Statistica Sinica 6(1996), 491-498

A NOTE ON HYPOTHESIS TESTING IN STOCHASTIC
REGRESSION MODELS

Der-Shin Chang and Mei-Rong Chang

National Tsing Hua University

Abstract. Consider the multiple regression model y, = Zlﬂzmm +en, n=1,2,...,
where the €, are unobservable random errors; 31, ..., 3, are unknown parameters and
yn is the observed response corresponding to the design vector z, = (Tn1,...,Tnp)"
Lai & Wei (1982) established results concerning the strong consistency and asymptotic
normality of the least squares estimate of 3 = (81, ..., 8p)" where {¢,} is a martingale
difference sequence and some regularity conditions are satisfied. We obtain the same
asymptotic normality result under weaker conditions, and also establish the test of
linear hypothesis and the strong consistency of the constrained least squares estimate
of B under H'f3 = h.
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1. Introduction

Consider the multiple regression model
yn:ﬂlxnl+/82$n2+"'+6p$np+6n7 n = 1727"'7 (]-]-)

where the €, are unobservable random errors; f,..., [, are unknown parame-
ters and y, is the observed response corresponding to the design vector g, =
(Tp1sey@np). Let Xy = (245), 1 <0 <, 1 <j<p Y, = W, .- yn)
and €, = (€1,...,€,). Then X! = (z,,...,z,). The regression model (1.1)
can be written as Y,, = X8 + ¢,; and b, = (bn1,-..,b,,) = (X X,)"' XY,
is the least squares estimate of B = (Br,...,0,)" based on the observations
L1y YLy Loy Y2y ey Ly Yp ASSUIMING that X, X, is nonsingular. We shall assume
that {e,} is a martingale difference sequence with respect to an increasing se-
quence of o-fields {F,}, i.e. €, is F,-measurable and F(e, | F,_1) = 0 for every
n. We shall also assume that z,, is F,,_;-measurable. Therefore, the design vector
z, at stage n may depend on the previous observations z,,y1,...,Z,_1, Yn—1-
Now rewrite the least squares estimate b, of § as follows:

n -1 n
b, =B+ (Z @@’) >z
1 1
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The statistical properties of the least squares estimate b, are related to the ran-
dom matrix X/ X, and the martingale transform > z,6;. Lai & Wei (1982)
established results concerning the strong consistency and asymptotic normal-
ity of b,. Previously, Anderson and Taylor (1979) and Christopei and Helmes
(1980) also established the strong consistency of b, under stronger conditions.
Wei (1985), among other results, also discussed asymptotic properties of b,, under
a reparametrization of model (1.1).

In this note we study the hypothesis testing problem for the stochastic re-
gression model (1.1). More precisely, we consider the problem of testing the linear
hypothesis H'S = h against H'3 # h, where H' is a k X p fixed matrix (k < p)
with rank & and hisakx1 known vector. The strong consistency problem of
the constained least squares estimate under H'(3 = h will also be studied.

In Section 2, we review some important results in the stochastic regression
model and give an example to motivate the need for weak convergence under
weaker conditions than those of Lai & Wei (1982). In Section 3, the proof of the
new result will be given. Then, in Section 4, we apply the new result to test the
hypothesis Hy : H'3 = h against H, : H'3 # h. Finally, a summary is presented
in Section 5. ) )

2. Review

Assume that the errors {¢,} in the regression model (1.1) form a martingale
difference sequence w.r.t. the o-fields {F,} such that

sup E{|e,|* | Fo_1} < oo a.s. for some a > 2 (2.1)
and
li_>m E(€2 | Fuoy) =0  a.s. for some constant o. (2.2)

An important special case is where the {¢,} are independent random variables
with zero means, variance o2, and sup, Ele,|* < oo for some o > 2. The
following theorems give conditions on the stochastic regressors z,, that ensure the
strong consistency and the asymptotic normality of the least squares estimate b,
established by Lai and Wei (1982).

Theorem A. Assume the regression model (1.1). Suppose that (2.1) holds and
Amin(n) = 00 a.5., log Anax(n) = 0(Amin(n)) a.s., where Apin(n) and Apax(n)
denote the minimum and mazimum eigenvalues of X)X, respectively. Then
b, = B a.s.

Theorem B. Suppose that, in the regression model (1.1), {€,} is a martin-
gale difference sequence w.r.t. an increasing sequence of o-fields {F,} such that
(2.1) and (2.2) hold. Moreover assume, for each n, that the design vector
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Z, = (Tn1,...,Tnp) at stage n is F,_i-measurable and that there exists a non-
random positive definite symmetric matriz B, such that B, * (3] z;z )1/2 - I,
and max, <<, | Bz, 0. Then (X} z,2)"* (b, — @)i) N(0,0°1,), where
2y and 2 denote, respectively, the convergence in probability and in distribu-
tion.

However, the assumption of positive definiteness on B,, seems unnecessarily
strict and the computation of B (X! X,,)'/? at stage n in Theorem B is extremely
cumbersome. This makes Theorem B difficult to apply. In Section 3, the results
of Theorem B are obtained under much weaker conditions on B,,. Before stating

the new result on the weak convergence of b,, we demonstrate an example to

<n)

motivate the need for weakening the conditions about B, as follows.

Example. Consider the time series model
yy=ryi1+alr—)t—a+e, t=12,..., (2.3)

where {¢;} are ii.d. random variables with mean zero and variance one. Let
2zt =y + a(t + 1). Then we have

Zy = TZi_1 + €t (24)

21 1 a O Yi—1 1 o O
t =10 1 O t 0 1 0},
1 0 0 1 1

0 0 1

where z, is the vector notation in model (1.1) and in Theorem B. Now from (2.3)
we know that 8 = (r,a(r — 1), —a)" and

YUyl XU ¥ior XY
XoXp=| Xiiyim X407 P
i Yic o gt n
Assume that 0 < r < 1, then by (2.4) and (A2.7) in Wei (1987), we have
Y127 ~n/(1 —r?) where “~” denotes order equivalence. Note that

and

:A(I;t’ A:

n

Zzi:zgr(l—r (1—r7) +2n:Zrt’l
=1 i

1

=zor(L—r")/(L=r)+ > el =" /(1 —r).
1

Let u; = (1 — "), and by using > u} ~ n and (2.8) in Lai & Wei (1982) we
obtain Y7 €;u; /n—=+ 0 as n — oo; thus Y1 2z; = 0,(n). Further, since by the same
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argument, we have Y7 iz; = r S0 iz +r 0T 240 ie; = r 0 izito(n?),
this implies 7 iz;—= 0 as n — oo.
Taking

Cn = 0 (3/n®)2 0

[(1 —72)/n]'/? 0 0 ]
0 0 n=1/? ’

and by B! = C,A we have

n Zt—1 ]. 0 0
By |t | [zt 1(B) [0 1 3t/29-1 |
1 1 0 3i/29-1 1

and max,<;<, z,(B!) ' B 'z, = max;<i<, {(1 —r2)z2, /n+3t3/n’+1/n} 5 0
as n — oo, which satisfies the same condition of Theorem B but (37 z,z})/?
does not need to be computed here. Therefore the matrix B, does not satisfy
the positive definite condition of Theorem B and it does avoid the difficulty of
evaluating (37 z,2%)'/?; this is why we need to weaken the conditions of Theorem
B in the following section.

3. New Result

Before stating the new result, we first state a corollary of the result given in
Hall & Heyde (1980, pp.58).

Corollary 1. Let {S,;; Fni, 1 < i < k,, n > 1} be a zero-mean, square-
integrable martingale array with difference X,;, and let n* be an a.s. finite
random variable. If for all € > 0, Y0 E[X2% (x> | Frio1] = 0, and
V2 = S BIXE | Fuicl == 0% and if Foy © Fogrg, 1 <0 < ko, 0 >
1 then Spi, = Y X = Z (stably), where Z has characteristic function
E [exp{—37°t}].

Next, we discuss the following convergence result. Since it was only briefly
mentined in Wei (1983), we give a proof.

Theorem 1. Under the regression model (1.1), assume that {€,} is a martingale
difference sequence w.r.t. an increasing sequence of o-fields {F,} and that {e,}
satisfies (2.1) and (2.2). Suppose that for each n there exists a nonsingular
matriz B, such that B;'X! X, (B)~'2s T, where T' is positive definite and
max, i<, o} (B,B.) 'z, 0. Then

() (B X, X, (B,) ™", B X, X (b, = §))— (I, T'2N),

(ii) (b = B) X1 X, (b, = B)—07X;,

where N ~ N(0,0%I,) and Xf, denotes the chi-squared distribution with p degrees
of freedom.
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Proof. Let F,; = Fi, X = ¢'B;'z,€,, where ¢ is a fixed constant vector.
Since max, <<, z\(B,B.) 'z, 0, we can assume without loss of generality
that B, 'z, is bounded. This in turn implies that

E[Xnk | 7k_1]:E[QIB;1g,'k€k | 7k_1]:0 and sup E[|Xnk|a | 7k_1] < 00 a.s.

1<k<n

for some « > 2. Note that

n n

(1) ZE[XZZ | Fni1] :ZE[(Q'BEI%Q)Q | Fiil

(2) V 6 > 0, since Y1, E[X2, | Fri1]—=|ITV?|?02, we get

Y EX} x50 | Fuioil = Y BIX x5 | Fioil
i=1 =1
< Y EB[Xul* | Fial/0072 =D 1B x| Elle|* | Fia]/0°7 5 0.

i=1 =1

This is because sup; <<, Ellex|* | Fe1]/0°72 = Op(1), XL, I¢'B, z,]? = Op(1)
and

sup [¢'B; a7 < le** sup 187 |
1<k<n
( 2)/2
= llel**[ sup 2i(B,) "B, ] L0

1<k<

Thus, (1) and (2) verify the conditions of Corollary 1.
By Corollary 1, we have, for any given constant vector ¢, that

n

¢B, 1Z$el—c . Z —@):ZXmﬁZ(stably),
1 i=1
where Z ~ N(0,||c'TY?||?0?). That is, Z = |cTY?|W = ¢T'/2N, where
W ~ N(0,0%) and N ~ N(0,0%I,). By the Cramer-Wold Theorem we con-
clude that (T, B;' X/, X, (b, — 8))— (I,T'/>N). Since B;' X/, X, (B.,)"'-*> T,
(B, X}, X,(B;) ™", B, X}, X, (b, — B))— (T, [*/2N) and
(b, — B)' X5, X (b, — B)

={B, X, X, (b, — B)}{B, (X, (X, X,.) "B, {B, " (X, X,) (b, — B)}
i> NIF1/2F_1F1/2N — Jyl]y — O_QXIQ)
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4. Hypothesis Testing

In this section we test the hypothesis Hy : H'3 = h against H, : H'3 # h,
where H' is a k X p fixed matrix (k < p) with rank k and A is a k x 1 known
vector.

Let b, be the constrained least squares estimate (CLS) of 3 under the re-
striction H'3 = h. Using the Lagrange multiplier ), we have )

b = (X! X,)' XY, — (X/X,) "H\=1b, — (X.X,)"'HX and H'b = h.
Hence
by, = b, — (X}, X)) H[H'(X, X,,)"" H] ™ (H'b, — h).
The following result gives the strong consistency of the CLS b;,.

Theorem 2. Suppose that in the regression model (1.1), {€,} is a martingale
difference w.r.t. an increasing sequence of o-fields {F,} such that (2.1), (2.2)
hold and Ayin(n) — 00 a.s., 108 Apax(n) = 0(Amin(n)) a.s.. Then b, — B a.s..

Proof. Let Z, = X! X,,, Q, = H'Z'H. Then

b, —b,=—-2,"HQ,"H'(b, — B) = —Z,"*Z,""HQ,"H' Z," X e,

Since Z;' — Z7'H Q;'H'Z;' = (I — Z;'H Q;,'H")Z;'(I — HQ,'H' Z;') is
positive semidefinite,

b, = 0,1 < W Z 21 - 112, P HQL H' 2, X e |1
< Amm(n) 6 Xn( anQ 1HZ )XI ~n
< Amm(n) 6 Xanlerlzg >\mm( ) O(logAmaX(n))‘

Therefore b, — 3 a.s. under H'3 = h by Theorem A.

Now we define R} = miné,(Yn—Xn@)’(Yn—Xn@) and R} = minH,é,z,l(Yn—
Xn@)' (Y, —Xnﬁ) Then R2= (Y, — X,,b,) (Y,—X,b,) =€,¢, and R} = (Y, —
X,.b,) (Y, — X,.b)) = €, e Here ¢, = (I — P,)e,, P, = X, X, is the pro-

jection operator on R( n), X =(X.X,) X, & = (I—-Py)e, and P, =

{X,—X;\ H[H'(X,X,) 'H]"'H'} X;}, is the projection operator on £ = {X,,3 |
H'3 = h}. By straightforward calculation,

R} —R>=¢ (P, — P,)e, =€ P =& ¢ (4.1)
Here P’ = P, — P, is the projection operator on the orthogonal complement of £
in R(X,)and ¢, = PP, = P*X, Xe, = X (b,—B) since PP, = P,P; = Py,
where X = P X,,.
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According to (4.1) and the following Lemma, we have an immediate con-
sequence that (R} — R})/o® — xi. Therefore, suppose we have a consistent
estimate 62 of o?; the straightforward application of this result is that the hy-
pothesis Hj : H’ﬁ = h will be rejected at level o if (R} — R3)/67 > x;, 1-a for
large n, where x7,_, is the (I — a) x 100% percentage point of the x;. The
following result can be easily derived.

Lemma. Under the assumptions of Theorem 1, and the condition
BI'X*' X*(B)"t-Ly 1Y/? {g 8} /2 (4.2)
then
(b = B) X X5 (b, = B) = o°Xk,
where U s a k-dimensional idempotent matriz with rank k and I' is positive
definite.

Moreover, we can obtain an estimate of o2 as follows.

Theorem 3. Under the assumptions of Theorem 1, we have

n

62 = Z(yl —2'p,)?/nts 0 as n— oco.

i=1
Proof. Note that

1 1

bn = — (Yo = Xub,)' (Yo — Xub,) = —[en€, — €, X0 (X, X)) " X e, ]

n n

]' ! ! !
Since (b, —B)' X, X, (b, —B)—> o*x> as n — co and Y1, [~ E(e? | Fi_1)] = o(n)
a.s. (see Chow (1965)) we have 622+ 0% as n — co.

5. Summary

We also note that the constrained least squares estimate for inequality con-
straints can be approached as in the above discussion and the corresponding
strong (or weak) consistency can be investigated. For brevity, we omit these
discussions. Thus, in this note, using the result of Theorem 1, we investigate the
estimate of 5 under the constraint H'3 = h and establish the strong con51stency,
and weak convergence of this estimate. Finally, we obtain an approximated x?
test for testing H'3 = h against the alternative H'(3 # h.
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