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LIMITING POSTERIOR DISTRIBUTIONS UNDER
MIXTURE OF CONJUGATE PRIORS

Lawrence J. Brunner and Albert Y. Lo

University of Toronto and Hong Kong University of Science & Technology

Abstract. Suppose the posterior distribution has a limiting distribution with respect
to each member of a family of conjugate priors. Subject to a uniform boundedness
condition on the prior parameters, the posterior distribution with respect to a mixture
of member priors has the same limiting distribution. This result is used to show that
a posterior distribution (given complete data) with respect to a mixture of Dirichlet
processes prior can be approximated by a Brownian bridge. It also follows from this
result that the limiting posterior distribution (given censored data) with respect to a
mixture of beta-neutral processes prior is identical to the limiting sampling distribu-
tion of the Kaplan-Meier estimator.
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1. Introduction

Normal approximations to posterior distributions originated in work by
Laplace, Bernstein, von Mises, and LeCam (1953); (see LeCam (1986)). The
technique developed can be conveniently applied if the parameter of interest lies
in a finite dimensional space, and the prior distribution is smooth. In the case
of an infinite dimensional parameter space, the usual way of studying normal
approximations for nonparametric models consists of showing that a posterior
distribution with respect to a class of conjugate priors has a limiting Gaussian
distribution. See, for example, Lo (1993) for some recent results and references in
this direction. In this paper we show that the limiting posterior distribution with
respect to conjugate priors is preserved for posterior distributions with respect
to mixtures of conjugate priors. More precisely, we show that, subject to a
uniform boundedness condition on the mixing prior parameters, limiting posterior
distributions can be obtained for mixture priors. The idea of this approach is
rather simple: a posterior distribution with respect to a mixture of a family of
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member priors is a mixture of posterior distributions with respect to member
priors of the family. That is, a posterior with respect to a mixture prior is a
mixture of sub-posteriors. A consequence is that if the sub-posteriors are well
behaved, so is their mixture.

If a family of priors forms a conjugate family, the posteriors are also members
of this family, and the limiting posterior distribution of the mixture of sub-
posteriors can be identified. The dimension of the parameter space is irrelevant in
this approach, and hence this method can be used to yield asymptotic posterior
distributions with respect to mixtures of conjugate priors for parametric and
nonparametric models alike. The application of this method to derive a limiting
posterior distribution with respect to a mixture of conjugate priors for parametric
models (see DeGroot (1970), Dalal and Hall (1983)) is quite direct and will not
be given. It should also be pointed out that the Bayesian hierarchical models
discussed by Lindley and Smith (1972) concern mixtures of normal priors for
linear models, and is another instance where the present method can be applied.

In this paper, the emphasis is on Bayesian nonparametric problems. Our
technique is used to transfer the limiting posterior distribution with respect to
a conjugate prior to that with respect to a mixture of conjugate priors; two
examples are given. Section 2 discusses the case of mixtures of Dirichlet pro-
cesses priors (Ferguson (1973), Antoniak (1974)) for complete data. In this case,
Freedman and Diaconis (1983), Section 5 showed that the posterior distribu-
tion is consistent if the prior parameters are subject to a uniform boundedness
condition; our technique applied to this case actually identifies the limiting pos-
terior distribution, under the same boundedness condition. Section 3 discusses
the right censored data case and a beta-neutral processes prior (Hjort (1990),
Lo (1993)). Mixtures of beta-neutral processes priors are defined. A limiting
posterior distribution with respect to a mixture of beta-neutral process priors
given right-censored data is obtained in this section. As a consequence, the pos-
terior distribution of the survival function given right-censored data converges to
a point mass at the “true” survival function, settling a conjecture of Doss (1991).

We discuss some basic techniques of the method in the rest of this section.
A mixture prior for a parameter 6 is defined by

L{p} =v(dp), L{0]|¢}=n(db]|4). (1.1)

In this setting, ¢ can be conveniently regarded as an mixing index of the prior
distribution of the parameter 8. The model distribution is defined by

L{X|$,0) = P(dz|0). (1.2)
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[Note that the model indicates that ¢, 6, X is a three term Markov chain in
the order written.] Given X = =z, the posterior distribution of the parameter
of interest is w(df|x) = [7(dB|¢,z)v(dp|z), where v(dp|z) is the conditional
distribution of ¢ given X = .

Our method depends on an explicit construction of random variables with

distributions identical to the posterior distributions with respect to conjugate
priors. Suppose the mixing variable ¢ € T and that the parameter 6 is an
element of ©, which is a subset of a linear space equipped with a convex norm
1.
Lemma 1.1. Assume model (1.1) and (1.2). Let X = x be given, and n be
the sample size. Suppose random variables {60, , : ¢ € T} are defined on a
probability space such that, for each ¢, 6, , has distribution w(df|¢p,x). Let
Ex{-} be the expectation (conditional on X = x) on this probability space, and
0 = [[0n(d0|p,z)v(d|x) = [ Ex{0ns}v(dp|z) be the posterior mean. Suppose
there exist random variables 0, which are independent of ¢ with én = Eg{0,},
and an increasing sequence b(n), such that

lim sup sup Ex{b(n)|0, — 6,4} =0. (1.3)
n ¢

Then L{b(n)(0, — 0,)|x} and the posterior distribution L{b(n)(0 — 0,)|z} have
the same limit; (1.4)

furthermore, b(n)|6, — 0] — 0, and (1.4) remains valid if either one of 6, is
replaced by 6.

Proof. It suffices to note that for each bounded and contracting Lipschitz func-
tion h,

B {(hlb(n) (0 = )]} — [ [ hlbtn)(® = b,)Ir(dblg. 2)o(dle)| = 0;  (1.5)
see for example Pollard (1984) and LeCam (1986). The left side of (1.5) equals
[Ba{hlbm) @~ 0,01}~ [ Bathlb(m)@no )]} (dde)]
= | [ Bathlbm)(6. — 6.)] - hb(m) (6.0 — ) o(dl2)|
< b(n) [ Balf, O ofo(ddlz) < sup Balb(m)6, ~.4l) = 0.

where the first inequality follows from Jensen’s inequality. Similarly, the second
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statement follows from
b6 — 6] = o) |Ea {0} ~ [ Ealbuo}olddfo)}
< b{n) [ Balf — 0 ololddn) < sup B {b(n)|6, — O]}
where the first inequality follows from Jensen’s inequality.

Lemma 1.1 states that, subject to the uniform convergence condition (1.3),
the behavior of the mixing distribution v(d¢|z) is irrelevant. This is of inter-
est since Diaconis and Freedman (1986) showed that v(d¢|z) may not behave
appropriately in location models; see Section 2.

As we indicated in the beginning, an interesting case for the application of
Lemma 1.1 is that {n(df|¢): ¢ € T} is a conjugate family of priors for the
model distribution { P(dz|f): 6 € ©}. Lemma 1.1 transfers the limiting posterior
distribution based on a member of a conjugate family of priors (i.e., the limit
of L{b(n)(8, — 0,)|x}) to that with respect to a mixture of conjugate priors
(i.e., the limit of £{b(n)(# — 6,)|x}). In nonparametric problems where a model
density does not exist, the method based on Lemma 1.1 would appear to be
promising. A case in point is where © is the space of distribution functions or
cumulative hazards on a Euclidean space. Here, © is a subset of the “cadlag”
space, i.e., the space of right continuous functions with left limits equipped with
the uniform norm and the projection o-field. Lemma 1.1 can be applied if the
limit of £{b(n)[f, — 0,]|=} is concentrated on a separable subset of the “cadlag”
space. This is the usual case of interest in statistics; (see Pollard (1984)).

In the following sections, we use Lemma 1.1 to derive limiting posterior
distributions with respect to mixtures of conjugate nonparametric priors in the
setting described above.

Remark 1.1. Lemma 1.1 states that for each sample sequence w =
(Z1y... %y, ...) such that Assumption (1.3) is valid, the conclusion of Lemma
1.1 is also valid (note that x is the initial segment of the sequence w). Therefore,
if w is random and has a (joint) distribution, the validity of Assumption (1.3)
with probability one implies that the conclusion of Lemma 1.1 is also valid with
probability one. In case Assumptions (1.3) is valid in probability, the conclusion
of Lemma 1.1 is also valid in probability.

Remark 1.2. Lemma 1.1 is also useful for sample theorists. Suppose Assump-
tion (1.3) is valid in probability; then the sampling distributions £{b(n)[6, —
0]|60} and L{b(n)[@ — 6,)|6p} have the same limit (for each ;). This provides



MIXTURE OF PRIORS 191

an easy proof for those who are interested in the limiting sampling distribution
of the posterior mean; (see for example Susarla and Van Ryzin (1979)).

2. Mixtures of Dirichlet Process Priors for Complete Data Models

Suppose v(d¢) is the distribution of ¢, L{F|¢} is a Dirichlet process (Fergu-
son (1973)) with shape o, (denoted by D(dF|ay)), and X,,..., X, |(¢, F) are iid
F. Let « = {z1,...,2,} be the data (i.e. X =), and let F,,(-) = n 'Y, d,.(-)
be the empirical distribution function, giving mass n~! to each z;, i = 1,...,n.
(0, is a point mass at y.) The posterior distribution of F' given x is 7(dF|x) =
[ D(dF|ay + nF,)v(d¢|z); (see Antoniak (1974), who also derived v(d¢|z) ex-
plicitly). Let Z;’s be iid exponential random variables, and given the data x, let
D,()) = > Ziby, ()/(Ez Z;).

Given ¢ and the data z, let 4, be a gamma process with shape measure o,
and let p, and the Z;’s be independent. Then

Fro(-) = [pe(-) + 22D ()] 106 (00) + 3, 23]
is a D(dF|ay + nﬁ’n) process. Easy computation shows that
nEa:[Sltlp | Fo(t) — Dy (t)]] < ag(00). (2.1)
Therefore,

Theorem 2.1. Under the uniform boundedness condition sup, a4 (00) < oo,
L{n'PIF() = B,()lle}  and  L{n'?[Du() = Fu( )]}

have the same limit in D[—o0,00] with the uniform norm and the projection
o-field; the conclusion also holds if either one of F, is replaced by the posterior
mean F(t) = [ F(t)n(dF|z).

Freedman and Diaconis (1983) showed that the finiteness of sup, a4 (00) en-
sures consistent posterior distributions. Theorem 2.1 states that the finiteness of
sup, @ (00) actually yields a limiting posterior distribution.

Since the simulation of D, (-) is the basis of the Bayesian bootstrap (Rubin
(1981)), Theorem 2.1 implies that the Bayesian bootstrap is asymptotically cor-
rect in approximating posterior distributions of F' with respect to a mixture of
Dirichlet processes priors.

Let us close this section with a discussion of the special case of a nonpara-
metric location model. Suppose a(A) = a(A — ¢) for any event A where a is a
finite measure. Then

L{F|$} = D(dF|a(- — ¢)), and X1,..., X.|($, F) are iid F
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is equivalent to
L{G|¢} = D(dG|a(+)), and X, — ¢,..., X,, — ¢|(¢, G) are iid G(-). (2.2)

In this notation, F(-) = G(- — ¢).

Model (2.2) is the location model with a Dirichlet prior on the shape dis-
tribution G. Diaconis and Freedman (1986), and Doss (1985), showed that the
posterior distribution of the location parameter ¢, v(d¢p|z), does not converge
to a point mass at the “true” location ¢, in general. On the other hand, since
sup, (A — ¢) < a(oo) < oo, the above mentioned result of Freedman and Di-
aconis (1983) implies that the posterior distribution of F(-) = G(- — ¢) (given
complete data) is consistent; Theorem 2.1 and the following Remark 2.1 identify
the limiting posterior distribution of F'(-) as a Brownian bridge.

Remark 2.1. The limit of £{n'/?[D,(:) — F,(-)]|=} was studied in Lo (1987).
The arguments there show that: sup, |F),(t) — Fo(t)| — 0 implies £{n'/2[D,(-) —
E,()]|z} = L{B(Fy(-))}, where F, is a distribution function, and B(s) = W (s)—
sW (1), 0 < s <1, is a Brownian bridge.

Remark 2.2. The choice of D, (-) to play the role of 6, in Lemma 1.1 is
technically convenient in view of the large-sample theory developed in Lo (1987).
On the other hand, £{D,(-)|z} is not a posterior distribution with respect to
some genuine prior distribution. Perhaps a more desirable choice is a particular
member of the conjugate family of priors in question. In the present situation,
such a choice is given by a fixed F, 4(-), say,

Fougo (1) = 9o () +nDn )]/ 119, (00) + n].

Theorem 2.1 remains valid since the key inequality (2.1) is

”Em[sgp | Fo(t) = Frgo (8] < Expug(00) + Egpig,(00) = ag(00) + g, (00).

3. Mixtures of Beta-Neutral Processes Priors for Right Censored
Data Models

Let o and 8 be two finite measures on [0,00), and u, and pug be two inde-
pendent gamma processes with shapes o and 3, respectively. In Lo (1993), a
beta-neutral («;3) survival process (Hjort (1990)) is defined as

Sas(t) = T] {1 = Apa(y)/l1aly, o0) + psly, )]},

y:y<t
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where Ap, (y) is the size of the jump of p, at y. Lo (1993) called S, 5 a Bayesian
copy of the Kaplan-Meier function (based on p, and pg). The beta-neutral
process is a special case of the neutral process discussed by Doksum (1974); see
also Ferguson and Phadia (1979). A result of Hjort (1990) implies that beta-
neutral (a;3) processes are conjugate priors when the data are right-censored.
Right censored data are defined as follows.

Let F be a distribution on [0, 00), and S = 1—F be the corresponding survival
function. Suppose T1,...,T,|S are iid S. Let £{C;} = G; where C;’s are censor-
ing variables; the C;’s and the T;}’s are independent. Define Y; = min{T;, C;}, and
X; = (Yi, It1,<c;y) for i = 1,...,n. Denote the Y;’s corresponding to Ijr,<c;3 = 1
by Y,, the other Y;’s by Y..

According to Hjort (1990), (see, however, Remark 3.2 below)

L{S} is a beta-neutral («;3) process
implies £{S|z} is a beta-neutral (o + »_d,,;8+ Y _ d,.) process.

Next we define a mixture of beta-neutral processes prior for S. Let v(d¢)
be the distribution of ¢ = (k, \). L{S|¢} is a beta-neutral (ay; [5y) process, and
., T,|(¢,S) are iid S. Then the above arguments already showed that

L{S|p,x} is a beta-neutral (o + Z Oy Br + Z d,.) process. (3.1)

Let By (dS|a; 8) be the distribution of a beta-neutral («; 3) process. With
obvious notation, averaging out the ¢ = (k, ) in (3.1) results in a posterior
distribution of S given x

7 (dS|) ://BN dS|ak+Z5yu,ﬂ>\+Z5yc d(k, N)|),

where v(d(k, A)|z) is the conditional distribution of ¢ given z. Denote the pos-
terior mean [ S(t)m(dS|z) by S(t).

We begin by establishing an equality similar to (2.1) in Section 2; this equal-
ity will then imply (1.3) in Lemma 1.1. First, we construct a probability space
in which all “member posteriors” are defined. Suppose the data x are given. Let
Z;’s be iid exponential random variables. Define independent gamma processes

=3 Zuby, and pn. = . Z:0,.. Let p, = finy + fin,c, and define

y:y<t
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Let S, (t) = EzSn(t) be the Kaplan-Meier estimator.

For each ¢ = (k, A) and given =, let u,, and pg, be two independent gamma
processes with shapes «; and (3, respectively. The p,, and pg, are assumed to
be independent of the Zs. Let py = o, + tg,, and i, = o, + fin,u- For each
¢, construct a “posterior beta-neutral process” by

Sno(t) = T {1 = Ata, 1)/ [16]y, 00) + tinly, 00)]}.

yy<t
Sn,6(-) has a beta-neutral (cy, + >, 0,5 O + 2., 9,.) distribution.

Lemma 3.1. Suppose

lim S,(b) = So(b) >0 and lim n™'> Iy = Holb,00)™" > 0. (3.2)

n—oo n—o0

Then
lim sup sup Eg supn|S, (£) — Sp.4(t)]/Sn (t)
n 0] t<b

< [Sl;p ag(b) + sup Bx(b)] % So(b) " Ho[b, 00) ~'[1 4+ Hy[b, 00) 1]

Proof. Use the elementary inequality | [T, a; — [[; ;] < X, |a; — b;| for a;’s and
b;’s with |a;] < 1 and |b;| <1 to get,

sup| S, (1) - Sno(t)| S0 (t)

< [t (0) + 15, (0)180(6) ™" b, 00) ™ [L + p1 (B) / pin[b, 00)].

Therefore, since p,, and pg, are independent of y,,,
nBg[Sup| Sy (t) = Sns(1)1/Sn (1)

< 18, (0) " Exltta, (b) + pig, ()] Ba{ 11 [b,50) " [1 + fa (b)pra[b, 00) ']}
= [ (b) + Ba(5)]9n(5) " Ex{npin[b, 50) " [1 + i (b)pan[b, 00) 1}
< o (b) + By (0)]8n(0) " Ex {npin[b, 00) " [1 + npun[b, 00) ']}
Note that the assumption entails

lim sup $, (6) ™ B {mta[b, 00) ™1 + npua[b,00) ]}

< Sy (b) ™" Hy[b, 00)~'[1 + Hy[b, 00)~"].
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Let D[0, b] be the space of cadlag functions equipped with the uniform norm
and the projection o-field. In this section, random functions are regarded as
elements in DJ0, b].

Theorem 3.1. Assume (3.2). Both sup,, a;(b) and sup, Bx(b) are finite imply

L{n*?[8(:)/8,(-) = 1|z} and L{n'/?[S,(-)/S.(-) — 1]z} have the same limit.
(3.3)
Furthermore, (3.3) continues to hold if either one of S, is replaced by the pos-

terior mean S.

Since the simulation of S, (-) is the basis for the censored data Baysian boot-
strap (Lo (1993)), Theorem 3.1 implies that the censored data Bayesian boot-
strap discussed in Lo (1993) is asymptotically correct in approximating posterior
distributions of S with respect to a mixture of beta-neutral processes priors.

Recently Doss (1991) conjectured the consistency of the posterior distribu-
tion of the distribution function F' = 1 — S given right censored data with re-
spect to a mixture of Dirichlet processes priors. Theorem 3.1 shows more: since
a Dirichlet process with shape «, is a beta-neutral (a4;0) process (Hjort (1990)
and Lo (1993)), Theorem 3.1 and the following (3.5) specialize to yield a limiting
posterior distribution of S with respect to a mixture of Dirichlet processes priors,
implying that the posterior distribution of S converges to a point mass at Sy at
the rate of O(n=1/2).

Remark 3.1. The limiting distribution of £{n'/?[S,,(-)/S,(-)—1]|z} in Theorem
3.1 was derived in Lo (1993). The required assumption is that the data x obey
the following laws of large numbers:

Assumption 3.1. There exist (sub)distribution functions 1 — S, and H, such
that

sup [S,(1) = So(t)] = 0 and  sup|n" 3" Trysyy — [1 — Ho(t_)]‘ 50, (34)
t<b t<b p

where b < inf{t : Ho(t) > 1}.

The first condition is the consistency of the Kaplan-Meier estimator, and the
second one is the consistency of an empirical distribution function. Theorem 5.1
in Lo (1993) states that Assumption 3.1 implies

L{n'?[S,()/S() = lz} = LIV (Co())}, (3-5)

where Cy(t) = f(f{So(s)[l — Hy(s7)]}'So(ds), and W (s), s > 0 is a Brownian
motion. The limit in (3.5) is the limiting distribution of the Kaplan-Meier esti-
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mator; (see Breslow and Crowley (1974)). Since Assumption 3.1 implies (3.2),
conclusions of Theorem 3.1 are valid.

We have already noted in Remark 1.1 that if (3.4) in Assumption 3.1 is valid
for almost all z, the conclusions of Theorem 3.1 and (3.5) are valid for almost all

.

Remark 3.2. Hjort (1990) proved the conjugate prior property of the beta-
neutral processes under the conditions that (i) both «(t) and S(t) are piecewise
continuous, and (ii) «(t) jumps only a finite number of times.

4. Concluding Remarks

The proposed technique for finding a limiting posterior distribution with
respect to mixtures of conjugate priors can also be applied to other Bayesian
nonparametric problems. A list includes sampling from a nonhomogeneous Pois-
son process with or without censored data (Grenander (1981), Lo (1982, 1992)),
and sampling without replacement from a finite population (Lo (1988)). Details
are quite similar to those provided in Sections 2 and 3 and are omitted.
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