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Abstract: This paper is concerned with the use of a cross-validation method based
on the kernel estimate of the conditional mean for the subset selection of stochas-
tic regressors within the framework of non-linear stochastic regression. Under the
assumption that the observations are strictly stationary and absolutely regular, we
show that the cross-validatory selection is consistent. Furthermore, two kinds of
asymptotic efficiency of the selected model are proved. Both simulated and real data
are used as illustrations.
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0. Introduction

Until quite recently non-linear time series modeling has been dominated
by the parametric approach (see, e.g., Tong (1990), for an introduction). The
non-parametric approach has a much shorter history, although there has been
a rapidly increasing literature on the kernel approach to non-linear time series
modeling; see e.g. Auestad and Tjgstheim (1990), Cheng and Tong (1992), Masry
(1989) and Truong and Stone (1990), to name just a few. The class of non-linear
autoregressive models appears to be the most readily amenable to the kernel
treatment by virtue of its affinity with non-linear regression models. As a result,
much of the non-parametric literature in this area concentrates on the (univariate)
non-linear autoregressive models. However, within this context, only recently has
the important problem of order determination been addressed by Auestad and
Tjgstheim (1990), Tong (1990), Tjgstheim and Auestad (1992a,b), and Cheng
and Tong (1992). It has been pointed out in the last reference that order deter-
mination has an important role to play beyond its statistical confine. Specifically,
in the important science of chaos, the detection of a low dimensional attractor
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from (possibly long) experimental data remains one of the great challenges todate.
One key question in the detection exercise is an estimate of the dimension of the
space in which the attractor lives, namely the so-called embedding dimension.
It turns out that the order determination mentioned above has an important
contribution to make in this respect and hence, in the detection of chaos.

In many situations, a univariate autoregressive model is rather restrictive.
For example, there may exist some ‘exogenous’ time series or ‘covariates’ in, say,
a non-linear transfer function system such as in the so-called TARSO model (see,
e.g., Tong (1990, p.101)). Even within the context of univariate autoregressive
modeling, we may sometimes wish to identify the ‘dominant’ lag variables, i.e.
an appropriate subset autoregressive model, or to identify the lag structure in
the ‘diffusion term’ (i.e. conditional variance) as in the so-called ARCH models
(see, e.g., Tjgstheim and Auestad (1992b)). One framework which encompasses
all these cases is the stochastic regression. Lai and Wei (1982) have discussed
least squares estimation of parameters of this model, i.e. within a parametric
setting.

In this paper, we use the framework of non-linear stochastic regression. With-
out assuming any specific form for the regression function, our objective is to
introduce a cross-validation method based on the kernel estimation of the condi-
tional mean to determine a proper subset of the stochastic regressors to fit the
underlying regression model. To justify this approach, we show that under the
assumption the observations are strictly stationary and absolutely regular, the
selected subset is a consistent estimate of the optimum subset of the stochas-
tic regressors, and, moreover, the fitted model is asymptotically efficient in two
senses. To highlight the statistical ideas, without the accompanyment of too
much technical detail, we deal only with the case in which it is assumed that
the regressors have a compact support. We argue that this assumption is not
so restrictive in practice since any real data set which is reasonably stationary
could be considered a bounded set. On the other hand, similar to Theorem 6 of
Zhang (1991), it can be proved theoretically that by introducing some random
weight functions in the residual sums of squares, the cross-validatory selection is
still consistent in the case that the regressors are not bounded. Zhang adopted
this strategy in studying the cross-validatory method with i.i.d. observations. He
also discussed some statistical issues involved in the model selection.

The plan of the paper is as follows. In §1 we introduce the non-linear stochas-
tic regression model and the notion of the optimum subset of the regressors.
We show that this model can also be used to investigate possible conditional
heteroscedasticity in a general regression model. In §2 we describe the cross-
validatory selection procedure and state the main results: Theorem 1 on the
consistency of the cross-validation selection, and Theorem 2 on the asymptotic
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efficiency of the fitted model. The method is illustrated with the Canadian lynx
data, the Wolf’s sunspot numbers, and also two simulated models in §3. All
lengthy proofs are relegated to the appendices.

1. Model

Suppose that {(Y:, X:);t = 1,...,N} is a strictly stationary random se-
quence, Y; € R! and X; = (Xu,...,XtL) € RL (L > 1). Consider the regression
model

Y: = E(K‘Xt) + € = F(Xt) +6e, 1<t N, (1.1)
where ¢; = Y; — BE(Y;|X;). Obviously E(e|X;) = 0. The goal of this paper is to
determine, without assuming that F' is known, a proper subset { Xy, ..., Xtig}

with d as small as possible which provides (almost) the same information on Y;
as {Xu,..., XL}, ie.

E(y’t | Xtiu"')Xtid) = E(Y—tIXt), a.s.

We now formalize the problem. First, we introduce the following definition,
which is based on the variance function,

o2(i1, ... ix) = ElYs — E(Ye | Xuiy, - > Xei, )%, (1.2)

for 1<k<L, 1< <---<i <L

Definition. If there exists a subset of {1,...,L}, say {1,...,d}, with d < L, for
which

() o2(1,...,d) =o*(,..., L),

(ii) for any {i1,...,%} C {1,...,L} with k < d and {1,...,d} # {i1...,ix},

o2(i, ... ik) > 0*(1,..., L), (1.3)

then {Xy, ..., Xz} is called the optimum subset of the regressors of Y;.

Remark 1. It might be possible that there exists another subset {i1,...,44} C
{1,...,L} but {i1,...,ia} # {1,...,d} for which the equality o2(iy,...,iq) =
o2(1,...,L) holds. This makes our discussion more complicated. Since it is not
a likely case in practice, we agree to discard this case. Note that the notion of
an optimum subset obviates any philosophical debate on the existence of a true
model, which we do not wish to enter in this paper.

From now on, we always make the following assumption.

(M1) The optimum subset of the regressors of Y; exists. There is no loss of
generality to assume that the optimum subset is {Xa,..., X}, 1<d< L)
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It is easy to see that under the assumption (M1),
E(Y:| Xu1,..., X)) = BE(Y3|X:) as., 1<t<N. (1.4)
Thus the model (1.1) can be expressed as
Yi=EY:| Xt1,.-.,Xea) + €& as, 1<t<N.

Before ending this section, it is worth mentioning that the above framework
can also be used to investigate possible conditional heteroscedasticity in a re-
gression model. To see this, let us assume that in the model (1.1), ¢ is of the
form

et=)\(et,th1,...,thq), 13j1<"'<quL, 1<q¢< L, (15)

where {e;} is a strictly stationary noise process and e; is independent of {Y;_1, .. .,
Y1, X:,...,X1}. Suppose that we regress Y? on Xq,..., Xsr. If there is no “re-
dundancy” amongst {X4;,, ..., X4, } in the expression (1.5), which can be formu-
lated precisely in a similar way as (1.3), the optimum subset of the regressors for
Y;? will be the union of {Xy,,..., Xy, } and {Xu,..., Xz} (under assumption
(M1)). Thus, we suggest that heteroscedasticity should be investigated if the se-
lected subset of the regressors of Y2 contains the selected subset of Y; as a proper
subset. Further study on the heteroscedasticity will be reported elsewhere.

2. Cross-Validatory Selection

We now propose to use the cross-validation approach, based on the kernel
estimate of the regression function, for the selection of the optimum subset of
regressors, and make the following assumptions on the model. First, note that
c always denotes some finite positive constant; it may be different in different
places.

(M2) X; has probability density function f, and G = {z : f(z) > 0} is a compact
subset of RE.
(M3) f satisfies a Lipschitz condition, i.e.

|f(z1) = f(z2)| < ¢|lz1 — 22|, Vz1,22 €G

where || - || denotes the Euclidean norm.
(M4) For t Z 1, E(Yi [ Xt, NP ,Xl,}ft_l, ooy Yl) = E(KlXt)
(M5) E|Y;|® < oo.

(M6) For F(-) given in (1.1), |F(z1) — F(z2)| < c||zy — z2||* for all z;,z2 € G,
where p > 0 is a constant.
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(MT7) Let 8, = supy>1 Elsupaerge |P(A|Ff) — P(A)|], where F} is the sigma
feld generated by {(Yi, X:);t = k,k+1,...,n}. Then B, = O(n=(2+9/8) as
n — oo, where § is a constant in (0, 2/5). Furthermore, there exists a posi-
tive integer Ny = Nj(IN) such that for N; = [N/(2N1)] > 0, lim supy_,oo(1 +
661/2ﬁ11\;/1(1+N2))N2 < 0.

Assumption (M2) implies that X; is bounded, which avoids the ‘infinite in-
tegration problem’ in the asymptotic expansion encountered by Auestad and
Tjgstheim (1990). The condition that {z : f(z) > 0} is closed guarantees the
uniform convergence of the kernel estimate for the regression functions (cf. Gyorfi
et al. (1989, §3.3.2)). (M3)-(MS6) are self-explanatory. Assumption (M7) implies
that the process {Y;, X:} is absolutely regular. Further, the assumptions on the
rate of convergence of (B, allow us to apply the results of Yoshihara (1976) and
Roussas (1988). In fact, the condition S8, = O(n~(2+9)/8) is for technical conve-
nience, and is not the weakest possible. Further, the assumption that the process
is absolutely regular could be replaced by the weaker mixing conditions (cf. Gyérfi
et al. (1989)), in which case the proof would then contain more technical details.

We now state the kernel estimate of the regression function, based on which
the cross-validatory residual sum of squares will be formed. For analytical con-
venience, the Nadaraya-Watson method will be used (cf. Nadaraya (1965) and
Watson (1964)).

For any 1 <14y < --- < i < L, with 1 < k < L, let pi(-) be a probability
density function on RF and h(i1,...,0, N) = N—AG1,5i) be the bandwidth,
where A(+) is a positive function. Simply, write it as

h = h(k,N)= N~ (2.1)

though h can be different for different regressors. Note that A(k) stands for the
function A(%1, ..., %k)-
The kernel estimate for the density of (X, ..., Xt ) 18

5 ka1 N 1 — X, Tk — Xt
fi;,...,ik(x17"'7zk) - (Nh ) Zpk h Yyt 3 . (22)
t=1
The cross-validatory approach leaves one out each time, i.e. fors=1,...,N,
define
—k
2(s) _h z1 — Xitiy zr — Xti,
fil,...,ik(xl’ e TE) = N1 tz;:;pk (———-———h S A £ (2.3)
and estimate the regression function E(Y: | Xtiys-- s Xtip) bY

F(S) ((Bl,...,flik)

T1yeeestk
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h—k 1 — Xy T — X4 (s
= N—lzlftpk< 1 - tl,_.., k y tk>/fi(1,)-~-,ik(m1"”’xk)’ (24)
t#s

and interpret “0/0” as 0. Based on this, the cross-validatory residual sum of
squares is defined as

X . 1 Y R 2
CV (i, i) = 5 3 (Vo= B (Keirr - X))} (2.5)

s=1
forall1<iy < --- <4y <L,k=1,...,L.

The cross-validatory criterion. Choose that subset S, of {1,...,L} which
minimizes CV(41,...,ig) overall 1 <43 < -+ <4, < Lwithl1 <k <L.

Under the following assumptions on the kernel densities and the bandwidths,
Theorem 1 below shows that the probability of the event that {X : ¢ € S.,}
coincides with the optimum subset of regressors of Y; tends to 1. To simplify the
discussion, we prove the theorem only with deterministic bandwidths, though we
strongly believe that the same conclusion holds for the more relevant method
with data-driven bandwidths (cf. Zhang (1991), also Section 3).

(K1) For 1 < k < L, px(-) is bounded, and
Ipk(21) — pr(z2)| < cllz1 — z2|, for all z1,z5 € R”.

(K2) For 1< k< L,0<kAk) <1/2.

(K3) For Ny = N;(N) given in (M7), limsupy_,., N2/N*¥) < coforall1 <k < L.
(K4) For u given in (M6), (k + p)A(k) > 1/2forall1 <k < L.

(K5) kA(k) is a strictly increasing function of k in the range of 1 < k < L.

Remark 2. We can take A(k) = 1/(2k + p), which satisfies conditions (K2),
(K4) and (K5).

Assumptions (K1)-(K3) were introduced by Roussas (1988). Assumption
(K4) is a standard condition in non-parametric inference. Assumption (K5) is
essential for the proof of asymptotically negligible over-fitting. Obviously, the
above assumptions do not offer an explicit construction of the bandwidth. In
practice, a frequently used bandwidth selection technique is the cross-validation
method. Our experience suggests that the bandwidths selected in this data-driven
way seem to satisfy the assumption (K5) with minor modification (cf. Examples
3 and 4 in Section 3).

Theorem 1. Under assumptions (M1)-(MT7) and (K1)-(K5),
lim P(Se = {1,...,d}) = L.
N—oo
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The proof of Theorem 1 is based on the following Lemma 1, the proof of
which is postponed to Appendix A.

Lemma 1. Suppose assumptions (M2)-(M7) and (K1)-(K4) hold.
(i) For any 1 <4y <--- <1, < L, 1<k<L, as N — oo,

CV (i1, . .., ik) = 02(i1, - - k),

where 02(i1, ... ,ix) 18 given in (1.2).
(i1) For some 1 < 131 < -+ < ik <L, 1<k L, let egil"“’i") =Y; - E(Y: |
Xtiyy oo Xtin)- If

eint) = ¢, as. for all s=1,...,N, (2.6)
where {€s,s =1,...,N} is as given in (1.1), then, as N — oo,
CV(i1,. .. i) = U%V + '7i1,~--,‘ik/(Nhk(k’ N)) + OP(N—lh—k(ka N)),

where 0% = N1 TN, €&, and
Yizyeosie = E{ff/fh,...,ik(Xtil, e Xti )} /pi(m)dm (2.7)

Proof of Theorem 1. Forany 1 <41 < ---<#x <L, 1<k <L, if
o2(iyy. ..y ik) > o2(1,...,L) = o?(1,...,d),
Lemma 1 (i) implies that for such (i1, ..., i)
P{CV(1,...,d) < CV(i1,...,ix)} — L.

If 02(i1,. .., 0%) = 03(1,...,d), it is easy to see that the relation (2.6) holds
in this case. From the definition of the optimum subset of regressors, k must be
Jarger than d. Assumption (K5) implies that

hé(d, N)/R*(k,N) = N¥*®) =) — o0 a5 N — oco. (2.8)
Hence, by Lemma 1 (i),
P{CV(ir,...,ir) = CV(L,...,d) > o}

= P{NR(d, N)[CV (i, .-, i) = CV(L,...,d)] > o}

h(d, N) hi(d, N)
= P{’)’il,...,ikm -7,.d+ OP(W) > 0} - 1. (2.9)
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Consequently, P(S., = {1,...,d}) — 1. This completes the proof.

Based on S¢y = {71,. .., 'rd} say, a natural estimate of the regression function
F(X:) = E(Y{|X;) can be defined as follows.

- _d T X Tr; — Xir;
F("‘C) = N Z tpd< ‘Z(d N)Tli"') }j((i N)d>

Xle,...,Té(w'Tl?"”xT&)) (210)

where z = (z1,...,z7) € RY, and h and f are given in (2.1) and (2.2) respec-
tively. Obviously cf, T1,...,7; are random functions defined on the whole sample
{(Y;,X¢), 1 <t < N}. The statements (i) and (ii) in the following theorem
represent two kinds of asymptotic efficiency of the estimate F. The proof is given
in Appendix B.

Theorem 2. Suppose that assumptions (M1)-(M7) and (K1)-(K5) hold. Then
as N — oo, the following limits hold if either E|Yi|* < oo for any k > 1, or
kA(k) <2/5 for1<k < L.

(i) For any random vector (Y, X) which is independent of {(Y:, X¢),1 <t < N},
and identically distributed as (Y1, X1), E[Y — F(X)]* — o2(1,...,L);

(i) NN Y - B(X))? D o?(1,.. ., L),
where *(-) is defined as in (1.2).

3. Examples

To get insight into the finite-sample behaviour of the cross-validatory se-
lection method, we use two simulated examples and two real data sets as illus-
trations. In the following examples, we always use the Gaussian kernel. Our
experience suggests that the choice of the kernel is much less critical than the
choice of the bandwidth. The bandwidth is chosen among 100 values by the
cross-validatory approach. It turns out that the data-driven bandwidths satisfy
the monotone assumption (K5) to a high degree of approximation, even without
any modification. (See Examples 3 and 4 below.) In fact, in each of Exam-
ples 3 and 4, minor modification will readily furnish a sequence of bandwidths
which satisfies assumption (K5) fully (leading to the same optimal subset), if
rigid adherence to (K5) is deemed necessary.

It is generally accepted in non-parametric estimation that the sample size
should increase exponentially as the dimensionality of regressors increases. Notice
that the convergence in (2.8) is slow for small values of (k — d). Furthermore, for
commonly used kernels, e.g. Gaussian and triangular, [ p?(z)dz decreases rapidly
as k increases. Therefore, a large N seems necessary to obviate the over-fitting
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(cf. (2.9) and (2.7)). However, the following examples show that the proposed
method works quite well even for moderate sample sizes despite the asymptotic
theory. Other examples and simulation results are available in Cheng and Tong
(1992), and Tong (1992). This suggests that there might be some nice features
beyond our present understanding of the kernel method in subset selection (or
order determination) problems. Although the kernel method suffers from the
burden of dimensionality for the estimation of the functional form of F', the
sample size requirement for subset selection seems not as severe.

Example 1. We begin with the simple model
Y, =06X%,4+¢e, t=1,...,N,

where {X;} is an AR(1) process given by X; = 0.5X¢—1+m:, and €, e, t = 1,2,...,
are independent random variables with the same distribution as the random vari-
able 1, and 7 is equal to the sum of 48 independent random variables each uni-
formly distributed on [—0.25,0.25]. According to the central limit theorem, we
can treat 7 as being nearly a standard normal random variable. However it has
" bounded support, namely [—12,12]. Note that the standard linear methods based
on cross-spectral analysis or cross-correlation analysis will fail in estimating the
delay between the input X and the output Y. Set X, Xi—1, Xt—2, Xt—3, Yt—1, and
Y,_o as the candidates of the regressors. The cross-validatory subset selection is
performed on the simulated data with N = 200. Out of 100 replications, {X;—2}
is selected 97 times as the regressor; the other three choices are {Xt_]_,Xt_g},
{X;_9, Xt-3}, and {X4, Xi_2, X:—3}. The above all-subset search took about 100
CPU hours on a SUN4 workstation to produce results for the 100 replications.

Example 2. Let
Y, = 0.3Yi_1eX +sin Xpo1 + &, t=1,...,N,

where {X:} is an AR(2) process given by X; = 0.1X;1 — 0.56X;2 + m, and
€, M, t = 1,2,..., are independent random variables with the same distribution
as the random variable 0.6n, and 7 is the same as in Example 1. Set X, Xi-1,
X¢_a, Yi_1, Yi—2, and Yi_3 as the candidates of the regressors. Table 1 reports
the results of the simulation for N = 200, and 500, each with 100 replications.
The complete calculation took about 130 CPU hours in the distributed array
processor AMT DAP 500.

Example 3. Let {¥;, 1 <t < N} denote the Canadian lynx data for 1821-1934
(listed in Tong (1990)). Now N = 114. Set Yi-1, ..., Y;_¢ as the candidates of the
regressors. On applying the cross-validatory subset selection with the Gaussian
kernel for Y; and Y2, the results are respectively reported in Table 2 and Table 3.
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Table 1. Frequencies of selected regressors in 100 replications for Example 2

Selected regressors N =200 N =500
{Xe-1,Yeo1} 95
{Xt-1, Y1, X2}
{Xi21,Yio1, Y0}
{Xi-1,Y-1, X4}
{Xi-1,Y1-1, X2, Y; 3}
{Xi-1,Y1-1,Ye3}
{Xt-1,Yio1, X4, Yi3}
{Xe-1,Yio1, X4, X2, Y3}
{Xe—1, X2}

{Xt-1,Yi2}

0.3
o

= o et et NN T O
Pt

In both cases, the global minimum is attained at the subset {Y;-1,Y;_3,Y;_¢}.
As expected, there is no evidence of conditional heteroscedasticity in this data
set (cf. Tong (1990)). The above calculation took about 35 minutes on a SUN4
workstation.

In the last column of each table, we list the values of kA(k) (= —klog h/log N,
cf. (2.1)), for the selected bandwidth h using a data-driven method. The assump-
tion (K5) is fulfilled except for £ = 4 in Table 2 and k = 5 in Table 3. In fact,
if we use h = 0.326 instead of 0.361 for the case kK = 4 in Table 2, (thereby
increasing the corresponding CV-value by 0.0010), the CV-selected lag variables
are unchanged. The modified results are reported in parentheses. However, the
value of 4\(4) becomes 0.944. Therefore, now kA(k) is strictly increasing as k
increases. Of course, the global minimum is unchanged. The same adaptation
can be applied to Table 3.

Table 2. Subset regression of Y; in Example 3

Typically row 3 reads: amongst all subsets containing three regressors, the minimum
CV is attained at the subset {Y;_;,Y;_3,Y;_¢} with a CV-value = 0.2002 and the
bandwidth = 0.256; further, for this bandwidth 3A(3) is equal to 0.86.

k lags CV-value bandwidth kX(k)

1| {1} 0.4136 0.326 0.24

2 1 {1,2} 0.2034 0.221 0.64

3| {1,3,6} 0.2002 0.256 0.86

4| {1,2,3,6} | 0.2099 (0.2109) | 0.361 (0.326) | 0.86 (0.94)
5 {1,2,3,5,6} | 0.2200 0.384 1.01

6| {1,...,6} | 0.2268 0.407 1.14
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Table 3. Subset regression of Y¥;? in Example 3

Some convention adopted as in Table 2.

k lags CV-value bandwidth kA(k)

1| {1} 42.83 0.209 0.33

2 | {1,2} 20.32 0.209 0.66

3| {1,3,6} 19.66 0.244 0.89
4]{1,3,56} | 21.34 0.302 1.01

5| {1,2,3,5,6} | 22.57 (22.59) | 0.407 (0.361) | 0.95 (1.08)
6 | {1,...,6} 23.12 0.407 1.14

Example 4. Finally we illustrate the method with Wolf’s annual sunspot num-
bers (1700-1988) listed in Tong (1990). First, normalize these data by division
by the sample standard deviation. For t =1,2,..., 289, let Y; = the normalized
sunspot number in the year (1699 + t), and let Xy = the normalized sunspot
number in the year (1699 + t — 7). Set L = 10. Table 4 below shows that the
global minimum of CV with respect to all possible subsets and the bandwidths of
a Gaussian kernel is attained at the subset {1,2,4} i.e. {X;—1,Xt—2, Xt—4} witha
CV-value = 0.1462. Note that the subset {1,2,4,7}ie. {X¢—1, Xt-2, Xt—4, X¢—7}
with a CV-value = 0.1465 is almost just as optimal. Therefore, we argue that
any reasonable ‘confidence set’ of the optimal subsets must include both of the
above subsets. The above optimization over all possible subsets and over the
bandwidths took about 50 hours on a SUN4 workstation.

Table 4. Subset regression of Y; in Example 4

Same convention adopted as in Table 2.

k lags CV-value bandwidth kA(k)

1 {1} 0.3511 0.103 0.40

2 | {1,3} 0.1630 0.154 0.66

3 |{1,2,4} 0.1462 0.180 0.91

4 | {1,2,4,7} 0.1465 (0.1468) | 0.283 (0.261) | 0.89 (0.95)
5 |{1,2,5,6,10} 0.1492 0.309 1.04

6 | {1,2,3,4,6,10} 0.1558 0.309 1.24

7 | {1,2,3,4,5,6,10} 0.1594 0.335 1.35

8 | {1,2,3,4,5,6,7,8} 0.1803 0.361 1.45

o |{1,2,3,4,5,6,7,9,10} | 0.1994 (0.2021) | 0.438 (0.386) | 1.31 (1.51)
10 | {1,...,10} 0.2227 (0.2301) | 0.541 (0.412) | 1.13 (1.57)
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Table 5 below shows the results of the CV selection for the case of Y;? on
Xt1, ..., Xe10- Here the global minimum of CV is attained at the subset {1, 2,5, 7}
with a CV-value of 2.7431. The subset {1, 2,4, 7} has a CV-value of 2.7692 (at the
bandwidth 0.283), which is the next smallest and is only marginally greater than
2.7431. Again, we argue that any reasonable ‘confidence’ set of optimal subsets
must include these two subsets. Together with the results of ¥; on X;, and also
some plots on the residuals which are not reported here, we would conclude that
there is not strong evidence of conditional heteroscedasticity in the sunspot data.

Our choice may be compared with (i) {1,2,9}, the best subset linear au-
toregressive based on AIC (Subba Rao and Gabr (1984)); (ii) {1, 2, 3,4, 5,9}, the
ASTAR model of Lewis and Stevens (1991); and (iii) {1, 2, 3,7,9} as reported by
Tjgstheim in his discussion of Cheng and Tong (1992).

Similar to Example 3, we modified a few bandwidths subjectively to satisfy
condition (K5) rigidly. The modified results are reported in parentheses. Obvi-
ously, the modifications do not change the overall conclusions.

Table 5. Subset regression of Y;? in Example 4

Same convention adopted as in Table 2.

k lags CV-value bandwidth kX(k)

1 | {1} 5.8179 0.309 0.21

2 | {1,3} 3.3179 0.231 0.26

3 | {1,3,5} 2.8987 0.231 0.39

4 | {1,2,5,7}({1,2,4,7}) | 2.7431 (2.7692) | 0.309 (0.283) | 0.83 (0.89)
5 | {1,2,5,6,10} 2.8154 0.335 0.96

6 | {1,2,4,5,6,10} 2.9436 0.361 1.09

7 |{1,2,3,4,5,6,10} 3.0036 0.386 1.18

8 |{1,2,3,4,5,6,7,9) 3.1546 0.361 1.45

9 |{1,2,3,4,5,6,7,8,9} | 3.5037 (3.5612) | 0.489 (0.401) | 1.14 (1.45)
10 | {1,...,10} 3.9869 (4.0291) | 0.489 (0.412) | 1.26 (1.56)

Appendix A: Proof of Lemma 1

We use the same notation as Section 2.
For1<#1 <. <43 <L,1<k<L,let

Fil,-.-,ik(xl) cee ,.’Ek) = E(}/t | Xti1 = I,. ..,Xtik = $k).

Then the expression (2.5) can be written as follows.

. . y A (s 2
CV(Zl,...,zk) = NZ [El,...,ik(Xsila-'-,Xsik) -'F‘i(l,)...,ik(‘XSil""7X3ik)]
s=1
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1§:(. N2 2[{_‘_’:(. )

+ — (es'l-lv---ﬂk ) + — 6811,,..,7,;,;

N s=1 N s=1

' [Fil""’ik(XSil’ Tt Xs’ik) - Fi(:,)...,ik(XSila oo 1Xsik)] ’ (Al)

It follows from the standard ergodic theorem that the second term on the right
hand side of (A.1) converges to 62(i1, . .., ix). From Lemma 2 (i) and (ii) below,
the other two terms on the right hand side of (A.1) converges 0. Hence, Lemma 1
(i) holds. Note that under the condition (2.6), the second term on the right hand
side of (A.1) is equal to o%. Consequently, Lemma 1 (ii) follows immediately

from Lemma 2 (iii) and (iv) below. The proof of Lemma 1 is now complete.

Lemma 2. Suppose that conditions (M2)—-(MT7) and (K1)-(K4) hold. Then, for
any1§i1<---<z’k§L,1_<_k§L, as N — o0,

. 115000yl A(s P
(i) % Zi\;l eg ' k)[Fil,m,ik(Xsiu ey Xsiy) — Fi(1.)...,ik (Xsizseo s Xsi)l = 0
. a(s P

(ii) % Z?’:l[Fil,--‘,ik(Xsin e 7X5ik) - F‘( ) (Xsiyy--- ,Xsik)]2 = 0.

2] 4.-097k
Furthermore, if the relation (2.6) holds, then
(iii) % Eﬁ—-l egll’...’Zk)[Fil,m,ik (Xsizy- - ’XSik) - Fi(1s,)...,ik (Xsiry- - Xsiy )]
= op([NR*(k, N)7%);

(iv) % Ef:l[Fil,---,ik(Xsiu ce 1Xsik) - Fi(ls,)...,ik(Xsil’ st ?Xs":k)]z
where i, ..., 15 the same as (2.7).

To prove Lemma 2, we adopt the technique which was used in §3 and §4
of Cheng and Tong (1993). To proceed, we need the following Lemma 3 which
follows Theorem 3.1 of Roussas (1988) immediately.

Lemma 3. Suppose that conditions (M2), (M3), (MT7) and (K1)-(X3) hold. Then
forany1§i1<-~-<ik§L, 1<k<L,as N— o0,

sup Ifih--.,ik(m) - fil,---,ik(x)l — 0,

where fi, ... i, 15 the marginal probability density function of (X, - - - y Xtiy)s fh,...,ik
is as given in (2.2), and the supremum is taken over all values of = such that
f.,;l,___,ik(.’l:) > 0.

Proof of Lemma 2. First we prove (i).
For given 1 < 11 < --- < i, < L, let Zs = (Xsiyy-- > Xsip), s =1,...,N. It
follows from Lemma 3 that

fi],...,ik(Zs)

Fo, i(Z)-F2 . (2,) = [F‘il,~--,ik(Zs)_Fi(1s,)...,ik(Z-?)] PRCA

(140p(1)) a.s.,
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where the term 0,(1) does not depend on s. Note that the relations (2.2)-(2.4)
imply that

Favie(Z6) = BS) (2] Fi, (20
— %;_-(ECM—ZE(“’ dsi + Fi, .0, (Zs )pk(0)>

t#s

where

Zs— 7
ds,t:Pk< sh t)’ CS,t:dst[ i1,.. ,'Lk(Z) 7-k(Zt)]

Hence, the sum in (i) can be expressed as follows

N
-k{zzegil,...,ik)[ t—e(”’ ’““)d J ! ik(ZS)

s=1 t#s

N
+pk(0) Z egZI"."Zk)Fil,---,ik(ZS) i:,l...,ik (ZS)}(l + Op(l))

s=1

= Ri+ Ry +0,(R), say,

where R = R; + R;. By the standard ergodic theorem, R £o. To calculate R,
(7'13 a"-k)
we write e; = (Zt, ¢ ). Moreover, define

H(es,es) = ﬁgil’""ik)‘[cst—E(il""’ik)d ] '_1 in(Zs)
+ Egil’m,ik)[ct (11, ,zk)dts] (Zt)

’

and
H(e) = [ Hlew,e)dP(es) = € p1 L (2,) / Ci,edP(Z,),

where P(£) denotes the probability distribution of the random vector £. It is easy
to see that R; can be expressed as follows

] N-1Z
R = o g[ﬂ(et, es) — H(et) — H(es)] + NI ;H(et% (A.2)

and the first term on the right hand side is symmetric in ¢ and s, which can
be interpreted as the remainder in Hoeffding’s projection decomposition of the
U-statistic generated by H/(ey, es) since [ H(e;)dP(e;) = 0 (cf. Yoshihara (1976),
(2.11)). With assumption (M2), the following inequality holds

[Her,e0)] < e (Jel)] + &) + egfela] - )] s,
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where c1, c; are some positive constants. Hence, by assumption (M5),
/ H(er, e5)PdP(er)dP(es) < 00,

Since under assumption (M7), {e:,t > 1} is an absolutely regular process, it
follows from Lemma 1 of Yoshihara (1976) that sup,., E|H (e:, es)|® < oo, which,
together with Lemma 2 of Yoshihara (1976), implies that

E{]\lrz Z[H(et, es) — H(et) — H(es)]} = o(N72).

Consequently,

5 N2 TN Z[H (er, es) — H(er) — H(es)] = 0p(N2h7F). (A.3)

On the other hand, it is easy to show that under assumption (MS6),
IF“’ Lin(z) — Fiy . ’1k($2)( < cllzy — z2||* for all z1,z2 € Rk (A.4).

Since |H(e:)| < chk+“|e£”""’i’°)| a.s., it follows from the standard ergodic theorem,

< ch‘“-—l—-i €
. N

-
ﬁ" k) — 0, a.s.

N-1&
—— > He:)
|N2hk t=1

which, together with (A.3), implies that R; tends to 0 in probability. The proof
of (i) is now complete.

The proof of (ii) is more detailed and tedious than the above proof of (i) but
involves no fundamentally new idea. It is therefore omitted.

To prove (iii), note the fact that (2.6) and (M4) imply that for any s # ¢,
E[H(e:)H (es)] = 0. Consequently, by assumption (M2) and inequality (A.4),

N
1
s [717 > H(eo] = CEH(er) < ch**™™/N.
t=1

Hence, by assumption (K4),

N-1 N k —13 -k
3 H(e) = Op(RF#/VN) = 0,(N 1 5).
t=1

With inequality (A.4), we can show that Riz = op(N —1p~%) in the same way.
Together with (A.3), we have now proved (iii).
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Similarly, we can show that the sum in (iv) is equal to

h~*N8 Z etzdg,tfi:,z...,ik(zs) + op(N71RTF),
s,t

s#t

On writing the sum in above expression as a U-statistic by symmetrization,
and performing the Hoeffding’s projection decomposition on the U-statistic (cf.
(A.2)), it follows from Lemma 2 of Yoshihara (1976) that the primary term in
the decomposition is the integral

N7 [ @ 2 (Z)dP(e)dP(e),
where (es, e;) is the same as in (A.2). The proof is completed by the fact that
the above expression is asymptotically equivalent to vi, ... i, /(NA¥).
Appendix B: The proof of Theorem 2

Forany1<4; < --- <4, <L, 1<k<L, andx=(a:1,...,zL)€RL, define

Foia(e) = NG N # 3 Yopy (B e o= Ko
2] y.-052k - ] & tPk h(k’ N) yoeny h(k, N)
X fil,...,z’k (Tiyy- -5 Tiy )

To prove Theorem 2, we need the following lemma, which shows that F1,...,d
converges to F' uniformly on G = {f > 0}. Similar results have been proved by
Gyédrfi et al. (1989) under different assumptions.

Lemma 4. Suppose that the assumptions (M1)—-(MT7) hold, and also the assump-
tions (K1)—(K4) hold specifically only for k = d. Then as N — oo, the following
limits hold if either E|Y;|¥ < oo for any k > 1, or d\(d) < 2/5.

sup |F(z) — ﬁ’l,,_.,d(z)’ £o.
z€G

Proof. It follows from Lemma 2 that for any z € G,

F‘l,...,d(x) = N—lh—dfl—,,l‘,,d(zh ey (Bd)

N
.Eytpd(‘”l"xﬂ - ;Xtd)(l-%op(l)), (B.1)
t=1

h ) b)
where the term o,(1) does not depend on z. Thus

sup E{Fy _4(z)}
z€G
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= sug h_dff,,l,,,d(mla ceey xd)E{E(Ytlxtl; ooy Xtd)
TE

- X - X
de(ﬁﬁ.ﬂ,...,@—hﬁ)}Ha)

= Sugfl_,.l‘.,d(xl’ e ,.’Ed)/E(Yt I th =i — hzl,. ~‘:Xtd =Tgq — hzd)
z€

X pd(zl, ey zd)fl’__‘,d(xl —hz1,...,Z4 — hzd)dzl --edzg + 0(1)
— sup B(Y; | Xa = 21, ..., Xtd = Tg) = Sup F(z). (B.2)
z€G z€G
The above limit follows from the assumptions (M3) and (M6), and the last equal-
ity follows from (1.4).
For M = M(N) > 0, which will be specified later, we define

- Xn g — Xtd

N
— — T
Rl(x) N 1h dzyrtpd(_l_T—'a’—_—r)I{YtSM})
t=1

R . —1y—d i z1 — Xn Ty — Xtd
o(z) = NT'A¢) Yipa T R Ly,> My
t=1

By Schwarz’ inequality and Chebyshev’s inequality, we have

P(sup |Ry(z) — ERa(z)| > e) < ce LR IM R (B.3)
z€G

for any € > 0 and k > 1 such that E|Y;|* < oo.
It follows from Theorem 3.1 of Roussas and Ioannides (1988) that

P(|Ry(z) — ERi(z)| > €) < crexp ( — czezNh"zd/M2)
for some positive constants ¢; and c; independent of z. This leads to

sup P(|Ri(z) — ER1(z)| > €) < cpexp ( - 6262Nh_2d/M2).
zeG
Using the same arguments as in p.30-31 of Gydrfi et al. (1989), it can be shown

that for any € > 0, the following inequality holds for all IV greater than an integer
Ne.

P(sup \Ri(z) — ERy(2)] > €> < chPexp (- 2 NRTH/M?),  (BA)
zeG
where p > 0 is an integer, which is independent of N.

Let M = N~ with & < 0.5—d\(d). Then the right hand side of (B.4) tends to
0 as N — oo. In case E|Y:|¥ < oo for any k > 1, the right hand side of (B.3) tends
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to 0 for sufficiently large k. In case dA(d) < 2/5, the limit still holds by choosing
§ > dX(d)/4. Therefore, we have proved that for : = 1,2,|R;(z) — ER;(z)|

converges to 0 in probability. It follows from (B.1) and the assumption (M2)
that

sup iﬁ’l,_“,d(m) - EFL...,d(-T)‘
zeG

< c( sup |Ri1(z) — ER;(z)| + sup |Rz(z) — ER2(:1:)|) + 0p(1) £o. (B.5)
z€G z€G

The lemma follows immediately from (B.2) and (B.5).

Proof of Theorem 2. Since X; is bounded, it is easy to show that for any
1<4;<---<i <L,1<k<L,and any compact set B C RL

N 2 N

~ 1 c 2

sup |Fy, i ()] < c(»—— Z |Yt|> < — ZYt .
T€B N =1 N =

It follows from assumption (M5) that {¥;?,t > 1} and hence also {N "1 N v;2,
N > 1} are uniformly integrable. Thus, {sup;cg|Fi,,. 4 (2)2, N > 1} is uni-
formly integrable. Take B = G, which is compact in RT by assumption (M2).
Then,

2 2
E[F(X)]Z <F [ sup F(:L‘):I <c Z E [ sup Fi, . i, (m)I(chz{il,...,ik}) < 00,
zeG z€G
(B.6)
where the sum is taken over all 1 <4 <--- <1, < L,1 <k <L, and I4 denotes
the indicator function of set A.
It follows from Theorem 1 that for any € > 0, there exists a positive integer N,
such that when N > N, S, coincides with {1,...,d} on a subset with probability
greater than 1 — e. Hence, by (B.6)

BIF(X) - F(X)?* <ce+ E[F(X) - Fy_a(X)]2. (B.7)

It follows from Lemma 4 that sup,cq |F(z) — Fl,,,_,d(x)| £ o. By the standard
mean convergence theorem, E[F(X) — F‘l,m,d(X)]2 — 0. Together with (B.7),
this gives

E[F(X)-F(X)]? —o0.

Consequently, by the Schwarz inequality,

[B{[Y - FOOIF(X) - (X} < {BY?- E[F(X) - F(X)]*}? — 0.



NON-PARAMETRIC SUBSET SELECTION 69

Finally, we have
E[Y - F(X)]* + E[F(X) - F(X))*

+2E{[Y - F(X)|[F(X) - F(X)}}
— E[Y - F(X))* = o%(1,...,L),

ElY — F(X))?

I

which competes the proof of (i).
(ii) can be proved in a similar but simpler way, which is omitted here.
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