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A RENEWAL THEORY FOR PERTURBED MARKOV
RANDOM WALKS WITH APPLICATIONS TO
SEQUENTIAL ANALYSIS
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Abstract: Let Z,, be a perturbed Markov random walk. We prove that under certain
conditions ) P{a < Z, < a+ h} converges to a finite limit, as a — oo, for each
h > 0. We also present an important class of processes satisfying these conditions
and then apply these results to sequential analysis and obtain an expression for the
asymptotic value of the expected sample size for a repeated likelihood ratio test
problem.
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1. Introduction

Let {X,}n>1 be i.i.d. random variables with mean p € (0,00], S, = X1 +
-+ Xy, (n>1), and U(a,h) = 3,50 P{a < S, < a+ h}. Blackwell (1952)
showed that if X, is non-arithmetic, then for all A > 0, U(a,h) — h/p,0 as a —
00, —oo. If Xj is arithmetic with span A, then for each integer k, U(a,k\) —
kX/1,0 as a — oo, —oo where z/pu = 0 if 4 = oco. Lai and Siegmund (1977,
1979) developed a ‘nonlinear renewal theory’ for a class of perturbed random
walks and demonstrated its usefulness in sequential analysis. In some cases such
as the problem of hypothesis testing as in Section 2, the samples are not taken
from the same population but from several different populations, with changes
of populations following certain probability law. Hence an analogous argument
for ‘Markov random walks’ is necessary.

Let {Y,}n>0 be a Markov chain on the state space Y = {0,1,...,d} with
transition probabilities p;; > 0 and stationary distribution v; > 0 (i,j € V).
Assume that for each y € ) there is an assigned probability distribution F; with
finite mean and variance. Suppose that {X,,},>1 is a stochastic process such
that

L(Xn|{X;}j<n, {Yj}iz0) = Fy, ., n>1 (1)

Let S, = X1 +---+X,, (n >1). Then S, is called a Markov additive process or
a Markov random walk related to the driving process {Y,,}. Set pu, = E(X1|Yy =
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y), (y € V), and p = > cyvypy. Assume p € (0,00). By renewal theorems
of Kesten (1974), for every jointly continuous function g : Y ® R — R which is
directly Riemann integrable and for every yg € ),

lim Eyo{ i g(Y,, t— Sn)} = Z Vy/%g(y,s)ds /1. (2)
n=0

t—oo
yeY

A measurable function g : Y ® ® — R is said to be directly Riemann integrable
(DRI) if for all y € Y

o o

lim b t) = limb inf t) € (— NG
im l:z_:oozb_si,?fgbg(y’ ) =lim l:_wlb_%tﬁbg(y, ) € (—00,00).  (3)

It is not difficult to see from (2) that if S, is non-arithmetic for all n then,
for all h > 0,

lim Y PY(Yy=y,a<Sy<a+h)=vh/p forall ye). (4)
n=0

In particular,

ali_{lgOZPyO(a<Sn <a+h)=h/p. (5)
n=0

Let &,, n > 1, be a stochastic process such that for each n, &, is independent
of o(Xnt1,Xn+2,...), and let Z, = S, + &,,n > 1, be a perturbed Markov
random walk. In this paper we extend the results of (2), (4), and (5) to nonlinear
Markov random walks.

Theorem 1. Assume that there exists % < p < 1 such that the following three
conditions hold:

EY(|X1/P) < 00 for all y, (6)

ZP9{|£H\ >nPe} < oo forall e >0,y €, (7)

n=1
and for each n > 0 there exist n’ and p > 0 such that
Y. PG -&Glzny<n  forall nzn'yel. (8)
n<j<n+pnp

Set 7(0) = inf{n > 0 : S, > 0}. If, in addition, S;) is non-arithmetic, and
0 < p < oo, then for every yo,y € Y and h > 0,

oo
ali_)rgozleO{Yn:y,a<Zn <a+h} =vyh/p. (9)
n—=
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In particular,

lim. Y P{a< Z,<a+h}=h/p (10)
n=1

Theorem 2. Assume that g : Y @ R — R is DRI If conditions (6), (7), and (8)
hold, S:(g) is non-arithmetic, and 0 < p < oo, then for every yo € ¥

lim EY° ( i g(Y,,a— Zn)> = Z vy /éRg(y, s)ds/ . (11)
n=1

a—0o0
yeY

Proposition 1 below presents an important class of processes satisfying con-
ditions (6)—(8) for Theorems 1 and 2.

Proposition 1. Let W', ... W/l be Markov random walks related to {Y,}. Sup-
pose there is a constant o > 2 such that, for any initial distribution, E(W{)?® <
oo fori =1,...,1. Set W = (WL ..., WDt and m = (my,...,mr)t, where
EY(W§) = m;. Let g : R — R be a function which is C3 in a neighborhood of
m, and satisfies g(m) > 0 and

sup |g(z)| = o(R*?) as R — co. (12)
lz|<R

If Z, = ng(Wn/n), and &, = Z, —ng(m) —Vg(m)t(TN/Vn —nm), then assumptions
(6), (7) and (8) hold with u = g(m) for any p € (1/2,1].

The proofs of Theorems 1 and 2 and Proposition 1 are given in Section 4.
Section 3 extends a result of Katz (1963) in order to rule out the tail parts
of summation (10). This will be used in the proof of Theorem 1. In Section
2 we study a repeated likehood ratio test for the transition probabilities of a
finite Markov chain and apply the results of non-linear Markov renewal theory
to obtain an expression for the asymptotic value of the expected sample size.

2. Repeated Likelihood Ratio Tests for Markov Dependence

Let {Y,,}n>0 be a Markov chain on the state space Y = {0,1,...,d} with
unknown transition probabilities 8;; > 0 but known stationary distribution v; >
0 (i,j € V). Set 8y = (6;) with 07, = v; for every i,j and let © be the collec-
tion of all transition probability matrices with stationary probability distribution
{v; }?:0; that is

d d
e = {Q = (6;;) : 6;; >0, Z'gij =1 for all ¢, and Zui«%j =v; for all j}.
=0 i=0
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Then under § = (6;;) € O, Y,,,n > 0 are mutually independent if and only if
0;; = v; for all ¢, 7.
For testing the hypothesis

Ho:0=40y versus Hi:0# 0,
consider, for each n > 1 and each § € O, the log-likelihood ratio statistic

PY(Yo,.. . Ya)

d
Ong(YO,...,Yn) Zny og(8i;/v;)

1,j=0

I,(0) =1,(0:Y0,...,Yy)

where njj=#{1 <k <n:(Yy_1,Ys) = (,7)},1,5 € Y. Let A, = supgeg ln(0) =
1,(0,),n > 1,and T = T(a) = inf{n > 0 : A, > a},(a > 0). Fix some v > 0,
stop sampling at T' A ay and reject Hy if and only if T' < ay.

Expressions for the asymptotic values for the power of the test are provided
in Su (1994). In this section we study the asymptotic expansions for the expected
value of T.

Set A = {x = (xij)o<ij<a : xij > 0foralli,j} and vO = {vf | § € O},
where v = (v;0;;). Then v© C A. Let § = (6;;) denote the true transition
probability matrix. It has been shown in Su (1994) that there exist a neigh-
borhood U of 10 in A and a function § € C®(U), which does not depend on
n, such that 6, = é((nw/n)) for all n with n;; > 0 for all ¢,7 € ) and
é(u@) = @ for all § € ©. Consequently, there also exists a function g € C*(U)
with A, = ng((ni/n)). In addition, there is a function H = Hy such that for

any y € Y,
Jim PJ{Ar —a<az}=H(z) z>0. (13)

Theorem 3. For § = (0;;) € © let p = pu(9) = >, ;vithjlog(0i;/v;) and v, =
Ef(&,). Then v = limy, o0 vy, exists and

lim p By(T) —a = /DOO (1= H(z)) dz —o. (14)

Proof. Set x, = (n;;/n), S, = ng(v) + nVg(v0)'(x, — 1), and &, = A, — S,,.
Then Eg(S1) = gwl) = 32;;vibijlog(bi;/v;), &n — nlxn — v0)'V2g(v9) (xp —
v0)/2 = O(n | x, — vf |3) converges to 0 in distribution, and n(x, — v)’
V29(v9)(xn, — v8)/0? converges to x2, in distribution, where o? is a constant
which can be easily evaluated from V?g(vf) and Cov(x;), the covariance matrix
of x1 under the true transition probability matrix ¢ and initial distribution v. By
Wald’s identity, uE”(T) = E¥(St) = a + EY[(Ar — a) — &r]. To show Theorem
3, it suffices to prove that {A7 — a} and {&7} are uniformly integrable.
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Since S7 and components of x,, are all bounded, assumptions for Proposition
(1) automatically hold. The uniform integrability of &7 follows immediately from
(7), and it is sufficient to show that {Ar — a} is uniformly integrable. By (10) of
Theorem 1, we can choose k, such that for all y € Y, u> 72 PY{k —1 < A, <
k} <2 forall k> k,. But > 72, PY{A, < k,} < oo by Lemma 3. Thus one has

A = supZPy{k—1<A <k} < oo.
kGNnO

Let X,, =5, —S,_1,n > 1; then for each z > 0

PY{Ar —a > 2z} — PY{sup(&, — &n1) > o}

SZPZ]{AnSQ,An—I-X?H_lZCL-Fx}
n=0
oo [a]+1 ,

<3SN S PUk-1< A <k Y, =y }PV{X1 >a+z—k}
n=0k=—ocoy’'€)

<AZ/ PY X, > t}dt.
y'ey
But (8) implies that {(&, — &,—1)",n > 1} is uniformly integrable. Thus {Ar —
a,a > 0} is uniformly integrable and Theorem 3 follows.

3. Convergence Rates of the Law of Large Numbers for Markov Ran-
dom Walks

Theorem 4. Suppose that {X,}n>1 is a stochastic process satisfying (1). Let
a>1, % <p<1,andt=a/p. If BY (|X1]') < oo for ally € Y, then

Zna_gPy{ ZXk—Eka)|>npe}<oo forall € >0 andye Y. (15)

n>1

Proof. We may assume with no loss of generality that e = 1 and EY (X;) =0
for all y € Y. Note that EY (Xj) = >, PY{Yy—1 = z}E* (X;1) = 0 for all
k > 1. Following Katz (1963), we define A, = {|X}_; Xi| > nP}, n > 1,af =
PY{|Xy| > 27}, j >0, y€ Y, and aj = Zyeyaé’, j > 0. Letting V = |X;|'/?,
it is easy to see that for each y € ),

27 2% y<2/ PV > ahde <2071 2%,

7>1 n>1 7>0
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So >i>0 2j0‘a§-’ < oo iff BY (V¥) < oo iff EY(]X1]') < oo, and by the assumption
that EY(|X1|') < oo for all y € Y, one has
Z2jaaj < 0. (16)
Jj=0
Choose a constant 3 € ([(a + 1) Vt]/(2a),1). For j >0 and 2/ < n < 2/+L,
let Xpp = Xilgx,<nws), B = 1,...,n, and define AY = {maxoy, | Xi| >
2(j_2)7’},A7(12) = {| Xy, | > nPP,|Xp,| > nPP for some k; < ko < n}, and AP =

{I>F—1 Xnx| > nP/2}. Then on the complement of AP AP U AY, #{k <n:
| X1 > nPP} <1, and maxg=1,. n Xk < 200=2)P_ Hence

‘ZXk’ < ‘ZXM’JF max |X| < nP/2+ 2072, (17)
=1
Since p>1/2 and 3 < 1, there is an n, < oo such that n?? < 20=2p < nP /2 for
all n > n,. Therefore, (17) implies that A, C Ag) U Ag) U AS?) for all n > n,
and it suffices to show that > 2, na_2Py(A7(~f)) < oo forl=1,2,3.
For any y € V,

PY(AD) <37 PY{|Xy| > 2072} < naj_s. (18)
k=1

Thus by (18) and (16),

21+l 1
ST 2PYAD) <37 YT n ey <230 )20 g < o (19)
n>4 j>2 p=2J Jj=0

Let M = M; = max,cy E*(|X1|t) and ") = P*(Y, = Z'). Then M < oo

zz! T
and

PUAD) < Y PUIXi| > 0P| X, | > 0Py
1<ki<ka<n

1<ki<ko<n

Since 2a3 > a + 1, we have a(l — 2ﬂ) < —1 and

Zna 2pv(AY) < MQZn (1720) < o0, (20)

It remains to show that >, n®~2PY (Ag)) < 0. Let j and m be the smallest
integers such that j > ¢t and m > (a8 —1)/(j(2p3 —1)). Notice that 8 >
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((a + 1) Vt)/2a implies that a8 > 1, 2pf > 1, and 2mjpB — af + 1 > mj.
For n > 1 and 1 < k < n, recall that X,; = Xplyx, <pesy, and let Vi =
Xk — EY[X k). Then EY[Vi] = 0 and by Lemma 1 below, for some constants ¢
and ng € (0,00),

Y (\ Z Vk\ij> < ¢ p?mIPP=aBHL for all n > ny. (21)
k=1
Since EY(X}) = 0 and EY(|Xy|*) < oo for all k, we have, as n — oo,
|BY (Xoi)| = |EY(Xp L smesy]) < PP EY (1 X0 1 x, ey ) = o(n?P070),

It follows from a8 > (a+1)/2 > 1 that 1+ pS(1 —t) —pB=1—aB < 0. So
SP_EY (X)) = o(n'tPPUD) = o(nPP) = o(nP). Thus for some constants
1,2, c3, and ny € (0, 00),

Z no— 2Py Z ne— 2Py{|ZVk| >01np}

n>nj n>nj
< o Z na—QEy [‘ Z Vk‘Qm]} /anjp
n>ni k=1
<ecs Z n2mir=a)(B=D=1 1,y 97)
n>ni
< Q.

The proof of Theorem 4 is complete.

Lemma 1. Let o, 8,p,m,j and Vi’s be as in Theorem 4. Then there are con-
stants ng and ¢ < oo such that

n
Y <\ Z Vk\ij) < ¢ n?mIpB=aBtLl for all n > n,. (22)
k=1

Proof. It is easy to see that for each y € ) and for each k > 1, EY(X}) =
0 (from the assumption that E*(X;) = 0 for all z) and EY(X®% ---Xg’“) =
EY(X{)... Ey(XZ’“) for all dy,...,d; =0,1,... So we can write

Br(| Y Vi) = ZE?/ V) 4wl S BV (VE)e BV (VR), (23)

k=1 k1<--<kr

where 7 < mj. Set b(y) = EY (Xp1) and b= 3, [b(y)|. It follows from EY(X;) =
0 that b(y) — 0 as n — oo for all y; so b — 0 as n — oo. If N > ¢, then for every
z € Y and for every large n,

E* () = B2 (vi[" ') < (7 + 0) YV PER (X0 + )" < e(2)n™PP,
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where 0 < ¢(z) < oo is a constant depending only upon z. Set ¢; = max, ¢(z).
Then

V(RN =D PY(Yiea = 2)e(z)n™PIT B ((WY) < e NP0 (24)
zeY

So S0y EY (Vi) < ¢ nNPA=B+1 for all N > t; in particular,

n

Z (|[ViP™) < ¢y n®mIpB=ab+L for all .

Now consider any other sum of the right-hand-side of (23). Each of such summand
could be written in the form

d d d
YV BV (Ved) BY (V) - BY (V).

where 1 <kj < - <kg<n, 1<k <--- <k <n,di,....dg >t d),....d <

t, and {ki,..., kst N {k},..., Kk} = 0. Set B = max,eya<t E* (|[V{]). Then

B < oo and by (24), for some constant ¢y < oo,

| EY (Viil)"'Ey (V ‘) BY (V] 1) .. EY (Vk‘ff) | < ¢y Bipldittdapi=aaf
1 1

For each pair of fixed ¢, [, the number of all possible choices of k1, ..., kg, k7, ..., k]

is n!/[q!(n—gq —1)!] < n?*! and the number of all choices of dy, ..., dg, d}, ..., d]

is independent of n provided that n is large enough, say, n > 2mj. Furthermore,

dy + -+ +dg + 21 < 2mj, so the summand of such terms is bounded by

cg nldit o tdo)pB—qabtatl < o p2mipfta(l-af)+i(1-2pF) (25)

for some constant c3. Since [ has been chosen so that 2a8 > (a+1) V¢, we have
(1 —af) <0 and (1 —2pB) < 0. Hence the right-hand-side of (25) is decreasing
in both ¢ and [. Therefore all sums that have summands where at least one
exponent of a V. is > ¢, i.e. ¢ > 1, is bounded by c3 n2mipB—of+1

If all the exponents of the Vj, for a particular sum on the right-hand-side
of (23) are < t, that is ¢ = 0, then a bound of such a sum is given by ¢4 nt <
ca ™ < ¢y n?mIPB—aBtl{or some constant ¢4 < 0o. Therefore, for some constant
c < 00,

n
EY| Z Vk|2mj <ec n2mipB—af+1
k=1
4. The Non-Linear Markov Renewal Theory

Proof of Theorem 1. Let y, and y be two elements in ), and let p,n, p
and n’ be as in the theorem. Set p, = EYS,,n = 1,2,... Since EY (X,) =



A RENEWAL THEORY FOR PERTURBED MARKOV RANDOM WALKS 437

> ey p?(j;_l)EZ (X1) = 2.eyr-E* (X1) = p as n — oo, there exists an n" > n’
such that for all n > n”,

pn > p forall k< nand |pg — pr—1 — p| < p/2 foral k>n/2. (26)

By (7) and (6) together with Theorem 4, there exists an n” > n” Vv
(11h/(pp))'/? such that

Y. (PY{len] > nPe} + PY{[Sy — pn| > nPe}) <. (27)
n>n'""
Observe >, <,m P*{Z, > a} — 0 as a — o0, so we can choose ag > 2fi,» such
that
> PY{Z, > ap} <. (28)
n<n

For a > ag set ng = no(a) = max{n > n" : u, < a+ h},n, = [pnh/5],n1 =
ny — Ng, and n2 = ng + n,. Let a > ag be fixed such that nf > 11h/(pp), and
let 0 < e < pu/22. If n” <n < ny, then |&,| < nPe, and |S,, — | < nPe. Then
Zy = Sp+&n < ping +2nPe < a+h—punf/11 < a . So by (27) and (28) we have

> P¥{a<Z,<a+h}

n<ni

ni
< S PR{Zy > apk+ Y (PU{lga] > nPek + PU{]S, — | > iPe}) < 20,

n<n! n=n'"

Similarly, for n > no, if |£,| < nPe and |S,, — u,| < nPe, then Z, > a + h. So

Y Prla<Zy<a+h}< )y (PY{l&]>nPe}+ PP {|Sy—pn| >nPe}) <.

n>ns n>nz

Thus
oo no
Y Prla<Zy<a+h}< Y PY{a<Z,<a+h}+3n (29)
n=1 n=ni

and it suffices to show that

n2
lim_ Y P¥{a<Z,<a+h}=h/p
n=ni

For n1 <n <ng and j =n — nq, set S;- = Sjtn, — Sn,; then
PY%{a < Z, < a+ h}— P¥%{|¢, — &, | > n}
<PY%{a—n<Zy+ (Sp—Sn)<a+h+n}
=P¥{a—n—Zn <S;<a—n—Zy +(h+2n)} (30)
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By (6), (7), Theorem 4, and the Borel-Cantelli Lemma, Z,, = i, +0(n}) =
a — caP + o(aP) for some constant ¢ > 0. Take € = ¢/3; then for large a,

PY%{a—n—Z, <aPe} = PY{3ea’ + o(a’) — (Zn, — tin,) < €}
< PY%{Z,, — tin, >€a’} — 0 as a — oo.

By Lemma 2 below, B :=sup, > oo, P¥{t < S, <t+h+2n} < oo. So

no—nq
EYe Z P{a -n- an < S; <a—n-— Zm + (h + 277)}1{11—77—an <aPe}>
j=1
< BPY%{a—n—Z,, <d’e} -0 asa— oo. (31)
Furthermore, 33727 PY{a—n—2n, < S} < a—n—Zn,+(h+20)} {4y 7, >ave}

< B and converges almost surely to (h+2n)/u as a — oo. Thus by the dominated
convergence theorem,

na—mni

Jm B| 3 Plan-Zo, <8 Sa=n=Zu o+ (b4 20 oz, 5000
]:
< (h+2n)/p.

Hence by (8), (30), and (31), we have

n2
1 Yo
alETOlOZP {a < Z, <a+h} <n+(h+2n)/p.

n=ni

Similar arguments imply that lim, oo Y n2,,, P¥{a < Z, < a+h} > (h—2n)/p.
Therefore, for any n > 0,

o

(h—2n)/p < lim Y P¥{a < Zy <a+h} < (h+2n)/n+31
n=1

and similarly,

vy(h —2n)/p < ali_{gOZ PY{Y, =vy,a < Z, <a+ h} <vy(h+2n)/p+ 3n.

n=1
Letting n — 0, the proof of Theorem 1 is complete.
Lemma 2. Let S;,,n > 1, be a Markov random walk related to Y with EV(S1) =

w >0, where Y is a finite Markov chain with stationary distribution v. Then

[e.@]
supZPy"{t<Sn§t—|—c}<oo forall ¢>0,ye).
t

n=1
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Proof. For z € Y, set 179(z) = 0 and 74(z) = inf{n > 7_1(2) : Y, = 2z}, k > 1.
Then {(Tk+1(z) — Tk(z),57k+1(z) — STk(z))}kZl,Q,... are i.i.d. with EZ(STk+1(Z) —

Sri(z)) > 0. So the process {S; — S7.(2) Je>1 is transient (cf. Feller (1972) )

k+1(2)
and

ZPZ{—C < S (z) Scp<oo forall ¢>0,z€ .
k=1

Set ((t) =inf{n >0:t < S, <t+c},t € R. Then

iPy{t<Sn§t+c}:iZiPy{§(t):j,Yj:z,t<Sn§t+c}

n=1 j=1lzeYyYn=j

<14+> ) PH{—c< S, <c} <oo.
ze€Y k=1

Since the last term in the inequality is independent of ¢, the lemma follows.
The proof of Theorem 2 will use the following:

Lemma 3. Let Z, = S, +&,,n > 1, be a perturbed Markov random walk related
to Y with E¥(S1) = p > 0, where ) is a finite Markov chain with stationary
distribution v. If conditions (6), (7), and (8) hold, then

o0
supZPy{a<Zn§a+c}<oo forall ¢>0, and y € Y.

¢ p=1

Proof. Let 7, p, and n’ be as in condition (8). For a > 0 set ng = ng(a) = [a/p],
n1 = ni1(a) = ng — [pnh /2], and na = na(a) = ng + [pnh/2]. Let 2n < ¢ < 0o be
fixed but arbitrary. Then by the argument in the proof of (29),

lim ( Z PVla<Z,<a+c}+ Z P¥{a < Z, §a+c}) = 0.

a—00
n<ni n>nz

Thus we can choose ag < oo such that ni(ag) > n’ and

Y Pa<Z,<a+ct+ Y Pa<Z,<a+c} <1 forall a>a. (32)

n<ni n>ng
By (7) and the strong law of large numbers, PY{lim,, o, Z,,/n = lim, o0 Sp,/n =

w>0} =1, thus

o0
sup ZPy{aanch—c}gZPy{Zn§a0+c}<oo. (33)
agao p>q n=1
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It remains to show that for some constant B < oo, Y 12
B for all a > ay.

Let B=1+n+max, > PY{—2c < 5, <2¢c}. Then B < oo by Lemma
2. Set ¢(a) =inf{n > ny :a < Z, < a+cla>ap. Forng <j<n < ny, if
C(a) =4,1& —&nil <M |én—&ni| <m, and a < Z,, < a+c, then —2¢ < —c—2n <
Sp —S; < 2¢; thus

P{a<Z,<a+c} <

n=ni

ZP-”{a<Z <a+c}—ZZZP”{C )=4Y;=za<Z,<a+c}

n=ni Jj=n1 zeyn =J
<1+ZZPy{§ =75Y; =z} x
zeY j=n1
no
Y. (PH{=2c< S, <2} + P*{|6 — &, > 1))
n=j+1
<B. (34)

The lemma follows from (32), (33), and (34).
Proof of Theorem 2. We may first assume that for some integer L < oo,
g(y,z) =0 for all x| > L,y € Y. For k= 1,2,... and for —2¥L < j < 2L, set

Iy = [(7 — 1)2"“,]’2"“], uykj = sup{g(y,x) : ¢ € I1;} , and ly; = inf{g(y, ) :
x € Ii;}. Then for each k,

2FL o0
S Sl P Y=y, a—Z, € Ij} < Ey"(Zg (Yo 0= Zo) 1y, =)
j=—2kIn=0 n=0

2k, 00

< Z uyijPyO{Yn:yaa_Zn € ij}
j=—2FL n=0

2k,
— Z Uykivy2 ¥/ as a — oo
j=—2kL
by Theorem 1. So we have, for all k,
2kL . 00 2kL .
Z lyijy2 /MSQILH(}OEZJO(Z Q(Yn,a_Zn> 1{Yn:y})§ Z uyijyZ /u. (35)
j=—2FL n=0 j=—2kL

Since g is DRI we have

2k 2k
klim 2~k Z lykj = hm 2k Z Uyl —/g (y,s)ds forall ye). (36)
T =k j=—2kL
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Combining (35) and (36) yields

Jim. E?/D{ Z 9(Yn,a— Zn)} = Z Vy [Rg(y, s)ds/ .
n=0 Y

This proves (11) for the case that g is supported on ) x [—L, L]. For the general
case, if g is only assumed to be DRI, then for any € > 0, we can choose L < oo
such that | [ g(y,s)1{js/>11ds| < € for all y and it suffices to show that

lim lim Eyo{ Z g(Yn,a— Zn)l{\a—anzL}} =0.
n=0

L—o00 a—00

For j,k = 1,2,..., set I; = [j27%,(j + 1)27F], Ax; = {la — Z,| € I);}, and
ukj(y) = sup{|g(y, )| : @ € Iy;}, y € Y. Then for each y € Y

EYe (| > g(Yn,a— Zn)l{Yn:y}Akj}D <Y k() Y EY(1a,,) <MY ui(y),
n=1 j=2*L n=1 j=2FL

where M := "> | P%{|a — Z,| € I};;} < oo by Lemma 3. But g is DRI, so for
any € > 0, there is a K < oo such that for all £ > K,

o0
Z Upj — € < /g(y,s)lﬂs‘ZL}ds —0as L — o0
j=2kL

since g(y, ) is Riemann integrable. The proof of Theorem 2 is complete.

Proof of Proposition 1. Since 2a > 4 > 2/p, assumption (6) follows immedi-
ately. The strong law of large numbers and the assumption g € C? ensure that,
asn — oo, W /n— mand Z,/n = g(W /n)— g(m)=pu w.p.l. By Taylor’s
expansion,

&n=2""n(W /n—m)'V?g(m)(W /n—m)+OmW /n—ml) (37)

converges in distribution to a random variable with finite mean and finite vari-
ance. Thus there is a finite constant K such that for all n > K, |EY(&,)| < nPe/2
and

Py{|£n‘ > npe} < Py{|£n - Ey(fn)‘ > npe} < Cn_zp

for some suitable constant ¢ € (0,00) by Chebychev’s inequality. Since p > 1/2
assumption (7) follows.

We now show condition (8) holds for every fixed p>0. Set V,;=(V;},...,V;})!
= Wl - lmal = 172a"'a [/n,k = [/n - Vn—‘rk:’ and d(?’L,k’) = 1/” - 1/(” + k)
Then, by (37), there exists a constant ¢; > 0 such that

260 — Engil < | VEVZg(m) Vo /n— Vi V29(m) V]

ern(W, /n—mf* W, S+ k) —m) (38)
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and
ViEVZg(m)V,/n— Vi Vi9(m) V/(n+ k)
=d(n, k) Vi V29(m) Vg + (V6 V29(m) Ve — 2V . V2g(m) V) /n. (39)
So for all § > 0,
PY{|&, — &np| > 40} < PY{(IV P + | Vil®) > nPei6}
+PY{d(n, k)| Vi V2g(m) V] > 63
+PY{| V1 V2g(m) Vil > 6}
+PY{| vn,kvg (m) V| > nd}. (40)

By Nagaev’s inequality for Markov random walks (c.f. Su (1993)) with r €
(4,2a), there is a constant ¢, such that for all sufficiently large x, PY{|V,| >
x} < ¢ lz™" for all [. Thus there exists some suitable constant 0 < ¢ < oo such
that for all large n and for 1 < k < n,

PH(V o + | Vigil?) > nPerd} < e n! 72775, (41)

r/2
PHd(n, k)| V3, xV2g(m) Vgl > 0} < c B a2 <ot ag)
n

and
PY{|Vt kV2 (m) V|l >nd} <ckn” "2 < enlTr2, (43)
Let g;; = 0%g(m)/(0z:0z;), and g* = max{|g;;|}. Then
PV V2g(m) Vo iy| > nd}
<SS (PG PP > nd} + PG TPV, — VI > nd})

i
< Z Z(cm n"/? 4 ik n?) <en'? forall k<n, (44)
t g

where ¢; and ¢ > 0 are suitable constants with 37, (c; +¢}) < c¢. Combining (40)
and (41)-(44) in conjunction with the fact that » > 4 and 1/2 < p <1 gives

pn?
Z Py{‘é'n - §n+k‘ > 4(5} S C Z{ nl_gr/?’ + 2 nl—r/Q + nl_r/g }
1<k<pnp Pt

§4cpnp+l_r/2—>0asn—>oo

This completes the proof of Proposition 1.
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