it follows from (28) and (24) that for J; , J;, € My with Ly(l;) # Li(l2),

lim_P(sign(MRIC,(h) — MRICy(I2)) = sign(La(l1) = La(12))) = 1, (29)
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5. Numerical studies

In this section, the performance of MRIC is illustrated via three simulated examples. The first and
second examples focus on linear and nonliner models, respectively, whereas the third one addresses high-
dimensional models. Throughout this section, the C),, in MRIC is set to n®™ for some a,, > 0.5.

Example 1. Let the data be generated according to the following true DGPs.

I N R e —— —

(t—t—l = B2zt + Bowt + €¢41, 7 (53)

in which e; ~ NID(0, 1), z: = ¢z—1 + n; is a stationary AR(1) process, and w; = f1wi—1 + O2wi_o + 0
is a stationary AR(2) process, with 7, ~ NID(0,07), 6 ~ NID(0,02), and {n;}, {6;} and {e;} mutually
independent. We also let

o =1—¢ 05 =1-03—{67(1+62)/(1 —62)},

Br= B2 =1, and ¢ = 6,/(1 — 03), noting that (53) leads to v,(0) = 1 = ~,(0), where v,(j) = E(2¢2t+;)
and v, (j) = E(wywi4;). In this study, we consider four different (6y,63)’s: (0.15, 0.5), (-0.10, 0.65),
(-0.40, -0.60), (0.10, -0.95), which are denoted by DGPs I-IV. With observations up to time n, we are

interested in performing h-step prediction, Wit}( = 2/and 3, using two candidate models,

—

it - S|
I Yn+h = QZp + En,}w \\

2 |
J2:  Ynyh = Pwn + Ei,;ﬂ j

] y MI,(l) and Ly(l) with { = 1,2.
It is shown in Table 3 that MIy(1) = MI2(2) in all four DGPs, but La(1) < L2(2) in DGPs I and II and
Ly(1) > Lo(2) in DGPs IIT and IV. Therefore, for the two-step prediction, the better predictive model
is .JJ1 (J2) under DGP I or II (IIT or IV). On the other hand, Table 3 reveals that MIg(1) > MI3(2) in
all DGPs, yielding that the better predictive model is always J» when h = 3. The percentage of MRIC

which are misspecified. The MI and VI of candidate

(with a,,, = 0.6) choosing the better candidate is obtained by using 1,000 simulations for sample sizes
n = 200, 500, 1000, 2000, 3000; see Table 4 (h = 2) and Table 5 (h = 3). For the sake of comparison, the
corresponding percentages of AIC, BIC, GAIC (Konishi and Kitagawa, 1996), GBIC (Lv and Liu, 2014)
and GBIC,, (Lv and Liu, 270}/{1)@1"@,@_159I@QXL@Q in T@b}gs 4 and 5, where for candidate .Jj,

B

© AIC() = log ah(l) + 2%@ , il o™
BIC(1) = log 62(1) + -ﬁ(—‘]l);—ogﬁ,
| GAIC(l) = log 67 (1) + %Z& *
GBIC() = log&2(1) + t(Jl);ogn 5 logdetﬁlﬁh(l))’ /;
%\\ GBIC,(1) = loga2(1) + 1 ?rzog n tr(ﬁ:(z)) _ log detT(Lﬁh(l)) ’ /
with T — P

----- — R i Sl =

Hy(1) = 6, (DR (DCho(D),
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Table 3. The values of MI, (1) — MI,(2) and L,(1) — L,(2) in Example 1, and the corresponding better

predictive models

DGP
I II I1I v
li=2

MI, (1) — MI;(2)  0.000  0.000 0.000 0.000
La(y— L3(2)  -0.716 -0.966 ~0.959 1.873

The better predictive m(}del @ @ </]‘2> (72>
V. e B

0 /
/

7 : /
/ M, (12 MI,(2) 0.2697 0.428 ’,,,,4{23,2/@82 /

T{/ y L;L(]‘) o L}»L'(Q) * * * * //
The better predictive model/ g Ao J4
/ *: Lp(1) — Lp(2) can be neglected. b i V4

/
/

/

which is a consistent estimator of o, >(1)R™1(1)Cj0(I). Note first that MRIC(!) is asymptotically equiv-

alent to
ogat(y) + Sxa D)
n

which shares a common first term with these five criteria. On the other hand, by featuring a consistent
estimator of VI, ﬁh(l ), and a suitable penalty term, C),, the second term of MRIC readily paves the way
for a consistent selection of the better predictive model, whether the MIs of candidate models are equal
or not. We also mention that this latter property is, in general, not enjoyed by these five criteria because
(i) the trace of f{]_vl(l)ah’o(l) in Hy(l) is a consistent estimator of VI only when h = 1 or observations are
independent over time, and (ii) the penalty term logn used in BIC, GBIC and GBIC, is too weak when
misspecified candidates are non-nested (see Sin and White (1996) and Inoue and Kilian (2006) for related
discussion). In fact, the criterion values of GAIC (AIC, BIC, GBIC, GBIC,) for J; and J, are expected
to be close to each other because MIj,(1) = MI,(2), #(J1) = #(J2) and tr(R1(1)Cp0(1)) = #(J)MIx(1)
(under normality). As shown in Table 4, these five criteria behave like a fair coin to choose between two
alternatives, and can only select the better candidate about 50% of the time. In contrast, MRIC has a
much higher chance of identifying the better model in this difficult situation. Its percentage falls between
67% and 100%, and tends to increase with the sample size and the value of |Lo(1) — Lo(2)].

When h = 3, the two competing candidates have different MIs, and hence it becomes much easier
to identify the better one. As shown in Table 5, all criteria perform satisfactorily for all sample sizes
n > 200. While in DGPs I and III, MRIC seems slightly worse than the other criteria for n = 200, the

corresponding percentages are still over 93%.

Example 2. In this example, we consider the following DGP,

1
g =g oty o

2t + €t+2, (54)
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Table 4. Percentage of times, across 1,000 simulations, that the better predictive model between J;

and .J, of Example 1 is chosen in the case of h = 2

DGPs
n Criteria I II III v
AIC/BIC 5150 54.50 48.50  46.30
GAIC 51.40 54.30 49.00 46.70
200 GBIC 51.60 54.40 4850  45.40
GBICp 51.60 54.40 48.40  46.00
MRIC 66.80 73.20 76.70  95.80
AIC/BIC 51.10 50.70 47.60 49.00
GAIC 50.80 50.50 47.30  50.90
500 GBIC 51.10 50.50 47.60  47.30
GBICp 51.10 50.70 47.60  49.10
MRIC 69.80 74.20 85.30  99.70
AIC/BIC 48.10 53.60 53.00  49.40
GAIC 48.00 53.00 52.40  50.00
1000 GBIC 48.10 53.50 52.80  49.20
GBICp 48.10 53.50 53.00 49.40
MRIC 74.90 80.80 88.70 100.00
AIC/BIC 50.10 49.70 50.80  49.60
GAIC 50.10 49.50 50.90  49.20
2000 GBIC 50.30 49.70 50.90  49.30
GBICp 50.10 49.70 50.80  49.60
MRIC 78.20 83.90 92.20 100.00
AIC/BIC 51.40 51.20 49.00 50.40
GAIC 51.40 51.10 48.90  50.60
3000 GBIC 51.30 51.20 49.00 50.70
GBICp 51.40 51.20 49.00  50.40
MRIC 79.80 84.90 93.40 100.00




High Dimensional Regressions

Consider
p
i = Zﬁjxw+€z,z = 1727"' y 10,
j=1

where logp = o(n).

* Subset selection is infeasible in high-dimensional
regression problems.
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o Lasso: Minimizing the residual sum of squares sub-
ject to the sum of the absolute value of the coeffi-

Lkt tlan /
(C mru!(, fl[n h[m’tk/ fL\VTﬁLU»(/M»i .5/6(& £ W

cients being less than a constant, that is, ,8 (A=
(51 (A), - ,ﬁlf (A))", which is the minimizer of

over C.
nen =14

(Tt 13 T\)
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J(W 4 f‘\-”(")(*w//f@l’

o Orthogonal Greedy Algorithm (OGA) (or Pure Greedy
Algorithm (PGA))

Step 1. DeﬁneY (yl, ,yn)/ il — ey, ,xnj)’;
Find a variable among {xy,---,X,,} that is most |
correlated to Y,. Call the variable x; and gener-

ate residual Ry = Y, M Yn, where M is the
orthogonal projection o span{x: }.

Step 2. Find a variable among {xy,--- ,Xp,} that
is most correlated to R;. Call the variable x;, and let
Ro=Y, — MMQY”, where MA. A.Q is the orthogonal

projection matrix on span{le, x]

e J

—Tfiterations Stop at step m, . then the new outcome,
y = y(Xx) + €, is predicted by

,/'/ Pm(x) = By@5 + -0 + 6]

m]m

where 551, cee B}'m are least squares estimates obtained

by regressing y; on &5, -+ , T3 .

o =
(/ Iy w av 4 (/( (CC{ C S
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o Prediction performance of OGA.

Assumptions:

'(C1) logpy, = o(n).

S e BRSO

Moreover, (g, %) in (1.1) are i.i.d. and such that &
is independent of x; and

(C2) E{exp(se)} < oo for |s| < s,

where (e, x) denotes an independent replicate of (¢, X;).

We also assume that o = 0 and E(x) = 0. Letting

07 = E(x%), z; = x;/0; and z; = x4j/0;, we assume

that there exists s > 0 such that

(C3) lim sup,,_, o, MaX;<j<p, E{exp(sz7)} < 0o

In addition, we assume the weak sparsity condi-
tion

(C4f sup,,>, 702, 18505 < oo

\“//

e, ¥
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Let
I'(J) = E{z(J)z' (J)}, &i(J) = E(z:z(J)),

where z(J) is a subvector of (z1,--- ,2,)" and J de-
notes the associated subset of indices 1,--- ,p. We
assume that for some positive constant M indepen-
dent of n,

liminf - mon AR >0 (1)

n—oo 1<H(J)<Ky
el < M 2
e T DE Dl 2)

where #(.J) denotes the cardinality of J and
k

lwlly =D vl for v = (v1,- - i) -

5

Note that the lhs of (2) is closely related to the ” cumu-
lative coherence function” introduced by Tropp (2004).
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Theorem 2. Assume (C1)-(C4) and (1) and (2).
Suppose K,, — oo such that K,, = O((n/ los 2.
Then for OGA,

E — Am 2 7 s o X
max [{y(0) — Im(3)} I, 31 Y Xn] | _ Ol
i m~1 +n=tmlogpy,
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¢ A data-driven method of choosing the number of
OGA iterations.

e ol St e == 3

Define High-Dimensional &K#iKe& Information Crite-

rion #4RIKICH (Ho | < )
HDAIC(J) = nlog 6% + §(J)6logp,  (3)

where s is some positive constant, and define 5> HPA(C

- . - =l4" HP 6L C
ky=warz min HBDAIC( ), 5 ]
1§]€§Kn )/“wj | A (A)r” J\

where Jj, is the index set selected by OGA at the k-th -
1teration.

We assume that (x,', &) " areii.d. (p+1)-dimensional
multivariate normal random vectors with mean 0 and
covariance matrix

VR D
\NO'" o? |

Theorem 4 Under the assumption of Theorem
2 and the normality assumption, it follows that

El{y(x) — 9, ()} |y %1, - - 5 Yy X
(n71log pa) =X
provided s > 14 in (3).

= Op(l)a

21




e Trim

Let j “denote the index set chosen by OGA+HDAIC.
Since J may contain irrelevant variables that are
mcluded along the OGA path, to exclude irrelevant

| varlables we make use of HDAIC to define a subset
N, of Jk,n by =

Ny =

{5 : HDAIC(J; — {ji}) > HDAIC(J; ), 1 <1<k

ek
and N, = {j1} if k, = 1. Note that this refinement
only requires the computation of k, — 1 additional
least squares estimates and their associated residual
sum of squares Y .. ;(y: — ytj 5 z}> Ik

in contrast to the intractable Combmatonal optimiza-
tion problem of choosing the subset with the small-
est extended BIC among all non-empty subsets of
{1,--- ,pn}, for which Chen and Chen (2008, The-
orem 1) established variable selection consistency un-
der an 7 asymptotic identifiability” condition and p,, =
O(n") for some k > 0.

( =
L)Il é/{/i\ W/,\/l C(TM‘(WVL{(UL\///
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Table 1. Frequency, in 1,000 simulations, of including all five relevant vari-
ables (Correct), of selecting exactly the relevant variables (E), of selecting
all relevant variables and i irrelevant variables (E+i), and of selecting the
largest model, along the OGA path, which includes all relevant variables

(E").

Nn—=D Method E E+1 E+2 E+3 E+4 E4+5 E* Correct MSPE
0 50 1,000 OGA+HDHQ 812 86 19 8 0 0 i 926 6.150
OGA+HDBIC 862 52 i ik 0 0 0 922 6.550
OGA-+HDBIC+Trim 919 3 0 0 0 0 0 922 6.550
OGA+BIC 0 0 0 0 0 0 926 926 8.310

FR 0 0 0 0 0 0 926 926 8.300

100 2,000 OGA+HDHQ 993 6 0 1 0 0 0 1,000 0.065
OGA+HDBIC 999 0 0 it 0 0 0 1,000 0.064
OGA+HDBIC+Trim 1,000 0 0 0 0 0 0 1,000 0.064
OGA+BIC 0 0 0 0 0 0 1,000 1,000 1.320

FR 0 0 0 0 0 0 1,000 1,000 1.729

200 4,000 OGA+HDHQ 999 it 0 0 0 0 0 1,000 0.034
OGA+HDBIC 1,000 0 0 0 0 0 0 1,000 0.034
OGA+HDBIC+Trim 1,000 0 0 0 0 0 0 1,000 0.034
OGA+BIC 0 0 0 0 0 0 1,000 1,000 0.796

FR 0 0 0 0 0 0 1,000 1,000 1.612

2 50 1,000 OGA-+HDHQ 609 140 36 5 5 2 0 807 13.250
OGA+HDBIC 629 130 29 5 0 0 0 793 14.110
OGA+HDBICH+Trim 792 1 0 0 0 0 0 793 14.100
OGA+BIC 0 0 0 0 0 0 807 807 14.660

FR 0 0 0 0 0 0 807 807 14.990

100 2,000 OGA+HDHQ 988 9 3 0 0 0 0 1,000 0.070
OGA+HDBIC 994 3 3 0 0 0 0 1,000 0.069
OGA+HDBIC+Trim 1,000 0 0 0 0 0 0 1,000 0.069
OGA+BIC 0 0 0 0 0 0 1,000 1,000 1.152

FR 0 0 0 0 0 0 1,000 1,000 1.537

200 4,000 OGA+HDHQ 1,000 0 0 0 0 0 0 1,000 0.033
OGA+HDBIC 1,000 0 0 0 0 0 0 1,000 0.033
OGA+HDBIC+Trim 1,000 0 0 0 0 0 0 1,000 0.033
OGA+BIC 0 0 0 0 0 0 1,000 1,000 0.779

FR 0 0 0 0 0 0 1,000 1,000 1.688

straightforward calculations give c,; = 714, R71(¢) =1 — {n*/(1 + 1°g)}1,1]

and sign(B(q)) = 14, where 1 is the g-dimensional vector of 1’s. Therefore, for
ali=¢q+1,...,p, 1c;iR_1(q)sign(ﬁ(q))l = n2q/(1+nq) < 1. Under (5.6) and
some other conditions, Meinshausen and Bithlmann (2006, Thms. 1 and 2) have

shown that if 7 = 7, in the Lasso estimate (3.21) converges to 0 at a rate slower

than n=Y2, then lim,_oo P(f;n = N,} = 1, where L, is the set of regressors

whose associated regression coefficients estimated by Lasso(r,,) are nonzero.
Table 2 compares the performance of OGA+HDBIC, OGA+HDHQ and

(B e g ud )
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Table 2. Frequency, in 1,000 simulations, of including all nine relevant vari-
ables and selecting all relevant variables in Example 2; see notation in Table

1,
Method E E+1 E+2 E+3 Correct MSPE
OGA+HDHQ 980 18 1 1 1,000  0.067
OGA+HDBIC 982 16 1 1 1,000  0.067
OGA+HDBIC+Trim 1,000 0 0 0 1,000  0.066
SIS-SCAD 127 19 10 14 289 15.170 [<—
ISIS-SCAD 0 0 0 0 1,000 1.486
Adaptive Lasso 1,000 0 0 0 1,000  0.289
LARS 0 0 0 0 1,000  0.549
Lasso 0 0 0 0 1,000  0.625

Table 3. 5-number summaries of squared prediction errors in 1,000 simula-

tions.
Method Minimum 1st Quartile Median 3nd Quartile Maximum
OGA+HDHQ 0.000 0.006  0.026 0.084 1.124
OGA+HDBIC 0.000 0.006  0.026 0.084 1.124
OGA+HDBIC+Trim 0.000 0.005  0.026 0.084 1:1:24
SIS-SCAD 0.000 0.100  2.498 17.210 507.200
ISIS-SCAD 0.000 0.153  0.664 1.845 21.340
Adaptive Lasso 0.000 0.030 0.118 0.360 3.275
LARS 0.000 0.047  0.224 0.719 5.454
Lasso 0.000 0.067  0.280 0.823 7.399

Using the same notation as in the first paragraph of Example 2, straightforward
calculations show that for ¢ +1 < 7 < p, ¢¢; = (b,....0", Rig) = 1, and
sign(B8(q)) = (1,...,1)7. Therefore, for ¢+ 1 < j < p, \cijﬁl(q)sign(ﬂ(q))] =
(3¢/4)Y/2 = (7.5)1/2 > 1, and hence (5.6) is violated. On the other hand, it is
not difficult to show that (3.2) is satisfied in this example and that

(1+I{1%?SP‘E($L'ZI)| s |E(2iy)]- (5.8)
In fact, | E(z;y)| = 24.69 for all g+1 < i < p and maxi<i<q |E(z:y)| = By = 9.75.
Making use of (5.8) and Lemmas A.2 and A.4 in Appendix A, it can be shown
that limp_oo P(J1 € {1,...,q}) = 0, and therefore with probability approaching
1, the first iteration of OGA selects an irrelevant variable, which remains in the
OGA path until the last iteration.

Table 4 shows that although OGA+HDHQ and OGA+HDBIC fail to choose
the smallest set of relevant regressors in all 1,000 simulations, consistent with
the above asymptotic theory, they include only 1-3 irrelevant variables while
correctly including all relevant variables. Moreover, by using HDBIC to define the
subset (4.21) of jic,n OGA +HDBIC+Trim is able to choose all relevant variables
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Table 4. Frequency, in 1,000 simulations, of including all nine relevant vari-

ables and selecting all relevant variables in Example 3; see notation in Table m 7 (o

15
Method E E+1 E+2 E+3 Correct MSPE
OGA+HDHQ 0 39 945 16 1,000  0.035
OGA+HDBIC 0 39 945 16 1,000  0.035
OGA+HDBIC+Trim 1,000 0 0 0 1,000  0.028
SIS-SCAD 0 0 0 0 0 51.370
ISIS-SCAD 0 0 0 0 1,000  0.734
Adaptive Lasso 0 0 0 0 0. -27.270
LARS 0 0 0 0 0 0.729
Lasso 0 0 0 0 0 2.283

without including any irrelevant variables in all 1,000 simulations, and its MSPE
is close to the oracle value of go2/n = 0.025 while those of OGA+HDBIC and
OGA+HDHQ are somewhat larger. Similar to Example 2, ISIS-SCAD includes
all relevant regressors in all 1,000 simulations, but also includes many irrelevant
regressors. Its MSPE is 0.73, which is about 29 times the value of go?/n. The
performance of SIS-SCAD is again much worse than that of ISIS-SCAD. It fails
to include all relevant regressors in all 1,000 simulations and its MSPE is about
70 times that of ISIS-SCAD.

Like SIS-SCAD, LARS, Lasso, and adaptive Lasso also fail to include all
10 relevant regressors in all 1,000 simulations, even though they also include
many irrelevant variables. The smallest number of selected variables in the 1,000
simulations is 8 for adaptive Lasso, 234 for Lasso, and 372 for LARS. The average
and the largest numbers of selected variables are 12.59 and 19 for adaptive Lasso,
972.2 and 308 for Lasso, and 393.7 and 399 for LARS. On the other hand, the
MSPE of LARS is 0.73, which is about 1/3 of that of Lasso and 1/40 of that
of adaptive Lasso. This example shows that when Lasso fails to have the sure
screening property, adaptive Lasso, which relies on an initial estimate based
on Lasso to determine the weights for a second-stage weighted Lasso, may not
be able to improve Lasso and may actually perform worse. The example also

illustrates an inherent difficulty with high-dimensional sparse linear regression
when irrelevant input variables have substantial correlations with relevant ones.
Assumptions on the design matrix are needed to ensure that this difficulty is
surmountable; in particular, (3.17) or the second part of (3.2) can be viewed as a
“sparsity” constraint, when a candidate irrelevant input variable is regressed on
the set of variables already selected by the OGA path, to overcome this difficulty.

6. Concluding Remarks and Discussion

Forward stepwise regression is a popular regression method that seems to
be particularly suitable for high-dimensional sparse regression models but has
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Overview of semiconductor fabrication

o Multiple stages are involved: ingot growing, sawing into
wafers, thermal and local oxidation, photolithography, etching,
dopant diffusion, ion implantation, and chemical-mechanical
planarization processes.

e Each wafer contain hundreds of dies(or chips), which are
separated by scribing and cleaving, then packaged for
protection.

@ Modern fabs are organized into “workcells” so that all
necessary equipment for completing a given stage is placed in
the same room, so that chance of mishandling is reduced.




Wafer QA Tests

There are two tests consisted in wafer testing.
@ Prior to packaging: Wafer sorting, testing individual dies on
the wafer with wafer prober. Failed dies are not packaged,
wafers with large proportion of failed dies are discarded.

o After wafer packaging: Final test (functional testing at the
completion of production) uses a sample of the packaged
wafers to test if the product actually meets the customers’
specifications. It provides a concrete application of the
methodology developed for identification of defective tools
following fault detection.
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= X
> = [FEFE B2 ¢ OGA-HDIC-TRIM
1) | OGA: sequentially select the variables

2) HDIC: choose along the OGA path the model
that has the smallest value of a suitably chosen

criterion HDIC(J) =nlog &2 +#(J)w, log p
3) TRIM: exclude irrelevant variables
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¢ TR

P = Lo + z ,[?jxl-j + 6;¢; » g areiid N(0,1)
JEJb

Ai2: exp {&0 + Z &]XU}

J€Ja

1232,1765,1317,2395,1676,1308,1241,573,2499, 448,

404,1370,1586,447,1202,569, 2542,671, 1, 446,
]b:{
505,1212,872,1794,1318,442,1200,1792

Ja = {868, 1695,569,448,1792 }
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Standardized residual plot
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Case 1 £ & #% ~ (2015/09/10)

 Penalties: wn0O = 0.25: wnl1 = 0.55
s TPENP LR
404, 1370, 1586, 447,1202,569, 2542, 671,
J = 1,446,868, 448, 1695 }
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