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Outline

• Data collection & its importance

• Factorial design (因子設計)

• Multi-stratum factorial design
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樣本 交往方式 結果
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再看一次這個點頭短片，主人偷偷跟我們說，其實是他
用手，在貓咪的頭後方輕點的傑作。不過無論如何，這
隻淡定的小貓，已經成功的吸引大批粉絲，關注他的一
舉一動。https://news.ebc.net.tw/news/fun/500
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統計模型

• 統計模型由「規律 + 誤差」組成

• 線性迴歸: 𝑦 = 𝛽0 + 𝛽1𝑥 + 𝜀

• 常用的假設： 𝜀來自於常態分佈
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統計模型

• 「誤差」使得統計模型變得特別
• 使用隨機變數刻畫誤差

• 量化不確定性

• 怎麼會用一個錯的模型？
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統計模型

• 下面兩個模型都可以解釋太陽為何有時會缺一
角，但不見得都Useful
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統計模型

• Polynomial regression (Faraway, 2015, chapter 9)
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𝑦 = 𝛽0 + 𝛽1𝑥1 + 𝛽2𝑥2 + 𝛽3𝑥1
2 + 𝛽4𝑥2

2 + 𝛽5𝑥1𝑥2 + 𝜀
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統計模型

• Regression Spline (Faraway, 2015, chapter 9)
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線性模型

• General form:
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Variable 1

𝒙𝟏

Variable 2

𝒙𝟐

….. Variable m

𝒙𝒎

Response

y

𝑥11 𝑥12 … 𝑥1𝑚 𝑦1

𝑥21 𝑥22 … 𝑥2𝑚 𝑦2

𝑥31 𝑥32 … 𝑥3𝑚 𝑦3

⋮ ⋮ ⋱ ⋮ ⋮

𝑥𝑛1 𝑥𝑛2 … 𝑥𝑛𝑚 𝑦𝑛

1 response variable

m explanation variables

n data points

dependent variable
output variable

predictors
independent variables
inputs
regressors

𝑦 =

𝑗=0

𝑝

𝛽𝑗𝑔𝑗(𝑥1, … , 𝑥𝑚) + 𝜀
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估計參數

• How to estimate 𝜷 from the data? 

• Matrix notation: 𝒚 = 𝐗𝜷 + 𝜺

• Least squares estimator: 𝜷 = (𝐗𝑇𝐗)−1𝐗𝑇𝒚

• Var 𝜷 = 𝜎2 𝐗𝑇𝐗 −1

20

Minimize  𝑦 −

𝑗=0

𝑝

𝛽𝑗𝑔𝑗(𝑥1, … , 𝑥𝑚)

2
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共線性

• Var 𝜷 = 𝜎2 𝐗𝑇𝐗 −1

• 共線性 (collinearity)
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共線性

• Var 𝜷 = 𝜎2 𝐗𝑇𝐗 −1

• 共線性 (collinearity)
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資料不足以區分
1. 𝑥1 vs. 𝑌
2. 𝑥2 vs. 𝑌
3. (𝑥1, 𝑥2) vs. 𝑌

𝑥1 𝑥2 𝑌

⋮ ⋮ ⋮

⋮ ⋮ ⋮
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創造共線性

• Data: Housing Values in Suburbs of Boston

• Data size: 506

• tax: full-value property-tax rate per $10,000.

• …

• medv: median value of owner-occupied homes in
$1000s
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找線性相依

• Collinearity can be diagnosed by computing the 
eigenvalues of 𝐗𝑇𝐗 (or the singular values of 𝐗)
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實驗設計

• 預防勝於治療

• 如何預防：妥善規劃該如何收集數據

• 數據品質高，後續的資料分析才輕鬆

• 抽樣調查、實驗設計
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實驗設計

• 做實驗常見嗎？
• 神農嘗百草、費雪的茶和牛奶實驗、先加牛奶還是麥片

• 妥善規劃實驗重要嗎？
• 釐清因子(factor)與反應變數(response)的關聯

• 為什麼要做實驗？
• 比比看誰最棒 (treatment comparisons)
• 因子篩選 (factor screening)
• 探索黑盒子 (response surface exploration)
• 系統最佳化 (system optimization)
• 系統穩健化 (system robustness)
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• Various types of experiments:
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實驗設計

• 七大手法
• State Objective

• Choose Response

• Choose Factors and Levels

• Choose Experimental Plan

• Perform the Experiment

• Analyze the Data

• Draw Conclusions and Make Recommendations

30

https://www.cheers.com.tw/article/article.action?id=5092364

用對方聽得懂的語言，來回反覆溝通，確認雙方需求！
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實驗設計

• An experimental unit (實驗單位) refers to a basic unit to which
a treatment is applied.

• A treatment (處理) is a factor-level combination applied to the
experimental units

• 三大原則
• Replication
• Randomization
• Blocking

• Multi-stratum: multiple groups of blocked units

31
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• C. F. Jeff Wu (吳建福教授)

• 中央研究院院士 (2000)

• ISyE, Georgia Tech

• 美國國家工程研究院院士

• 吳建福教授訪談

• Ching-Shui Cheng (鄭清水教授)

• 中央研究院院士 (2016)

• Stat. Dept., UC Berkeley

• 我認識一位傳奇鄭清水--黃文璋教授著

• 清華校史館

• 中研院新科院士
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Outline

• Data collection & its importance

• Factorial design (因子設計)

• Multi-stratum factorial design
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完全因子設計

• Full factorial design: factorial experiment with all level
combinations of factors as the treatments

• 2k full factorial design consists of all 2k combinations of
the k factors taking on two levels
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完全/部分因子設計

• Full factorial design: factorial experiment with all level
combinations of factors as the treatments

• 2k full factorial design consists of all 2k combinations of
the k factors taking on two levels
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• Why 2k? Why not 3k, 4k, 5k, 6k,…?

• Cost consideration

• Objective: Screen out inactive factors

• At an initial stage, a large number of factors involved.

• What input-output relationship can an 𝑠-level factor
represent?

• Linear effect (𝑠 = 2), quadratic effect (𝑠 = 3)

• Identify factors ➔ Screen out inactive factors using a
2k factorial design➔ Response surface exploration

• Which is more severe? (miss active factors or include
inactive factors)

41
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• Effect Hierarchy Principle: Lower-order effects are more
likely to be important than higher-order effects; effects of
the same order are equally likely to be important
• An empirical principle whose validity has been confirmed in

many real experiments

• Higher-order interactions are more difficult to interpret or
justify physically.

• Effect Sparsity Principle: The number of relatively
important effects in a factorial experiment is small.
• Based on empirical evidence observed in many

investigations, the variation exhibited in the data is
primarily attributed to a few effects

• Effect Heredity Principle: In order for an interaction to be
significant, at least one of its parent main effects should be
significant.

42
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Outline

• Data collection & its importance

• Factorial design (因子設計)

• Multi-stratum factorial design
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示意圖

• Treatments:

• Experimental units:

• Design: an assignment from treatments to units

44
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• Experimental units are unstructured with 𝔅 = {𝒰, ℰ}

45

T1 T2

T4 T5

T3

T6

T7 T8 T9

Treatments (factorial structure) Experimental units

(unstructured, 1 stratum)

Design

Homogeneous

U

E
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Block Design -- 區集設計

• Experimental units have 𝔅 = {𝒰,ℬ, ℰ}
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Split-Plot Design

• Experimental units have 𝔅 = {𝒰,𝒫, ℰ}
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• Experimental units have 𝔅 = {𝒰,ℬ,𝒫, ℰ}
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• McLeod and Brewster (2004) discussed an experiment for identifying key
factors that would affect the quality of a chrome-plating process.

• Six treatment factors (each of two levels):

• A: chrome concentration

• B: chrome to sulfate ratio

• C: bath temperature

• S: etching current density

• T: plating current density

• U: part geometry

• Two responses: Numbers of pits and cracks
49

Chrome plating is a technique of electroplating a thin layer of chromium onto a metal object.
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• The experiment is to be run on 16 days, with four days in
each of four weeks. Therefore there are a total of 32 runs
with the block structure (4 weeks)/(4 days)/(2 runs), and
one has to choose 32 out of the 26=64 treatment
combinations.

• Weeks, days, and runs can be considered as blocks, whole-
plots, and subplots, respectively.

• The three factors A, B, and C must have constant levels on
the two experimental runs on the same day, and are called
whole-plot treatment factors. The other three factors S, T,
and U are not subject to this constraint and are called
subplot treatment factors.
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Strip-Plot Design

• Experimental units have 𝔅 = {𝒰,ℛ, 𝒞, ℰ}
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• Miller (1997) described a laundry experiment for
investigating methods of reducing the wrinkling of clothes.

• This results in 32 experimental runs that can be thought to
have the following 2/(4×4) block structure, where each cell
represents a cloth sample, rows represent sets of samples
that are washed together, and columns represent sets of
samples that are dried together.

• Ten two-level treatment factors, six of which (A, B, C, D,
E, F) are configurations of washers and four (S, T, U, V)
are configurations of dryers. One has to choose 32 out of
the 210 = 1024 treatment combinations.
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Q: 給定實驗成本下，如何衡量不同
的「多階層因子設計」的優劣？

https://sites.google.com/view/mcchang/


Model
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Model
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https://sites.google.com/view/mcchang/
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Experimental units
(blocked split-plot, 3 strata)

Whole plot 1

Whole plot 2

Whole plot 3

Whole plot 4

Block 1

Block 2

𝒚 = 𝐔𝜷 + 𝟏20𝛾
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Design Selection
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Sequential minimization, from left to right

𝑘階效應投影在ℱ𝑖上的共線性強度

ℱ這個stratum的強度

U

B

P

E

https://sites.google.com/view/mcchang/
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• Chang and Cheng (2018) + Chang (2022)
• Factors

• Mixed-level
• Quantitative and qualitative
• Effect hierarchy
• Effect heredity

• Treatments
• Regular factorials
• Nonregular factorials
• Supersaturated designs

• Experimental units
• Block design
• Split-plot
• Strip-plot
• Simple block structures
• Orthogonal block structures
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Summary

• 分析數據是統計科學的看家本領

• 實驗設計就是在探討如何收集高品質的數據

• 當無法主動收集資料，而只能被動接受資料時，
資料品質難以控制，因此需要大數據

• 當可以有系統的收集資料時，資料品質高，因
此只需要小數據
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Summary

• 實驗設計有很多細目，因子設計特別適合做因
子篩選。

• 多階層因子設計專門處理有異質性的實驗單位

• 不同的目的有不同的實驗設計手法
• 反應曲面探索適合用space-filling設計

• 溝通永遠都是統計科學家不可或缺的技能
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「統計科學」擁有見微知著的本領
「實驗設計」散發挑選微量資料的美感
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(by 花聖展, 2023/08/23 17:30)
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