On model selection from a finite family of possibly misspecified time

series models

Hsiang-Ling Hsu

National University of Kaohsiung, Taiwan

E-mail: hsuhl@nuk.edu.tw

Ching-Kang Ing

Academia Sinica and National Taiwan University, Taiwan

E-mail: cking@stat.sinica.edu.tw

Howell Tong

University of Electronic Science & Technology, China and London School of Economics, United Kingdom

E-mail: howell.tong@gmail.com

Summary. Consider finite parametric time series models. In many practical situations, a really fundamental
problem is that of selecting a model from a finite and fized collection of candidate models, none of which
is necessarily the true data generating process (DGP). Although existing literature on model selection is
vast, there is a serious lacuna in that the above problem does not seem to have received much attention.
Instead of addressing the above problem, model selection problems to-date tend to be classified into two
categories according to whether the true DGP is included among the candidate models. The first category
assumes that the true DGP is among the candidates, and the objective of model selection is simply to
choose this DGP. The second category assumes that the true DGP is not among the candidates. In this
case, one primary objective is to choose the model that has the best predictive capability in some asymptotic
sense by allowing (at least in theory if not in practice) the number of candidates to increase indefinitely
with the sample size. However, most existing model selection criteria can only perform well in at most one
category, and hence when the underlying category is unknown, the choice of selection criteria becomes
a serious point of contention. In this article, we propose a misspecification-resistant information criterion
(MRIC) to address this difficult problem, by working within the fixed-dimensional framework that requires
that the number of candidate finite-parametric models is fixed irrespective of the sample size. We prove
the asymptotic efficiency of MRIC whether the true DGP is among the candidates or not. We also illustrate

MRIC's finite-sample performance through simulated and real data, including some high-dimensional cases.

Keywords: AIC, BIC, High-dimensional models, Misspecification-resistant information criterion, Model
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1. Introduction

Let us consider finite parametric time series models. In the vast literature of model selection, problems
tend to be classified into two categories according to whether the true data generating process (DGP)
is included among the collection of candidate models. The first category (referred to as category I)
assumes that the true DGP belongs to a stipulated collection of candidate models, and the objective of
model selection is simply choosing the true DGP. A model selection criterion is said to be consistent if
it can choose the (most parsimonious) true DGP with probability tending to 1. In time series models
as well as in linear regression, Bayesian information criterion (BIC) (Schwarz, 1978) has been shown to
have this property; see, e.g., Nishii (1984), Rao and Wu (1989) and Wei (1992). On the other hand,
Akaike’s information criterion (AIC) (Akaike, 1974) and Mallows’ C, (Mallows, 1973), which tend to
choose overfitting models, are not consistent in category I (e.g., Shibata, 1976 and Shao, 1997). The
second category (category II) assumes that the true DGP is not one of the candidate models. In this
category, choosing the model having the best predictive capabilities becomes the objective. When the
true DGP is a linear regression model with infinitely many parameters and the number of predictor
(explanatory) variables in the candidate models increases to infinity with the sample size, such that the
corresponding approximation errors vanishes ultimately, Shibata (1981) and Li (1987) showed that AIC
and Mallows’ C), possess asymptotic efficiency (AE), in the sense that these criteria can choose the model
whose finite-sample mean squared prediction error (MSPE) is asymptotically equivalent to the smallest
one among those of the candidate models. In contrast, BIC fails to achieve AE under category II; see
Shibata (1980), Shao (1997) and Ing and Wei (2005). For a survey of the performance of various model
selection criteria in both categories, see Shao (1997).

It is usually difficult for practitioners to perceive which category applies. Since, as mentioned in the
previous paragraph, most existing criteria cannot simultaneously enjoy consistency in category I and AE
in category II, the choice of selection criteria has become a key point of contention over the past decades.
For example, Ing (2007) and Yang (2007) have recently proposed similar adaptive procedures. They first
compare two models selected by BIC, one for partial data points and another for full data points. They
adopt AIC if the two selected models are different suggesting the plausibility of category 11, and BIC
otherwise. By suitably deciding the number of partial data points in the first step, they have shown
that the proposed two-step procedure possesses consistency and AE in categories I and II, respectively.
More recently, Liu and Yang (2011) devised the so called “parametricness index” to determine between
categories I and II, and Zhang and Yang (2015) proposed using cross-validation to select between AIC
and BIC in the absence of prior information on the underlying category. For a related result on solving
the AIC-BIC dilemma from the point of view of cumulative risk, see van Erven et al. (2012).

Although these recent efforts to resolve the controversy between AIC and BIC are novel, they mainly
contribute to the increasing-dimensional (ID) framework, which allows the number of candidate predictor
variables to grow to infinity with the sample size. The ID framework, however, may not be applicable to

situations where collecting an increasing number of predictor variables is expensive, technically infeasible,
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or unnecessary according to domain knowledge (constraints). To cite a trivial example of the last, Kepler’s
third law asserts that the ratio of the square of the revolutionary period to the cube of the orbital axis
is the same for all the planets of the solar system. Therefore, if we wish to establish a statistical model
for a planet’s period of revolution around the sun, predictor variables other than its orbital axis appear

to be unessential, even when more data become available.

It can be argued that the really fundamental question is the following. In many realistic situations,
we are often faced with the problem of selecting a model from a finite and fized collection of candidate
models, none of which is necessarily the true DGP. Although existing literature on model selection is vast,
the above problem does not seem to have received much attention. This motivates us to ask whether
there exists a model selection procedure that can perform well in both categories and within the fixed-
dimensional (FD) framework in which the number of candidate models does not change with the sample

size, thus filling a serious lacuna in the vast literature on model selection.

It is already well known that when category I holds, BIC is consistent under both ID and FD frame-
works; see Shao (1997) and Ing (2007). On the other hand, when category II holds instead of category I,
AIC is AE under the ID framework but fails to carry over to the FD one, as illustrated in Section 5. (Note
that the definitions of AE in the FD and the ID frameworks are slightly different but similar in spirit; see
Section 3.) Sin and White (1996) and Inoue and Kilian (2006) have shown that a BIC-type criterion has
the so-call ‘strong parsimony property’ under the FD framework in the sense that it will asymptotically
choose the most parsimonious model among those candidates having the smallest population MSPE; see
Sections 2 and 3 for further discussion. However, misspecified models can behave quite differently from
correctly specified ones. For example, as shown by Findley (1991), when two misspecified models have
the same population MSPE, the one with fewer parameters does not necessarily lead to a smaller finite-
sample MSPE, which is the sum of the population MSPE and a term accounting for the estimation error.
Moreover, it is shown in Section 5 that when two competing non-nested models are misspecified and share
the same population MSPE and the same number of parameters, both BIC and AIC tend to randomly
choose between the two alternatives instead of selecting the one having the smaller finite-sample MSPE.
As a result, AE is also not achievable by the BIC-type criteria under Category II and within the FD
framework. Indeed, there are already several criteria proposed to combat model misspecification, e.g.,
TIC (Takeuchi , 1976), GIC (Konishi and Kitagawa, 1996) and GBIC and GBIC,, (Lv and Liu, 2014).

However, it seems decidedly difficult to justify their AE under the FD framework; see also Section 5.

In this article, we propose a misspecification-resistant information criterion (MRIC). Specifically, we
prove that MRIC, within the FD framework, possesses AE whether the true DGP belongs to the candidate
models or not. The MRIC has additional advantages. First, it is applicable to h-step prediction of time
series data with A > 1. In particular, by changing the prediction lead times in the MRIC formula, the AE
of MRIC is guaranteed for each h > 1. Second, unlike the resolutions proposed for the ID case (e.g., Ing
(2007), Yang (2007) and Zhang and Yang (2015)), MRIC can achieve AE on its own without the help

of additional/auxiliary criteria. Third, by incorporating some screening methods, MRIC also performs
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Table 1. Increasing-dimensional case (# of candidates increases with n)
Criteria Case I: Case II: Case I1I:

The true model is included as a  The true model is NOT included No info. on whether the true

candidate. as a candidate. model is included.

Goal: Consistency Goal: Asymp. efficiency for pre- Goal: Consistency when the true

diction (AE). model is included + AE when the

true model is not included.

AlIC No Yes No
BIC Yes No No
GAIC No Yes No
GBIC Yes No No
Two-stage 1C Yes Yes Yes

Table 2. Fixed-dimensional case (# of candidates is fixed with n)

Criteria Case I: Consistency Case II: AE  Case III: Consistency + AE

AIC No No No
BIC Yes No No
GAIC No No No
GBIC Yes No No
GBIC, Yes No No
MRIC Yes Yes Yes

satisfactorily in high-dimensional models; see Sections 5 and 6.

We summarize the performance of major model selection procedures discussed above in the form of
the two tables; Table 1 is for the ID framework, Table 2 for the FD framework and both tables focus on
the case of h = 1, in which AE is equivalent to selection consistency under category I: see Section 3 for

further details.

The rest of the paper is organized as follows. In Section 2.1, we provide an asymptotic expression for
the finite-sample MSPE of the least squares predictor, which is valid regardless of whether the model is
correctly or incorrectly specified. In Section 2.2, we list the technical conditions needed in Section 2.1
and discuss their suitability. Based on a consistent estimator of the expression obtained in Section 2.1,
we propose our MRIC and prove its AE under the FD framework in Section 3.1. Applications of MRIC
to misspecified ARX models are given in Section 3.2. In Section 4.1, the results in Sections 2 and 3
are extended to nonlinear models. Specifically, our nonlinear extension of MRIC involves an additional
term accounting for the joint effect of nonlinearity and model misspecification. In Section 4.2, we furnish
the technical conditions used in Section 4.1 and compare them with the conditions presented in Section
2.2. In Section 5, we conduct a careful comparison of the finite sample performance of MRIC, AIC,
BIC, GAIC, GBIC and GBIC,, through simulated data generated from some linear, nonlinear and high-
dimensional models. In Section 6, the advantage of MRIC is demonstrated using two real datasets. We

conclude in Section 7. All proofs are relegated to Appendices A to E.
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2. Mean squared prediction error

2.1.  An asymptotic expression

Let {y} and {x;} = {(@¢1,...,2em) "}, m > 1, be weakly stationary processes on the probability space
(92, F, P). Given observations up to n, we are interested in forecasting y,,+5,h > 1, based on the following
model,

yt+h=ﬂh+ﬁ;{xt+5t,he (1)

where B, = (Bins-- - Bmp) | = argminee pm E{yrsn — E(yesn) — ¢' [xe — E(x1)]}* and ap = E(Ys4n) —
ﬁgE(xt). Note that when €, = ¢ is a white noise process, x; = (ys, . . - ,yHl_m)T, and 1 — 12— —
Bmaz™ # 0 for all |2] < 1, model (1), with h = 1, is the (linear) autoregressive (AR) model of order
m satisfying E(xie,1) = 0 for all £ < ¢. However, since we allow that (i) h > 1, (ii) x; contains both
endogenous and exogenous variables, and (iii) ;, are serially correlated and correlated with x;, for k # t,
model (1) actually represents much more general situations, including, for example, multistep prediction
in (possibly) misspecified AR or autoregressive exogenous (ARX) models. Having observed y1, ..., ¥y, and
X1, ..., Xy, we may replace y; by y: — § and x; by x¢ — X, where x =n"' >} x;and g =n"1 Y1y,

and assume, without loss of generality, that E(y;) = 0 and E(x;) = 0. Hence (1) becomes

Yerh = Bp Xt + Eth- (2)

Using the least squares estimator (LSE),
A N -1 N N
Bn(h) = (Z thtT) thyt-l—h = RK,IF inyi-l-h:'
t=1 t=1 t=1
of By, one can predict y,+p by
In+h = By, (h)Xn,
where N =n — h and Ry, = k™! Zf:l x;x; for positive integer k.

In the next theorem, we shall provide an asymptotic expression for the finite-sample mean squared
prediction error (MSPE) of ¢4, namely E(y,.n — §n+h)2- (For the sake of simplicity, we will refer
to finite-sample MSPE as MSPE in the sequel.) One special feature of our expression is that it holds
in both correctly and misspecified cases, thereby offering insight into pursuing asymptotically efficient
model selection without knowing the category to which the underlying problem belongs; see Section 3

for further details. The proof of Theorem 1 is given in Appendix A.
THEOREM 1. Assume (2) and conditions (C1)-(C6) in Section 2.2. Then, for any h > 1,
E (yn-i-h - Qn--l—h)Q =E (Ei,h) + n_l(Lh + 0(1))1 (3)

where L), = tr (R_lch,,g) - QZj;ltr (R_lch,s). with R = E(xle) being nonsingular and Cp , =

E(xlxlT+s€1,h51+s.h)'

The first term on the right-hand side of (3), referred to as the population MSPE, can be viewed as a

measure of the goodness fit of model (2), whereas the second term on the right-hand side of (3) is related
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to the estimation error of ﬁn(h). To appreciate the novelty of Theorem 1, assume that y; is a stationary

AR(m) model,

m
Y41 = Zaiyt-i—l—i + €141, (4)
i=1
where 1 —a 1z —---—@z2™ # 0 for all |z| < 1 and ¢ are independent random disturbances with E(¢;) = 0

and E(e7) = 0 > 0 for all . In view of (4), a correctly specified model for the h-step, h > 1, prediction

is given by
-
Ye+h = By Xt + €tn,s (5)

_ T h—1 . c ol '
where X¢ = (Y, ..., Yt—m+1) , Eth = D250 Dj€r+n—j, With b; satisfying (1—arz—---—an2™) Z;’io bjz! =

1, and By, = A"‘_l(m)a with a = (ay, ... .am) ! and

Im—l

m=—1
noting that I and O, respectively, denote the k-dimensional identity matrix and the k-dimensional
vector of zeros. Under suitable conditions on ¢ (see Section 2.2), it can be shown that (C1)-(C6) hold,

and hence by Theorem 1 and some algebraic manipulations,

h—1
nli_l}lgo ﬂ'{E (Yn+h — ﬂ'n.-ﬁ-h.)z — B (Ei‘h)} =Lp=tr R 'cov Z bjxl-i-j 5"2: (6)
=0

which is the key conclusion of Theorem 2 of Ing (2003). It is, however, important to note that when the

model is misspecified, &; , and {x, k < t} are generally correlated, and hence the normalized MSPE,

E (Ynsn — ’Qn+h.)2 - E(Eih)}
P _ N (7)
— —QE{S,_,,"thRRr1 Z Xt€eh} + E(XIRK;I N~1/2 Z xtet’h)z,
t=1 t=1
may have a nonnegligible “cross-product” term, —QE{en,thﬁer Zi\;l XE¢,n}, which vanishes in the
correctly specified case due to the independence between ¢; 3, and {x, k < t}. In fact, it is shown in Ing
(2003) that the rightmost term of (6) is solely attributed to the second term on the right-hand side of
(7). At first sight, it would seem unrealistic to expect that Lj, is still valid under model misspecification,
without any correction or adjustment. To our amazement, we are able to reveal Lj’s generality for both
correct and misspecified cases after discovering some unexpected cancellation between some components
in the first and the second terms on the right-hand side of (7); see Appendix A for details.
Before closing this section, we remark that in the case of independent observations, a term similar to
Ly = tr(R7'E(x1x{ ¢ ;)) has been used by Takeuchi (1976) as a bias correction for the log-likelihood
in order to obtain an asymptotically unbiased estimate of the Kullback-Leibler divergence between the

true model and a misspecified working model. For related discussion, see Stone (1977), Konishi and
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Kitagawa (1996), Burnham and Anderson (2002), Bozdogan (2000) and Lv and Liu (2014). All these

authors, however, focus on independent observations, and hence time series data are regrettably pre-

cluded. Although Wei (1992) allowed for dependence among the data and showed that L; is the constant

associated with the logn term in an asymptotic expression for the accumulated prediction error (APE)

of the least squares predictor, his approach, focusing exclusively on the APE and the one-step prediction,

is applicable to neither the MSPE nor the multistep prediction.

2.2. Conditions (C1)~(C6)

In order to facilitate exposition, we impose the following regularity conditions

(C1) There exist ¢; > 5 and 0 < C; < oo such that for any 1 < nj; <ns <n and any 1 <i,j <m,

n2 q1
E|{(ns —ny + 1]_1’12 Z wixey — B (veime;) | < Ch.

t=n,

(C2) Chs = (X &1nE¢+5,0) is independent of ¢, and for any 1 < i,j < m,
E (ﬁfl,i:}:n,jgl.h-en,h) = O(n_l).

(03) Sup-—oo-(f.{ooE”xt”m < oo and SUP_oo<t<oo E|Et,h|6

111> = 382 f2-

(C4) There exists 0 < Cy < oo such that for 1 < nj; <ns <n—h,

Ty

(ng—m +1)72) " xiepp

f=1".'.1

5

E < (5.

(C5) For any q > 0,
E|R; |7 = 0(1),

where for a square matrix A, [|A||* = sup|y=1 [[Aw]?.

(C6) There exists an increasing sequence of o-fields F; C F such that x; is F;-measurable and

3
sup E HE (xtx: =o(1),
—oco<t<oo

}}_k) -R

Fer) > = o(1),

sup  E|E (x¢en
—oo<t<oo

as k — oo.

Some comments are in order. Suppose that {a;;} and {e;;} admit linear representations,

o0
T
Tii = E Ag; Et—s,

s=0

and

o0
B
Eth = E b, €1h—s,
s=0

< oo, where for vector f = (fy,---

(8)

» Jm) T

(10)

(11)

(12)

(13)

(14)
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where €; = (€, fﬁl), s ,eﬁ’”))T

is a martingale difference sequence with respect to an increasing sequence
of o-fields, say Gt, and a,; and by are (m+1)-dimensional nonrandom vectors. Define ;(k) = E(2,i®144.)

and y(h, k) = E(e¢n€4k,n). Then, (8) and (10) hold true, provided

o0 o0
k=—00 k=—00
E(ere |Gio1) =X and  sup E(||&]?|Gi—1) < C,- with probability 1, (17)
—oco<t<oo

where X is a positive definite non-random matrix, ¢* > 10 and Cj- is a positive finite constant. To see
this, note that by the First Moment Bound Theorem of Findley and Wei (1993) and an argument similar
to that used in Lemma 2 of Ing and Wei (2003), it can be shown that (14)-(17) lead to (10) and (8),
with ¢; = ¢*/2 and C} and C; depending on ¢*, Cy~ and 2. It may be worth pointing out that (14)-(16)
are fulfilled by not only short-memory autoregressive moving average (ARMA) processes but also some
long-memory processes; see Section 3.2 for more details. While it is possible to justify (8) and (10) under
more general conditions, such an investigation is beyond the scope of the present article.

Condition (C2) leads to an unexpected cancellation associated with the right-hand side of (7) men-
tioned previously. The first requirement of (C2) holds when (y;,x, )" is a fourth-order stationary process
or a stationary Gaussian process, whereas the second one essentially says that the dependence between
xi€;,p and x;¢;, vanishes sufficiently quickly as |i — j| tends to infinity. This latter requirement appears
to be mild for most stationary time series; see also Section 3.2 for further discussion.

Condition (C6) requires that the conditional expectations of x;x; and x;&; given F;_. can be well
approximated by their unconditional counterparts as long as k is large enough. This kind of assumption
is also quite natural for most stationary time series. Conditions (C5) and (C6) are used to show that the
first and second terms on the right-hand side of (7) are asymptotically equivalent to

N

N N
—2E{e, xR~ Z x¢eqp} and E{ N~ Z(x:a‘t,h)R_l Z(Xt&:,h)}:

respectively, which facilitate mathematical analysis. According to Theorem 2.1 of Chan and Ing (2011),
(11) in (C5) is ensured by the following distributional assumption: there exist positive integer D and

positive numbers 4, a and M such that for any ¢t > D, any 0 < s5 — s; < 4 and any ||v|| =1,
P(s1 < vTxg < 89| Fi—p) < M (s2 — s1)" almost surely. (18)

Note that (18) is flexible enough to allow for a variety of time series applications; see Section 3 of Chan
and Ing (2011) and Section 3.2 below. Moreover, in the special case of (4), (18) can be superseded by a

simpler condition,
P(s1 < €& < 82) < M (52 — 81)%; (19)

see Ing and Wei (2003). Finally, we mention that the moment restrictions imposed by (C1)-(C6) are by
no means the weakest possible, but they allow us to avoid unnecessary technicalities in the derivations

of the key conclusions of this paper.
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3. Misspecification-resistant information criterion

3.1.  Asymptotic efficiency of MRIC

Being the population MSPE of model (2), the first term on the right-hand side of (3) is sometimes
referred to as the misspecification index (MI) in the sequel. On the other hand, the dominant constant,
Ly, associated with the second term on the right-hand side of (3) is refereed to as variability index (VI)
because it is contributed by the sampling variability of ¢, = SI (h)x,: see the proof of Theorem 1. As
revealed by (3), selecting the model with the smallest MSPE amounts to selecting the model with the
smallest VI among those with the smallest MI when n is large enough.

More specifically, consider K candidate models for predicting y,, 4. having observations up to n,
Ynih = Brpn(h) +€0l =1,.. K, (20)

where J; is a set of positive integers, x;(J;) = (2¢,J € Ji), ﬁlgxt(,}g) is the best linear predictor of
Yr+n based on x;(.J;), and Ef}} = Ys1h — ﬁ;,_xt(.]g). In the following, we shall call J; a ‘model” whenever

confusion is unlikely to occur. Let

In+n(l) = By (W) %n (1) (21)

be the least squares predictor of y,, ., corresponding to .J;, where

Bra(h Zxr Jx; (1)) Xt (1) Yt+n-

||Mz

Define for each model [

MI,(1) = E($))? and Ly(l) = lim n{E @Gnsn — nsn) — BE)?}

n—ro0 i

which are the MI and the VI respectively for model J;. As mentioned, our goal is to find a model

Je {J1,...,Jk} in a data-driven fashion such that
lim P (J e ﬂ'fg) =, (22)
where

My = {Jk s Ji € My, Ly (k) = Jnél%} L;;(E)} ,

with

My = {Ji: 1< k < K, MIy(k) = min MI,(0)}.

A model selection criterion is said to be asymptotically efficient if (22) is fulfilled. In Section 5, we
provide several interesting examples showing that to achieve (22), one may face the challenging problem
of choosing the best (predictive) model from those having the same MI (goodness of fit) and the same
number of parameters. Our examples also reveal that the best predictive model may vary with the

prediction lead time h, raising another subtle issue.
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Inspired by (3), our strategy to achieve (22) is to first construct the method of moments estimators

of MI,, (1) and Ly(1),

N ) 9 N
30 = N3 (yn — BraWxu( 7)) = N7 YD),
t=1 t=1

and

h—1
Ly(l) = tr (ﬁ;} (s)ém(f)) +21r (Z ﬁ;}(z)é,,,,_s(z)) ,

s=1

respectively, where Ry (I)=N"! zi\;l x¢(J))x, (J;) and

N—s
~ 3 ]
Crs(l) = 3 xe ()i ()EDED .
t=1

We then use h-step MRIC, MRICy,(1), to quantify the performance of .J;, where

MRIC,, (1) = 67(1) + %Eh(i),

with
C, "
pi/z o
and
C,
= 0.
n

(24)

(25)

Finally, we choose model J; , in which I = arg minj<j< g MRIC(l). The major difference between

MRICy,(l) and the natural estimator 67(1) + n Lu(1) of E (Ynsn — Gnan(l))? (cf.(3)) is that the former

contains an additional penalty factor C),. This factor plays a crucial role in search of the best predictive

model and is particularly relevant in situations where several competing models share the same MI. To

see this, note first that under (C1)-(C6) and two additional assumptions, (31) and (32

have
67(1) = MI4 (1) + Op(n™"7?),
and
Lu(l) = Lu(1) + 0p(1),
yielding

In view of (25), property (28) immediately implies

lim P(J; € M) =
n—00 ‘h

Moreover, it follows from (28) and (24) that for J;,, J;, € My with Ly(l1) # Ln(l2),

lim P(sign(MRICy(l;) — MRICy(l2)) = sign(Lp(l1) — Lp(l2))) =

=00

) (see below), we

(26)

(27)
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and hence

lim P(J; € M) = (30)

=300

The above discussion is summarized in the next theorem the proof is sketched in Appendix B.

THEOREM 2. Assume that (C1)—(C6) hold for each candidate model Ji,l =1,..., K. Suppose

12 D)2+ 0p(n7112), (31)

and for each 0 < s < h—1,

th I)xl s (M)eel) = Crsl) +0p(1), (32)
t=1

where Cy, 4(1) = E(Xl(Jg)Xir_I_s(Jg)EEELEg?_S n)- Then, (26) and (27) hold. As a result, (30) follows.

Remark 1. Assumptions (31) and (32) seem moderate when x;(.J;) and uii are linear process obeying

(14) and (15), respectively; see Section 3.2 and Appendix C for a further discussion.

Remark 2. The restriction on C, given in (24) can be dropped if M; only contains one element,

and weakened to
C,, — (33)

if the elements in M; are nested. To see this, assume J;,, J;, € My with J;, C J;, and Ly (l1) # Ly(l2).
Then, it can be shown that 63 (l1) — 67(l2) = Op(1/n) and MRICy,(l1) — MRICy,(l2) = (Cn/n)(Ln(l) —
Li(l2)) + 0p(Cp/n) + Op(1/n). This and (33) yield (29), and hence the desired conclusion.

It would be of interest to further explore the relationship between AE defined above and selection

consistency. Model J; is said to be true if
(Et h|}}) =0 as. (34)

Let M; denote the set of true models. Also define ﬂ:Ig ={Jp: Ji € My, 4(Jy) = min ; t(J1)}, provided
M; # 0 (i.e., Category I holds), and My = {J}, : Ji € My, #(Ji) = ming,ear, #(J;)}. A model selection
criterion is said to possess the ‘strong parsimony property’ if it can choose a model falling in M, with
probability tending to 1 as n — oo. When M # 0, we say that a model selection criterion is consistent
if it can choose a model belonging to J‘;fé" with probability tending to 1 as n — co. Since M; = M, in the
case of M # (), we have ﬂ]}‘ = My, yielding that strong parsimony property is equivalent to consistency
when at least one true model is contained among the candidate models.

When M’l = (), some examples in Section 5 show that ﬂ;‘r’g # My, and hence strong parsimony
property and AE have fundamentally different goals to pursue. Is strong parsimony property/consistency

equivalent to AE when M; # () ? By (3) and (34), it is not difficult to prove that for h = 1 and M; # 0,

My = Mo, (35)
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provided there is a positive constant Go(1) such that for all J; € M; = ﬂ"fl,
E((e))?171) = Go(1) ass. (36)

Therefore, pursuing AE in the case of h = 1 is identical to pursuing consistency/strong parsimony
property in situations where M; # () and (36) holds true. This fact and Theorem 2 also lead to the last

row of Table 2. However, for i > 1 and ﬂ:ﬁ # (), even assuming an extension of (36), namely
l 1)
B(e 3&5(1“ plF14s) = Gs(h) as.,

where G45(h),0 < s < h — 1, are some constants with Gy(h) > 0, (35) does not necessarily hold, unless
the true model is an AR model; see Ing (2003).

We close this section with a brief comparison of the AEs in the ID and the FD frameworks when
category II holds true. To simplify the discussion, we shall focus on the case of h = 1 and nested
candidates. For the ID case, assume there are K, candidates models J; C Jo--- C Jg , with K, — oo
and K, = o(n), such that E(SE,I )2 = Qo(1) = E(y2 — E(y2|F1))? > 0, noting that under category II,

(egg)l) # Qo(1) for all 1 <1 < K,,. A model selection criterion is said to be AE in the ID framework if
it can choose a model J;, with ke {1,..., K, }, such that E(y,4+1 — ynH( )) — (Qo(1) is asymptotically

equivalent to 1Tliﬂlglg1(n {E(yn.-i-l - :&n-}—l(g))? — g(]_ } Since
E — Gnr1(0)2 = Qo(1) = {B(=")2 = Qo1 E — Gnr1(1))2 = EEY)? 37
(Yn+1 = Gn+1(1))" — Qo(1) = {E(e1 1) — Qo(1)} + {E(Yn+1 — Gn+1(1) (e11)7h (37)

a potential candidate must satisfy B%(l) = (El 1) —Qo(1) = 0 and strike a good balance between B2([)
and the second term on the right-hand side of (37), which is closely related the VI of model J;. However,
in the FD framework where K, = K is a fixed integer, B2(l) > 0,1 <[ < K, always dominates the other
term, and hence striking a balance between these two terms is no longer the key point of contention.
That is why our definition of AE for the FD framework is different from the one for the ID framework,

although both are from the MSPE point of view.

3.2. Applications to ARX models
First let B denote the back shift operator such that By; = y;—1. In this section, we assume that data are
generated by the following ARX model,

PB)yrs1=>_ > ??}“) Sgi)j + €t+1, (38)

v=1 j=0

where p and r, are positive integers, ¢ are independent random disturbances with E(¢;) = 0 and
E(e) = 0 > 0, ¢(2) = 3720027 with ¢ = 1 and 372,05 < oo, nﬁt")are real numbers, and
Sgu) = Z;’G:u zb_gv)ét(i)_? with Z;"OU(U)(UJF < oo and &(p) = (5£1),...,(5§p)]—r being independent random
vectors satisfying E(d¢(p)) = 0 and E (6:(p)d, (p)) = ¥,, a p-dimensional positive definite matrix inde-

pendent of ¢. Moreover, it is assumed that {¢;} and {d;(p)} are independent and for any |z| < 1,

o (2 Zﬁ 27, with ZGZ < 00, (39)

7=0
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0(e™™) Za e~ £0,—r < A<, (40)
J=0
and
o0
Z (v) < 00, with ((1 wa)ﬂ g T <9.L . (41)
j=

These specifications yield that the spectral density, f,(A), of y; obeys

5= (mE ™™, mleNCe™) %,

. . ) NT .
(m(e”\)Cl(e”\), ... ,np(e‘)‘)cp(e‘)‘)) — |9(e_"\)|202} >0,—7< A<,

where 1,(z) = 377", ?;;-'v) I~ and C,(2) = > i20C gt)zj with 1 < v < p.

Having observed g1, ..., ¥y, and ,5(”) .. bSJ ), 1 <w<p* <p, we are interested in predicting y,1p,h >

1, using one of the candidate models Jy,. .., JJg, where for 1 <[ < K, J; = Jél) X J](U X e X Jg(,'i), with
.LEU,U < v < p*, being a given finite set of non-negative integers. Note that the regressor corresponding

to model J; at time ¢ is
x¢(J1) = (ye— Ja?EJ() (tJ JEJS) 1<U<p) (42)

and all candidate models are subject to misspecification, in view of (38) and (42). Without loss of
generality, we shall assume that {y;—;,j € Jé”} are observed in order to make x;(.J;) available for all
1 <t <n. We aim at finding a data-driven method to choose among J1, ..., Ji such that (22) is satisfied.
With (42), let §,4n(l), Egg, MI;, (1), Lp(1), My and Ms be defined as in Section 3.1. The next theorem
shows that MRIC, introduced in (23)—(25), attains the desired goal under suitable assumptions on the
(v)

)T as well as the decay rates of ﬁ;ﬁ-v), ¢; and c;

moments and distributions of v; = (8, (p), €
THEOREM 3. Assume that (38)-(41) hold. Suppose that the fourth moments of {v;} are independent

of t,

sup E||lv¢|? < oo, for some 6 > 10, (43)

—oco<t<oo

and there exist K1 > 0, 61 > 0 and v > 0 such that for all —oo <t < o0 and all 0 < w —u < 6y,

sup P (u <a'v, < u,) < Ky(w —u)”. (44)
lall=1

Suppose also that there exist ¢; > 0 and s > 3/4 for which
16| < e1(j +1)"° and |:j','3(-"}| - |c§,-ﬂ}| <ca(+1)51<v<p. (45)

Then, (C1)~(C6) hold for x; = x¢(Ji), etn = €ip, and Fy = 0(ve, Ve, ...). Moreover, (31) and (32)
follow, and hence (30) holds true.

Remark 3. Assumption (45) allows the component of x¢(.J;) to not only be a short-memory ARMA
process, but also belong to some important classes of long-memory processes, e.g., the fractionally inte-

grated I(d) process with 0 < d < 1/4. As is clear from the proof of Theorem 3 given in Appendix C, (45)
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is crucial for verifying (C.2) and (32) and can hardly be weakened.

Remark 4. Assumption (44) is used to prove (18), which in turn leads to (C.5) according to Chan
and Ing (2011). For more details, see Lemma C.1 in Appendix C. Note also that (C.5) has played an
increasingly important role in deriving model selection criteria or MSPE formulas in a rigorous manner;
see, for example, Findley and Wei (2002), Ing and Wei (2003, 2005), Schorfheide (2005), Chan and Ing
(2011) and Greenway-McGrevy (2013, 2015). Based on assumptions like (44), most of these papers prove
(C.5) in situations where the regressor vector only contains endogenous variables. To the best of our
knowledge, this is the first work that shows how to justify (C.5) when the regressor vector consists of

both endogenous and exogenous variables.

4. A nonlinear extension

4.1. A nonlinear extension of MRIC and its asymptotic efficiency
In this section, we generalize the results obtained previously to nonlinear cases. Let {F;} be an in-
creasing sequence of sub-g-fields of 7. We consider an h-step predictive model, g; (), of Y4, where
gi.n(0) is specified up to the parameter @ = (y,...,6,,)" and is F-measurable for each 8 € O, with
2

© denoting a compact parameter space in R™. Assume that V(0) = E(yi+5 — g¢,1(0))° is independent

of ¢ and continuous on ©. Let 6* denote the unique minimizer of V() over ©. Estimating 6* by
0, = argmingeo Sn(0), where S,(0) = Z'?:_lh(yt“; — gen(0))? = Zi\;l Ef’h(ﬂ), the following theorem
provides an asymptotic expression for E(y,4+5 — gﬂ_?h(én})g, taking a form similar to the right-hand side

of (3). Define Dyg; ,(0) = (09:,(0)/00; ... 0g;1(0)/06,,)" and Dag, 4 (0) = (0°g; 1(0)/00;00;)1<i j<m-

THEOREM 4. Suppose that g, ;(0) is continuous on © and there is § > 0 such that Dig;,(0) is
continuously differentiable on Bs(0*) = {0 : |0 — 8*|| < 6} C O, and each component of Dag, ,(0) is
differentiable on Bs(0*). Assume that conditions (E1)—(ET) in Section 4.2 hold. Then, for h > 1,

E(yn-!—h . gn.,h.(é-n))z = V(e*) + n_l(LE + 0(1))1 (46)

where Lj, = tr((R* — A*)71C} o) + 23 07] tr(R* — A*)7IC} ), with R* = E{D1g,4(6*)D] g1,,(68%)},
Cj . = B{D1g1,1(0*)D] g1 15 1(0*)e1,1(0*)e1 451 (0%}, A* = E{D1g1 4(0%)z1,4(6%)}, and R* and R*—A*

being nonsingular.

Remark 5. There is a striking resemblance between (46) and (3). In particular, (46) reduces to (3)
when g; 4 (0) is linear in 8. Compared to the Ly in (3), L} contains an additional matrix A* reflecting
the joint effect of nonlinearity and model misspecification. This matrix vanishes either when g; (@) is
linear in @ or is correct up to an independent error. See White (1981) for the definition of the latter
property. In addition to its indispensable role in model selection, Theorem 4 is also of independent
interest because it provides the first result revealing that the simple MSPE formula (6) obtained in

correctly specified AR models carries over (after a very mild modification) to misspecified nonlinear
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regressions with dependent observations in which previous research effort has mainly focused on the
asymptotic properties of nonlinear least squares estimates; see, e.g., White (1984). Finally, we note that
the similarities and dissimilarities between (E1)—(E7) and (C1)—(C6) will be discussed in Section 4.2.

Consider K candidate models g( )(9], l=1,..., K, for predicting 9, where g( )( 0) is Fi-measurable
for each 8 € O;, with ©; denoting a compact parameter space whose dimension may vary with [. Assume
that for each 1 <[ < K, Vi(0) = E(yp4n — gt( i(ﬂ)) is independent of ¢ and continuous on ©;. Let 6;
denote the unique minimizer of V1(0) over ©;. To estimate 6], we use 0, = arg mingee, S,(f)(ﬂ), where
S)(8) = i (4 — 910(0)) = T (e (0))2.

Define

R*(1) = B (Dig{(61)D] 6((61))

A*(1) = B (Dag )01 001))
Cio() = E (D1g\h (01D 9\, ,(61)), 00, ,(6))

and assume R*(1) and R*(I) — A*(l) are nonsingular. In view of Theorem 4, the nonlinear counterparts

of Mj and My are given by

Dy={k:1<k<K,V(6]) = 1;1}1;}{%(9{)} and Dy = {k : Lj(k) = }161%)11 Ly(D)},

1

respectively, where

=

-1
Li(1) = tr (R*(I) = A*(1)) 7' Ch o) + 2tr( ) _(R*(1) — A*(1))"'C}, 4(1))-

To find a model whose index falls with Dy, we suggest using a nonlinear extension of (23),

?(1” (énl] Cn T
N

MRIC; (1) = + ?Lh(l), (47)
where (), satisfies (24) and (25),
R R R -1 h-—1 - N -1 .
Ly(l) = tr ((R*(g) — A* (g)) ",;,(,(1)) + 2tr (Z (R*(g) - A*(g)) ;’8 (1))
s=1
with
ﬁ'*('{] = _ZDlgth nl Dl Q”)l(enl)g
A1) = ZD 9o (Our)e 3, (8r).

- l A D a l A
E,s ('{] Z Dlgt h nl Dirgt(-:b h(Gnl]eg,i(eni)Eg-I)—s,h(enf)‘

The next theorem establishes the desired property of MRICj,
. T ons
nlgréo P(l; € Dy) = 1. (48)

where f}'; = argmin;<;<x MRICj (1).
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THEOREM 5. Suppose that for each 1 < | < K, qt(??(ﬂ) is continuous on ©; and there is 6 > 0

such that qu( (0) is continuously differentiable on By (6]) C ©; and each component of ng( )(9) s

-
I
differentiable on Bg,(0]). Assume also that conditions (E1)-(ET) in Section 4.2 hold for each candidate
models. Then, forh > 1 and 1 <[l <K,

E(Yn+n — 9o p(0n)? = Vi(6F) + 0~ (L}(1) + 0(1)). (49)

Moreover, assume for each 1 <1 < K,

1 — D) s % i
~ D (e (O) = Vi(6]) + Op(n"7?), (50)
t=1

1 T
=D Dagy (0= (67) = A*(1) + 0p(1), (51)

t=1

and

. Z Dl t(?z 9! Dir ’]t(fgs h(e?) (94’ ) t+3 h(e! ) Zq('{) + 0;0(1)' (52)

Then, (48) follows.

Remark 6. Whereas (51) is exclusive for nonlinear regressions, (50) and (52) parallel (31) and (32) used
in the linear case. When E'U) ,(0]) and the components of ng( )(Gf) and Dlg( )(Gf) are linear processes,
a discussion about how assumptions like (50)-(52) are verified has been given in Section 3 and Appendix
C. It is worth mentioning that although model selection criteria, such as GAIC, BIC, GBIC and GBIC,,
have been proposed to combat model misspecification under various nonlinear models, none of them
has been proven to possess properties like (48) when the FD framework is entertained. Based on the
discrepancy between the least squares and weighted least squares estimates when models are misspecified,
White (1981) proposed a testing-based approach to conduct model selection for misspecified nonlinear

regressions. However, it still seems tricky to justify its AE under the FD framework.
4.2. Conditions (E1)—(E7)
We start by listing (E1)-(E7) as follows.
(E1) E[|ln="2 3L, (D1gen(6*)D] i (6) - R*) || = O(1).
(E2) E{D19,1(0%)D] g1 51(6*)e1n(0%)c151(0%)} = C}, s for all £, and
E (D191.4(0)D] 01 (0)1,0(6")2n1(67)) = o(n™?).
(E3) There exists q; > 6 such that

sup E( sup Ei‘f,’:(ﬂ))<ooand sup E[ sup [Djgin(0)3 ] < oo
—oo<t<oo  QEB;(8*) —oo<t<o0 0cB;(0)
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for j = 1,2,3, where D3g; ,(0) = (839,‘_,;1(9)/89.,;5’9"189;:)15f___j‘kgm and |G| denotes the Frobenius
norm of the matrix G. Moreover,

sup E(supel’, (0)) < oc.
—co<t<oo 0O

3
I

(E4) E ”n_lf(2 ?:1 Dlgt,h(e*]et,h (9*) = O(l]

(E5) E||v/n(6, — 6*)||> = O(1), and there exists a sequence of positive integers, {l,}, with [, — oo and

I, = o(n'/?) such that E||\/n(0, — 6,_..)|® = o(1).
(E6)
3
sup E|[B(D100s(0)D] 0 (0")| i) ~ R = o), as k> o
—oco<i<oo
6
sup EHE(Dl.f}t,h(G*)Et,h(ﬂ*)|f¢—k.) =o0(1), as k — oo.
—oo<t<oo
(E7)
3
sup EHE(ngt?h(ﬂ*)em(ﬂ*)‘Ft_k) —A*[| =0(1), as k — oo,
—oo<t<oo
3

E

n=12 N (Dagin(0%)ern(0%) — A¥)
t=1

Some comments are in order. Conditions (E1)-(E4) and (E6) not only look like (C1)-(C4) and
(C6), respectively, but also play a similar role in the proofs of Theorems 4 and 5 to the latter condi-
tions in the proofs of Theorems 1 and 2. (E3) imposes a moment bound on the third-order derivative
of g:»(@). This type of condition seems quite natural in a rigorous derivation of information criteria
under misspecified nonlinear models; see, for example, Lv and Liu (2014). Actually, (E5) and (C5)
also parallel each other in their roles in the aforementioned proofs, although they do not take similar
forms. To see this, note that (C5), together with (C1) and (C4), yields E|v/n(B.(h) — Br)||? = O(1)
and E|y/n(Bn(h) — Bn_i, (h)||9 = o(1) for some positive constant g, which are linear counterparts of the
identities in (E5). On the other hand, we mention that (E5) is a high-level assumption and its justi-
fication is nontrivial and of independent interest; see Appendix E. Condition (E7) can be understood
as a ‘nonlinear amendment’ of (C1)-(C6), which vanishes automatically when g¢; (@) is linear. Finally,
we remark that Theorems 4 and 5 remain valid in the so call ‘asymptotic stationary’ case, in which
E(Yt+n—ge.1(0))? may vary with ¢, but converge to V (8) uniformly over © as t — oc. In this case, R*, Ch.s
and A* become lim;_,oo E{D1g: 1(0*)D] g:.1(6%)}, lims_yo0 E{D19: (%) D] 115 1 (%)t 1(0*)et161(6%)},
and limy_yoc E{D2g; 1, (0%)e1.,(0%)}, respectively, where all limits are assumed to be finite. We also need
to make some minor changes to (E2), (E6) and (ET7), namely, deleting the first statement of (E2) and
changing the second one to E (Dlgk,h,(9*]Dirgk+n.,h(9*]€k.,h(9*)Ek+n,h(9*)) = o(n~1) for sufficiently large

k, and replacing the sup_,, ;. in (E6) and (E7) by sup;> ,, where H is some large integer.
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5. Numerical studies

In this section, the performance of MRIC is illustrated via three simulated examples. The first and
second examples focus on linear and nonliner models, respectively, whereas the third one addresses high-
dimensional models. Throughout this section, the C, in MRIC is set to n®™ for some o, > 0.5.

Example 1. Let the data be generated according to the following true DGPs.

Y41 = P12t + Paws + €441, (53)

in which g; ~ NID(0,1), 2t = ¢24_1 + 1 is a stationary AR(1) process, and wy = ¢hwy_1 + Gowi_o + ¢
is a stationary AR(2) process, with 1 ~ NID(0, 0;‘;), 8t ~ NID(0,02), and {n}, {6;:} and {&:} mutually

T w

independent. We also let
o7 =1-¢% 00 =1-05—{07(1+062)/(1—62)},

f1=pP2=1,and ¢ = 0;/(1 — 62), noting that (53) leads to 7.(0) = 1 = 7, (0), where 7.(j) = E(212¢+;)
and 7, (j) = E(wswis;). In this study, we consider four different (61,62)’s: (0.15, 0.5), (-0.10, 0.65),
(-0.40, -0.60), (0.10, -0.95), which are denoted by DGPs I-IV. With observations up to time n, we are

interested in performing h-step prediction, with h = 2 and 3, using two candidate models,

Jl v Un4h = QZpn o Egi}}_,
Jo Yn+h = Pwy + E;gz;;

which are misspecified. The MI and VI of candidate .J; are denoted by Ml (l) and Ly(l) with [ = 1,2.
It is shown in Table 3 that MIy(1) = MI3(2) in all four DGPs, but La(1) < Ls(2) in DGPs I and II and
Lo(1) > Lo(2) in DGPs III and IV. Therefore, for the two-step prediction, the better predictive model
is Ji (J2) under DGP I or II (IIT or IV). On the other hand, Table 3 reveals that MI3(1) > MI3(2) in
all DGPs, yielding that the better predictive model is always Jo when h = 3. The percentage of MRIC
(with a,,, = 0.6) choosing the better candidate is obtained by using 1,000 simulations for sample sizes
n = 200, 500, 1000, 2000, 3000; see Table 4 (h = 2) and Table 5 (h = 3). For the sake of comparison, the
corresponding percentages of AIC, BIC, GAIC (Konishi and Kitagawa, 1996), GBIC (Lv and Liu, 2014)
and GBIC,, (Lv and Liu, 2014) are also reported in Tables 4 and 5, where for candidate .Jj,

AIC(l) = log 62(1) + Qﬁgf),

BIC(1) = log67(1) + @,

GAIC(I) = log 63(1) + @

GBIC() = log 62(1) + g(J,;)nlogn B logdet?th(l))’

GBIC, (1) = log 62(1) + {J)logn | tr(Ha(l) _ logdet(H(l)

n n n
with

Hy(1) = 6;2 (DR ()Choo(1),
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Table 3. The values of Ml (1) — MI,(2) and L,(1) — L,(2) in Example 1, and the corresponding

better predictive models

DGP
1 11 111 v
h=2

MIy,(1) = MI,(2)  0.000 0.000 0.000 0.000
Ly(1) = Ly(2) -0.716 -0.966 0.959 1.873

The better predictive model Ji Ji Js Js
h=3

MI,(1) — MIL(2)  0.269 0.428 0.232 0.882

L) -Ly@  *  *x %

The better predictive model Js Js Ja Jo

*: Lp(1) — Lp(2) can be neglected.

which is a consistent estimator of U;z(I)R_l(I)CmU(E). Note first that MRIC(]) is asymptotically equiv-
alent to

tog 2 (1) + SnIi-OLn0)
n

which shares a common first term with these five criteria. On the other hand, by featuring a consistent
estimator of VI, f}h(E): and a suitable penalty term, C,, the second term of MRIC readily paves the way
for a consistent selection of the better predictive model, whether the MIs of candidate models are equal
or not. We also mention that this latter property is, in general, not enjoyed by these five criteria because
(i) the trace of ﬁ;,‘(z)éhfg(i) in ﬁh(” is a consistent estimator of VI only when h = 1 or observations are
independent over time, and (ii) the penalty term logn used in BIC, GBIC and GBIC,, is too weak when
misspecified candidates are non-nested (see Sin and White (1996) and Inoue and Kilian (2006) for related
discussion). In fact, the criterion values of GAIC (AIC, BIC, GBIC, GBIC,) for J; and .J; are expected
to be close to each other because MIj,(1) = MI(2), (/1) = #(J2) and tr(R™'(1)Cpo(l)) = #(J;)MI,(1)
(under normality). As shown in Table 4, these five criteria behave like a fair coin to choose between two
alternatives, and can only select the better candidate about 50% of the time. In contrast, MRIC has a
much higher chance of identifying the better model in this difficult situation. Its percentage falls between
67% and 100%, and tends to increase with the sample size and the value of |La(1) — L2(2)].

When h = 3, the two competing candidates have different MIs, and hence it becomes much easier
to identify the better one. As shown in Table 5, all criteria perform satisfactorily for all sample sizes
n > 200. While in DGPs I and III, MRIC seems slightly worse than the other criteria for n = 200, the

corresponding percentages are still over 93%.

Example 2. In this example, we consider the following DGP,

1 1
Y42 = l—aer'—'— 1B

2t + Et42, (54)
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Table 4. Percentage of times, across 1,000 simulations, that the better predictive model
between .J; and .J; of Example 1 is chosen in the case of h = 2
DGPs
n Criteria I I1 I11 v
AIC/BIC 51.50 54.50 48.50 46.30
GAIC 51.40 54.30 49.00 46.70
200 GBIC 51.60 54.40 48.50 45.40
GBICp 51.60 54.40 48.40 46.00
MRIC 66.80 73.20 76.70 95.80
AIC/BIC 51.10 50.70 47.60  49.00
GAIC 50.80 50.50 47.30 50.90
500 GBIC 51.10 50.50 47.60 47.30
GBICp 51.10 50.70 47.60 49.10
MRIC 69.80 74.20 85.30 99.70
AIC/BIC  48.10 53.60 53.00 49.40
GAIC 48.00 53.00 52.40 50.00
1000 GBIC 48.10 53.50 52.80 49.20
GBICp 48.10 53.50 53.00 49.40
MRIC 74.90 80.80 &88.70 100.00
AIC/BIC 50.10 49.70 50.80  49.60
GAIC 50.10 49.50 50.90 49.20
2000 GBIC 50.30 49.70 50.90 49.30
GBICp 50.10 49.70 50.80 49.60
MRIC 78.20 83.90 92.20 100.00
AIC/BIC 51.40 51.20 49.00 50.40
GAIC 51.40 51.10 48.90 50.60
3000 GBIC 51.30 51.20 49.00 50.70
GBICp 51.40 51.20 49.00 50.40
MRIC 79.80 84.90 93.40 100.00
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Table 5. Percentage of times, across 1,000 simulations, that the better predictive model be-

tween .J; and .J; of Example 1 is chosen in the case of h = 3
DGPs

n Criteria I I1 111 v

AIC/BIC 99.30 100.00 99.30 100.00

GAIC  99.30 100.00  99.10 100.00

200 GBIC  99.30 100.00 99.30 100.00

GBICp 99.20 100.00 99.30  100.00

MRIC 93.20 97.90 94.70  100.00

AIC/BIC 100.00 100.00 100.00 100.00

GAIC 100.00 100.00 100.00 100.00

500 GBIC 100.00 100.00 100.00 100.00

GBICp 100.00 100.00 100.00 100.00

MRIC  99.90 100.00 100.00 100.00

AIC/BIC 100.00 100.00 100.00 100.00

GAIC 100.00 100.00 100.00 100.00

1000 GBIC 100.00 100.00 100.00 100.00

GBICp 100.00 100.00 100.00 100.00

MRIC 100.00 100.00 100.00 100.00

AIC/BIC 100.00 100.00 100.00 100.00

GAIC 100.00 100.00 100.00 100.00

2000 GBIC 100.00 100.00 100.00 100.00

GBICp 100.00 100.00 100.00 100.00

MRIC 100.00 100.00 100.00 100.00

AIC/BIC 100.00 100.00 100.00 100.00

GAIC 100.00 100.00 100.00 100.00

3000 GBIC 100.00 100.00 100.00 100.00

GBICp 100.00 100.00 100.00 100.00

MRIC 100.00 100.00 100.00 100.00
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in which |a| < 1, |b| < 1, & ~ NID(0, 62), 2y ~ NID(0,02), 2 ~ NID(0,02), and {&:}, {2} and {2} are
independent. Note that model (54) is nonlinear in the parameters. With obersvations up to time n, we

are interested in predicting 1,42 using a model chosen from

1 1 1 1
Jit Yna2 =gt EL,% = gﬂ_,%(a) + EL_,)Q,
1 2 2 2
Ja: Ynt2 = mzn + 5«.{;,)2 = 97(;,%(5) + 55,,;2?
both being misspecified. Since 97(11’%((1) is independent of ES,)Q and gf‘%(ﬁ ) is independent of EE)Q, J1 and

Jo are said to be correct up to an independent additive error. In addition, since the initial conditions are
set to &y = 2y = 0 for t < 0, this example is classified as an asymptotic stationary case discussed at the

end of Section 4.2. The coefficients in (54) are set to:
DGP I (a,b,02,02,02%) = (0.5,NA,1,1,1),
DGP 1I: (a,b,02,02,02) = (0.95,0.65,1,0.4109, 1.000),

DGP 1L (a,b,02,02,02) = (0.4,—0.95,0.25,1.4676, 0.5),

Tz
DGP 1V: (a,b,02,02,02%) = (0.8,—0.4,1, 1.3093, 2).

In DGP I, b = NA represents that the true model depends on {z;} only. Let MIs(l) and Ls(l) denote
the MI and VI of J;, [ = 1,2. It is shown in Table 6 that while MI(1) < MI5(2) under DGP I, the two
candidates have the same MI for other DGPs, which is caused by 02/(1 — a*) = 02 /(1 — b*). Moreover,
L2(1) < Lo(2) for DGP II and III, but the opposite holds true for DGP IV. Consequently, J is better
than J; only under DGP IV. In Table 7, we present the performances, based on 1,000 simulations, of
MRIC (with a,, = 0.8) and the other five criteria described in Example 1. It is worth mentioning that
since .J; and .Jo are correct up to an independent additive error, the K*(E) in the nonlinear version of
MRIC defined in (47) can be dropped from the formula. In addition, the ITI;,,(E) in GAIC(]), GBIC(])
and GBIC,(l) is defined as in Example 1, except that ﬁN(I) and (fjh’g(E) are replaced by R* (I) and
6};0(5), respectively. The sample size n is again set to 200, 500, 1000, 2000 and 3000. Note first that
since under DGP 1, J; and J; have a substantial difference in MI, all six criteria work well for all sample
sizes. However, the performance of these criteria notably deteriorates under DGPs II-IV, in which .J; and
Jo have the same MI. In particular, all criteria, except for MRIC, can only select the better candidate
between 42% and 58% of the time when n > 500, and the percentage seems to be indifferent to the sample
size. On the other hand, MRIC tends to perform better with increasing number of data points. More
specifically, under DGP II (II1, IV), MRIC’s percentage of identifying the better candidate increases from
46% (74%, 66%) to 64% (84%, 83%) as n rises from 200 to 3000. Finally, we mention that the a,, in
MRIC is set to 0.8 instead of 0.6. This is because in the nonlinear case, a larger a, is usually needed to

secure a better selection result.

Example 3. To evaluate the performance of the criteria mentioned in the previous examples in
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Table 6. The values of MIs(1) — MI»(2) and Lo(1) — L»(2) in Example 2, and the corresponding better
predictive models

DGPs
I II 111 v
MIo(1) — MI2(2) -2.333  0.000  0.000 0.000
La(1) — La(2) * -0.759 -1.311 1.538
The better predictive model Jy Jy Jy Ja

*: La(1) — L2(2) can be neglected.

Table 7. Percentage of times, across 1,000 simulations, that the better two-step (h = 2)
predictive model between .J; and .J, of Example 2 is chosen
DGPs
n  Criteria I 11 1 v
AIC/BIC  100.00 39.40 60.20 52.50
GAIC  100.00 39.30 60.80 52.80
200 GBIC 100.00 39.20 60.30 51.90
GBICp 100.00 39.30 60.50 51.90
MRIC 100.00 46.20 73.50 65.90
AIC/BIC  100.00 42.20 58.00 53.10
GAIC 100.00 42.50 5830 53.60
500 GBIC 100.00 42.10 5820 52.80
GBICp 100.00 4220 5840 52.90
MRIC 100.00 51.70 75.10 72.90
AIC/BIC 100.00 45.70 52.00 53.10
GAIC 100.00 46.10 52.30 53.50
1000 GBIC 100.00 45.70 52.00 52.20
GBICp 100.00 45.80 5220 52.40
MRIC 100.00 56.10 76.70 78.60
AIC/BIC  100.00 48.50 54.50 51.90
GAIC 100.00 48.60 54.60 52.20
2000 GBIC 100.00 4850 54.50 51.50
GBICp 100.00 48.60 54.60 51.50
MRIC 100.00 61.90 81.50 81.20
AIC/BIC  100.00 48.10 54.70 50.70
GAIC 100.00 48.20 54.80 50.90
3000 GBIC 100.00 48.10 54.70 50.70
GBICp 100.00 48.10 54.80 50.70
MRIC 100.00 63.90 83.50 82.60
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high-dimensional misspecified models, we consider the following one-step predictive model,

Yer1 = X[ B+ Tepi1 + €1, (55)

where x; = (241, .. ., xtp)T is a p-dimensional explanatory vector and i.i.d. N(0,,I,) distributed with 0,
and I, denoting the p-dimensional vector of zeros and the p-dimensional identity matrix, p is allowed to
be larger than n, x4 ,41 = 2242 is an interaction term which is the product of the first two regressor
variables, B is a p-dimensional regression coefficient vector, and &; = ¢164—1 + 1 is an AR(1) process in
which |¢1] < 1, g ~ NID(0,0?), and {7} is independent of {x;}. Although the data are generated from

model (55), we fit a linear regression model without interaction,
| a* * 56
Y1 =Xy B + €44, (56)

as in Example 5.1.2 of Lv and Liu (2014). In the special case of ¢ = 0, (55) and (56) have been used
by Lv and Liu (2014) to illustrate the advantage of GBIC, with respect to AIC, BIC, GAIC and GBIC
when p > n. To highlight MRIC’s efficacy in dealing with dependent data, ¢ is set to 0.8 here. On
the other hand, following Ly and Liu (2014), we let 8 = (1,-1.25,0.75,—-0.95,1.5,0)_5)" and ¢ = 0.25,
which, together with ¢; = 0.8, yields 0. = 0.417, where o is the standard error of &;.

The (n,p) combinations considered in this example are {200,500, 1000} x {100,200, 1000}. Since it is
unrealistic to implement best subset regression due to p > 100, we use the orthogonal greedy algorithm
(OGA) of Ing and Lai (2011) to sequentially include K, variables, where K, = SW is suggested
in Section 5 of the same paper. We then apply MRIC (with ay, = 0.6,0.7 and denoting the MRIC by
MRIC(0.6) and MRIC(0.7) respectively later in this example), and other five criteria to choose models
along the OGA path. It is not difficult to show that J* = {1,...,5} is the “oracle” working model in the

sense that

MIy (J*) < MI;(J) for any J C {1,...,p} with §(J) < K,,,
Ly (J*) < Ly(J) for any J # J* with MI; (J*) = MI, (J),

where MI;(J) and L;(J) denote the MI and VI of model .J respectively.
In view of the optimality of J*, we evaluate the performance of a model selection criterion (which
selects variable set J() ¢ {1,...,p} in the ith simulation) using three different measures,

1000
f ENTP) *
expected number of true positives ( 1000 Zﬂ ﬂ J*)

1000
expected number of true negatives (ENTN) : —— Zﬂ (J® m J*)

1000
Zi:l I{j(é):.}-}
1000 ’

selection probability (SP) :

where J** = {1,...,p} — J*. We also summarize the performance of the seven criteria mentioned in the

previous paragraph in Table 8. As observed in Table 8, all criteria have ENTP values equal to 5 = §(J*),
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except for the few cases of (n,p) in which the ENTP values of MRIC(0.6) and MRIC(0.7) fall between
4.980 and 4.999. This result not only suggests that all criteria, in conjunction with OGA, enjoy high true
positive rates, but also reveals that OGA possesses the so-called “sure screening property” (Fan and Lv,
2008), meaning that the probability of the OGA path containing all relevant variables in the candidate
set approaches 1 as n — oo. In fact, this property has been already established for OGA under high-
dimensional misspecified models without assuming that the relevant variables omitted from the model
are uncorrelated with candidate variables; see Ing et al. (2016). Except in the case of (n,p) = (200, 1000),
the ENTN values of MRIC(0.6) and MRIC(0.7) are close to 0 and smaller than those of the BIC-type
criteria (BIC, GBIC, GBIC,), which in turn are much smaller than those of AIC and GAIC. The SP
values of MRIC(0.6) and MRIC(0.7) are larger than 0.996 when n > 500, between 0.743 and 0.939
when n = 200 and p < 200, and near 0 when (n,p) = (200, 1000) due to a severe overfitting problem.
While the overfitting problem associated with BIC and GBIC is generally not severe in terms of ENTN
when p < 200, their SP values are substantially smaller than the corresponding values of MRIC(0.6) and
MRIC(0.7). Suffering from considerable overfitting, the BIC-type criteria in the case of p = 1000 and AIC
and GAIC in all cases have SP values very close to 0. When p < 200, although GBIC,, outperforms BIC
and GBIC in terms of SP and ENTN, it is obviously surpassed by MRIC(0.6) and MRIC(0.7). Finally,
we remark that when MRIC is used along with OGA, its «ay, value is suggested to lie between 0.6 and

0.8.

6. Real data analysis: two cases

In this section, we compare the performance of MRIC and other competing methods using two real
datasets. The C,, in MRIC is set to n®m, where 0 < a,, < 1 is chosen in a data-driven fashion. The first
dataset is the monthly life insurance data recording the net number of new personal life insurances for a
large insurance company from January 1964 to December 1980; see Claeskens et al. (2007) for more details.
Following Claeskens et al. (2007), we took the first and the seasonal differences of the log-transformed
data to get a (possibly) stationary series; see Figure 1 for the time plot as well as the sample ACF /PACF
plot of the resultant series, denoted by {S;},1 < ¢ < 191. The goal of this study is to investigate the
prediction performance of the criteria considered in Section 5 when they are applied to {S;}. For the
sake of completeness, our assessment also includes FIC,, (Claeskens et al., 2007), whose performance on
{S;} has been explored in the same paper. Specifying the candidate models as AR(1),...,AR(15) and
retaining the latest |nd| observations in {S;} for performance evaluation, we measure the prediction

capability of a criterion by the empirical MSPE (EMSPE),

n—h
1 N .
EMSPE=r0r > (Stwn = Se)’, (57)
t=n—h—|nd|+1
where d is set to 0.3, §t+h is the h-step least squares predictor of Sy, whose order is selected by

the criterion and parameters are estimated by least squares using observations up to time ¢. In this
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Table 8. Expected numbers of true positives (ENTP), expected numbers of true negatives (ENTN), selection probabilities
(SP), across 1,000 simulations, of the model selection criteria considered in Example 3 when they are used in conjunction

with the OGA under model misspecification
ENTP ENTN SP ENTP ENTN SP ENTP ENTN SP

n Criteria p=100 p=200 p=1000
AlIC 5.000 23232 0.000 5.000  26.000 0.000 5.000  22.000 0.000
BIC 5.000 2.937 0.079  5.000 8.719 0.005 5.000  22.000 0.000
GAIC 5.000  27.630 0.000 5.000  26.000 0.000 5.000  22.000 0.000
200 GBIC 5.000 2.268 0.117  5.000 5.283 0.009 5.000 21.736 0.000
GBICp 5.000 1.538 0.261  5.000 3.890 0.040  5.000  21.751 0.000

MRIC(0.6)  4.996 0.170  0.859  4.998 0.466 0.743  5.000  21.939 0.001
MRIC(0.7)  4.986 0.053 0.939  4.980 0.120 0.888 4.999  18.202 0.132

AIC 5.000  17.857 0.000  5.000  40.799 0.000  5.000  38.000 0.000
BIC 5.000 1.400 0.259  5.000 3.026  0.055  5.000  32.100 0.000
GAIC 5.000  21.336  0.000 5.000 43.776 0.000 5.000  38.000 0.000
500  GBIC 5.000 1.375  0.253  5.000 2,856 0.057  5.000  19.631 0.000
GBICp 5.000 0.783  0.465  5.000 1.662 0.189  5.000 13.942 0.000

MRIC(0.6)  5.000 0.000 1.000  5.000 0.003  0.997  5.000 0.004  0.996
MRIC(0.7)  5.000 0.000 1.000  5.000 0.000 1.000  5.000 0.000  1.000

AIC 5.000  16.344 0.000 5.000  36.249 0.000 5.000  55.000 0.000
BIC 5.000 0.863 0.444  5.000 1.821 0.173  5.000 12.139 0.002
GAIC 5.000 15949 0.000 5.000 40.783 0.000 5.000  55.000 0.000
1000 GBIC 5.000 0.899 0.428  5.000 1.855 0.162  5.000 10.928 0.002
GBICp 5.000 0488  0.625  5.000 1.031  0.370  5.000 6.317  0.005

MRIC(0.6)  5.000 0.000 1.000  5.000 0.000 1.000  5.000 0.000  1.000
MRIC(0.7)  5.000 0.000 1.000  5.000 0.000 1.000  5.000 0.000  1.000

Note: all values are rounded off to the nearest thousandths,
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connection, we also compute
1 n—h

EMSPE, = géi_gwwf ) ldHl(SHh.—éHh.(fc))?, (58)
f=n—h—|n

where S'Hh(k] is the h-step least squares predictor of Syyj whose order is fixed at £ and parameters are
estimated by least squares using observations up to time ¢. Note that EMSPE( serves as a convenient
benchmark for comparing the EMSPEs derived from different criteria. Note also that we choose a,, for

MRIC by minimizing the in-sample counterpart of (57),

n—|nd|—h

na 2 (Sen=SE (59)
t=n—2|nd|—h+1

1

over a,, € {0.1,...,0.8}, where §lem) i S'H_h with the order selected by MRIC with the corresponding

t+h
Q. Since the candidate models are nested, any a,, € {0.1,...,0.8} leads to an asymptotically efficient
MRIC, in view of Remark 2. For the sake of convenience, once an a,, is determined by (59), it will be
used throughout the period for forecast evaluation.

The values obtained from (57) and (58), with h = 1,...,5, are summarized in Table 9. As shown in
Table 9, MRIC appears to perform favorably compared to all other criteria. In particular, its EMSPE
values are almost identical to the values of EMSPEq for all h = 1,...,5. The performance of FIC, AIC
and GAIC is also reasonably good. The EMSPE of FIC is even a little bit smaller than EMSPE in the
case of h = 2 and 3. However, FIC may seem inferior to MRIC, AIC and GAIC when A = 4 and 5. AIC
and GAIC have performance close to that of MRIC, but their EMSPE values are either equal or greater
than MRIC’s. All BIC-type criteria, BIC, GBIC and GBIC,, suffer from relatively large EMSPE values,
and hence are surpassed by the former four criteria. Finally, we remark that our conclusion on FIC, AIC
and BIC is not necessarily coincident with the one provided by Claeskens et al. (2007). This may be due
to fact that the performance measure used by the latter paper is EMSPE with d close to 0.5 instead of

0.3.

The second dataset contains three weakly time series of length n = 508 for cardiovascular mortality
(M), temperature (7;) and particulate pollution (F;) in Los Angeles County over the 10 year period 1970-
1979; see Shumway et al. (1988) or Example 2.2 of Shumway and Stoffer (2011) for details. The time series
plots shown in Figure 2.2 of Shumway and Stoffer (2011) reveal that there are strong contemporaneous
co-movements between these series. These authors therefore built the following model to describe the

effects of T} and P; on My,
My = Bo+ Bit + Bo(Ty — T) + Bs(Ty — T)? + BuPs + w, (60)

where {w;} is a stationary AR(2) model and 7' is the sample mean of {T};}. However, it seems difficult

to use (60) to predict M;,; when its contemporaneous explanatory variables, T}, and P, are not
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available. To bypass this dilemma, we devise a (purely) predictive model,

L
My =Bo+ Bt +h)+ > BsiMey1—g
i=1
L L L L (61)
+ Zﬁ4,iTt+l—i + 2[35,53}24,1_3; + Z[jﬁ‘ipt_{_l_i -+ Z Brilog Piy1—i+epn,t=1L,...,n—h,
i=1 i=1 i=1 i—1

where ¢, denotes the error term. In this study, L is set to 156. The reason why we adopt so many lagged
variables is that the sample ACFs of {M;}, {7} and {P;} are still significantly bounded away from 0
even after lag 150; see Figure 2. We also include log P; and its lagged values because log P has been used
by Shumway et al. (1988) as an explanatory variable for M;. Due to the inclusion of the lagged variables
and the retention of the latest O; = 35 observations for forecast evaluation, the sample size for model
selection is reduced to Ny =n—h — L +1 — O;. On the other hand, the number of candidate variables
in model (61) is p; = 5L + 1 = 781, noting that the intercept fy is always included in our study. Because
p1 is much greater than Ny, following Example 3 of Section 5, we first use OGA to sequentially select
K, = SW variables, and then choose models along the OGA path using the criteria considered

in the same example. Their performance is evaluated by

o 1 n—h .
EMSPE = o > (Megn — Mygn)?, (62)
t=n—h—0,+1

where ﬁTIH,a,, is the h-step least squares predictor of M;,, based on the model selected at time n — h —
O; + 1 and the parameters estimated at time t. Although the estimates of the unknown parameters are
continuously updated throughout the period of forecast evaluation, we choose not to update the model
once it is determined at time n—h — 01 +1 because O; is relatively small compared to n. For the purpose

of comparison, we also compute the corresponding benchmark value,

— 1 n_h’ -~ b
EMSPE; = min — Moy — Myn (k)2 63
0= Jin o t hzo +1( t+h t+n(k)) (63)
=n—hn—0)

where ﬂ-}Hh(k) is the h-step least squares predictor of M, based on the model determined by the first
k OGA iterations at time n —h — O; + 1 and the parameters estimated at time t. Moreover, as suggested
by Example 3 of Section 5, the «a,, in MRIC is chosen from among {0.5,...,0.8} using the in-sample
counterpart of (62). The resultant values of EﬁEg and EﬁE, with 1 < h <5, are documented in
Table 10.

As shown in Table 10, the performance of AIC and GAIC is exactly the same in terms of EMSPE. In
addition, BIC and GBIC also behave similarly, and have EMSPE values smaller than (close to) those of
AIC and GAIC when h = 1 and 3 (h = 2,4 and 5). The EMSPE values of these four criteria, however, are
substantially larger than the values of ET\?SHEEO for all 1 < h <5, and the discrepancy tends to quickly
grow with increasing lead-time h. MRIC obviously outperforms the other criteria from the EMSPE point

of view, and the difference between its EMSPE and the corresponding benchmark value does not seem to

be sizeable. In particular, it has the smallest EEFSHEE for 2 < h <5. GBIC,, is slightly superior to MRIC
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Table 9. The values of EMSPE and EMSPE, derived from series {S;}.
EMSPE EMSPE,
h AIC BIC FIC  MRIC GAIC GBIC GBIC,
1 0.0409 0.0533 0.0395  0.0393 0.0393 0.0533 0.0533 0.0393
0.0609 0.0756 0.0577  0.0594 0.0598 0.0756 0.0756 0.0593
0.0586 0.0764 0.0569  0.0575 0.0580 0.0763 0.0763 0.0574
0.0599 0.0817 0.0623  0.0589 0.0589 0.0817 0.0817 0.0589
0.0583 0.0815 0.0654  0.0583 0.0595 0.0815 0.0815 0.0583

= W

[

when h = 1. Unfortunately, its performance deteriorates fast as h increases although it still generally

overshadows the other four non-MRIC criteria for h = 2,3 and 5.
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Fig. 1. Plots of series {S;} and its sample ACF and PACF

7. Conclusions

This paper has addressed a serious lacuna that has attracted little attention in the vast literature on
model selection. We argue that in many realistic applications, we are faced with the problem of selecting
a model from a finite and fized collection of models, without knowing whether the true DGP is included in
it or not, and without recourse to the mathematical device of allowing the collection of candidate models
to increase indefinitely with the sample size. If we accept the partially tautological proposition that ‘all
models are wrong, but some are useful’, then we are often faced with precisely the above fundamental
issue.

The MRIC gives an explicit expression, namely equation (23), for the penalty on model misspecification

and the penalty on sampling variability, which addresses not only the one-step ahead prediction but also
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Fig. 2. Sample ACFs of weakly time series for cardiovascular mortality (top), temperature (middle) and particulate

pollution (bottom) in Los Angeles County from 1970-1979.

the multi-step case. We have shown how we can compute the explicit expressions and given detailed
theoretical underpinnings. The impact of nonlinearity is clarified in equation (47). We have illustrated
how the MRIC has addressed the fundamental issue successfully with simulated and real data, including
both high-dimensional cases and nonlinear cases. It is hoped that filling the serious lacuna paves the
way for the beginning of the final phase of the model selection enterprise started by Akaike, Mallows and
others more than forty years ago.

Finally, in all the model selection criteria discussed in this paper, estimation of unknown parameters
is rooted in the likelihood function or its equivalents. For misspecified models, attempts to justify the
likelihood-based approach to estimation are often made by reference to the Kullbeck-Leibler information,
which is well known to be not a distance measure. However, alternative (i.e. non-likelihood-based)

approaches are available and beginning to attract attention; see, e.g., Davies (2008), Xia and Tong
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Table 10. The values of EﬁéﬁE and EﬁéﬁEu derived from the mortality data of Shumway et al.

(1988).

h

(3]

= W

o

AIC
28.35
26.21
41.38
37.12
46.83

BIC
22.24
27.34
38.80
37.12
46.83

EMSPE
MRIC
18.99
21.89
92.90
23.45
24.22

GAIC
28.35
26.21
41.38
37.12
46.83

GBIC
22.24
27.34
38.80
37.77
46.83

GBIC,
17.60
26.77
31.29
38.33
44.28

EMSPE,

16.79
16.68
16.54
16.31
16.55
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(2011) and a recent Workshop entitled Non-likelihood based statistical modelling held at the Centre for

Research in Statistical Methodology, Warwick University UK, 7-9 September 2015. Therefore, it remains

a future challenge to develop a model selection criterion via a non-likelihood-based approach.

A. Proof of Theorem 1

In view of (7), we have

- 2
N {E (e = BT 09:)” ~ B (£2) = (0 -+ () (A1)
where (I) = —ZE(E,L;],xIﬁRYI Zt\il xie¢,) and (II) = E(xlﬁ;ﬂN—l’Q Zi\:l x¢e¢.1)2. It is shown in Lemma
A.1 below that
N
(I) = —2E (511,.‘1){:1:{'_1 thef,,h) + 0(1) = (III) + 0(1)1 (AQ)
t=1
and
- ' -
(I)=E (\/—F thgt,h) R (ﬁ thst,h_) +0(1) := (IV) + o(1). (A.3)
t=1 t=1
By (C1) and (C2), it follows that
1 N g N=1 N
(IV) = WE (ZX:R_IX?:*??J:) + ﬁ Z Z E (X;R—kat-j,ht-k,h.)
t=1 j=1 k=j+1
N (A.4)
N , 2 . -
=tr {R 'g (Xlxirs'f‘h)} + N Z (N —jE (X}_R lXj+1€l‘h£'j+1,h.)
j=1
Similarly,
n—1
(H[) = -2 ZE (XIR_lx_j_HE]‘th_{_lfh) (A5)

i=h
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By (A.1)-(A.5) and (C2),

N {E (vnen = B (h)xn) ~E (e }

= tr {R_IE (XlX;rE ,h)} + 2 Z tr {R g (Xlxir+551,h,51+5,h) }
N-1 n—1
JE (XlTR_IXjHEl.h.EjH h) > E (XlTR_lijrlEl,h.fjJrl,h) +o(1)
j=1 j=N
h—
= tr (R 1E (xlxl &1 h)) + 2 Z tr ( (Xlx;r_l_selfht‘]_{_s!h)) - 0(1),

yielding the desired conclusion. i
LEMMA A.l. Under the assumptions of Theorem 1, (A.2) and (A.3) follow.

PRroOF. It suffices for (A.2) to prove that

N
B (En,hxl (l?l;,l - R_l) thet‘h) =o0(1). (A.6)
t=1

To show (A.6), first observe that

N
E (En hX (RNl - R_l) thgt,h)
t=1

N N
=E (en X, (R_ ﬁ_ ) tht‘t ,s,) +E (En X, (R‘ — R—l) Z xtet‘h) (A.7)
=1 t=n—l,—h+1

n—Il,—

+E(5nh (R 1 R—l) Z xtgt,h,) = (I) + (II) + (111).
t=1

Since for large n,

) |

This, together with (11) (in (C5)), (8) (in (C1)), Hélder’s inequality and the hypothesis that I,, = o(n'/?)

n—I,
| (7-7m) e

N
- 1
IR - R, 1< IRFIRS, (”E Y xx
t=r

=n—I,+1

(see (C6)), yields for any 0 < v < 5,
B[Ry — R, |7 =0((ln/n)). (A.8)

Applying Holder’s inequality again, we have

, 1/3
1) < (Bleasl®)® (o) (BIRF - R, 7)™ (E ) . (A.9)
v (A.8), (A.9), (C3) and (C4), it holds that
(1) = o(lu/n'/?) = o(1). (A.10)

An argument similar to that used to prove (A.8) yields for any 0 < v < 5,

B[Ry —R7'"=0(n™"), E|R;, —R7'"=0m""). (A.11)
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By making use of (A.11), Hélder’s inequality, (C3), (C4) and (13) (in (C6)), we obtain

(1) = O ((i,,,/n)1/2) = o(1), (A.12)

and

N1/3 n—l,—h 3
() < (BIR;, ~R7P) (Bl Y xiewn
t=1

1/3
) (E (IE (xnennlFa-1) I ))UJ (1). (A.13)
Consequently, (A.6) follows from (A.7), (A.10), (A.12) and (A.13).

To show (A.3), let

N
M, =x, (RRr R_l) N2 ZX;EL};, M, = 11(;5]:"{,_1.N'_lf2 ZX;EL};,
t=1

N T N n—l,—h
M, = (N—mzxtetﬁ.) R-! (N—wzxten,h),u,,.zN—w S e
t=1 t=1 t=1

It follows that
E(x, Ry!N~1/2 anut n)? = E(M?) + E(M3) 4 2E(M; M>). (A.14)

Moreover, by (C3), (C4), (A.11), (1 ) (in (C6)) and Holder’s inequality, we have

N

E(M3) < (Ellx ") A(BIRF — R7Y)2EINT2Y " xieral®)® = O(n7Y), (A.15)
t=1
and
E(M3) = E(Ms) + E{u;R™ (E (xux} B0t ) = R) R up } + O((ln/n)"/2)
37 1/3
=EM;3)+ O ({E|un|3}2/3 {EHE (xnxﬂ}'n_gn) - } ) + O((L,/n)?) (A.16)
= E(Ms3s) + o(1).
Consequently, (A.3) follows from (A.14)—(A.16). O

B. Proof of Theorem 2.

It suffices to show (26) and (27). To show (26), first note that
N N e
&2(J) = N1 Z(SE‘}I)z (th Ji Em) Ry () (ZX;(J{)EE}I)
t=1

=B ((E)) + N
Al l

N2 (Z ( )Et(})l (ZX{ Jp Eth)
t=1

In addition, by (C1) and the positive definiteness of R(l) = E(x;(J;)x/ (J;)) (as ensured by (C5)),

Eﬂ;

2 - B2} (B.1)

IR ()] = Op(1), (B.2)
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which, together with (C4), yields N‘Q(Zi\il xIT(Jg)EEf;')ﬁR} (E)(Zi\il xt(Jg)Eg':'}l) =0p(n~Y). Thus; (B.1)
and (31) in turn imply (26).

To show (27), we first dissect éh‘s(.}g] as

N
- _ l 1
Ch,s(Ji) =N ! ZXi(J":)X;F-I—S(J":)Eg,}zgg-l)—s,h
t=1

N A T
— NS s ()X (1) (ﬁn,;(h) - ,@h.,i) (el

t=1

N
N X () (Bua(h) — Bra) s (I)E
t=1

N
NS () (Baa(h) = Br) (o) (B (k) = B

t=1
By (B.2), (C1), (C3) and (C4), it can be shown that the last three terms on the right-hand side of (B.3)

are of order 0p(1). Combining this with (32) leads to the desired conclusion (27). O

C. Proof of Theorem 3
For notational simplicity, we shall suppress (J;) in x¢(.J;) and () in Egi, 1(,” and Cy, s(1). It follows from

(38) (41) and (45) that

o0 o0 o0
— § : T A C) B E : T _ — T
Ye= 2 _WiyVt—js St * = 2 WjiwVi—j» Eth = E W3.0Vt+h—js (C.1)
J=0 J=0

j=0

where w;, and w;, are some nonrandom vectors satisfying
Wiyl < G+ 17 [Wiell < G+ 177 (C.2)

for some 0 < ¢* < oo and all j > 0 and 0 < v > p*. Moreover, since

E(eqnye—s) = 0,5 € Jo and E(e, ") = 0,5 € Ju, 1 < v < p, (C.3)
it holds that
oo
Z w;':_EyAwk-l-h-l-j,U = 0! .;" = JO':
k=0
N (C.4)
> W AWkihii0 =0, € Jy,1 v <t
k=0

where A = E(v;v) ).

By (43) and (C.1)—(C.3), it is not difficult to show that conditions (C3) and (C6) follow. Moreover,
since (C.2) ensures that the autocovariance functions of y;, si") and &, are square summable, by (43),
(C.1), (C.3) and the First Moment Bound Theorem of Findley and Wei (1993), it can be shown that
conditions (C1) and (C4) also hold true. The proof of condition (C5) is complicated and deferred to

Lemma C.1 below. The first statement of condition (C2) is obviously guaranteed by (C.1) and the
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hypothesis that the fourth moments of {v;} are independent of ¢, whereas the second one holds if

each component of nE(xlxyTlsl,hen,h) converges to 0, (C.5)

noting that x; = (yi—j,J € Jo, SS)J,;-' €Jy,1<v<ph)T.

In the following, we shall prove

E(El,h,ylen,hyn) = U(n_l) (CG)

instead of (C.5) because their proofs are exactly the same. Dissect y,, and £, as y, = y, + U» and

" =~ ak n—2—h __ T i * _ n—2__ T . . ok '
Enh = Epp + Enp, Where yp = 3007 Wi v and €, ), = D T3 WjgVaih—j. Since (yn,e55) is

independent of (y1,£14), we have

E(e1ny16n0Yn) = E(1,0Y1En,00n)
1+h 1+h 1+h 1+h
_ T i T ) T i T )
—E{ Z Z Z Z wl—j1,yvj'lwl+h.—jg,Ov.?zwn—jsayv_?awn+h.—j4,0v.?4}
J1=—00 j2=—00 jz=—00 J4=—00
1+h
_ T ¥V ¥V Cxxr | i
—E{ E wl—j,yvj'w1+h—j,ﬂvj'wn-—j,yvj'w-n+h—j,0vj'}

j=—oc0

T T T T
+ E{ E , Wiy VmVmWith—m 0Wy ko ViV wn-l—h—k,(}} (C.7)

—ooc<m,k<14+h
m#k

T T T T
+ E{ Z WimyVm Ve Wn—myWih ko ViV Wn—!—h—k,{j}

—so<m,k<1+h
m#k

T T T T
+ E{ E Wi—myVmVyWnth—m0Wi4h—k0VEVi Wn—k.y}
—oc<m,.k<1l+h
m#k

= (I) + (IT) + (IIT) + (IV),
where w,, is set to 0 when s < 0. By (43) and (C.2), it holds that

1+h
IDI< D ElvilI*Iwi—gllwita—solWwn—jylWnin—jol) = O(n~2%) = o(n™").  (C.8)
j=—o00
Using the first relation of (C.4) with j = 0, we obtain
1+h 1+h
(1) = Z Wy gy AWano kol Z Wiy AW hom o)
k=—co m=—oo,m#k
1+h
=— ) Wa iy AWnih koW, AW1Lh_ k0.
k=—0c0
Therefore,
1+h
D] < JAIP D7 [WakgylIWnsn-roll Wik gl Wita-koll = O(n™>*) = o(n™"). (C.9)
k=—o0
Straightforward calculations and (C.2) yield
1+h 1+h
D[ =0 | > IwishrolllWnrn-roll( D [Wi—myll[Wo—myl)
k=—o00 m=—o0,mz#k (C.10)

=02 =o(n™").
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Similarly,

[(IV)| = O(n=**2) = o(n ). (C.11)

The desired conclusion (C.6) (and hence (C.5)) now follows from (C.7)-(C.11).

It remains to show that (31) and (32) hold true. Note first that (31) is an immediate consequence of
(C.1), (C. 2) and the First Moment Bound Theorem of Findley and Wei (1993). To prove (32), define
ng [('h (6, 0)] = xtx;;sgt’hgtﬂ’h. Express Cy, 5 as [cp, (4, j)] and let D(t) S(,7) = cg)s(z J) —cns(i, 7).
By (43), (C.1), (C.2) and tedious algebraic manipulations, we obtain for each 1 <1i,j < S, = Zg;o 8(Jy),

sup  [E(DY™ (i, j)Dy") (i, 1))| = 0, as r — o, (C.12)

|m—k|=r

yielding n=1 Y0, ;1(3 J) = 0p(1), which in turn implies (32). Consequently, the proof of Theorem 3

is complete. 4
LEMMA C.1. Assume (38)—(41) and (44). Then (C5) follows.

PROOF. In view of Theorem 2.1 of Chan and Ing (2011), it suffices for (C5) to show that (18) holds
true. By (C.1), there exist Sp+ X (p+ 1) matrices H;, j > 0, with ||Hj|| < &(j +1)™* for some 0 < € < oo,
such that x; = Zj’io Hjv;_j. Moreover, it is not difficult to see that /\mm(E(xtxtT)) > §y for some
positive constant dp. These facts yield that for a given §7 < do, there exist a positive integer D such that

forallt > D,
Aumin (E(xt‘DxID]) > ot (C.13)

where x; p = Zv?:_ol Hjv;_j. Since (C.13) ensures that E(STXt?D)‘Z = Zf o sTH AHTs > 067 for any

| s|]| = 1, there is an integer 0 < j(s) < D — 1 such that

-] H (SJA )3 > 6T/D (014)

i(s
Define F, js) = {Vts -2 Vijs)41: Vij(s)—1:- - -} and 15 = s’ Hjg) 3(3)3 Then, by (44) and (C.14),
it follows that for any ||s|| =1, any £ > D, and any 0 < s3 — 81 < d11/67/D ;1;’;\2 (A), where 4; is defined
in (44),

P(sy < 8"x¢ < 82| Fi—p)

=E {P (31 < sTxt < 32|Fm(s)) |F¢_D}

y o0 A
- Z sTvat_j 89 — Z s va —j
A= STH- Vi
—glp i#ila) < i(s) Vt—j(s) < i%it) Fite) | |Fe-p ¢
Mj(s) Mj(s) Mj(s)
k DA (A ’ }
<K ( %(](52 - 81)) almost surely,
1

recalling that F; = o(vy,vi_1,...). Consequently, (18) holds with F; = o(v¢, vi_q,...), @ = v, § =

51/OT /DA (N), M = K1 (DAmax(A)/67)/2, and D given above.
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D. Proofs and Theorems 4 and 5
Proof of Theorem 4. Note first that
- 2 . e 2
n {E (yn+h, - gnfh(Bn]) - E(si‘h(B‘)]} =E {n (sﬂ_‘h(ﬂ,,_) — en‘h(G*)) }

+ 2B {n(enn(6n) — enn(0"))enn(6%) } = E(1) + 2E(11)

(D.1)

Let B, = {||6, — 6| < d and ||6,_,, — 6*|] < &}, and define w,, = D19, 4(8*)e,.1(6%). By Taylor’s

theorem for multivariable functions, we obtain

-3 n, - - »
(I1) = —nw; (B, = 0)15, — 5(6n — 0%)7 (Dagan(62)20,4(6%)) (6 — 615,
) (D.2)
+n (Enﬁ_(ﬂn) - En‘h(e*)) En.h(G*)lB;‘; = (III) -+ (IV) + (V)'.!
where ||0,, — 0*|| < ||0,, — 6*||. We first show that

n—h

E(II) = - E(ngl,h(e*)(R* —A']_lDlleer:(f?*)El,h(9*)€1+j_.h.(9*)) +o(1). (D.3)
j=h

Let Ry = n ' 0" D1g, n(0*)D] g,1(6%) and A,, = n=' 20" Dogy n(0%)er4(6*). Then, by the

mean value theorem for vector-valued functions, we have on B,

1
0= Dlsn(ﬂ ) = D1S,(0%) + { D35S, (0" + (6, — 9*))d“r} (6, —6%),
0

yielding
n—h
(HI] o Z Dlgt n(6 5! h 6 ) B
+w,] (R* = A*)7! {\/H(Rﬂ —RY) = Vii(A, - A) | Vii(6, - 0)15, D)
1
+ %wI(R* A / [DQSR(Q* + (6, — %)) — Dgsn(e*)} dr(6, — 6°)1p
0
= (VI)+(VID)+(VIII).
Define RY_, = n~1'Y17\" D1gi1(0*)D] g1 (6*) and A%_, = n=' S 77" Dygy n(6*)er n(6*). Then, it

follows that
[E(VID)] < (R~ A") 7! x
{E (wall {IVAR, = R Il + [Va(An — A% )l } IVAB, - 69)])

+ B (Jlwall {IVAR;_, — R + V(AL — A%} VA6, - 6.0,)]))

n

B |1 Bwa| Fat,I{ VAR, = B[ + [Va(A7, —A*)n}n\/ﬁ(én_gn—e*)n]}.

+

This, (E1), (E3), (E5), (E6), (E7), and Holder’s inequality imply

IE(VIT)| = o(1). (D.5)
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We next show that
[E(VILL)| = o1), (D.6)

whose proof is somewhat tricky. Express (VIII) as

1
;wT(R* AN / D»S, (9* + (0, — 9*)) — Dy, (9* + (0, — 9*)) dr(6, — 6")1p
JO
1 ! 5 5 D.7
+ §w,I (R* — A*)~! f D5 S, (9* +7(0py, — 9*)) — D5S,,(6%)dr(8, — 6*)1p, (D.7)
0
= (IX)+(X)

By making use of
n—h
(1/2) (D35n(0)),x = Z { (D29t,1(0));; (D191,n(0)), + (D2g1,n(8)) 5. (D191,n(0))

t=1
n—h
+(D290(8)) . (D190(8)); } = 3 (D391,1(8)) 51, 50(8)
t=1

and Taylor’s theorem for multivariable functions, we have for some C* > 0,

|(IX)] < C*|lwy||| max sup ? ||Dg;, ||
R O e L 4 Z #

n—nh
+ sup ') Ef,h.(f’)) V70, — 6| Vn(6, — 0,
OcB;s(8*) =1

which, together with Holder’s inequality, Jensen’s inequality, (E3) and (E5), yields
E|(IX)| = o(1). (D.8)
Assumptions (E3) and (E5) also imply

1 * *y— . * 7 * * 7 *
E(X) =E {Ewr—l—(R —-A ) l/ D2Sn—£,. (6 % 'P(Bn—i,. -0 )) b DQSn—ln (9 ]d'r(gn—i,. —@ )}
0 (D.9)
+o(1)
Using (D.9), (E6) and an argument similar to that used to prove (D.5) and (D.8), we obtain |[E(X)| = o(1).
In view of this, (D.7) and (D.8), (D.6) follows.

To deal with (VI), note that

(VI) = — th% *ern(6%) + w, (R* — A*)~! an *)enn(0%)15;
(D.10)
= (XI)-+(XII)
It follows from (E2) that
n—1
E(XI) = — Z E (DlT.fh,h(g*)(R* - A*)_lDl!hﬂ'.h.(9*)51.h(9')51+j,h.(9*)) : (D.11)

L
Il
=

Assumptions (E3) and (E5) further yield

w

IE(XIT)| = o(1). (D.12)
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Consequently, (D.3) is guaranteed by (D.4)-(D.6) and (D.10)-(D.12).

Next, we calculate E(-2(IV)). Straightforward algebraic manipulations yield
E(-2(IV)) = E (n(én —0")TA*(6, — 9*)13,1) + G, (D.13)

where

|Gu| < E (ﬂ sup || D3gns(0)|F|16n — 9*|I3|€n.,h(9*)llf3,.)
0eB;(67)

+E{IVA(0n = 6,1, (V760 — 0]+ VABms, — 0]} D290 (6% n(6%) — A%}
+ E (I[E (Dagnn(6")enn(0)|Fa-r,) = ATIVAGa-r, — 0°)])

4 (| Vi@, - 6 1D2gn4(6%)200(6%) - A1 )

(D.14)

Let & be an arbitrarily small positive number. It is not difficult to see that the first term on the right-hand
side of (D.14) is bounded above by §'~*E(n SUDge B, (6+) ||D3.(}n’h(9)||pl|én — 6*||**¢|e,,.,(6%)]), which in
turn converges to 0 in view of (E3) and (E5). Moreover, by (E3), (E5) and (E7), the rest three terms on
the right-hand side of (D.14) also vanish asymptotically. As a result,

|G| = o(1). (D.15)
On the other hand, we get from (E3), (E4), (E5) and some algebraic manipulations that

E(n(6, — 6*)A*(én - 0")1p,)
n—nh

=E{n™" Z D1ge.n(0%)een(0)V*() | Digen(8*)een(6%))} + o(1)
t=1

where V* = (R* — A*)"'A*(R* — A*)~!. Combining this with (D.15) and (D.13) gives

n—h n—h
E((IV)) = %E{ﬂ Z D1gen(0%)een(0%)V* (D D1gin(60%)en(6%))} + o(1). (D.16)
t=1

It follows from (E3), (E5) and Hélder’s inequality that |[E(V)| = o(1). In view of this, (D.2), (D.3)
and (D.16), we obtain

n—h
2E(IT) = —2 Z E(D{ g1 (0" )(R* — A*) "' D1g11j1(6%)e1 4(6%)e14j1(0%))
j=h (D.17)
n—nh
—E{n! Z D1gen(0%)een(0)V* (D D1gen(6*)een(6*)} + 0
=1

Applying Taylor’s theorem for multivariable functions again, we have

(1) = [V(D1gn 1 (0)(6, — 6%)1p, + %(én — 0%)D2gn 1(6,)(0, — 6°)15,

+ \/T_!r(gn,h(én) - Qn.h(e*))lBﬁlz = [(XIII)+(XIV)+(XV)]27
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where |0, — 6*|| < ||6,, — 6*||. An argument similar to that used to prove (D.17) yields

n—h
E(XII)* = E{n~"! ZDlgth Jeen(0 ZDl‘?th Jee,n(0%))} + o(1),
E(XIV)? = o(1),
E(XV)? = o(1),
where Q* = (R* — A*)"'R*(R* — A*)~!, and hence
n—h n—h

E{n Zquth )Egh )Q ZDIG"H; Eth( *))}+O(l)'

Finally, the desired conclusion is ensured by (D.1), (D.17), (D.18) and (E2).

(D.18)

Proof of Theorem 5. Equation (49) is an immediate consequence of Theorem 4. Equation (48) is

ensured by

SY (6) 1,

= Vz(ﬂi")+0p(ﬁ

which follow from (50)-(52) and an argument similar to that used to prove Theorem 4.

E. Moment bounds for ||\/n(6, — 6*)|| and ||\/n(0, — 8, )|

Let ¢ > 1 and [, = o(nl/ 2). In this section, we provide sufficient conditions under which

E[vn(6, — 6%)] = O(1),

and

E[lvn(0n — 6,1,

= o(1).

(D.19)

(E.2)

Define fin, = E(yeen|Ft) and e = yeon — fen. It is easy to show that 7, is uncorrelated with g5 (0)
and V(0) = V,(0) +E(nih]: where V,(0) = E(fi., —g:.1(0))? is independent of t. In view of the continuity

of V(8) on 6, it is not difficulty to see that 8,, — 6* = 0p(1) is ensured by
mn
sup In~! Z(gz,h(ﬂ*) — Gt.1(0))nen| = 0p(1),

sup |n~ lz fen = 9e1(0)) = V,(0)] = 0,(1).

6co

(E.3)

However, to prove (E.1) and (E.2), we need a strengthened version of (E.3) among other conditions.
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THEOREM 6. Suppose that g, ,(6) is continuous on © and there is § > 0 such that Dyg, ;(0) is con-

tinuously differentiable on Bs(0*) and each component of Dagy ,(0) is differentiable on Bs(0*). Assume
that (E1), (E4) and the second relation of (E7) hold with 3 replaced by q,

3
4q
sup E| sup Hngf,‘h(ﬂ)H + sup E[| sup 5?31(9) < 00, (E.4)
—oo<t<oo i 0cB;s(6+) F —oo<t<oo 0cB;(0*)

n/?p (Sup|” lz (9e.0(0%) = 9e,1(0))1e.n| > f) =o(1),

0co
=1 (E.5)
T
n?/2p (sup 1Y (fon — 90 (6))? — Vi(0)] > ) = o(1). for any ¢ >0,
0€© t=1
and there is M > 0 such that
n
nP | sup n! Zsih(ﬂ) > M| =0(1),
0cB;(6+) prt
(E.6)
!
niP | sup n7! Z 1Djgen(0)|3 > M | =0(1),j =1,2,3.
0cB;(6*) —
Then, (E.1) and (E.2) hold true.
PROOF. We begin by proving (E.1). There is C* > 0 such that on the set {6,, € Bs(6*)}.
1
(2n)~1 / D5 S,,(6* + r(0, — 0%)) — D2S,,(0%)dr
Jo (E.7)

< C*)6, — 6% A,

where A, = max;eq1,. 3} SUPgep,(0) " 2opmy 2 11Djgen( 0)||%+supgcp,o-) " 'f':_lh'sf,h(ﬂj. Define Q,, =
{A, <2M}. Let 0 < 8* < min{d, (C*||(R* — A*)~||6M)~'} and H,, = {6, € Bs-(6*)}. Then, it follows

from the mean value theorem for vector-valued functions that

|vn(6, — 6*)|"1y,

a
<o - A | 5= ZDW et (6°)
(E.8)
+ (VA - R+ Va(A; - A1) 16, - I,
+ (21;)‘1] D5S,(0* + (0, — 6*)) — D3S,,(0%)dr \/_9 —9*)||q1;;]
0
By (E.7), (E.8) and the hypotheses associated with (E1), (E4) and (E7), we obtain

E[lVA(, — 6*)[|1m, < O(1) + 3||(R* — A*) 7 |*(2MC*6*)||V/n(8,, — 6%) |11, (E.9)

+ 39|(R* — A%)7H|%(C™)9(5) ¥ E(n?*Ad1q,)
Note that 37||(R* — A*)~||9(2M C*6*)7 < 1 and E(n%/2A%1g,) = O(1) is ensured by (E.4) and (E.G).

Combining these with (E.9) gives

E||vn(6, — 6*)||%1x, = O(1).
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Moreover, it follows from (E.5), the compactness of © and the continuity of V' (8) that
E|vn(0, — 6|15 = O(n*P(HS)) = o(1).

This completes the proof of (E.1). Expressing D15, (8,) as the sum of

n—h

D183(05—1.) = D18a(0n—t,) — D1Sp—1,(0n-1,) = =2 Z D1gen(0n-1,)et.1n(0nr,)
t=n—h—I,4+1

and a remainder term using the mean value theorem for vector-valued functions, we can prove (E.2) in
a fashion similar to the prof of (E.1). The details are omitted.

Remark 7. Being an extension of Theorem 2.2 of Chan and Ing (2011), Theorem 6 establishes the
first result on moment convergence of the least squares estimates in misspecified nonlinear regressions
with dependent observations. Its applications to prediction and model selection have been illustrated
via Theorems 4 and 5. Note that in the special case of ¢ = 3, where (E.1) and (E.2) correspond to
condition (E5), (E.4) above is weaker than condition (E3). On the other hand, (E.5) is a strengthened
version of (E.3), which ensures the consistency of 8, and the role of (E.6) in the proof of Theorem 6
is similar to that of (2.13) and (2.14) in the proof of Theorem 2.2 of Chan and Ing (2011). When f;;,
9t.1(0), €¢,1,(0) and D;gp¢(0) are linear processes and the coefficient functions in the latter three satisfy
certain smoothness conditions, (E.5) and (E.6) can be justified via an argument similar to that used in
Lemma B.1 of Chan and Ing (2011), which is a ‘uniform version’ of the First Moment Bound Theorem
of Findley and Wei (1993). It is worth mentioning that while Theorem 2.2 of Chan and Ing (2011) is
proved without imposing assumptions on the third-order derivative of the regression function, some extra
distributional assumptions like (18) on the regression function and its first-order derivative are needed.
Therefore, there exists a trade-off between the smoothness of the regression function and the smoothness

of its distribution, which is a subject of further investigation.
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