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S1. Technical Proofs

S1.1 Proof of Theorem 1

It suffices to show ‖L>0 L̂⊥1 ‖ → 0 in probability, where L̂⊥1 is the basis of the

subspace orthogonal to that spanned by the columns of L̂1, which is ob-

tained via the minimization in problem (2.2). First, we show that f̂ (−i)(Xi)

is not a consistent estimator of f(Xi) when ‖L>0 L̂⊥1 ‖9 0. On the one hand,
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CMn(M) =
1

n

n∑
i=1

{f̂ (−i)(Xi)− f(Xi)− εi}2w(Xi)

=
1

n

n∑
i=1

w(Xi)ε
2
i +

1

n

n∑
i=1

{f̂ (−i)(Xi)− f(Xi)}2w(Xi)

− 2

n

n∑
i=1

{f̂ (−i)(Xi)− f(Xi)}w(Xi)εi

≡ η0 + Π1 + Π2,

where η0 is irrelevant to the minimization over M. Since Π2 is mean 0 and

E(Π1|X1, . . . ,Xn) =
1

n

n∑
i=1

w(Xi)
{
B(Xi)

2 +
∑
j 6=i

K∗2j,iσ
2
j

}
,

E(Π2
2|X1, . . . ,Xn) =

4

n2

n∑
i=1

σ2
iw(Xi)

{
B(Xi)

2 +
∑
j 6=i

K∗2j,iσ
2
j

}
,

where B(Xi) = f̃(Xi) − f(Xi) and f̃(Xi) =
∑n

j=1 f(Xj)K
∗
j,i. We have

Π2 = Op(n
−1
√∑n

i=1{B(Xi)2 +
∑

j 6=iK
∗2
j,iσ

2
j}). Hence, Π1 is the dominant

term compared with Π2 in CMn(M)− η0. On the other hand,

f̂ (−i)(Xi)− f(Xi) =
n∑
j=1

f(Xj)K
∗
j,i − f(Xi) +

n∑
j=1

εjK
∗
j,i.

Suppose that there exists a subsequence of n = 1, 2, · · · , such that L̂1 → L†1

but ‖L>0 L
†⊥
1 ‖ 6= 0. For notational simplicity, we still denote the subsequence

as the original n. With ‖ĥ‖ → 0,

n∑
j=1

f(Xj)K
∗
j,i → E{f(X)|X ∈ x + L†⊥1 }|x=Xi

≡ f †(Xi)
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in probability, as n→∞. We intend to show

P{f †(X) = f(X)} < 1.

Indeed, suppose that P{f †(X) = f(X)} = 1 and then f †(x) = f(x)

for all x ∈ Ω. Since f †(x) = f †(t) if x − t ∈ L†⊥1 , we have f(x) = f(t) if

x − t ∈ L†⊥1 . It follows that f{t + c(x − t)} = f(t) for all c ∈ R. By the

identifiability condition (C4), we have x−t ∈ F and thus L†⊥1 ⊆ F = L⊥0 or

equivalently S(L0) ⊆ S(L†1). Since L0 and L†1 are both column orthogonal

matrices of size p × r0, we have S(L0) = S(L†1). This is in contradiction

with the assumption that ‖L>0 L
†⊥
1 ‖ 6= 0. Hence, P{f †(X) = f(X)} < 1.

Since f †(·) and f(·) are smooth functions, we write

1

n

n∑
i=1

{f̂ (−i)(Xi)− f(Xi)}2w(Xi)

=
1

n

n∑
i=1

{f̂ (−i)(Xi)− f †(Xi) + f †(Xi)− f(Xi)}2w(Xi)

≥ 1

n

n∑
i=1

{f †(Xi)− f(Xi)}2w(Xi) +
1

n

n∑
i=1

{f̂ (−i)(Xi)− f †(Xi)}2w(Xi)

− 2

n

n∑
i=1

|{f̂ (−i)(Xi)− f †(Xi)}{f †(Xi)− f(Xi)}|w(Xi)

≥ c0 + op(1). (S1.1)

The last inequality is followed by the Cauchy-Schwarz inequality, the strong

law of large number of Wi ≡ {f †(Xi)− f(Xi)}2w(Xi) and the consistency

of f̂ (−i)(Xi) with repect to f †(Xi). As a result, CMn(M̂) − η0 is at the
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order of Op(1) with some positive lower bound c0 > 0. Nevertheless, we

now show that with ‖L>0 L̂⊥1 ‖ → 0 and ‖h‖ → 0,

sup
1≤i≤n

∣∣f̂ (−i)(Xi)− f(Xi)
∣∣→ 0 in probability, (S1.2)

as n→∞. As a consequence, CMn(M)− η0 is at the order of op(1).

In fact, recall that Ω◦ is the support of w(·) and fr0(u) = f(u1, . . . , ur0)

is the density function of U = L>0 X. Now, define Ωδ̄ = {y ∈ Rp :

infx∈Ω◦ ‖y−x‖ < δ̄}, where δ̄ > 0 is a small constant such that minx∈Ωδ̄ fX(x) >

0. Hence, there exists τ > 0 such that minx∈Ωδ̄ fr0(L>0 x) ≥ τ . To show

(S1.2), it is sufficient to prove that for any ε > 0,

P
{

sup
x∈Ωδ̄
|f̂n(x)− f(x)| > ε

}
→ 0, as n→∞. (S1.3)

For simplicity, denote ν(x) = fr0(L>0 x). Let φ(x) = f(x)ν(x) = g(L>0 x)ν(x),

φn(x) =
1

n

n∑
j=1

YjKM(Xj − x), νn(x) =
1

n

n∑
j=1

KM(Xj − x).

And thus f̂n(x) = φn(x)/νn(x). It is not hard to verify that

P
{

sup
x∈Ωδ̄
|f̂n(x)− f(x)| > ε

}
≤ P

{
sup
x∈Ωδ̄
|φn(x)− f(x)νn(x)| ≥ ε(τ − ε)

}
+ P

{
sup
x∈Ωδ̄
|νn(x)− ν(x)| > ε

}
≤ P

{
sup
x∈Ωδ̄
|νn(x)− ν(x)| > ε(τ − ε)

2b

}
+ P

{
sup
x∈Ωδ̄
|νn(x)− ν(x)| > ε

}
+ P

{
sup
x∈Ωδ̄
|φn(x)− f(x)ν(x)| ≥ ε(τ − ε)

2

}
, (S1.4)
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where b = supx∈Ωδ̄ |f(x)| <∞. Recall that

L =

(
L1 L2

)
is a p× p orthonormal matrix, where L1 ∈ Rp×r0 and L2 is the augmented

orthonormal basis in Rp. Define fL2(x) =
∫
s2∈R(p−r0) fX(x + L2s2)ds2.

To proceed, we first show that as n→∞, ‖h‖ → 0 and ‖L>0 L2‖ → 0,

sup
x∈Ωδ̄

∣∣E{φn(x)} − φ(x)
∣∣→ 0. (S1.5)

Define φ̃(x) = f(x)fX(x), φL2(x) =
∫
s2∈R(p−r0) φ̃(x + L2s2)ds2 and Ir0 be

the r0 × r0 identity matrix. We have

E{f(X)KM(X− x)} (S1.6)

=
1

h1 · · ·hr0

∫
t∈Rp

K
{

(t− x)>M(t− x)
}
φ̃(t)dt

=
1

h1 · · ·hr0

∫
t∈Rp

K(t>L1H
−2L>1 t)φ̃(t + x)dt

=
1

h1 · · ·hr0

∫
s∈Rp

K(s>L>L1H
−2L>1 Ls)φ̃(Ls + x)ds

=
1

h1 · · ·hr0

∫
s1∈Rr0 ,s2∈R(p−r0)

K


(
s>1 s>2

)Ir0

0

H−2

(
Ir0 0

)s1

s2




×φ̃(L1s1 + L2s2 + x)ds1ds2

=
1

h1 · · ·hr0

∫
s1∈Rr0 ,s2∈R(p−r0)

K(s>1 H
−2s1)φ̃(L1s1 + L2s2 + x)ds1ds2

=

∫
s1∈Rr0

K(‖s1‖2)φL2(x + L1Hs1)ds1,

= φL2(x) +
R1(K)

2
tr{HL>1 φ̈L2(x)L1H}+ o(‖h‖2),
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where the last equality is due to the Taylor expansion of φL2(x + L1Hs1)

and the condition
∫
s1∈Rr0 s1K(‖s1‖2)ds1 = 0. Therefore, we have

sup
x∈Ωδ̄
|E{φn(x)} − φL2(x)| ≤ sup

x∈Ωδ̄
|R1(K)tr{HL>1 φ̈L2(x)L1H}|{1 + o(1)}

= O(‖h‖2). (S1.7)

Recall that f(x) = g(L>0 x). According to the Taylor’s expansion,

sup
x∈Ωδ̄
|φL2(x)− φ(x)|

= sup
x∈Ωδ̄

∣∣∣∣∣
∫
s2∈R(p−r0)

g(L>0 x + L>0 L2s2)fX(x + L2s2)ds2 − g(L>0 x)ν(x)

∣∣∣∣∣
= sup

x∈Ωδ̄

∣∣∣g(L>0 x)fL2(x) + ġ(L>0 x)>L>0 L2

∫
s2∈R(p−r0)

s2f(x + L2s2)ds2

−g(L>0 x)ν(x) + o(||L>0 L2||)
∣∣∣

= sup
x∈Ωδ̄

∣∣g(L>0 x)fL2(x)− g(L>0 x)ν(x) +O(||L>0 L2||)
∣∣

≤ sup
x∈Ωδ̄

∣∣g(L>0 x)
∣∣o(1) +O(||L>0 L2||), (S1.8)

where the last inequality holds by the fact that fL2(x) = fr0(L>0 x){1+o(1)},

as n→∞ and ‖L>0 L2‖ → 0. This result can be derived using the condition

(C1) and the Taylor expansion of fL2(x). In fact, recall that fX(x) is the

density of X and thus the density function fQ(u) of U = QX satisfies

fQ(u) = fX(x) for any p× p rotation matrix Q. By taking Q> = (L0 L⊥0 ),
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we have that as ‖L>0 L2‖ → 0,

fL2(x) =

∫
s2∈R(p−r0)

fX(x + L2s2)ds2

=

∫
s2∈R(p−r0)

fQ

 L>0 x + L>0 L2s2

L⊥>0 x + L⊥>0 L2s2

 ds2

=

∫
s̃2∈R(p−r0)

fQ

L>0 x

s̃2

 ds̃2{1 + o(1)}

= fr0(L>0 x){1 + o(1)}.

Hence, as n→ 0, if ‖h‖ → 0 and ‖L>0 L2‖ → 0, (S1.7) in conjunction with

(S1.8) yields (S1.5). On the other hand, following a similar proof of Lemma

B.1 in Newey (1994) and applying condition (C5) and h1 · · ·hr0 > n−δ for

some 0 < δ < 1, we have

sup
x∈Ωδ̄

∣∣φn(x)− E{φn(x)}
∣∣→ 0, in probability. (S1.9)

Therefore, (S1.7), (S1.8) and (S1.9) yield

P
{

sup
x∈Ωδ̄
|φn(x)− f(x)ν(x)| ≥ ε(τ − ε)

2

}
→ 0.

Likewise, by replacing Yi with 1, it can be shown that supx∈Ωδ̄ |νn(x) −

ν(x)| → 0 in probability. As a result, combining inequalities (S1.4), we

have proved (S1.3).

In conclusion, in case of ||L>0 L2|| → 0 and ‖h‖ → 0, CMn(M)−η0 is at
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the order of op(1). This violates the definition that CMn(M̂) ≤ CMn(M)

for M ∈ Sp+. The proof is complete.

S1.2 Proof of Theorem 2

For brevity, we write w(Xi) by wi. The following lemmas are needed to

prove Theorem 2. The proofs of Lemmas 1–4 is given latter.

Lemma 1. Suppose conditions (C1)–(C5) hold. Then, E{KM(X − x)} =

fL2(x) + O(‖h‖2). Moreover, for any i = 1, . . . , n,
∑n

j 6=iKM(Xj −Xi) =

nfL2(Xi){1 + op(1)}.

Lemma 2. Define σ2
L2

(x) =
∫
s∈R(p−r0) fX(x + L2s)σ

2(x + L2s)ds. Under

conditions (C1)–(C5), we have

E{(K∗j,i)2σ2
jwi} =

R2(K)V0

n2h1 · · ·hr0
{1 + o(1)},

where R2(K) =
∫
s∈Rr0 K

2(‖s‖2)ds and

V0 =

∫
x∈Rp

σ2(L>0 x)
fX(x)w(x)

fr0(L>0 x)
dx.

Lemma 3. Under regularity conditions (C1)–(C5), suppose ‖L>0 L2‖ → 0

and ‖h‖ → 0. Then, for any t ∈ Ω,

E[{f(X)− f(t)}KM(X− t)] = ψ(t,h,L1) + o(‖h‖2 + ‖L>0 L2‖),

where the definition of ψ(·) is given in Theorem 2.
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Lemma 4. Under regularity conditions (C1)–(C5), for any t ∈ Ω, Var[{f(X)−

f(t)}KM(X− t)] = O{‖h‖2/(h1 · · ·hr0)}. Consequently,

Var

[
1

n

n∑
j=1

{f(Xj)− f(t)}KM(Xj − t)

]
= O

(
1

nh1 · · ·hr0

)
.

Proof of Theorem 2. Write

CMn(M) =
1

n

n∑
i=1

wiε
2
i +

1

n

n∑
i=1

{B(Xi)}2wi +
1

n

n∑
i=1

( n∑
j=1

εjK
∗
j,i

)2

wi

− 2

n

n∑
i=1

B(Xi)wiεi −
2

n

n∑
i=1

n∑
j=1

εiεjK
∗
j,iwi

+
2

n

n∑
i=1

B(Xi)
n∑
j=1

εjK
∗
j,iwi

≡ η0 + η1 + η2 + η3 + η4 + η5,

where f̃(Xi) =
∑n

j=1 f(Xj)K
∗
j,i and B(Xi) = f̃(Xi) − f(Xi). Here B(·)

stands for the bias. Observe the facts that

(a) η0 ≡ n−1
∑n

i=1 wiε
2
i is free of M and thus it is irrelevant to the mini-

mization over M.

(b) η1 ≡ n−1
∑n

i=1{B(Xi)}2wi stands for the bias term and η1 ≥ 0.

(c) η2 is viewed as the variance term and η2 ≥ 0. E(η2|X1, . . . ,Xn) =

n−1
∑n

i=1

∑n
j=1(K∗j,i)

2σ2
jwi.

(d) E(η3|X1, . . . ,Xn) = 0 and E(η2
3|X1, . . . ,Xn) = 4n−2

∑n
i=1{B(Xi)}2σ2

iw
2
i .

Hence, η3 = Op(n
−1
√∑n

i=1{B(Xi)}2).
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(e) E(η4|X1, . . . ,Xn) = 0 and E(η2
4|X1, . . . ,Xn) = 4n−2

∑n
i=1

∑n
j=1

{
(K∗j,i)

2w2
i

+K∗j,iK
∗
i,jwiwj

}
σ2
i σ

2
j . Hence, η4 = Op(n

−1
√∑n

i=1

∑n
j=1{K∗j,i}2).

(f) E(η5|X1, . . . ,Xn) = 0 and η5 = Op

(
n−1/2 supX∈Ωδ̄ |B(X)|

)
.

The above statements (a)–(e) are trivial and we only give one justification

for statement (f).

Since ‖h‖ → 0 as n → ∞, K∗j,iwi = 0 for all (Xi,Xj) if Xi or Xj

is outside Ωδ̄ for all large n. Set an(x) = n−1
∑

l 6=iKM(Xl − x). By the

Lemma 1, with probability one, for all large n, there exists some constant

C > 0 such that

1/C ≤ inf
x∈Ωδ̄

an(x) ≤ sup
x∈Ωδ̄

an(x) ≤ C.

It follows that with probability one, for all large n,

sup
1≤j≤n

∣∣∣ n∑
i=1

B(Xi)K
∗
j,iwi

∣∣∣ = sup
Xj∈Ω◦

∣∣∣ n∑
i=1

B(Xi)K
∗
j,iwi

∣∣∣
≤
{

sup
Xi∈Ωδ̄

∣∣B(Xi)wi
∣∣}{ sup

Xj∈Ωδ̄

n∑
j=1

K∗j,i

}
=
{

sup
Xi∈Ωδ̄

∣∣B(Xi)wi
∣∣}{ sup

Xj∈Ωδ̄

1

n

n∑
j=1

KM(Xj −Xi)

an(Xi)

}

≤ C2 sup
Xi∈Ωδ̄

∣∣B(Xi)wi
∣∣.

Hence,

E(η2
5|X1, . . . ,Xn) =

4

n2

n∑
j=1

σ2
j

{ n∑
i=1

B(Xi)K
∗
j,iwi

}2

= Op

(
n−1 sup

Xi∈Ωδ̄
{B(Xi)}2w2

i

)
.
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In the following, we intend to show that η1 and η2 are the dominating

terms, compared with η3, η4 and η5.

Write

{B(Xi)}2 = {f̃(Xi)− f(Xi)}2

=

(
n−1
[∑

j 6=i{f(Xj)− f(Xi)}KM(Xj −Xi)
])2

{
n−1

∑
j 6=iKM(Xj −Xi)

}2 .

By Lemma 1, the above denominator is f 2
L2

(Xi){1 + op(1)}. And it follows

from Lemmas 3–4 that the above numerator is

ψ2(Xi,h,L1) + op

(
‖h‖4 + ‖L>0 L2‖2 +

1

nh1 · · ·hr0

)
.

Hence, by the law of large number and the continuous mapping theorem,

we have

η1 =
1

n

n∑
i=1

{B(Xi)}2wi =

∫
x∈Rp

ψ2(x,h,L1)

f 2
r0

(L>0 x)
fX(x)w(x)dx

+op

(
‖L>0 L2‖2 + ‖h‖4 +

1

nh1 · · ·hr0

)
.

Write

η2 =
1

n

n∑
j=1

ε2j ãj +
1

n

n∑
j1=1

n∑
j2 6=j1

εj1εj2 ãj1,j2 ,

where ãj =
∑n

i=1(K∗j,i)
2wi for all i and ãj1,j2 =

∑n
i=1K

∗
j1,i
K∗j2,iwi for all

j2 6= j1. We now show that
∑n

j=1 ε
2
j ãj is the dominant term in η2.

First, from Lemma 2, we have

E
( 1

n

n∑
j=1

ε2j ãj

)
=

R2(K)V0

nh1 · · ·hr0
{1 + o(1)}.
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Second, it can be easily verified that E(
∑n

j1=1

∑n
j2 6=j1 εj1εj2 ãj1,j2) = 0. By

Lemmas 1–2, we have ãj1,j2 = Op(n
−1). And recall condition (C5), it follows

that

E
( n∑
j1=1

n∑
j2 6=j1

εj1εj2 ãj1,j2

)2

= E
( n∑
j1=1

n∑
j2 6=j1

σ2
j1
σ2
j2
ã2
j1,j2

)
= O(1).

As a result,

η2 =
1

n

n∑
j=1

ε2j ãj{1 + op(1)} =
R2(K)V0

nh1 · · ·hr0
{1 + op(1)}.

Since η3, η4 and η5 are of smaller order than ‖L>0 L2‖2+‖h‖4+1/(nh1 · · ·hr0)

and η0 is free of M, then

CMn(M)− η0 = η1 + η2 + η3 + η4 + η5

=

∫
x∈Rp

ψ2(x,h,L1)

f 2
r0

(L>0 x)
fX(x)w(x)dx +

R2(K)V0

nh1 · · ·hr0

+ op

(
‖L>0 L2‖2 + ‖h‖4 +

1

nh1 · · ·hr0

)
.

The proof is complete.

S1.3 Proof of Corollary 1

It is seen that L>0 L2 is only contained in the bias term of the asymptotic

expansion shown in Theorem 2. And we can easily verify that

ψ(x,h,L1) = −vec(T>)>vec{b(L>0 t)ġ(L>0 t)
>}+R1(K)tr(HL>1 L0A(L>0 t)L

>
0 L1H),
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where T = L>0 L2. Let b̃(t) = vec{b(L>0 t)ġ(L>0 t)
>} and

c̃1(t,h) = R1(K)tr(HL>1 L0A(L>0 t)L
>
0 L1H).

Since the objective function is quadratic, the optimization procedure over

vec(T>) yields the solution{
−
∫
t∈Rp

b̃(t)b̃(t)>fX(t)
w(t)

f 2
r0

(L>0 t)
dt

}+ ∫
t∈Rp

c̃1(t,h)b̃(t)fX(t)
w(t)

f 2
r0

(L>0 t)
dt,

(S1.10)

where the A+ denotes the generalized inverse of a matrix A. By some

simple calculations, it can be shown that the order of (S1.10) is O(‖h‖2).

Since L>0 L1 is asymptotically orthonormal, we obtain that the ‖L>0 L2‖ =

O(‖h‖2).

Further, to find the optimal rate of the bandwidth h, we also con-

sider optimizing the asymptotic expansion. Let L>0 L1 = (˜̀
1, · · · , ˜̀

r0) and

then c̃1(t,h) = R1(K)
∑r0

j=1 h
2
j
˜̀>
j A(L>0 t)

˜̀
j. Taking derivative over hk,

k = 1, . . . , r0, we have

∂{CMn(M)− η0}
∂hk

= 4hkC̃k(L1) + 4hk

r0∑
j=1

Cjh
2
j −

R2(K)V0

nh2
k(
∏

j 6=k hj)
= 0,

where

Cj = {R1(K)}2

∫
t∈Rp
{ ˜̀>

kA(L>0 t)
˜̀
k}{ ˜̀>

j A(L>0 t)
˜̀
j}fX(t)

w(t)

f 2
r0

(L>0 t)
dt = O(1)
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and

C̃k(L1) = R1(K)

∫
t∈Rp

ġ(L>0 t)
>Tb(L>0 t)

˜̀>
kA(L>0 t)

˜̀
kfX(t)

w(t)

f 2
r0

(L>0 t)
dt

= R1(K)vec(T>)>

×
∫
t∈Rp

vec{b(L>0 t)ġ(L>0 t)
>} ˜̀>

kA(L>0 t)
˜̀
kfX(t)

w(t)

f 2
r0

(L>0 t)
dt

= O(‖h‖2).

As a result, we obtain that ĥ = O{n−1/(r0+4)}. This completes the proof.

S1.4 Proof of Proposition 1

Recall that from Theorem 1, we have CMn(M̂r0)− η̃0 = op(1), where η̃0 =

E(w(X)σ2(L>0 X)) is irrelevant to r0. When 1 ≤ r < r0, we can show that

CMn(M̂r)− η̃0 ≥ c1 + op(1) for some constant c1 > 0. Let L̂1(r) ∈ Rp×r be

the CVML estimator when the dimension of CMS is set to be r and L̂⊥1 (r)

be the augmented orthonormal basis in Rp. Since the column vectors of L0

and L⊥0 form a set of basis in Rp, there exists a unique decomposition of

L̂⊥1 (r) such that

L̂⊥1 (r) = L0A(r) + L⊥0 B(r), (S1.11)

where A(r) is a r0× (p− r) matrix and B(r) is a (p− r0)× (p− r) matrix.

We now show that ‖L>0 L̂⊥1 (r)‖ does not converge to zero. Suppose that

‖L>0 L̂⊥1 (r)‖ converges to zero. Then by the decomposition (S1.11), we have
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that ‖L>0 L̂⊥1 (r)‖ = ‖A(r)‖→0. Since the column vectors of L̂⊥1 (r) are

orthogonal, we have that L̂⊥1 (r)>L̂⊥1 (r) = A(r)>A(r)+B(r)>B(r) = I(p−r),

where I(p−r) is a (p−r)× (p−r) identity matrix. It follows from ‖A(r)‖→0

that B(r)>B(r)→I(p−r). However, due to r < r0, the rank of B(r)>B(r)

shall not exceed (p − r0) and is not able to attain (p − r), which is in

contradiction with B(r)>B(r)→I(p−r). Therefore, we have ‖L>0 L̂⊥1 (r)‖9 0.

Then it follows from simular proofs in Theorem 1 that f̂ (−i)(Xi) with M

set to be M̂r = L̂1(r)Ĥ−2L̂1(r)> is not a consistent estimator of f(Xi)

when ‖L>0 L̂⊥1 (r)‖9 0. Moreover, by similar derivation of (S1.1), we obtain

that for any 1 ≤ r < r0, there exists a positive constant c1 such that

CMn(M̂r) − η̃0 ≥ c1 + op(1). As a result, CMn(M̂r) > CMn(M̂r0) for all

1 ≤ r < r0 because of the lack of fit.

One the other hand, when r > r0, let L1(r) represent the column or-

thogonal matrix L1 of order p×r and L2(r) be the augmented orthonormal

basis in Rp. Then, we have

f̂ (−i)(Xi) =

∑
j 6=i YjKM(Xj −Xi)∑
j 6=iKM(Xj −Xi)

,

where M = L1(r)H−2L1(r)>. Following a similar derivation as Theorem

1, we have that as n → ∞, ‖h‖ → 0 and ‖L>0 L2(r)‖ → 0, f̂ (−i)(Xi) is

also a consistent estimate for f(Xi). As a result, CMn(M̂r) = η̃0 + op(1)

for all r0 ≤ r ≤ p. Therefore, we have CMn(M̂r)/CMn(M̂r0) →p 1, for all
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r0 ≤ r ≤ p.

S1.5 Proofs of Lemmas

Proof of Lemma 1. Recall that L = (L1 L2) is a p× p orthogonal matrix.

Analogue to (S1.6), we have

E{KM(X− x)} =

∫
s1∈Rr0

K(‖s1‖2)fL2(x + L1Hs1)ds1. (S1.12)

According to condition (C3) and the Taylor expansion of fL2(x + L1Hs1),

(S1.12) equals

fL2(x) +
{
ḟL2(x)

}>
L1H

∫
s1∈Rr0

s1K(‖s1‖2)ds1 (S1.13)

+
1

2

∫
s1∈Rr0

s>1 H
>L>1 f̈L2(x)L1Hs1K(‖s1‖2)ds1 + o(‖h‖2)

= fL2(x) +
R1(K)

2
tr{HL>1 f̈L2(x)L1H}+ o(‖h‖2)

= fL2(x) +O(||h||2),

where ḟL2(x) = ∂fL2(x)/∂x and f̈L2(x) = (∂2/∂x2)fL2(x).

On the other hand, a similar calculation to (S1.12) and (S1.13) yields

E{K2
M(X− x)} =

R2(K)

h1 · · ·hr0
fL2(x){1 + o(1)}.

Consequently, Var{n−1
∑n

i=1KM(Xi−x)} = O{(nh1 · · ·hr0)−1} = o(1).

Proof of Lemma 2. By Lemma 1 and the continuous mapping theorem, for
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j 6= i, we write

E{(K∗j,i)2wiσ
2
j}

=

∫
t∈Rp, x∈Rp

K2
M(t− x)w(x)σ2(t)fX(x)fX(t)

n2f 2
L2

(x)
dtdx{1 + o(1)}

=
1

n2

∫
x∈Rp

{∫
t∈Rp

K2
M(t− x)σ2(t)fX(t)dt

}
fX(x)w(x)

f 2
L2

(x)
dx{1 + o(1)}

=
R2(K)

n2h1 · · ·hr0

∫
x∈Rp

∫
s2∈R(p−r0)

σ2(x + L2s2)fX(x + L2s2)ds2

× fX(x)w(x)

f 2
L2

(x)
dx{1 + o(1)}

≡ R2(K)

n2h1 · · ·hr0

∫
x∈Rp

σ2
L2

(x)
fX(x)w(x)

f 2
L2

(x)
dx{1 + o(1)}, (S1.14)

where the last two equalities hold by invoking R2(K) =
∫
s∈Rr0{K(‖s‖2)}2ds.

Noting that

σ2(x + L2s2) = σ2(L>0 x + L>0 L2s2)

= σ2(L>0 x) + σ̇2(L>0 x)>L>0 L2s2 + o(||L>0 L2||).

It follows that

E{(K∗j,i)2wiσ
2
j}

=
R2(K)

n2h1 · · ·hr0

∫
x∈Rp

σ2
L2

(x)
fX(x)w(x)

f 2
L2

(x)
dx{1 + o(1)}

=
R2(K)

n2h1 · · ·hr0

∫
x∈Rp

σ2(L>0 x)
fX(x)w(x)

fL2(x)
dx{1 + o(1)}

=
R2(K)

n2h1 · · ·hr0

∫
x∈Rp

σ2(L>0 x)
fX(x)w(x)

fr0(L>0 x)
dx{1 + o(1)}

=
R2(K)V0

n2h1 · · ·hr0
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Proof of Lemma 3. It follows from f(x) = g(L>0 x) that

E[{f(X)− f(t)}KM(X− t)]

=
1

h1 · · ·hr0

∫
s∈Rp
{f(Ls + t)− f(t)}K(s>1 H

−2s1)fX(Ls + t)ds

=

∫
s1∈Rr0 ,s2∈R(p−r0)

{f(L1Hs1 + L2s2 + t)− f(t)}

×K(‖s1‖2)fX(L1Hs1 + L2s2 + t)ds1ds2.

=

∫
s1∈Rr0 ,s2∈R(p−r0)

{g(L>0 L1Hs1 + L>0 L2s2 + L>0 t)− g(L>0 t)}

×K(‖s1‖2)fX(L1Hs1 + L2s2 + t)ds1ds21ds22. (S1.15)

Now expanding both g(L>0 L1Hs1+L>0 L2s2+L>0 t) and fX(t+L1Hs1+L2s2)

in Taylor expansions yield

g(L>0 L1Hs1 + L>0 L2s2 + L>0 t)− g(L>0 t)

= ġ(L>0 t1)>(L>0 L1Hs1 + L>0 L2s2)

+
1

2
(L>0 L1Hs1 + L>0 L2s2)>g̈(L>0 t)(L

>
0 L1Hs1 + L>0 L2s2) + o(‖h‖2)

and

fX(t + L1Hs1 + L2s2) = fX(t + L2s2) + ḟX(t + L2s2)>L1Hs1 + o(‖h‖).
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Therefore, (S1.15) equals∫
s1∈Rr0 ,s2∈R(p−r0)

{
ġ(L>0 t)

>(L>0 L1Hs1 + L>0 L2s2) +

1

2
(L>0 L1Hs1 + L>0 L2s2)>g̈(L>0 t1)(L>0 L1Hs1 + L>0 L2s2)

+ o(‖h‖2)
}
K(‖s1‖2){fX(t + L2s2) + ḟX(t + L2s2)>L1Hs1 + o(‖h‖)}ds1ds2.

= ġ(L>0 t)
>L>0

∫
s1∈Rr0 ,s2∈R(p−r0)

L2s2fX(t + L2s2)ds2

+ R1(K)ġ(L>0 t)
>L>0 L1H

2L>1

∫
s2∈R(p−r0)

ḟX(t + L2s2)ds2

+
1

2
R1(K)tr{HL>1 L0g̈(L>0 t)L

>
0 L1H}fL2(t) + o(‖h‖2 + ‖L>0 L2‖)

≡ ∆1 + ∆2 + ∆3 + o(‖h‖2 + ‖L>0 L2‖)

As ‖L>0 L2‖ → 0 and ‖h‖ → 0, taking Q> = (L0 L⊥0 ), we have

∆1 = ġ(L>0 t)
>L>0 L2

∫
s2∈R(p−r0)

s2fX(t + L2s2)ds2

= ġ(L>0 t)
>L>0 L2

∫
s2∈R(p−r0)

s2fQ

 L>0 t + L>0 L2s2

L⊥>0 t + L⊥>0 L2s2

 ds2

= ġ(L>0 t)
>L>0 L2

∫
s2∈R(p−r0)

s2fQ

 L>0 t

L⊥>0 t + s2

 ds2{1 + o(1)}

= ġ(L>0 t)
>L>0 L2

∫
s2∈R(p−r0)

(s2 − L⊥>0 t)fQ(L>0 t, s2)ds2{1 + o(1)}

= ġ(L>0 t)
>L>0 L2

∫
s2∈R(p−r0)

(s2 − L⊥>0 t)fu2|u1(s2|L>0 t)ds2fr0(L>0 t){1 + o(1)}

= ġ(L>0 t)
>L>0 L2Eu2|u1(U2 − L⊥>0 t|U1 = L>0 t)fr0(L>0 t){1 + o(1)}

= ġ(L>0 t)
>L>0 L2b(L>0 t){1 + o(1)}, (S1.16)
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where u1 ∈ Rr0 , u2 ∈ R(p−r0), U1 ∈ Rr0 , U2 ∈ R(p−r0) and

b(L>0 t) = Eu2|u1(U2 − L⊥>0 t|U1 = L>0 t)fr0(L>0 t).

For ∆2, it is straightforward to show that

∆2 = R1(K)tr{HL>1 L0ġ(L>0 t)ḟr0(L>0 t)
>L>0 L1H}{1 + o(1)}, and

∆3 =
1

2
R1(K)tr{HL>1 L0g̈(L>0 t)L

>
0 L1H}fr0(L>0 t){1 + o(1)}.

As a result,

E[{f(X)− f(t)}KM(X− t)]

= ġ(L>0 t)
>L>0 L2b(L>0 t) +R1(K)tr{HL>1 L0ġ(L>0 t)ḟr0(L>0 t)

>L>0 L1H}

+
1

2
R1(K)tr{HL>1 L0g̈(L>0 t)L

>
0 L1H}fr0(L>0 t) + o(‖h‖2 + ‖L>0 L2‖)

= g(L>0 t)
>L>0 L2b(L>0 t) +R1(K)tr{HL>1 L0A(L>0 t)L

>
0 L1H}

+ o(‖h‖2 + ‖L>0 L2‖)

= ψ(t,h,L1) + o(‖h‖2 + ‖L>0 L2‖),

where

A(L>0 t) =
1

2
g̈(L>0 t)fr0(L>0 t) + ġ(L>0 t)ḟr0(L>0 t)

>.
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Proof of Lemma 4. With an analogue calculation to Lemma 3, we have

E[{f(X)− f(t)}KM(X− t)]2

=
1

h1 · · ·hr0

∫
s1∈Rr0 ,s2∈R(p−r0)

{g(L>0 L1Hs1 + L>0 L2s2 + L>0 t)− g(L>0 t)}2

×K2(‖s1‖2)fX(L1Hs1 + L2s2 + t)ds1ds2

=
1

h1 · · ·hr0

∫
s1∈Rr0 ,s2∈R(p−r0)

{ġ(L>0 t)
>(L>0 L1Hs1 + L>0 L2s2) + o(‖h‖+ ‖L>0 L2‖)}2

×K2(‖s1‖2){fX(t + L2s2) +O(‖h‖)}ds1ds2.

Recall that
∫
s1∈Rr0 s1K

2(‖s1‖2)ds1 = 0 and
∫
s1∈Rr0 s1s

>
1 K

2(‖s1‖2)ds1 exists.

Let ∫
s1∈Rr0

s1s
>
1 K

2(‖s1‖2)ds1 = c2Ir0×r0

for some c2 ≥ 0. It follows that

Var[{f(X)− f(t)}KM(X− t)]

≤ E[{f(X)− f(t)}KM(X− t)]2

=
c2

h1 · · ·hr0
tr
{
HL>1 L0ġ(L>0 t)ġ(L>0 t)

>L>0 L1H
}
fL2(t){1 + o(1)}

=
c2

h1 · · ·hr0
ġ(L>0 t)

>L>0 L1H
2L>1 L0ġ(L>0 t)fL2(t){1 + o(1)}

= O

(
‖h‖2

h1 · · ·hr0

)
.
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