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This supplementary material contains: (i) the regularity conditions used to prove consistency
and asymptotic normality, (ii) proofs of Theorem 1 and Propositions 1 and 2 and (iii) deriva-
tion of some results in the simple linear functional model. Equations that are specific to this
supplement are labeled as (S*). All other referenced equations correspond to those of the main

paper.

S1 Regularity conditions

We state regularity conditions similar in spirit to the corresponding condi-
tions required in the case of maximum likelihood estimation in the presence
of incidental parameters given by [Mak| (1982) (see also, Giménez and Bol-
farine (1997))), although in our case, expectations are taken under the true

distributions G;, j =1,2,....
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CO0.

C1.

C2.

C3.

C4.

C5.

1 > -1 Ea,lhi(Z;; )] converges uniformly to a function h(.) in a neigh-

borhood of 8, where 8" € ©° is a local maximum of h.
Jacobian matrix of h evaluated in @' is nonsingular.

For each 8 € ©°, there exists 6 > 0, and functions d; and d;z;, such

that
hj(Z;;0)| < dj(Z;) and |I},(Z;;60)] < dj(Z;) ae.

for all @' € B(6,6) ={0': ||¢' — 0| < 6} C ©°. Moreover
limsup 3 33", Eg; [d;(Z;)*] < oo and limsup + 3", Eg, [dju(Z;)%] <

oo, k,l=1,...,p.
S
0 < liminf - ZIEGj [Ug‘Tk<Zj5 GT)UJ.TZ(Zj; GT)]
j:

< lim sup % ZEGJ' [UJTk(Zj; BT)UJTZ(Z]»;OT)] <oo, kil=1,...,p.
j=1
0 < liminf det (KR(BT) and 0 < lim inf HKn(eT)*lH < lim sup HK,L(OT)AH

< 00, where det(A) is the determinant of A and ||.|| represents the eu-

clidean matrix norm.
Given € > 0, there exists § > 0, such that

lim sup < €,

1 n
. § :EGJ' { sup ]J]'Lkl(Zj;e) - ];kz<Zj§9T)}
N4 0cB(61,5)

k,l=1,...,p, and the same is true when lim sup is replaced by lim inf .



C6. There exists v > 0 such that

1 n
lim S B, [’UJTk(Zj;gT)’2+’Y 0, k=1, ..p
7=1

n—oo n1+% -

Remark 1. Conditions CO to C2 imply that (2.5) has a maximum é;
which converges in probability to 8. Conditions C3 to C5 are related to
the asymptotic behavior of the matrices A,, and T',,. It is not required that
these matrices converge to any limit. If conditions CO to C4 are verified,
for the uniqueness of the sequence of roots of (2.6), which converges to
0", it follows that with probability tending to one, this sequence is equal
to the sequence of maximizers of H,, in (2.5). Condition C6 is stated for

application of Liapunov’s central limit theorem.

S2 Proofs

S2.1 Proof of Theorem 1

(i) First, we can see that condition CO to C2 implies that (2.5) has a
maximum @Z, which converges in probability to @7. The proof of this result
follows along the line of the proof of Theorem 2.1A in [Mak (1982) and
the details are thus omitted. On the other hand, C4 implies that exist
K > 0 and ng € N, such that HK;l(OT)” < K, Vn >mng. As 0 € ©°,

from C2 and Chebyshev’s inequality, it follows that exists oy > 0 such that



VO € B(6',5)

1 (0) -7, 0) 2 0. (S2.1)

Applying Lemma 2.2 in Mak! (1982)), we have with probability going to 1

as n — 0o, that TL(HT) is invertible and

1T oY) < 2k (S2.2)

1 1
Setting A\ = i and \, = 1/4HIL (OT)H, by (S2.2) we have, with proba-

bility going to 1 as n — oo, that A < 2)\,,. On the other hand, C5 implies

that exists 0; > 0, such that

[&.0) - Raf0)] < 5. (23)

VO € B(6',5,).

Then, from (S2.1) and (S2.3) we have, with probability going to 1 as

n — oo, that
IT3,(6) — T,(6")]| < ||T,.(0) — A.(0)]| + |[An(8) — K (61)]
+|[A,(81) =T (6N < A < 27,
VO € B(O';6), with § = min{dy, 61 }.

Applying the inverse function theorem (Rudin (1964))) to UIL, we have,

with probability going to 1 as n — oo, that

(1) Exists 62 > 0 such that UL: B(6',6,) — U; (B(6',6,)) is invertible.



(2) B(U!(6"),22) c B(U.(6"), \6,) C T, (B(',55)).

Since FEg, [U}(Z s OT)] =0V €N, from Chebyshev’s inequality and
C3, it follows that UL(OT) L 0. Then HU;(GT)—OH < 22 with probability
going to 1, i.e. 0 € B(UL(HT), 2%2). From (2) it follows, with probability
going to 1 as n — oo, that 0 € ﬁ; (B(6",6,)) .

From (1), we can consider UL_I: UL (B(OT,52)) — B(0',6,). Since
0¢€ UL (B(OT, (52)) with probability going to 1 as n — oo, we conclude that
lim,HooP(HUIl_l(O) — HTH < 62) = 1. Since d, can be taken arbitrarily
small, it follows that Uj;l(O) L 6" and we can take 6 = ﬁlil(O),
Vn € N as the consistent sequence.

Furthermore, since ﬁl is one to one in a neighborhood of @7, if we have

(én)n such that lim,,_, P(Ui(én) = 0) = 1, then lim,_, P(@Z = én) =

(ii) For proving asymptotic normality, let h € RP and consider for
— 1
each n € N, the function given by 8 — /n hTI‘nQ(BT)UL(O). From the
mean value theorem and because UL(@Z) = 0, it exists 0,, € O, such that
1 S P
Vi T2 (0NT,(07) = —v/n KT, (01)T, (6,)(6, —0%).  (52.4)

where Hén — OTH < é; — OTH. Notice that

__% i n 1 __% n
Vi TT (00T, (07) = ) 7= T 6HUN(Z;;6") => W,

j=1 j=1



n are independent

h"h, because Eg, [U(Z;;0)] =0, for j =1
1 24
H—hTI‘ ONU(Z;;6") }
HONUT(Z,:00)]

where W; = —= hTF,?(OT)Uj(Zj;OT), for j =1
random variables with zero mean and variance given by v, = > =, Var(WW;)
n. Moreover, for v > 0

1 n
TW;EG]'[|VV}|2+'Y:| = (hTh 1+"r
1
~ (WTh)inlt3 ZEG L
1
RIT 2 (0D’ &
I T OO §™ b, [ z,:60)77)

<
=~ (hTh 1+%n +% o
p

U200 —0,

as n — 00. The last inequality follows from C3 and Rao| (1973, 8a, p.149)

Thus, by Liapunov’s central limit theorem
W;
i Wi o, 25 N(0,1),

Unp,

or equivalently,
__ 1 —
Jn h'T. 2 (YT (81) 25 N(0,h"h).

(52.5)

From (S2.4)), it follows that
9, 25 N,(0,1,).

T, (6VI.(8,)v/n(6] - 6")

Now, given € > 0 and ¢ as in C5, with € replaced by €/2, it follows from



Chebyshev’s inequality, that Vk, [ =1,...,p

n

1 €
P(‘E sup Z Jkl — —ZEG [ sup Ikl(O)” < 5) — 1,
0eB(0',6) j— 0cB(61,9)

(52.6)

as n — oo. A similar result holds when sup is replaced by inf. Thus, from

52.6) and the fact that éz L, 6%, it follows that

Zp(lz inf Ijkl(e)—%ZEGj[ inf I}kl(e)H<§,
j=1 ’

0cB(61,9)

‘li sup []Tkzw) - %iEGj[ sup I;kl(H)H < -, Héz _ gTH < 5) 1,

" =7 6eB (ot .9) st 0cB(61,5)

as n — 0o. Then,

A.(00) —T(6,) o0, (S2.7)

asn — 00. C4, Lemma 2.2. in Mak (1982), and (S2.7)) imply that IT_ (én)

exists and

it~ _+—1 -
[A.(6") ~T,8.)]T, (B8,) 0. (52.8)
Then, from C3 and (S2.8)), it follows that
1 — _+—1 ~ _1
T,”(0)A,(6NI} (8,)T; (6"

—1,+T, (6N [A, 6" — T @7  (@,)T2(6") 251, (52.9)



Finally, to conclude the proof, (52.5) and (S2.9)) imply that

I‘TL

N

(0"A,.(61)v/n(6], — 6")

— (T, (6" A, (00T, (8.)T(8N) }{T, *(01)T)(B,)v/n(6], — 61)}

n

2y N,(0,1,).

Remark 2. A simple calculation shows that the expectations in the ma-
trices A,,(0) and T,,(0) can be expressed as

Eq,[11(Z;:0)] = (1-q)AY + B, and Eq,[UN(Z;;0)U(Z;;0)7] = AP, re-
spectively, where A;T) = Eg, [f]j(Zj; 0)U;(Z,;,0) f;(Z; 0)’"(1_‘1)] forr =
1,2; B = Eg, [Vﬁj(Zj;O)T];j(Zj;O)l*q} ,and f;(Z;;0) and U;(Z;;0)
are given in (2.7).

Remark 3. As a consistent estimator of the asymptotic covariance matrix,

Ak ———] Ak

we can consider the sandwich estimator given by V,, 1(9;)§n(0 W, (6,)7,

proposed by Giménez and Bolfarine (1997) in a similar context, where
Va(0) = 10 {(1 = U (Z;:0)U,5(Z,:0)" + VU,(Z;:0)" } f3(Z,:0)"
and S,(0) = 37", U;(Z;;0)U,;(Z;;0)f;(Z;;0)*~9 are the sample

T on

counterparts of expectations in matrices A,,(8) and T,,(8), respectively.



S2.2 Proof of Proposition 1
We define the function H,,: © x © — R, by
H, (u,v) = H,(u) + Q,(u,v).
Suppose that M, (v) # v, then we have that
Qn(My(v),v) < Qu(v,v). (S2.10)

Considering the function h: R.y x R.g — R, defined by h(z,y) = Lo —
y'~%log x, it is simple to see that for all z # y € Ry, we have that h(z,z) <

h(y,x). Particularly, for all j =1,...n
h(f(z50). £y (=5, 0)) < b (f(z5 Ma(0)), Fi(z5,0)
and adding for j = 1,...,n, we have that
H, (v,v) < H, (M,(v),v). (52.11)

From ([S2.10) and (S2.11)), it follows that

H,(v) =H, (v,v)-Q,(v,v) < H,, (M,(v),v)—Q,(M,(v),v) = H,(M,(v)).

S2.3 Proof of Proposition 2

The global convergence theorem in [Zangwill (1969, p. 91), can be applied

considering the following facts:
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(i) The solution set is the set of all the fixed points of M,,, or equivalently,

the stationary points of H,.

(ii) The objective function H, is a continuous function and satisfies the

monotonicity property by Proposition 1.

(iii) The mapping M,,, which generates the sequence 8¢+ = M, (8), can
be treated as a point-to-set mapping and it can be easily seen that is

closed.

S3 Derivation of some results in the simple linear

functional model

In this section we derive some results related with the application of Section
6. We denote the generic elements by 8 = («, 8,¢) € © and ¢; € Z; and
the true values by 0° = (a°, 5°,¢°)" and &) . Also, p; = a + b¢;, with a =
(0,a)" and b = (1,3)", and analogously, we have the values uj, a, b°

and 5?
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S3.1 Computational aspects

The MLgE é; = (a%, 3%, ¢1)7 is obtained as the maximizer of (6.2), or

equivalently, as the solution of the estimating equation
> U,(2;:6)/(2;:6)" =0,
j=1

where ﬁJ(Z],O) = (Ujl(Zj,O), ﬁjg(Zj;9>,Uj3(Zj;e))T, with

~ 1

Uin(Z;;0) = Q(Yj —a— fXj)) (S3.1)
Ua(Z,:0) = %(Yj o BX)X 1 AY, — )] (532)
Uis(Z;:0) = —% + %&(Y} —a— BX;)2 (S3.3)

A simple reweighting algorithm for computing the estimators, is derived
as follows. If 8 = (), 3) DT denotes the estimator in step s, then
the estimator in step s + 1, 0¢T) = (a6+D) g6+ ¢+NT g g solution

of the equations Zyzle(.s)[jﬂ(zj; 0) = 0, for i = 1,2,3, where Uji(Zj; 0),

for i = 1,2,3, are given in (S3.1), (53.2)), and (S3.3), and the weights

wﬁ-s) =w,(Z;; 6)), computed using (3.2), are updated at each step. These

equations are a weighted version of maximum likelihood equations (Kimura

(1992): [Gleser] (1981)). Let 2% =S w2z, = (X&), ¥.)T and

w =177

SO =Y w2z, -2))2;-2))" =
7=1
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the vector of the weighted means and weighted covariance matrix, respec-
tively. Thus, after some calculations, the MLgE in step s + 1, are given

by

2 2
5w+ (50— b )+ 4 (55

5(54—1) —
25y

I

) = Y) _ gl o),

1

gttt = 2(1+ (B6FD)2) (Si»s%/y - 2B(SH)S(S)XY + (ﬁ(s+1))25cgs,))<X)'

w,

The algorithm can be initialized by setting 3©, o(?, and ¢© as the MLE

estimates.
S3.2 Derivation of some results when the true density belongs
to the model

Assuming that the true density belongs to the model, that is Z; ~ Ny(u, ¢°T5),

we have that

F(2:0°.6) = sz e { — (s — W) (2 =)} (534

Also, we have that

fi(25:0) = f;(230,6)) = ﬁexp{ - %W(yj —o— 5%)2}
1 1
= %exp{ — %(z] —a)"A(z; — a)}, (S3.5)
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We denote by E; the expectation with respect to the model distribution

Na(pa3, ¢°15).

Lemma 1. The mazimum of + > i1 Ejlhi(Z;0)] for all large n, where
hi(Z;;0) = L{f;(Z;;0)} = ﬁ{fj(Zj;G)l_q — 1}, is attained for 67 =

(a B9 k)T, with k = q — % > 0.

Proof. We need to find the maximum of - > B [£,(Z;;0)'] for all large

n. Using (S3.4) and (S3.5)), we can see that

B 2500 = [ Fi(z:0) 1526 €0)

1 1
W%Td] /R? eXp{_S(Zj§ 0, fj, 90, f;), q)} dzj’

(S3.6)
where
S(2.-0.6 0° €0 _ (-9 —a)V Al — Lo, 0
(Z]7 76]) 7j>q)_ 2¢ (Z] a’) (z] a’)+2¢0(z] l’l'j) (z] l’l’j)
Using that

(2~ 1) (2 = 1) = (2 — @) (= — @) ~ 2z, — a)"BE) + b7 0E)",
we can write

S(zj; 076]'7 90, ?7Q) = (zj - aO)TB*(zj - a’O) + b*T(zj - aU) + bgv
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where

B* = 5 A+275012,
1-— 1
b*:( gbq)A(aO_a)_EbO?’
b = (12:;’) (ag —a)' Alay — a) + %wb”b%;??.

Using results in [Harville (1997, p. 321), we have that
0 0 1 x|—1 1 *T ok —1 g% *
exp{—5(2;;0,&;,0",§;,q)} dz; = §7T|B |72 exp{zb B*7b" — b}
RQ
Then, after some algebra, (S3.6) can be written as

ng((b’ ¢0’ Q) eXp{—gg(gb, QZ)O, C])[(ao — a)T(aO — a) + (ao _ a)AbOng

n bOTAb()g;)Q]}’ (S3.7)
where
0 _ 2 d 0 _ 1— q
gl(¢7¢ 7Q) ¢(%7q)[(1—q)¢0+¢]% an 92(¢7¢ ’Q) 2[(1_Q)¢0+¢]

From expression (S3.7]), we can easily seen that the maximum of (53.6)) is
independent of £?, and it is attained at @ = a®, b= b°, and ¢ = k¢°, with
k=g — L. Then, we have 8" = (a®, 8°, k¢")T.

]

Lemma 2. Let f;(z;;0") given in , with 87 = (a°, 5%, k¢®)T, where

k=q —% > 0 and fj(zj;OO,ég) in . Then, for all function V(Z;;0)
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such that the expectation below exists, we have that

=

B[V (Z;; 0" f;(z;;07)70-9] = C(T)E](.T)[V(Zj;m)], r=1,2 j=12,...,

e _z 1— k r
where Ciry = (271-]{;¢0)_ a q%<p+1>a(r)2’ agy = %, and E]( ) denotes

expectation taken with respect to the distribution NQ(H?, E?T)), with E?T) =

0 1 —
¢ (I2+T( OC]) b0b0T> : cozbOTbO:1+(ﬁ0)2,f0r7‘:1,2.
a(r) kc

Proof.

E;[V(Z;;61)f;(Z;;00) 9] = /V(Zj; 0")fi(z;:0") "9 f;(2;:6°,€)) dz;.
Moreover, from a direct calculation, we can show that

fi(z: 007070 f;(2;;6°,¢))

1
1 G a(r) 0T r(1—q) 007 0
:C(T)%QSOQ eXp{—Tw(Z]—[J,j) IQ—WI) b (Zj—l.l,])

1 1 { 1 0\Tyr—1 0
= o exp {5 (z, — ) S (2 - )
2 (53 27 T T
Then, the result follows inmediately. O
Lemma 3. Let U;(Zj;e) =U;(Z;;0)f;(Z;;0)"9, with U;(Z;;0) =

(ﬁjl(Zj;B),UJ-Q(Zj;G),Ujg(Zj;O))T, where Ujl,Ujg, and 0j3 are given in

, , and , respectively. Then, Ej[U;(Zj;OT)] = 0, for

17=12 ...
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Proof. From Lemma 2, we have that
Ei{U(Z5:6")] = ey B} [U;(2,:07)),

where E ) denotes expectation with respect to the distribution Ng(u], )

To calculate these expectations, it is convenient to rewrite expressions

- , and (S3.3)) in the following equivalent form

1
Ujp(Z;0") = k¢060{ 4" (Z; — pu)(Z; — )"0 +d" (Z; - M?)ﬁ?},
~ 1 1
Uj3(Zj; GT) = _k¢0 + 2(k¢0)2(Zj - H?)TA(ZJ' - l’l’?)a

with d = (—4°,1)7 and A = I, — 5b6°°7. Using that E\"[Z; — u?] = 0,
E(Z; — u)(Z; = u)"] = Ty, and E}V((Z; - p)TA(Z; — u)] =
tr(AX(1), after some simple algebra, we have that E [U (Z;: 6")] = 0, for

i=1,2,3. O
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