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Abstract: Consider the nonlinear autoregressive model x¢ = ¢(xt—1,...,Tt—p) + €
where €; are independent, identically distributed(i.i.d.) random variables with al-
most everywhere positive density and mean zero. In this paper we discuss the
conditions for the geometrical ergodicity of the above nonlinear AR model when
there are more than one attractors in the corresponding deterministic dynamical
systems, i.e., ¥+ = ¢(Yi—1,...,yt—p), t > 1. We give several kinds of sufficient
conditions for the geometrical ergodicity. By our result, illustrated by many ex-
amples, we show that many well-known nonlinear models such as the exponential
AR, threshold AR, semi-parametric AR, bounded AR, truncated AR and S-ARCH
models are geometrically ergodic under some mild conditions.
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1. Introduction

Consider the p-order nonlinear autoregressive (NLAR(p)) model
T :qf)(l‘t_l,...,l‘t_p)—l-et, t> 1, (11)

where €, t > 1 are i.i.d. random variables with a common almost everywhere
positive density and finite first moment, ¢; is independent of z;_5,s > 1, and
Ee¢; = 0. ¢ is a measurable function from RP to R!. We assume these conditions
throughout the paper. In the usual way, we define the corresponding first order
vector autoregressive process

Xt = (.’L‘t, Tt—1y--- ,.’IIt_p+1)T,
T(Xt) = (¢(Xt), Tty ,.’L't_p_;,_Q)T, ey — (Et, 0, N ,O)T,

where 7 means transposition of matrix. Thus model (1.1) can be rewritten as
Xt == T(Xt_l) + €, t Z 1. (12)

Let the initial random variable X obey the Fy(-) distribution, and the X,, gen-
erated from (1.2) obey the F),(-) distribution. Model (1.2) or (1.1) is said to be
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geometrically ergodic if there exist a distribution F' and a positive real number
p < 1 such that

p "||F, — F|| — 0 for any initial distribution Fj. (1.3)

Here || - || means the total variation norm. If (1.3) holds with p = 1 then model
(1.2) is said to be ergodic.

The ergodicity and geometrical ergodicity are of importance in the statistical
inference of model (1.1). There are many papers in the literature to discuss
the geometrical ergodicity (for example Tjgstheim (1990), Tong (1990) and the
references therein).

When (1.1) is a linear autoregressive model, i.e., ¢(x1,...,2,) = ap+oqz1+
-+ 4 apxp, then (1.2) can be written as

Xi=C+GXy1+e, t2>1, (1.4)
where
a1 Qo ap—1 @0
1 0 0 0 0
G = 1 0 01, = '
o o --- 1 0 0
It is well-known that a sufficient and necessary condition for the stationarity of
(1.4) is that the coefficients o, ..., oy, satisfy the condition
P — Pt — o~y qu—a, #0 forall |u| > 1. (1.5)

The model (1.4) is also geometrically ergodic under condition (1.5).
The ergodicity of the NLAR(p) models is closely related to the stability of the
corresponding deterministic dynamical system, i.e., the following deterministic

model
Vo= T(Yi1), t>1 (1.6)

In the linear case, model (1.6) becomes
Yi=C+GY—1, t>1, (1.7)
from which we can easily get the expression for Y;:
Vi =C+GC + -+ G"C + G'Y,. (1.8)

But for the general nonlinear model, we can only get the following more complex
expression:

Yi = T(Yi1) = T(T(Yie1)) = T(T(- - T(Y) ) = T(¥p).  (L9)
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The study of model (1.6) is closely related to the study of chaos. For example,
the concepts of attractor and attracted domain are used to describe the structural
characteristics of model (1.6). From (1.8) we can easily see that (1.5) holds if
and only if the spectral radius of G is less than one. When (1.5) holds, (1.7) has
a unique attractor

C*=C+GC+---+G"C+---,

where C* satisfies C* = C'+GC*, that is, C'* is a fixed point of the linear function
F(X)=C+ GX, and it is easy to see that

Yo = C7[| < Mp"|[Yo = C*|l, n>1, (1.10)

where M and p are some constants, and p < 1, || X|| denotes the squares norm of
vector X. If Y, generated from (1.6) also satisfies (1.10), then it can be proved
that model (1.2) and thus model (1.1) is geometrically ergodic (see Chan and
Tong (1985)).

When (1.10) holds, model (1.6) has a unique attractor which is the fixed
point C*. Clearly, this is a very special case of the nonlinear model (1.6), and
is intrinsically linear. When (1.10) does not hold, the model may exhibit rich
structural characteristics. As we know, it is very difficult to study the structure
of dynamical system (1.6) under general conditions (see the theory about chaos,
e.g., Rosler (1979)).

But, to study the stationarity and geometrical ergodicity of the correspond-
ing model (1.2), we may also look at the hard problem of whether or not model
(1.6) is chaotic, although they are not the same kind of problems. Thus, though
we may not know the concrete structure of model (1.6), we may still get the
result of stationarity and geometrical ergodicity, using some smart tools like
Tweedie’s drift criterion (see Tweedie (1975), Meyn and Tweedie (1994), etc.)
and Tjgstheim’s h-step criterion (see Tjgstheim (1990)).

The literature discussing the stationarity and ergodicity of the nonlinear
model (1.1) can be roughly divided into two categories: general cases and special
cases. For the general cases, Tweedie (1975), Nummelin (1984), Chan and Tong
(1985), Tong (1990), Tjostheim (1990), Meyn and Tweedie (1993) and Meyn
and Tweedie (1994) have developed many good tools and criteria. Since they
are dealing with general cases, the conditions given in these articles are usually
very general. For a very special kind of threshold model, Chan, Petruccelli, Tong
and Woolford (1985), Guo and Petruccelli (1991) and Chen and Tsay (1991)
have given sufficient or sufficient and necessary conditions for the geometrical
ergodicity of the model. Chen and Tsay (1993) proposed the FAR model and
gave a condition to insure the geometrical ergodicity of the FAR model. In
these articles they need some conditions implying condition (1.10) of this paper.
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Ozaki (1985) presented a sufficient condition for the ergodicity of exponential AR
models. One recent result given by Chan and Tong (1994) is rather novel and
interesting. To insure the geometrical ergodicity of the nonlinear autoregressive
model they present a number of conditions that may not satisfy condition (1.10)
of this paper. They need the Lipschitz continuity of the nonlinear function.
Also, as pointed out by themselves in the paper, the verification of some other
conditions may not be easy.

In this paper, under some mild conditions rather than condition (1.10), we
give several kinds of sufficient conditions for the geometrical ergodicity of the
nonlinear model (1.2). From these results, we can see that the exponential AR
model, the threshold AR model, the semi-parametric AR model, 3-ARCH model
and the bounded AR model are geometrically ergodic under some mild conditions.
The arguments used in the paper are chosely related to Markov chains in general
state space and the calculus of matrices, so in the next section we describe some
relevant lemmas on Markov chains and matrices used in this paper. In Section
3, we illustrate the main results of the paper and applications in various kinds of
nonlinear models.

2. Some Related Lemmas for Markov Chains and Matrices

First, it is clear that the sequence determined by (1.2) is a temporally ho-
mogeneous Markov chain with state space (RP,B). The transition probability
is

m(x,A) =P(X,, € A|X,-1=2) = P(T(X,-1) + e, € A|X,_1 = x)
=P(T(x)+e€A), z€R AcB. (2.1)

The concepts mentioned in the paper such as aperiodic, irreducible, small sets
and stationary distribution are usually defined for Markov chains and can be
found in books on Markov chains (e.g. Nummelin (1984)).

Lemma 2.1. (Chan and Tong (1985)) Suppose the nonlinear autoregressive
function ¢ in model (1.1) is bounded over bounded sets. Then {X;} satisfying
(1.2) is aperiodic and p-irreducible with p the Lebesgue measure. Furthermore,
u-non-null compact sets are small sets.

To determine the geometrical ergodicity of {X;}, we use the following result.

Lemma 2.2. (Tweedie’s criterion) Let {X;} be aperiodic irreducible. Suppose
that there exist a small set C, a nonnegative measurable function g, positive
constants c1, co and p < 1 such that

E{g(Xt41)|Xi =} < pg(x) —c1, for any x ¢ C, (2.2)
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and
BE{g(Xt+1)| Xy = x} < ¢2, for any = € C. (2.3)

Then {X;} is geometrically ergodic.

This is the so-called drift criterion for the geometrical ergodicity of Markov
chains, and the function g is called the test function in some of the literature.
For original articles, see Tweedie (1975), Nummelin (1984), Tong (1990), Meyn
and Tweedie (1993), Meyn and Tweedie (1994), etc.

In proving the geometrical ergodicity of Markov chains, another very useful
tool is the following

Lemma 2.3. (Tjgstheim’s h-step criterion) If there exists a positive integer h
such that {Xgp} is geometrically ergodic, then {X;} is geometrically ergodic.

See Tjostheim (1990) for details.

Combining Tweedie’s criterion of Lemma 2.1 and Tjgstheim’s h-step crite-
rion of Lemma 2.3, the following lemma, given by Tjgstheim (1990), may make
proving the geometrical ergodicity of NLAR models easier and clearer.

Lemma 2.4. Suppose X; satisfies (1.2) and ¢(-) satisfies the condition for
Lemma 2.1; then if there exist a positive integer q and positive constants ci,
ca, p <1, and a bounded set Cx = {x : ||z|| < K} such that (2.2) and (2.3) hold
when Xy is replaced by Xg, it follows that {X;} is geometrically ergodic.

Lemma 2.5. If G defined in (1.4) satisfies (1.5), then there must exist a matriz
norm || - ||m, which is induced by a vector norm || - ||,, and a positive real number
A < 1 such that

1Glly < [|Gllmllzllo < Az, for any = € RP. (2.4)

Proof. Since G satisfies (1.5), the spectral radius of G is less than one: p(G) < 1.
For any A € (p(G), 1), the existence of a vector norm |||, and the induced matrix
norm || - ||, such that (2.4) holds can be seen in Ciarlet (1982), page 19.

3. The Geometrical Ergodicity of NLAR Models

3.1. First kind conditions: theorem and examples

First consider the case when the nonlinear autoregressive function ¢(-) in
model (1.1) satisfies the following conditions

sup ||¢(z)|| < oo foreach K >0, (3.1)
x| <K

‘(;5(33) — aTw| =0, (32)

Iz—co |z
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where a = (a1, ..., )7 satisfies (1.5), || - || denotes the Euclidean norm in RP.

Theorem 3.1. If the nonlinear autoregressive function ¢ in model (1.1) satisfies
(3.1) and (3.2), then model (1.2), and thus model (1.1), is geometrically ergodic.

Proof. By (3.1), Lemma 2.1 and Lemma 2.2 it suffices to find a function g, a
bounded set C, positive real numbers ¢;, ¢z and p < 1 such that (2.2) and (2.3)
hold. For the a in (3.2) we define G as in (1.4). By Lemma 2.5 we know that
there exist a positive real number A < 1, a vector norm || - ||, and a matrix norm

|| - |m such that (2.4) holds. Define
g(x) = |lz|l,, =€ RP, (3.3)

to be the test function. Then the theorem can be proved easily by Tweedie’s
criterion. We omit the details.

Note that the norm ||z, in (3.3) has been mentioned by Tjgstheim (1990),
and the first part of Theorem 4.1 in Tjgstheim (1990) is a special case of Theorem
3.1.

Clearly, all linear stationary AR models satisfy the conditions in Theorem
3.1, so they are geometrically ergodic. Furthermore, in the case of linear models,
it is not necessary to assume the distribution of €; has almost every positive den-
sity. However, in the case of nonlinear models, we assume that the distribution
of ¢; has almost every positive density in order to reduce restrictions on the non-
linear function ¢. Generally speaking, our assumption on ¢; is not very strict. In
fact, many distributions with support in the whole space satisfy our assumption.

Example 3.1. (Bounded AR model) When the nonlinear autoregressive function
¢(-) in model (1.1) is uniformly bounded over the whole space RP, it is obvious
that the conditions of Theorem 3.1 are satisfied with @ = 0, thus the model is
geometrically ergodic. The same result appeared in Tjgstheim (1990), Theorem
4.1.

Example 3.2. (Exponential AR model, see Ozaki (1985)) The model is

P q r ,
Ty = o+ Z T + Z Z Bijxl_; exp(—vx?_ ;) + €, (3.4)
i=1 i=1j=0
where a = (a,...,q,)7 satisfies (1.5), 3, > 0,7 = 1,...,¢. It is easy to see

that the conditions of Theorem 3.1 are satisfied, so model (3.4) is geometrically
ergodic. Here model (3.4) is not exactly an exponential AR(EXPAR) model, but
a more general one. Usually an EXPAR model uses the same lag variable in all
the exponential terms.
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Example 3.3. (Semi-parametric AR model) The model is

P
T = ap + Z i+ h(T—1,. .., T—p) + €&, (3.5)

i=1
where o« = (o,...,0p)7 satisfies (1.5), h(:) is a measurable function. If A(:)

satisfies (3.1) and

P P
1
h(xl,...,:cp):0<(g x?)?), as E 7 — o0,
i=1 i=1

then model (3.5) meets the conditions of Theorem 3.1, so model (3.5) is geo-
metrically ergodic. For references on semi-parametric AR model, see Robinson
(1983), Engle, Granger, Rice and Weiss (1986), Shumway, Azari and Pawitan
(1988), etc.

3.2. Second kind conditions: theorem and examples

We have already seen that the models of Example 3.1, Example 3.2 and
Example 3.3 are geometrically ergodic by using Theorem 3.1 under certain con-
ditions. In particular, (1.5) is also necessary for the geometrical ergodicity of
model (3.4), since linear models are special cases of (3.4). But, for another
well-known class of nonlinear model-the threshold autoregressive model, Theo-
rem 3.1 is inappropriate in proving geometrical ergodicity. To study geometrical
ergodicity of the threshold AR model, we have the following theorem.

Theorem 3.2. In model (1.1), if there exist a positive number X < 1 and a
constant ¢ such that

|p(x1, ... zp)| < Amax{|z1|,...,|zp|} + ¢, (3.6)

then model (1.1) is geometrically ergodic.

Proof. From (1.2) we have Xg = z, X1 = e1 + T(Xp) = e1 + T'(x), X2 =
e2 + T(X1) = e + T(er + T(x)),..., Xp = ep + T(Xp-1) = e, + T(--- +

T(x)---)). Denote X; = (z¢,...,24—pt+1)” and define vector norm | - |lo by
llzllo = ||(x1,...,2p)"|lo = max(|z1],...,|zp|). Using (1.1) and (3.6) we get
21| <erf + ¢+ Amax{fzol, ..., |2—pya1]} < ler] + ¢+ Al Xollo,
|za| < |ea| + ¢+ Amax{|z1],...,|[x_pyo|}
< lea| + ¢+ Amax{|e;| + ¢ + Amax{|zo|, ..., |z_pt+1l|}, |Zol, - - -, |T—pr2l}
< lea| + ¢+ A(le1] + ¢) + Amax{Amax{|zo|,...,|z_p+1]}, |®o], ..., |[z_pt2|}
<lea| + e+ Aller] + ¢) + Amax{[aol, . .., |2 —pyal, Alz—pial}

< lea| + ¢+ Aler] + ¢) + Al Xollo < [ea] + ¢+ (lex] + ¢) 4+ Al Xollo,
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and similarly,

2] < lep| + ¢+ A ep1] + ) + N (lep2| + )+ + X (le] +¢)
+ )\max{|x0\, SRR |x—P+2|a )‘|x—P+1‘}
<lepl + e+ Allep1]+¢) + -+ X lea| + ) + Al Xollo
<lepl +c+ (Jept| +¢) + - + (Jex] + €) + A Xollo.

So from the above inequalities, (1.2) and Fl|e;| < oo we can easily get

EHXPHU = Ema‘x(|xp‘7 |xp—1|7 SRR ‘$1|)
<A{Elep| +c+ (Elep—1| +¢c)+ -+ (Eler| + ¢)} + M| Xollo
< >\||X0||0+C/7

where ¢ is a constant number. Thus by taking the test function g to be the norm
Il - llo, the theorem is proved by Lemma 2.4.

Example 3.4. (8-ARCH model (see Guégan and Diebolt (1994))), The model
is

yt:nt(ao—l—alyffl+---+apyt2£jp)l/2, t>1, (3.7)
where (3, a9, a1,...,a, are non-negative constant numbers, 7;’s are i.i.d. N(0,1)
random variables, yt2 b i
(3.7)

= (y2.,)? > 0. Define z; = logy?, ¢; = logn?, then from

Ty = gb(xt_l, . ,fL‘t_p) + €, (38)

where ¢(z1, . .., zp,) = log(ag + a1’ +- - -+ a,e’™) and ¢ satisfy the conditions
of model (1.1). Now

|$(z1, ..., 2p)| = |log(ag + a1e”™ + - + a,e™)]
D

< Bmax{lzl, ..., |z} +log (Y ai), (3.9)

1=0

so if § < 1, model (3.8) is geometrically ergodic by Theorem 3.2. By making use
of the solution {z;} of (3.8), we have from (3.7)

Yt = 77t(a0 + (Ileﬁxtfl + -4 apeﬁxt,p)l/Q

from which we know that {y;} is geometrically ergodic. If 5 > 1, note that (3.7)
is not ergodic (see Guégan and Diebolt (1994)). In case § = 1, we have proved
that if Y-8 ;a; < 1, then (3.7) is geometrically ergodic. Since the method of
proof is different from the one here, we will give the proof in another paper.

Example 3.5. (Generalized linear AR model) Consider the model

Ty = G(Ohri-1 + O2p2 + - + Op1ip) + €1, (3.10)
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where ¢(-) is a nonlinear function, 8 = (61,...,6,)” is a vector parameter, and
||| = 1. If ¢(-) satisfies
|p(x)| < plz|/\/D+¢, forany e R, (3.11)

where ¢ and p are some positive constants, and p < 1, then from (3.11) and
|6]| = 1, it follows that

|9(0r1ze—1 4 -+ Opzi—p)| < %Wlxt—l + o Oprp| +

p
< pmax{|z_1|,...,|zi—p|} Y 10:il//P+ ¢ < pmax{|zi_1],... |z} +c
=1

which implies (3.6). Hence by Theorem 3.2 model (3.10) is geometrically ergodic.

If instead of (3.11) ¢(-) satisfies |p(x) — cx|/|z| — 0, |x| — oo, where ¢ is
a constant number and a = ¢ 0 satisfies condition (1.5), and we assume ¢(-)
is bounded over a bounded set, then ¢(-) satisfies (3.1) and (3.2); thus, model
(3.10) is also geometrically ergodic by Theorem 3.1.

Model (3.10) is similar to the generalized linear model which has been studied
in regression analysis (e.g., see McCullagh and Nelder (1983)). When we study
the generalized linear AR model (3.10), the stationarity and ergodicity of the
model must be involed in the statistical analysis of the model. According to
Example 3.5, the theorems established in the paper are available for studying
the generalized linear AR models, more generally for studying the Projection
Pursuit Approaches (e.g., see Huber (1985) and Jones and Sibson (1987)) in
time series analysis.

Example 3.6. (Threshold autoregressive model (TAR) (see Tong (1990))). The
TAR model is

s P
T=2 {aio T Z%wt—j}l(wt_d €L)+e, t>1, (3.12)
where Iy = (—o0,r1),Iy = [r1,72),...,Is = [rs—1,00) and d is some positive

integer. We rewrite (3.12) in the form of (1.2):

S

X =) (aiou+ GiXy1)I(m—q € L)) + ey, (3.13)
=1

where u = (1,0,...,0)7, and
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When «;; satisfies the condition

p
m?le | < 1, (3.14)
]:

then take m = p in Theorem 3.2; hence, from (3.13) and (3.14) it is not difficult
to check that (3.6) holds. So model (3.12) is geometrically ergodic under the
condition of (3.14). This result can also be seen in Tong (1990), Example A1.2.

3.3. Third kind conditions: theorem and examples

Up to now, in the above theorems, we have not assumed the continuity of ¢
or T. Now we consider the case when the nonlinear autoregressive function ¢ is
continuous. Introduce the following iterations with notation ¢ which is similar
to (1.9):

¢1(y0:y—17 oo 7y—p+1)5¢(y07y—17 oo 7y—p+1)7
¢k(y07 Y-1,--.-. ay—p+1)5¢k—l(¢(y0a Y-1,..- 7y—p+1)a Yo, Y-1,-.-- ay—p+2)a for k22

Theorem 3.3. Assume the nonlinear autoregressive function ¢ in model (1.1)
satisfies I and II or 1 and II' of the following conditions:

L ‘gbk(yﬁay—l’ cee 7y—p+1) - ¢k(y67y—1a s ay—p+1)|
< Kk:|y0 - y6|a fOT‘ any y6a Yo, -y Y—p+1, and k > 1a

IL (@Yo, y—15-- - Y—pt1)]
< Mp™(lyo|+|y—1]+- - -+ |y—pt+1|) +¢, for any yo, ..., y—pt1, and n>1,

p
IT'. kzl ‘gbm-‘rk’(yO’ Y-1,.-- ay—p—i-l)‘

< Mlyol + ly-1l + -+ +y—pr1D+e, forany yo,...,y—pt1, and some m=1,

where {Ky,k > 1}; M, ¢, p and X\ are positive constants and p < 1, A < 1; then
model (1.1) is geometrically ergodic.

Proof. We only prove the case for condition II. From the proof we can see clearly
that the proof also applies to the case of condition II'. Let z; satisfy (1.1). By
(1.1) and conditions I and II of the theorem we have

‘l’t| < ‘6t| + ‘gb(xt—l; v axt—p)|
= || 4+ |Pp(er—1 + P(Ti—2, -, Tt—p—1), Tt—2, .., Ty—p)]
< et + Kilet—1| + [p2(zt—2,. . s 2t—p-1)
<lel+ Kileg-1| + -+ Kiale| + [¢e(wo, ..., 2 py1)]
< e + Kile—1] + - + Keale| + Mp'(lzo| + -+ + |z—ppa]) + .
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Taking the test function g(z1,...,2,) = Y7 |x;| and choosing m such that
pMp™~P = X\ < 1, then from the above inequality and F|e| < oo, it follows that

E{g(Xn)} < ¢ +2g(X0). where ¢ =pet {1+ 3 K;}E(lel).
j=1

and from Lemma 2.4 the theorem is proved as in proving Theorem 3.2.

Remark 3.1. If ¢ satisfies the condition |¢(x) — ¢(y)| < K||z — y|| for some
constant number K and any x, y, then clearly ¢ satisfies condition I of Theorem
3.3.

Remark 3.2. If ¢ = 0 in Theorem 3.3, then this theorem is a special case of
Theorem A1.6 of Chan and Tong (1985).

Corollary 3.4. For the general nonlinear autoregressive function ¢ in model
(1.1), if there exist a function ¢ satisfying the conditions I and 11 or I and 11" of
Theorem 3.3, and a positive constant B such that

|p(x) —¢(z)| < B, forany x € RP, (3.15)
then model (1.1) is geometrically ergodic.

Proof. We only prove the case for condition II. From the proof we can see clearly
that the proof also applies to the case of condition II". From (1.1) and (3.15) we
have

|ze — (21, ..., 2—p)| < |&] + B. (3.16)

Let

wl(y07y—17 "'7y—p+1) = w(yo:y—la "'7y—p+1)7

wk(y07y—17 "'7y—p+1) = wk—l(w(yﬂa "'7y—p+1)7y07 "'7y—p+2)
for £ > 2 and any yo,y—1, ..., Y—p+1

be defined as ¢ above. So by the conditions assumed on ¢ and (3.16), it follows
that

e <leef + |p(@eor, - .o, Te—p)]
< et + B+ (@1, ..., 20p)]
<lel+B+(xi—1,. . T1—p) —V2(Tt—2, . . ., Tt—p—1) |+ [V2(@t—2,. .., Tt—p—1))|
<let| + B+ |Y(ze—1,. .., x—p) — 01 (V(T—2, . ., Tp—p—1), Tp—2, - -, Tp—p)|
+ o (@i—2,. .., Tt—p-1)|
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<l&| + B+ Ki(|let—1]| + B) + [2(zi—2, ..., T4—p—1)|

< let| + B+ Ki(let—1| + B) + - + Ki_a(le1] + B) + [e(wo, . .., & —ps)|
< ‘Gt‘ + B+ K1(|6t_1| + B) R Kt_1(|61‘ + B)
+ Mp'(lzo| + |z1| + - + lz—psa]) + c.

Then, using the same procedure as in proving Theorem 3.3, we can also get the
same conclusion. The details are omitted.

Example 3.7. Consider the TAR(1) model

g — ) G0t te, T >0,
! Bo + B1xi_1 + €, otherwise.

Then
o(z) = apl(x > 0) + ol (z < 0) + ayxl(x > 0) + frzl(z < 0).

Define B = |ag| + |a1] and ¥ (z) = aqzl(x > 0) + S1xl(xz < 0); then it can
be easily seen that ¢, ¢ and B satisfy the conditions of Corollary 3.4 as long
as ag < 1, f1 < 1, and o161 < 1. Thus under these conditions the model is
geometrically ergodic. When oy = Gy = 0, the same result can be seen in Tong
(1990), Example A1.1.

Example 3.8. Consider the multi-threshold TAR(1) (see Tong (1990), Example

A1.2):
Ty = Qo + Q1Ti-1 + € formp_1 €1, j=1,...,s,
where the intervals Iy, ..., I are defined as in Example 3.6. Define
S S S
B=Y lag|+ (re1—r) Y lowl,  ¢lx) = {aoi + ana}l(x € 1),
i=1 i=1 i=1
and

Y(x) = anxl(x <)+ asxl(x > ry);

then it can be similarly proved that ¢, v and B satisfy the conditions of Corollary
3.4 as long as aj; < 1, ajs < 1, and ajjais < 1. Thus under these conditions
the model is geometrically ergodic.

By making use of the theorems in the paper, we can investigate geometrically
ergodicity for some other nonlinear AR models under weaker conditions, such as
fractional AR model (see Tong (1990), Chapter 3.5, p. 108), separable nonlinear
AR model (see Tong (1990), Example A1.3, p. 465). We omit the details.
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4. Conclusion

In the paper, we propose three kinds of sufficient conditions for geometrical
ergodicity of the NLAR models with emphasis on the following two points. The
first one is to avoid a continuity condition on the function ¢ in NLAR model (1.1).
The second one is to allow the deterministic skeleton model (1.6) corresponding
to NLAR model (1.2) to have a bounded attractor, say A. In fact, it can be shown
that under the conditions mentioned in Section 3 the attractor A is exponentially
attracting, i.e., there exist constants K and ¢ > 0 such that dist(T}(x), A) <
dist(x, A) K exp(—ct) holds for any = € RP and ¢ > 1, where dist(z, A) denotes
the Euclidean distance from point = to set A.

Acknowledgement

The research of the second author is partly supported by the Monbusho schol-
arship of Ministry of Education, Science and Culture of the Japanese government.
Thanks go to the referees for their insightful comments and suggestions.

References

Chan, K. S., Petruccelli, J. D., Tong, H. and Woolford, S. W. (1985). A multiple-threshold
AR(1) model. J. Appl. Probab. 22, 267-279.

Chan, K. S. and Tong, H. (1985). On the use of the deterministic Lyapunov function for the
ergodicity of stochastic difference equations. Adv. Appl. Probab. 17, 666-678.

Chan, K. S. and Tong, H. (1994). A note on noisy chaos. J. Roy. Statist. Soc. Ser.B 56,
301-311.

Chen, R. and Tsay, R. S. (1991). On the ergodicity of TAR(1) processes. Ann. Appl. Probab.
1, 613-634.

Chen, R. and Tsay, R. S. (1993). Functional-coefficient autoregressive models. J. Amer. Statist.
Assoc. 88, 298-308.

Ciarlet, P. G. (1982). Introduction & l’analyse Numérique Matricielle et a ’optimisation. Mas-
son, Paris.

Engle, R. F., Granger, C. W. J., Rice, J. and Weiss, A. (1986). Semiparametric estimates of
the relation between weather and electricity sales. J. Amer. Statist. Assoc. 81, 310-320.

Guégan, D. and Diebolt, J. (1994). Probabilistic properties of the S-ARCH model. Statist.
Sinica 4, 71-87.

Guo, M. and Petruccelli, J. D. (1991). On the null recurrence and transience of a first-order
SETAR model. J. Appl. Probab. 28, 584-592.

Huber, P. (1985). Projection pursuit (with discussion). Ann. Statist. 13, 435-575.

Jones, M. C. and Sibson, R. (1987). What is projection pursuit. J. Roy. Statist. Soc. Ser.A
150, 1-36.

Meyn, S. P. and Tweedie, R. L. (1993). Markov Chains and Stochastic Stability. Springer-Verlag
London.

Meyn, S. P. and Tweedie, R. L. (1994). State-dependent criteria for convergence Markov chains.
Ann. Appl. Probab. 4, 149-168.

McCullagh, P. and Nelder, J. A. (1983). Generalized Linear Models. Chapman & Hall, New
York.



956 H. Z. AN AND F. C. HUANG

Nummelin, E. (1984). General Irreducible Markov Chains and Non-negative Operators. Cam-
bridge University Press, Cambridge.

Ozaki, T. (1985). Non-linear time series models and dynamical systems. In Handbook of statis-
tics (Edited by E. J. Hannan, P. R. Krishnaiah and M. M. Rao), Vol.5. Elsevier Science
Publish, Amsterdam, New York.

Robinson, P. M. (1983). Non-parametric estimators for time series. J. Time Ser. Anal. 4,
185-207.

Rosler, O. E. (1979). Chaos. In Structure Stability in Physics (Edited by W. Guttinger and H.
Eikemeier), 290-309. Springer, Berlin-New York.

Shumway, R. H., Azari, A. S. and Pawitan, Y. (1988). Modeling mortality fluctuations in Los
Angeles as functions of pollution and weather effects. Environ. Res. 45, 224-241.

Tjgstheim, D. (1990). Non-linear time series and Markov chains. Adv. Appl. Probab. 22,
587-611.

Tong, H. (1990). Non-linear Time Series: A Dynamical System Approach. Oxford University
Press, New York.

Tweedie, R. L. (1975). Criteria for classifying general Markov chains. Adv. Appl. Probab. 8,
737-771.

Institute of Applied Mathematics, Academia Sinica, Beijing 100080.

The Student Study Room, The Institute of Statistical Mathematics, Minami-Azabu 4-6-7,
Minato-ku, Tokyo, Japan 106.

(Received November 1994; accepted October 1995)



