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ON BAHADUR ASYMPTOTIC EFFICIENCY
OF THE MAXIMUM LIKELITHOOD ESTIMATOR FOR A
GENERALIZED SEMIPARAMETRIC MODEL

Hua Liang

Academia Sinica

Abstract. This paper studies the Bahadur asymptotic efficiency of the maximum like-
lihood estimator for the generalized semiparametric model Y = f(X,8) + g(T) + «.
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1. Introduction

Let U = (uy,...,u,) be a sequence of independent, identically distributed
(i.i.d.) observations. Bahadur (1960) proposed an asymptotically efficient con-
cept for a consistent estimator based on the rate of its tail probability. It can
be stated (under certain regularity conditions) that, for any consistent estimator
T.(U),

NP 1(B)
= _ 3| > > 2\
limn inf lim inf gz o8 Po{|To(U) = B 2 ¢} 2 =,
and that the maximum likelihood estimator (MLE) £, achieves the lower bound,
that is,
1

L 1og Py{lf, — 61 > )} = 1)

lim li —
im lim 5

(—0n—oo M
where I(() is Fisher’s information. In other words, for any consistent estimator
T, P3{|T.(U) — B| > ¢} can not tend to zero faster than the exponential rate
give by exp{—3n(*I(8)}, and for MLE 3,, Ps{|5,— 8| > (} achieves this optimal
exponential rate. The estimator which has reached this rate is called Bahadur
asymptotically efficient (BAE). Fu (1973) showed, under regularity conditions
which differ partly from Bahadur’s, that a large class of consistent estimators
{B:} is asymptotically efficient in Bahadur’s sense. It also gave a simple and
direct method to verify Bahadur’s (1967) results. Cheng (1980) proved, under a
weaker condition than Bahadur’s, that the MLE in single-parameter and multi-
parameter cases are BAE. Lu (1983) studied the Bahadur efficiency of the MLE
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for the linear model. There is considerable literature on BAE for parametric
model estimation (see Fu (1982)).
This paper studies the BAE of the MLE for the generalized semiparametric

model

Yi = f(Xi,8) + 9(T3) + e, (L.1)
where X; = (z;1,...,%iy),i = 1,...,n, are given row vectors, 5 is a k x 1 vector
of an unknown parameter to be estimated, €,,...,¢, are i.i.d. random variables

with a common probability density function ¢(-) with respect to the Lebesgue
measure, f(-,-) is an known function defined on R? x R¥, g is an unknown Holder
continuous function of known order p (see Chen (1988)) in R', T" and ¢ are
independent and T follows a uniform distribution on [0, 1].

2. Assumptions and Statement of the Main Result

Let {T;,Y;,i =1,...,n} be a sample of size n from the model (1.1). Assume
T; and ¢; are independent. Throughout this paper we denote a vector by a
boldface letter, a matrix by a calligraphic letter. Define

c= i)y flof) = (D)) = (o).l

f'(X,8) = (f'(z1,8),.... [z, B)), Ry =F£(X,B)f"(X,0),

I=1(p) = [(W'@)*p@)do < 00, where (z) =

1/2
Definition 1. For a€ R, ||| = (Elea?) s Bi=(bij)ny xns» |0| =maxi<;<i |a;],

|Boo|* = maxy | |[y], [|Beol|* = max ,.p\e ||Bso||, where || - || denotes L,-norm,
[[Hll=00
and || - [|* matrix norm.

Definition 2. The estimator h,(Y7,...,Y;) of 3 is called a locally uniformly
consistent estimator of 3 if for every 8, € R, there exists § > 0 such that for
each ( >0

lim sup Ps{||h, — B| > ¢} =0.
Definition 3. Assume R’{fl exists. The consistent estimator iln of ( is said to
be Bahadur asymptotically efficient, if for each 3, € R*,

. : 1 x—1 % 7
hmsuphmsupFHR\ Y1* log Ps, {17 — Boll > ¢} < —1/2.

¢—0 n—00
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In the paper, we assume that ¢(z) is positive and twice differentiable in R!,
limy; |00 @(2) = im0 ' () = 0, and || f'(z, B)|| is bounded.
In the following we list the sufficient conditions for our main result.

1. There exist constants C;, Cy > 0 such that C; < puy < --+ < uy < Oy, where
fi1; - -, i are eigenvalues of n='R{. Denote R = C,/C.

2. There exist a number ¢ > 1/2 and a function Hz(z) satisfying E|Hg(X)| < oo
such that [|f'(z,5%) — f'(z,8)|| < Hs(2)]8> - BII°.

3. lims o [ sup <4 [¥'(y + 1) — ' (y)]e(y) dy = 0.
4. There exists tyg > 0 such that

/exp{t0|1/1(x)|}<p(x) dr < o0 and /exp{t0|¢’(x)|}<p(ac) dx < o0.

5. There exist a measurable function 4(x) > 0 and a nondecreasing function y(t)
which is positive for ¢ > 0 and lim;_,o+ y(¢) = 0 such that [ exp{h(z)}p(x)dz
< oo and |[¢(z +t) —¥(z)| < h(z)y(t) whenever [t]| < |to].

Throughout this paper, it is understood that the MLE By of 3 is based
on {Y; = f(Xi,08) + gn(T3) + €, @ = 1,...,n}, where g, is an estimator for g
suggested by Chen (1988) which satisfies

9(T)) = Gu(T)| < BoM7, i=1,...,n. (2.1)

6. The MLE (), exists, and for each § > 0, 3, € R¥, there exist constants
K =K (6,06) and p = p(6,5y) > 0, such that
P, {1z — ol > 0} < K exp{—p||R7[*65}.
The following theorem gives our main result that Gy is a BAE estimator
of (.
Theorem. Suppose conditions 1-3 hold, h, is a locally uniformly consistent

estimator; then for each (3, € Rt

1 . I
lim infliniinfgunq*u* log Py, {[lFn = Boll > ¢} > =5 (2.2)

¢—0 n

If the conditions 1 to 6 hold, then for each 3, € R*

: : 1 *— 1% I
hmsuphnisupEHR\ I longo{HﬂML — Bol| > C} < —3 (2.3)

¢—0

Remark. The result (2.3) implies that (), is asymptotically efficient in Ba-
hadur’s sense.
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3. Proof of the Main Result

We first prove the result (2.2). The proof is divided into three steps. First
step: get a UMP test ®* whose power is 1/2 for the hypothesis Hy : 5 = 5y VS
H, : = (,. Second step: by constructing a test ®,(Y) corresponding to B,
show that the power of the constructed test is larger than 1/2. The last step: by
using the Neyman-Pearson Fundamental Lemma, show that Egz ®,,, the level of
®,,, is larger than Fg ®;.

Proof of (2.2). For each ¢ > 0, set

R

o=t i

=,

where a,, € R*, a:ﬂ?{_lan = ||R<_1||* and ||a,|| =1. Let [; = (0,...,1,...,0)" €
RF. Tt is easy to show ||[R{™'[|* > a™R{'a > 1/||R{||", and

|Bn = Bol < IR IRY(17¢ < RC.
Denote

oy — f(@i,80) —
= oy — [z, Bo) — g(ts)’

() — (0 o), dnzexp{””“’CQ} (1> 0).

Q
—~
S

.
SN—
~

2RI

By the Neyman-Pearson Fundamental Lemma, there exists a test ®*(Y) such
that

B3 (#,(Y)) = 5.

Under the Hy, we have the following inequality:

* * ]' ]' *
Bof®(Y} > [ ®(Y)dPu, > |- [ ey dPan] .
T, <d, n Tn(Y)>d,
If )
limsup P {I',(Y) > d,} < 7 (3.1)
n—o0
then for n large enough,
. 1
Ea{®(Y)} > o (3.2)

Define

P (Y) — { 1, if |a17’-l/(iLn - BO)| > )\lCa (33)
" 0, otherwise,



BAHADUR EFFICIENCY OF GENERALIZED SEMIPARAMETRIC MODEL 367

where X' € (0,1). Since a’ (8, — () = ¢ and h.,, is a locally uniformly consistent
estimator, we have

liminf F5 {®,(Y)} > liminf Pﬁn{||ﬁn =Gl <1 =XN)}=1
n— 00 n—00
We have from Neyman-Pearson Fundamental Lemma that, for n large enough,

Eﬁo{@n(Y)} > Eﬁo{q):z(Y)} (34)

It follows from (3.2), (3.3) and (3.4) that

Pyl = foll > XC} > Py {la (o — )] > XC} = By (8,(Y)) > 17

By letting ¢ — 0 and A’ — 1, this would completes the proof of (2.2) if (3.1) is
proved.

Now we return to prove the inequality (3.1). Let A; = f(X;, 8,)—f (X, Bo) =
f'(X;,B,) - (B, — B); then by condition 2, we know that ||A;|| < RC(, and

n Tx—1
< 26, Ry Ca, 2¢2

>oa;

> 2 = B AT
i=1 ||R’\‘ I ||R\ |

(3.5)

According to the Taylor expansion, for ¢ sufficiently small,

> tog s =~ > (b A+ 50/ + R(IAL,

i=1

where R;(Y;) = ¢/ (Y; + 0:A;) — 4/(Y;), 0 < 6; < 1, then
Py (V) > d,} =, {H% - d }
{Zl‘)g Ve 12(“17:\“);}
SBERE 1(21||7+zf—/12||)*<2 il S w0 g |

. 1 Iug®
+P0{ L (]2 > 7}
2R

Iug?
Po{__ RZ(Y;)A3> 7*}
QZ; 12|Ry ||

:P1+P2+P3+P4, say.




368 HUA LIANG

We now estimate the four probabilities P, P, P; and P, respectively.

_ 1 I(1+p/2) _
P =F {I((p)HR’\‘_lH* > ||7?,<_1||* } 0. (3.6)

It follows from the Tchebichev inequality, condition 1 and (3.5) that
- S H
P, = Pr | Py — YA > ————|T
2 T|: 0{ ;1/)( ) 12||R<—1 *

144 Ry
< P

I
— | =0 as n — o0
I/,L2C2 } b b

2
CRC)2“'R,*C71H*EO(¢,(Y1) + I((p))z:| — 0, as n — 00,
\
6 R " 1
Tuc? ’ ||'R<_1|| {11213&)( |R;(Y)] }}
From condition 3, and for ¢ be sufficiently small such that |A;| < ¢, then

</ up /(9 + ) /() o) dy < Lo @

GIIR’\‘_lll*)2(

Bis PT[( Iug?

P43PT{

EO{ max |R (Y3)

- 24

Combining the results (3.6) to (3.7), we have completed the proof of (3.1). The
proof of (2.2) is now complete.

Now, we outline our proof of the result (2.3). First, by using the Taylor
expansion and condition 2, we get the expansion of the projection, a” (8 — ),
of By, —F on the unit sphere ||a|| = 1. Second we decompose P, {|a” (B —Fo)| >
¢} into five terms. Last step, we calculate, carefully, the value of each term.

It follows from the definition of 8,1, the Taylor expansion and condition 2
that

n

0 (Bare — ) = — (FD) " + W) [ 0¥ — £(X,, B) — o(T))a"R; ]

—Z¢ (Y= [ (X5, B)" =g"(T))a" R f'(Xi, B)(Ga(T2) —9(T3)),

where f(X;,3)* lies between f(X;,Byr) and f(X;, ), and g*(7;) lies between
g(T;) and §,(T;). Denote

Ri(Y:, X3, Ty) = ' (Y = f(X3,8)" — g"(T2) — ' (Y — £ (X, B) — 9(T7)),

n

Ry =Y [T+ ¢'(Y; — f(Xi,8) — g(T)IRT (X3, B) f7 (X3, B),

i=1

ZR (Vi X, TR (X3, B) 7 (Xi, B).-
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Let « be sufficiently small such that det(—FZ + R% + R¢) # 7 when |R; +
R;| < a. Hence (—FZ + R: + R;)™" exists, and we denote it by —((FZ)™' + W).
Moreover, according to continuity, there is a nondecreasing function n(a) > 0
such that |IW| < n(a) and lim,_, () = 0 when | R} + R%| < a. Hence, we have,
for every 0 < A\ < 1/4, a € RF and ||a|]| = 1, that

P,

< Pﬁo{

a’ (BurL — 50)‘ > C}

S (Y, — £ ) — (TR (X B)| > (1 - 2)1¢)

A¢
mmﬁ

+ Pa{

> Y — (X, )~ g(T)RS ™ F(X,, ) >
PR > 0+ PR > o)
+ Ps, {i 30 (T) —g(T) | (Y = f(Xi, B)" —g" (T:)a” R (X5, B)| > X
:R+RT%+H+%ﬁW

In the following we use Lemma 1 of Lu (1983) to calculate each term above.
We only calculate the probability P,, since the probabilities Py, P, P3, P5 are
obtained similarly.

It follows from condition 4 that,

|Ri(Y:, X, Th)| = 19 (Yi = f(X5, 8)" = g7 (T3) = ¢'(Yi = [(Xi, Bo) — g(To))]
< h(Y; = f(Xi, B0) — g(T)y(f' (X3, B) (Burr. — o) — (97 (T3) — 9(T)))-
Denote hy = Ej3,h, then

n

Py < 3 P {0 mYi = F(Xi Bo) — 9Ty (F/(Xi, B) (Bare — Bo)

j=1 s=1 i=1

— (g"(T3) = g(T) ) TR (X, B) 7 (X, B

Z@

IA

) Z[Pﬁo{ U1an() = 9(T)| > 5} + Pasflar — o] > 5}

1s=1 i=1

J
n

ST R(Y; — £(X,, o) — g(T))V(CS + 8)TR: ™!

i=1
> af

+ Pay{

f,(Xiaﬂ)flT(Xialg)ls

=prPM 4+ pP? 4+ p® say.
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Let ¢ < (2p/((1—2X)1))"/?. 1t follows from condition 5 and |a"R}™'a| >
1/|R||* that

(1 —2))%I (1—2X)%T .,
0 R > ———— —C . (3.8
PO IR 2 5 e, 2Cmi_lac} (3.8)

Let o7 = Es[h(Y: — f(Xi,50) — g(T;)) — ho)?; it follows from Lemma 1 of Lu
(1983) that

¢? and P¥ < K (5, ) exp{~

n

S T[R(Y: = f(Xi, o) — 9(T})) — ho]

i=1

P4(3) < PBO{

Tyx—1 pr T o
GRY (X B) 7 (X, B zm}

m)Q/(ZCQRJEGTR’{_Ia) (1+ @(WM)) 3

where L‘E)4(a/(2'y(C'5 + 5)))‘ < Bya/2v(Cd +6), B, depends on h(e;) only but
urther, for ¢ small enough,

< 2eXp{—(

not n.
1 —2X)%I¢?
PP <2 _(1 =20 .
v exp{ 2aTR’\‘71a }
From (2.1) we know that
P = P { U 1(3.(T:) — g(T2))| > 6} =0. (3.9)
i=1

Combining the results of (3.8) to (3.9), we have

(1 —2X)2I¢?
P<(2+K _— .

1< (24 )exp{ 2aTR9\571a }
This implies that we have proved

(1= 2))21¢?
W(IJFO(C))}-

0(¢) = min{01(¢), 02(¢), 05(¢), 04(¢), 05 (Q)}, [0(C)] < CRB(n™"(2a) + 1).

Hence

P {10 (Barr — 60)| > ¢} < (KR + K +4k* +2k) exp{ -

- @Ry a 1 — 2)21
hmsuphmsupi\zlogPB0{|aT(,3ML —By)| > C} < _%.

¢—0 n—o00 C
Since a is arbitrary, the result (2.3) follows from A — 0. This completes the proof
of our main result (2.3).
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