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CROSS-VALIDATION AND MEDIAN CRITERION
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Abstract: In this paper a new method of selecting the smoothing parameter in
nonparametric regression called median cross validation (MCV) is suggested. This
method is applied to choose the number of nearest neighbors used in estimating
the regression function by local sample medians. Uniform strong consistency is
obtained under reasonable conditions. MCV is effective in dealing with outliers in
the data. Simulation results are given to demonstrate its superiority over other
methods.
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1. Introduction

Consider the nonparametric regression model
Yi=g(z;) +e;, i>1, (1.1)

where ¢(-) is a smooth function to be estimated; {x;,i > 1} are non-random
design points in the interval [0, 1]; {e;,i > 1} are i.i.d. random errors and Y; is
the observation at x; (i > 1). Take a subseries {Y;,1 < i < n} from the infinite

series {Y;,7 > 1}, and let xl(.z.)) denote the jth nearest neighbor of z;, i.e., :L‘EZ.)) is

a member of {x1,...,x,} satisfying the following relation: |z; — arg?j))\ is the jth
smallest value among |z; — xy|, i = 1,...,n. Later on, the superscript (n) will

be dropped if there is no confusion. We define
gn,h(xi) = m(Y;(l)a o 7Y;,(h)) = median of Y;(l)a o 7}/;(h) (12)

as the nearest neighbor median estimator of g(z;). The number h of neighbors
plays the role of a smoothing parameter, which has to be selected properly. To
obtain asymptotic normality results, one usually needs the condition h = O(n?)
, for some X € (0,1). Stute (1986) considered the case A = %, while Bhattacharya
and Mark (1987) studied the case A = %. Although in most theoretical studies, h
is deterministically specified, in practice it is better to choose h based on informa-
tion from the data. One of the most common methods of choosing the smoothing
parameter h is cross-validation. Li (1984) proved the consistency for the Ly cross-

validated nearest neighbor estimator in nonparametric regression. Marron (1987,
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1989) gave a detailed review of various methods for selecting the smoothing pa-
rameter. Yang and Zheng (1992) introduced the L; cross-validation method and
obtained the weak consistency of the L; cross-validated nearest neighbor me-
dian estimator under the existence of the first moment of e;. Gangopadhyay
and Sen (1990) also suggested the L; cross-validation method. The condition
E(e?) < oo (respectively, E(|e;|) < 00) is necessary for establishing of weak and
strong consistency for Lo (respectively, L) cross-validated estimators. However,
when there are outliers in the Y observations (or if the distribution of random er-
rors has a heavy tail so that E(|e;|) = c0), then it becomes very difficult to obtain
good asymptotic results for the Ly(L;) cross-validation criterion. To overcome
such disadvantages, a new method called median cross-validation (abbr. MCV)
is introduced. In this paper, the uniform strong consistency of MCV will be
established under very mild conditions.

In Section 2, the motivation of median cross validation is presented and
some simulation results are given to demonstrate the superiority of the MCV
method over the Ljcriterion. The main theoretical results are given in Section
3. Technical proofs are given in the Appendix.

2. Motivations and Simulations

In constructing g, the number h of neighbors plays an important role.
One way of choosing h is by minimizing the asymptotic mean squared error of
the estimate g, . Under some regularity conditions, Yang (1996) obtained the
following Bahadur type representation

2 h
) = o) + 50" @M () + 7 22 5~ gz + R (2
where maxpcp, (a,0) [ Rnk| = o(n~Y%ogn) + O(n=3F/*logn) + o(n=21-)  as.,
Hy(a,b) = {k : kg = [an”] < k < [nP] = k1},0 < a < b < 00,0 < B <
1,M(x) > 0, is a function dependent on the design points satisfying 0 < m =
inf,ej0,1) M (x) < supyejoq) M(x) = M < oo,z € [0,1], f(w) is the density func-
tion of e;, f(0) > 0 and the median of e; is 0. Ignoring the remainder term R,,;, in
(2.1), we get the asymptotic mean squared error (AMSE) of the nearest neighbor
median estimate

AMSE(h) = AMSE(gy, () — 9(x))”
= (9" (2))* M*(2)(h/n)* /4 + 1/ (4% (0)h). (2.2)

From (2.2), we see that, theoretically,

ha(z) = ' (412(0) (9" ())* M? (2))71/°
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is the optimal choice of h, which minimizes the AMSE of the estimator g, ,(x).
But it cannot be directly applied because it depends on unknown quantities such
as £(0),¢" ().

For practical use, it is often preferable to have a data-driven h. One such
method is to select h by the cross-validation technique.

The motivation behind cross validation is easily understood (see, Allen (1974),
Stone (1974)). In recent years, results on its statistical properties have become
available. In density estimation, Chow, Geman and Wu (1983) and Hall (1982)
established some asymptotic results for cross validated kernel estimates. In non-
parametric regression, Wong (1983), and Li (1984) proved the consistency of
the cross validated estimates, for the kernel and the nearest neighbor estimates
respectively. (For more references on smoothing parameter selection, see Mar-
ron (1987, 1989) and Héardle and Chen(1995)). All the aformentioned results
are based on the Lo norm. On the other hand, Ganganbongan and Sen (1990)
suggested the use of the Lji-cross-validation technique to select the smoothing
parameter. Yang and Zheng (1992) also considered the Li-cross validation tech-
nique. They proved the weak consistency for Li-cross-validated nearest neighbor
median estimates under the assumption of the finite first moment of the random
€rTor.

Let H,, be an index set which will be specified later. The Lo cross-validated
choice of h € H, for the nearest neighbor median estimates, based on the average
squared prediction error, denoted by hj = hi(n), is the minimizer of

1 n

inf cve(h) = inf — Z[g(l‘z) - §n,h,—1(1’i)]27

heH, heHn 1 =

where gy, p,—1(7;) is the delete-one estimate of g(z;), i.e. gnn,—1(x:) = m(Yje),
..+, Yi)). The cross-validation function cva(h) measures the average ability of
Gn,h,—1(w;) to predict the “new” observation Yj) = Y;.

The Lj-cross-validation criterion is defined as follows. Let cvy(h) =
LS 1 19(®:) — Gup—1(z;)|- Choose hi that minimizes cvyi(h), ie., h} =
arg minpep, cvi(h).

If E(e?) = oo, (E(|e;]) = oo, respectively), then cva(h) — oo(cvy(h) — oo,
respectively) in probability for all h € H,. Therefore, it is difficult to give a
consistency result for Lo(L1, respectively)-cross-validation.

But recall that the consistency of the deterministically chosen nearest neigh-
bor estimate g, p(x) dose not require the error to have finite first moment.
Thus both Ly and Ly cross-validation criteria are not entirely appropriate. One
alternative is to consider the median cross validation criteria defined as fol-
lows: Let cvi,(h) = m(|Y1 — gnp—1(21)]s- - |Yn — Gnph—1(2n)|) and select Ay
by h! = arginfpep, cvp(h).
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A simulation was carried out to show the differences among the three criteria.
In Figure 1, the circles denote the data and the solid curve denotes the true curve.
The data (x1,Y7),. .., (2200, Y200) come from the nonparametric regression model
Y = g(x;) +e;,1 =1,...,200, where the true curve is

10023,0 < z < 0.3,
g(x) =< 2.7—8(x—0.3),0.3 <z <0.6,
3 —67.5(x —0.8)%,0.6 <z <1,

x; = 1/200, i = 1,...,200, and the observation errors e; are assumed to be
iid. (1 —€)®(z) + eP(g5) with e = 2(1 — ®(1)) = 0.317, where ®(z) is the
standard normal distribution function.

A Monte Carlo simulation was carried out to compare the three criteria. We
present the 3 nearest neighbor median estimates with smoothing parameter h*
selected by the Lo, L1 and MCV criterion respectively. In Figure 2 and Figure 3
the estimates are obtained by Lo and L criteria for this data set, respectively,
and in Figure 4 the curve is fitted by the MCV criterion. For this example, MCV
appears better than the Ly and L criteria for most of the curve.

L2-cv g(x)
true g(x)

0.0 0.2 0.4 0.6 0.8

Figure 1. Data and true curve g(x) Figure 2. true g(z) and La-cv estimate

true g(x)

a.0 0.2 0.4 0.6 0.8 1.0 a.0 0.2 0.4 0.6 0.8 1.0

Figure 3. true g(z) and Li-cv estimate Figure 4. true g(z) and MCV estimate
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We repeat this experiment 1000 times. A summary of the result is given in
table 1. Here,

d(h*) = 12.135(00 l9(x5) = Gnn=(4)], pr = P{d(h*) > r}.

Table 1. Comparison of the Lo-, Li1-cv and MCV criteria when the error is
(1-0.317)N(0,1) + 0.317N (0, 10%)

criteria | Ed(h*) | stdd(h*) | pos | Pos | p1 | pr2 | p2

Lo—cv | 1.653 1.514 [ 0.998 | 0.904 | 0.694 | 0.476 | 0.151
Li—cv | 1.220 0.674 ]0.99710.880 | 0.609 | 0.366 | 0.056
MCV 1.147 0.508 ]0.991]0.863 | 0.565|0.312 | 0.035

Table 2. Comparison of La-, Li-cv and MCV criteria when the error is
N(0,1)

criteria | Ed(h*) | stdd(h*) | pos | pos | p1 | pra | P2
Ly—cv | 0.811 | 0.171 |0.9190.485|0.148 [ 0.024| 0
Li—cv | 0.829 0.173 ]10.937|0.515]0.164 | 0.030 0
MCV 0.897 0.234 10.941 | 0.612 | 0.268 | 0.087 | 0.002

The MCV criterion is better than the Ls- and Li- CV criteria in gauging the
heavy tail distributions. We also study the case that the error follow the standard
normal distribution. Table 2 shows that as expected, the Lo-criterion is the best.

3. Main Results

The following are conditions for model (1.1):

(I) e1,eq,... are i.i.d. random variables defined on probability space (2, F, P)
with a common distribution function F, f(x) = F’'(x) is continuous and
positive on R = (—00,00), F(0) = 3, and f(z) is symmetric about 0 and
nonincreasing on [0,00). There exist positive numbers ¢; and §(< m(|e]))
such that f(x) — f(y) > c1(y — ) for all x < y, x,y € U, where U =
(m(le]) — d,m(le]) + ) and m(|e|) stands for the median of |e|;

(IT) the function g(z) satisfies a Lipschitz condition of order o (av € (0, 1]), i.e.,
there exists an L > 0 such that |g(z) — g(y)| < L]z —y|* for all z,y € [0, 1];

(IIT) there exists c; > 0 such that maxi<i<p |[T; — Tin)| < con"thinn,1 < h <
n,n > 2;

(IV) H, ={2,3,..., in}, pin = n/(byInn) — o0, b, — 00;

Theorem 2.1. Under conditions (I)-(IV), there exists a positive constant

such that for almost all w € Q, b} > hy, for all n sufficiently large, where h,, =
[n(n(lnn)=2)2/CatD)] " and [z] denotes the integer part of x.
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Theorem 2.2. Under conditions (1)-(IV), the following holds for the Mazimum
Error (ME) of the cross-validated estimate gy ps ,

A .
ME(h;,)= 1@&% \gn,h; (z3) — g(z)] — 0 a.s. i — o0.

The conditions of Theorem 2.2 are weaker than the conditions for consistency
of the Ly and Ly cross validation methods but the conclusion is stronger since in

the Ly( or Ly) criterion the consistency is defined by £ =% (g(z;) — G = (2:))? —
0, or % i1 19(zi) — gnp(z3)] — 0, which is weaker than maxi<;<p|g(x;) —
In,h+ (i) — 0.

Remark 1. According to Cheng’s results (1984), if z1,x2,... ~ i.i.d. U[0,1],
condition (IIT) is satisfied for almost all sequences of sample z1,x9, ...

Remark 2. Condition (IV) is weaker than the algebraic order u, = n*,\ €
(0,1).
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Appendix. Proof of Theorem 2.1 and Theorem 2.2.
Let
aiy = 9(zi(jy) — 9(xi), 1 <i<n, j€ Hpy,
Bin =m(a;q) + €1y, - - QGign) + €i(n))s
Bih,—1=m(ai2) + €i2),- - Qi(h) T €i(n))-

Using this notation, we obtain

‘Yz - §n7h,_1(l‘i)| = |€,‘ - m(ai(g) + €j(2)s- -5 Ai(h) T ei(h))‘ = \ei - Bi,h,—l‘-
Let A;j, and A;j 1 be the unique root of following equations respectively,
h h

F(Aip — aij)) = hF(0), > F(Ajn_1—a;;) = (h—1)F(0).
= =2

7j=1

Lemma A.1. (Yang and Zheng (1992)) Let e1,e2,... ~ i.i.d. F with its density
function f(x) satisfying the following condition: f is bounded away from zero on
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any compact set, (i.e., for every bounded K, there exists § = dx > 0 such that
f(z) > 6 for all x € K). Then for every M > 0, there exists co = co(M) > 0
such that

P{|lm(e1 + ay,...,en+an) — An| > €} < 2exp{—coe’n} (A1)

holds for all e > 0, |a;| < M, i=1,...,n, n > 1, where A, is the unique solution
of the following equation Y ;i F(x — a;) = nF(0).

Lemma A.2. Under conditions (1)-(IV), there exists a series {h!, :m > 1,h] €
H,}, such that cv(h]) — m(le1]). a.s.

Proof. Note that

lev(h) — m(le1])| = [m(|Y; — Gnop—1(zi)], i =1,...,n) —m(|e1])]
= |m(le; — zh—l‘ i=1,...,n) —m(|e])]
<|m(lesl,i =1,...,n) —m(|e1])|
Igfg% |Bi,h,—1 —Aip 1]+ ax |A; b1 (A.2)

By the property of the median, we know that
|m(le;],i =1,...,n) —m(ler])] — 0. as. (A.3)

Taking h!, = [(Inn)?], where [z] denotes the integer part of x, in view of (A.1),
for every € > 0, we have

oo oo
T;P{ 1r2.a<x |BZ hl,—1— Ai,hﬁl,—l‘ > 6} < anlgla}%PﬂBl bl ,—1 — Ai,h’n,—1| > 6}

< Zn max 2exp{—coe’(Inn)?} < oo,
n

which implies, by the Borel-Cantelli lemma,

1111a<X |Bip —1— Aip —1| — 0, as. (A.4)

Also, by the definition of A;/ _1 and conditions (II) and (III), we have

< _ .
e [Aip, -1 < max max, |g(z:) = g(zi(;))|
< — T

e, ey, Ll =)

— a -1/ a
= max Llz; — zjpy|* < L (czn h;, In n)

= LcS (n_l(ln n)?’)a — 0. (A.5)
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(A.2)-(A.5) show that cv(h)) = cv([(Inn)?]) — m(le1]), a.s., which completes
the proof.

Lemma A.3. Under conditions (I)-(IV),

h; — 0o, a.s.,n — o0. (A.6)

Proof. Set A = {w : h}(w) — oco}. Suppose that, on the contrary, (A.6) does
not hold, i.e., P(A°) > 0, where A€ is the complement of A. Thus, for every
w € A€ there exists a monotonic increasing index sequence ny(w) satisfying
hy, ()W) < M(w) for a certain constant M, i.e., {h;’;k(w) (w),k > 1} is a bounded
subsequence. Without loss of generality, we assume that hj (w) = M(w),
where M (w) is a function with range {2,3,---} and domain A¢. It is easy to
verify
CV(th(w) (W)) = m{|Y; - m(Y;(2)7 SR 7Yvi(h:Lk(w)(w)))|7’i =1,... 7”}
— m(le; —mlei), - -, ein) ) pr=pr) 2., on A%

In view of Lemma A.2, we know that there exists an h], € Hy(n > 2) such
that cv(h;,) — m(le1]) a.s. From the definition of A , we have cv(h’nk(w) (w)) >
cv(hy, ) (w)), which shows that

m(ler]) = m(ler —m(ez, ... en))pmpr), on A° (A7)

Using condition (I) and Andersons’s lemma (Anderson (1955) or Ibragimov and
Has’minskii (1981), p.155), we obtain m(lei|) < m(le; — m(eq,...,ep)|), for all
h > 2, which contradicts with (A.7). Therefore (A.6) holds.

Lemma A.3 only shows that h) tends to infinity and does not reflect the
rate of the convergence. Intuitively, if g(z) # constant, the number of nearest
neighbors h should be neither too small nor too large. If A is too small, the
influence of the random error plays the main role in the estimator g, j(z); on the
contrary, if h is too large, the deviation of g(x) at the neighbor of x will have
influence on the value of the estimator. Theorem 1 gives the lower bound of h}.

Lemma A.4. Under condition (I), there exists a constant c3 > 0 such that
P{le; —m(eq,...,en)| <m(ler|)} <1/2 —c3/h for all h sufficiently large.
Proof. Let &, = 2f(0)vVhm(ea, ..., e) and ®;, be the distribution function of

&h. By the Central Limit Theorem (CLT) of a median (Serfling (1980), p.77,
Corollary A), we have ®;, — ®, as h — oo, where ® is the distribution function
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of standard normal random variable. The following inequalities complete the
proof,

1/2 — P{le; —mfes,...,en)| < m(lei])}
- /_OO (PAlerl < mlex)} = P {Jer = 2/@FO)VR)| < mllea]) }) di(2)

n T
ch/ d(I)h/ — dt
0<93/(2f(0)\/_) s m—z/2f0)VR) 2f(0 )\/_
25£(0 c 25£(0
2d<1> > L _/ 20
4f2 h/ h(l’) = 4f2(0)h 0 T h(x)

25(0

2 8f2(0) 7 /0 :L‘2d<I>(:L‘), for large enough h.

Lemma A.5. Under conditions (I)-(IV), there exist h, € H, and K(n) > 0
such that

Z P{cv(hy) > m(le1]) + K(n)} < oo. (A.8)

Proof. Observe that for every h € H,,, we have

cv(h) =m{le; — Bip—1],1 <i<n}
< 11<i< , — B; - ) .
<mile], 1 <i<n}+ max |Aip—1— Bin-1|+ ax |Ain—1]. (A9)

By the definition of A;; _1, we have

< _ L
ax [Aip | < max max |g(zir) = 9(xi())|

-1 @
< Hax. lejaichﬂxl(l Ti|* < Leg (n ( hln n) . (A.10)

Also, by lemma A.1, for every b, > 0,

Z P{ max |Azh 1= Bip 1| > by}

< Z n max P{|A;n 1 — Bip-1| > by} < Z 2nexp{—cob2h}. (A.11)

<i<
1<i<n o

To insure the convergence of the series on both sides of (A.11), we select h, b,, such
that nexp{—cob?h} = n~'=P for all n sufficiently large, where 3 is a positive

constant. Taking b, = \/(2+ﬁ) o 'h~1llnn, we obtain from (A.11) that for
almost all sample series, and large enough n,

max [ A1 = Bt < by = /(2 + ). (A.12)
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By the property of the median (Serfling (1980), p.96, Lemma B), we obtain
m{lel, 1 < i <n}—m(lea])] < 2/(f(m(lex])))Vn Tnn
for all n sufficiently large. Therefore
m{lei|, 1 < i < n} <m(ler]) +2/(f(m(Jes)))Vn an. (A.13)
In view of (A.9)-(A.13), for all sufficiently large n, we have

cv(h) < m(ler]) +2/(f(m(ler]))Vn—llnn + Le§ (n~ nn)*h*
+y/(2+ B)/colnn/Vh. (A.14)

When

h = En — ((2 + ﬂ)/(400))1/(2a+1) (Lacg)—Q/(l-f-?Oé) nQa/(1+2a) (ln n)(l—Qoz)/(l-l—2oz)7
(A.15)
the right hand side of (A.14) reaches the minimum value

m(lex]) +2/(f(m(lex])))Vnnn + cqn =/ (20 (In )2/ (142
where

cs = ca(a, B, co,c0) = (2+ a1 ) (La)0F29 (2¢y 4 Bey) [ (4cg) )2/ (0290

Therefore
ev(fn) < m(lex]) +2/(f(m(lex]))) VT + eyn = (1H29) (In )20/ (120
=m(le1]) + K(n), for all n sufficiently large,
where
K(n) =2/(f(m(ler]))Vn—nn 4 egn=/ (1420 (1 p)2e/(1+20), (A.16)

In fact, by checking (A.10), (A.11) and (A.13) (see Serfling (1980), p.96), we
obtain the following inequalities

3 P{m(|e,~|, 1<i<n)>mlel]) + 2/(f(m(|el|)))\/n_1lnn} < oo, (A7)
n=2

> __a _2a
SoP{max |45 =B |+ max A7 | > e T (lnn) TR | < .
n=2 == ==

(A.18)
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From (A.9), (A.17) and (A.18),
> P{ev(hn) > mler]) + K(n)} < oo,
n=2

where h,, and K(n) are defined by (A.15) and (A.16) respectively.
Proof of Theorem 2.1. It suffices to verify

> P{h}, < hp} < cc.

n=2

Put S, = {cv(h,) > m(|e1|) + K(n)}, where h, and K(n) are determined by
(A.15) and (A.16) respectively. Note that

S P{h} < hy} <Y P{hy < hy, S5+ > P{hy < by, S}

n=2 n=2 n=2
By Lemma A.5, we need only show that > o2, P{h} < h,,S5} < co. By the
definition of A},

> P{hi<hn, S5} <Y P{ min cv(h) <cv(hy),S5}
n=2 n=2 2shshn
oo hp _
< Z Z P{cv(h) < cv(hy),Ss}
n=2 h=2

oo hp
= > Pim([Yi=gup-1(zi)l,i=1,...,n) <cv(hn), S5}
n=2h=2
oo hp 1 _ 1
=3 Y P{> Y I(ei-Bunl<cev(ha) = .55}, (A19)
=1

n=2h=2

where I{A} denotes the indicator of A. In the following we will transform
s I{le; — Bip—1] < cv(hy)} into the form of a sum of independent ran-
dom variables. Set

Dj = {Z.Tl :x(l(2h+l)+j)71 <1< n,O < l < [N/(2h+1)]}, jZO,l,...,2h,

where x(;),1 = 1,...,n, are order statistics of z;,7 = 1,...,n. The index set
{1,...,n} becomes the union of the disjoint subsets D;,j = 0, 1,2,...,2h,
and {|e; — Bjn,—1],4 € D;} is a set of independent random variables for each
j € 40,1,2,...,2h}. From now on we treat n/(2h + 1) as an integer to avoid
unnecessary complications.
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Recalling (A.19), we obtain

oo hn

ZP{h* <hp, S} <Y ZP{ Z 3" I{le; = Bipa| < ev(fin)} >

n=2h=2 Jj=014ieD;

VRS
2
——

o hp 2h

<SS S PEY Hiei— Bl < ov(n)} = Jﬁ,sg}.

n=2h=2j=0 i€D;
oo hn 2h

<3 Y3 P{ Y Hle— Bl < mlleal) + K(m)} > 5o}

n=2h=2j=0 €D,

oo hn 2h 2h—|—1

=> 3. > P

S {Hlei = Bipal < mler) + K(n)}

n=2 h=2 j=0 i€D;
—P{le; = Bij 1| < m(jer]) + K(n)} |
1 2h+1
>z - > P{lei = Binal < mlled]) + K (n)} }
2
i€Dj
oo hn 2h n/\
< Z Z Z ex p{ h }(by Hoeffding’s inequality (1963),) (A.20)
n=2 h=2 j=0 h+1
where

A = 1/2 — (2h + 1)/7’L Z P{|€z — Bi,h,—l‘ < ’I?’L(|€1D + K(?’L)}
ieD,

In the above reasoning, A, > 0 for 2 < h < h,, is required for the Hoeffding
inequality. In the following we deal with Ap. Note that

P{le; — Bip—1| <m(le1]) + K(n)}
< P{le; —m(ea), - - - ein))| — Imlei2), - - €iny) — Bin—1] < m(le1]) + K(n)}
< P{\ei —mlei2);-- - eim)| < m(lex]) + K(n) + Jnax, ‘ai(j)‘}

< P{\ei —m(e2), - - €im))| < mler]) + K(n) + g@%ﬂm - wi(h)|°‘}
< P{lei —m(ei2), - - - einy)| < m(ler]) + K(n) + L(con™thilnn)}
= P{le; —m(ej),-- - eim))| < m(ler])}

+P{m(ler]) < lei = m(eiz), - - einy)| < mlea]) + K(n) + L(can™'hInn)*}
< P{le; —mlez,...,en)| < m(ler])} + ce(K(n) + L(can ' hinn)®)
<1/2 —c3/h + cg(K(n) + L(can ™' Inn)®h®), (by Lemma A.4)
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where cg is a positive constant depending only on f(x), the density function of
e1. Therefore,

A > c3/h — cg(K(n) + L(cgn™lInn)*h®)
(2\/n_1lnn
f(m(lei]))

Note that the right of (A.21) is a monotonically decreasing function of h. It is
easy to show that for h,, = [u(In 71)2/71]—(1/(14&(1)7

=c3/h —cg + eqn /(120 (1 n)% + L(con™'hln n)a> (A.21)

Ap > c3/hy — 3060472_'1/(”20‘) (lnn)2a/(1+2a) >0,2<h<h,

holds for large n and small p, which shows that by (A.20)

> P{h} < by, S5}

n=2

<i§32h exp{—2nX2/(2h, + 1)} < Zth exp{—2nA\} /(2h, + 1)}
n=2h=2 n=2

< i 2h2 exp{ —nh ! (c;;/hn —c6(2/(f(m(le1])))vVn—linn
n=2

a 2a 2
+cqn” T2 (Inn) 28 + L(con ™ 'In n)ahg)> } < 00.

By the Borel-Cantelli lemma and Lemma A.5, we know that A} > h, =
p(n(Inn)=2)®/(+29) a5 which completes the proof of Theorem 1.

Proof of Theorem 2.2. Note that

ME(h}) = max l9(xi) = Gn,px (23)| = max |Bj s |

1<i< 1<i<n
< * ;¥ L. h* .
oax |Bip: — Ajps | + ax | A | (A.22)

From Theorem 2.1 and Lemma A.1, for all € > 0,
Z P{ max |BZ he — Aipx| > 6}

< Z P{ mas |Bins, — Ains| > €y = o} + > P{b, < ha}

< Z n max P{|Bin; — Ainy| > €. b, > hn} + > P{h}, < hn}
<n n=2

:anax ZP{|BW— Aips| > e h —h}+ZP{h*<h}
n=2 h=hn,

1<i<n
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Sznma’X ZP{|BZh_ lh‘>6}+zp{h*<h}
n=2

" h=hn,
< 1:2711121?3 Z 2exp{—cohe?} + Z P{h; < h,}
< i 20t — hn) exp{—cohn€e’} + Z P{h; < h,}
< Z 2n? exp{ — co?p(n(ln n)_Z)ﬁ} + i P{h} < h,} < 0.
n=2 n=2

By the Borel-Cantelli lemma,

max |Bihs — Aipz| — 0 as. (A.23)

Also, by the definition of A;y, for all h € H,,,n > 2,

max |A; | < max max |g(z;)) — g9(z;;))| < max max L|z; — x|

1<i<n 1<i<n 1<j<h 1<i<n 1<j<h
) «a ol -1 a
< joax. Ll|z; — xy)|* < Lej (n In n) h*,
Therefore,
fax |Ai px | < Leg(n™nn)®(hi)* < Le§ (n'nn)*(n/ (b, Inn))®

= LeSb,* — 0. (A.24)

From (A.22)~(A.24), we obtain ME(h') — 0 a.s., which completes the proof of
Theorem 2.2.
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