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An overview of our results
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Table: Mean of various statistics in the conjugacy class Cy and in S,.




Acknowledgements

This work began at the 2022 Graduate Research Workshop in Combinatorics,

which was supported in part by NSF grant #1953985 and the Combinatorics
Foundation.



Acknowledgements

This work began at the 2022 Graduate Research Workshop in Combinatorics,

which was supported in part by NSF grant #1953985 and the Combinatorics
Foundation.

Major references in this area:
Enumerative Combinatorics Volumes 1 & 2 by Richard P. Stanley
Combinatorics of Permutations by Miklés Béna



The symmetric group S,

We represent elements using the following notation:

two-line | one-line cycle
133 123 | (1)(2)B)
53 213 | (12)(3)
133 132 | (1)(23)
E 321 | (13)(2)
133 231 (123)
123 312 (132)

Sometimes we include commas in the cycle notation or remove 1-cycles.



Statistics on w € S,

An inversion is any pair (i,j) with i < j and w(i) > w(j).
A descent is any pair (i, + 1) with w(i) > w(i 4+ 1).
Denote the number of descents and inversions as des(w) and inv(w).

w descents | des(w) inversions inv(w)
123 0 0 0 0
213 | {(1,2)} 1 {(1,2)} 1
132 | {(2,3)} 1 {(2,3} 1
321 | {(1,2),(2,3)} | 2 | {(1,2),(1,3),(2,3)} | 3
231 {(2,3)} 1 {(1,3),(2,3)} 2
312 {(1,2)} 1 {(1,2),(1,3)} 2



These permutation statistics have been studied extensively on the entire
symmetric group S,,.

The generating function, expected value, and variance of des are due to Riordan,
while the generating function and expected value of inv are due to Rodrigues.

The Eulerian statistics exc and des are equidistributed over S,, with a bijective
proof via the first fundamental transformation. The Mahonian statistics maj and
inv are equidistributed over S,, with a bijective proof via the second fundamental
transformation.



Mean number of descents and inversions

What is the mean number of descents and inversions in S, 7 I




Mean number of descents and inversions

Interchanging the image of / and j maps permutations that have an inversion at
(7,/) to ones that do not.

Fori=1and j =3 in 53,

123 + 321 213 <+ 312 132 + 231.

Conclusion: half of the elements in S, have the inversion (i, ).

Summing over all (i, i + 1) or (i,j), the mean number of descents is (n — 1) and
the mean number of inversions is %('2’)



Mean number of descents and inversions

What is the mean number of descents and inversions in a conjugacy class of S,? I




Mean number of descents and inversions

What is the mean number of descents and inversions in a conjugacy class of S,? I

Note that the interchanges

123 + 321 213 +» 312 132 + 231

do not preserve conjugacy class, e.g., consider the identity permutation.



Conjugacy class of S,

Two elements are in the same conjugacy class if and only if they have the same
cycle type. Hence, conjugacy classes Cy are indexed by partitions
A= (12,22 ... n?) of n.

A Gy des | inv
(1°) (1)(2)(3) 0 0
(1%,2Y) | (12)(3),(1)(23),(13)(2) | 1,1,2 | 1,1,3
(3 (123),(132) 1,1 | 2,2




Statistics in conjugacy class Cy

Theorem (Fulman '98)
Let Cy be the conjugacy class of S, with cycle type \ = (12,2 ... n").

@ The mean number of descents in Cy is

n-1 a—(3)
2 + n

@ When a; = ap = --- = ayp = 0, the £th moment is independent of X, i.e. only
a function of n.

v

Theorem (Hultman '14)

Let Cy be the conjugacy class of S, with cycle type A = (1°,2% ... n®). The
mean number of inversions in Cy is

3n? — n+42ay, — a2 + a; — 2na;
12 '




Mean number of inversions when A = (19,20, 3% . p)

l; j := indicator function that is 1 when (/) is an inversion and 0 otherwise.

Decompose

Ey[inv] = Z Ex[li ] = Z Pallij(w) = 1].

1<i<j<n 1<i<j<n

It suffices to calculate for any i < j, Py[/; j(w) = 1].



Mean number of inversions when A = (19,20, 3% . p)

Partition C, into
Q) ={w e C:w(i) #j and w(j) # i},
Q ={we G w(i) =/}, Q3 ={we C:w(j) =i}

C)\Z

921 Q Q3

By the law of total probability,
3
Pallij(w) =11 =Y Prlw € Q] - Pallij(w) = 1w € Q-
k=1



Mean number of inversions when A = (19,20, 3% . p)

]P’)\[w S Qg] = nil
Claim: C, : w(i),w(i) ¢ {i,Jj} w(ii)=j|wl)=1i
Pylwe U] =1--% Pilw € Q3] = -5

Main idea for €, and Q3: group up elements in C, by the image of i or j.



Mean number of inversions when A = (19,20, 3% . p)

Let 0,7 be elements in S,, and suppose o has cycle decomposition

(bl,bg,...,bkl),(Cl,Cz,...7Ck2),....

Then ToT~! has cycle decomposition

(1(b1), 7(b2),...,7(bx)), (T(c1), 7(c2), ..., T(Cky))s - - - -




Mean number of inversions when A = (19,20, 3% . p)

Let 0,7 be elements in S,, and suppose o has cycle decomposition

(bl,bg,...,bkl),(Cl,Cz,...7Ck2),....

Then ToT~! has cycle decomposition

(1(b1), 7(b2),...,7(bx)), (T(c1), 7(c2), ..., T(Cky))s - - - -

Claim: P)\[w S Qz] = ]P’)\[w(/) :_j] = nil'

Conjugating by 7 = (/)(1,2,...,i —1,i+1,...,n) induces bijections between

{wel:w()=1} o {wel w() =2 ... {we C w(i)=n}.

contains (i,1,...) contains (/,2,...) contains (i,n,...)



Mean number of inversions when A = (19,20, 3% . p)

]P’)\[w € Qg] =1

n—1

Gor| o wi),w() ¢ {ij} w(i)=j | wl) =1

Py [uu c Ql] =1 2 ]P)/\[W S Q3] =L

n—1 n—1

PAllij(w) =11 =D Pxlw € Q] - Pa[lij(w) = 1w € Q.

know 777



Mean number of inversions when A = (19,20, 3% . p)

When w(i),w(j) ¢ {i,j}, conjugation by (ij) interchanges the images of i and j:

(I.,bz,...,j,...,bkl)...(—)(j,b27...,i,...7bk1)....

(i,bg,...,bkl)(j,CQ,...,Ckz)...(—>(j,bg,...,bkl)(l',CQ,...,Ckz)....

(i) <o(j)

(i) > w(j)

Q :w(i),w() & {74}

We conclude that P,[/; j(w) = 1ljw € Q4] = %



Mean number of inversions when A = (19,20, 3% . p)

For €, and Q3, use conjugation by

(NG)L,2, . i— 141, j—1,j+1,....n).

Qoiim—j Qz:j—1i
i—j—1 j—i—1 i
j—j—2 Jj—i—2 5
i j—3 j—i—3 i
i—j—n j—i—n i
Consequently,
2

IP,\[I,-J(w) = 1|w S QQ] = %
and 1
n—i1—



Mean number of inversions when A = (19,20, 3% . p)

Combined,
j—i—1

Pallij(w) = 1] = % T -nn—2)

and summing over all 1 <j < j <n,

3n2 —n

12

E\[inv] =



Mean number of inversions for any C,

Observation

A generalization of this technique allows us to calculate Py[l; j(w) = 1] for any X.

Theorem (Campion Loth, Levet, Liu, Sundaram, Y. '23)

The mean of 3, ;i< Ci,jlij on Cy is given by:

n? —n+2a, — a2+ a;
( 2n(n—1) ) Z Cii

1<i<j<n
n—(n+1)a; + a? — 2a, .
+ < n(n—1)(n—2) >, Ui=i=Day.

1<i<j<n




The signed symmetric group B,

The signed symmetric group (or hyperoctahedral group) B, is the set of
permutations of {£1,£2,...,£n} satisfying w(—i) = —w(i).

Consider the following element of Bg, written in two-line, one-line and cycle
notation.

(1 2 3 4 5 6 7 8
~\+2 +7 -1 -5 +8 +3 +6 -4
=[2,7,-1,-5,8,3,6, —4] = (5,8, -4)(2,7,6,3,-1).

Its cycles are then (—5,8,—4) and (2,7,6,3,—1), which are respectively an even
cycle of length 3 and an odd cycle of length 5. Thus, its cycle type is

(A 1) = ((3),(5)). We have m3(A) = ms(p) = 1, and all other m;(A) and m;(u)
are 0.




Descents over B,

The descent statistic (see Bjorner and Brenti) may be calculated by
desg(w) =|{i € {0} U[n—1] | w(i) > w(i+ 1)},

with the convention that w(0) = 0.

Theorem (Chow and Mansour '12)

Let X, be desg defined on B,. Then X, has mean n/2 and variance (n+ 1)/12,
and as n — oo, the standardized random variable (X, — n/2)/+/(n+1)/12
converges to a standard normal distribution.




Descents in conjugacy class C, ,

The following results are from Campion Loth, Levet, Liu, Sundaram, Y. '23.

Let A2(\, ) = my(A)? — my(p)?. Let By(t) =Y 5, desg(@)+1 ypg
Bru(t) = Yuec,., tdess (@)1 Then

we

B, u(t) _ By(t) 1—t Bu_1(t)
|Co 2"n! 2n 2"=Y(n—1)

(A% 1) + (1 - £)%g(1),

where g(t) is some polynomial in t.

Differentiating with respect to t and setting t = 1, we obtain the first moment of
descents in the conjugacy class Cy ,:

A%\, p)

n
2 2n

E)\“u[deSB] =




Fix £ > 0. Suppose that all cycles in Cy , have length greater than 2{. Then

Bru(t) _ Ba(t)

[Caul 2700 +(1-0"e(),
S :

where g(t) is some polynomial in t.

Theorem (Central Limit Theorem)

For every n > 1, pick a conjugacy class Cy, ,.) in B, indexed by the bi-partition
(Ans p1n) of n. Let X, be desg defined on Cy, ,.,). Suppose that for all i,

m;(An) — 0 and m;(u,) — 0 as n — oco. Then for sufficiently large n, X, has
mean n/2 and variance (n+ 1)/12. Furthermore, as n — oo, the standardized
random variable (X, — n/2)/+/(n+ 1)/12 converges to a standard normal
distribution.

.




Outline of proof

1. Recall a generating function from Fulman, Kim, Lee, Petersen '12:

Z ( - <Z tdess(w )+1 H m,()\(w m, )))
1—1t)n

n>0 weB

N(2k—1,2m)
1+ y,u™
=1 £k - .
+Z 1—x1u 1:[ <1—Xmu’">

k>1

Here

N(2k —1,2m) = % 3 u(d) ((2k _1)m/d 1) ,
dlm
d odd

and p(d) is the number-theoretic Mébius function, with p(1) = 1, u(n) = (—1)
if nis the product of k different primes; otherwise p(n) = 0.



2. We set u =1 in the generating function and extract the coefficients of x; and
y; for all i. This gives

B)\”u(t): Z tdesB(w)+1

w€ECH

_y M) +k—1 + k -1 1 (m,-()\) + Nr(:ig) 1,2i) — 1) (N(2k' 1,2/'))'

k>1 i>1 m,(u)

3. Recall an expansion result from Steingrimsson '94:

Ba(t) = (1—£)"™ ) (2k — 1)tk

k>1

Performing asymptotic expansion on By ,(t) thus involves checking different
powers of (2k — 1) in the expression.



4. The argument is technical and requires use of Stirling numbers of the first kind
s;,, whose absolute value is the number of permutations of n elements with i
disjoint cycles. Showing one step here:

N(2k — 1,2i) + m;(\) — 1\ [ N(2k — 1,2i)
( m;(A) > ( m;( 1) )
T [s2 I (N(2k — 1,2i))? ) sk (N(2k — 1,20))
mj(A)! mi(p)!

5. When all cycles have length greater than 2/, as a polynomial in (2k — 1), the
leading term remains to be (2k — 1)", but the second highest-degree term is at
most (2k — 1)"~*~1. This is because a lower order term must have either some

a # mj(\) or some b # m;(1) or some d # 1 in the expansion above. This implies
that the /th moment of desg in C, , is equal to the £th moment of desg in B,
when all cycles in Cy , have length greater than 2¢. Asymptotic normality readily
follows from the method of moments.



Thank You! Questions?



