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Proof of Lemma 1. Firstly, we check the requirement (7). As f, is dif-

ferentiable, 3¢, € (Ag41/02, \y/0?), s.L.
0y = fa(Ae/0%) = fahgi1/0®) = F1(£)0q. (1.1)
We then only need to check that
P{f, (&) > 1} — 1, asn— oo. (1.2)
By conditions (a) and (b), it suffices to show that
P{, >b—kK,} — 1, asn— occ. (1.3)

On the other hand, from the definition of x, in condition (b), we have

Ai1/o® = b= op(ky), (1.4)
which is equivalent to
Agi1/02 —b
‘I*l{: — op(1). (1.5)
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Then we have

. . ,
P{§q>b—nn}2P{>\q;1 >b—mn}:P{M>
g

K/n
(1) is then verified.

Now we check (4i). Similarly, we have
0r = J'(€)i/0%, forqt1l<i<p-2

where & € (Ai1/0% \i/0?). Then it suffices to show that

P{& <b+ k., — 1, forg+1<i<p-—2.

Since gy > -+ > §,_9, it is equivalent to
P{€q+1 < b+ /in} — 1,

whose proof is completely parallel to that of (7).
For (7i7), we have

divr fi(€ei)bgn

02 (€03,

Condition (b) yields

frlz(gfﬁ‘l) < frlz(fq)a

since &1 < Agy1/0% < &,. Therefore,

~ X
5q+1 < 5q+1

o T,

2

—1} — 1(1.6)

(1.7)

(1.9)

(1.10)
(1.11)

(1.12)
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The requirement (477) is then proved and the proof of the lemma is finished.

O
Proof of Theorem 2. We only need to check that
. 5;+1 + Cn ,
lim P ———>7,=1, forq<i<L—2 (1.13)
and
O+ Cn,
lim P{ 41— " <73 = 1. (1.14)
n—00 5:; + ¢,

On one hand, since Lemma 1 ensures the requirement (i7), for ¢ < i < L—2,
0F = op(cy), (1.15)

which leads to 67¢;! = 0p(1). Then

0y +en Ot +1 1)+1
ZA+1 C _ zj,lcn — Op( ) + i 1> (116)
Often  oiet+1 o)+

That is,

0f 1+ Cn
lim P{i“i>7}:1, for g <i<L—2. (1.17)

n—+oo 5: + Cn

On the other hand, because of (i), (i) and

b} 24 e
lim P M—HST — 1, (1.18)
n—-+oo 5q/0—2_|_cn
we have
5 + ¢,
lim P2 " <rb 51 (1.19)
n——+oo 6;+Cn
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Thus, ¢LVACLE is equal to ¢ with a probability going to 1. The proof is
concluded. O

Proof of Proposition 3 and Theorem 3. When 02 = 1, Wang and Yao
(2017) provided the limiting spectral distribution (LSD) of the matrix
F, = S;S;! and established the phase transition phenomenon for those
extreme eigenvalues of F,,. When 0 < ¢ < 1, the empirical spectral distri-
bution (ESD) of F,, weakly converges to a distribution £, with the density

function

0=V —2)(r—a) < o
fey(x) = P P ,ay < x < by, (1.20)

where a, = (1Y% W)Q and by = (Fety=ey W)Q Similarly as that of spiked
population models, when ¢ > 1, there is an additional probability mea-
sure of mass 1 — % for F.,. Further, they also proved a phase transition

phenomenon that almost surely

~

Ao = oeN), N>yl +Vet+y—cy),

~

Ai = bo, 1<)\i§7(1+\/c+y—cy),

where v = ﬁ € (1,400) and p(z) = W(%}YH), T # 7.

Under the general Fisher matrix with the spiked structure

spec(X13551) = {1, Ag, -+, Ay, 07, 00 ) (1.21)
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Using the simple transformation j\l — (02)*15\2-, we can similarly achieve
the results in the case of 02 = 1. The empirical spectral distribution of F,,

weakly converges to a distribution F,, ,» with the density function

1 x
fewor(2) = ;fcﬁy (;) . olap < x < by, (1.22)
and the additional point mass 1 — % at origin z = 0 also exists when ¢ > 1.
The phase transition phenomenon is modified as

Ai = o%p(Ni/o?), N> a1+ ety — ),

~

Ni = by, o< <o+ Vety—ay),
where the parameters by, v and the function ¢ have the same definitions as
those in the case with 02 = 1.

Recall that ¢ := #{\; : \i > o?y(1++/c +y — cy)}. According to these
results, for any fixed L with ¢ +3 < L <p

A = ofp(N/o?), 1<i<q,

~

N — o%by, q+1<i<L. (1.23)

That is, when ¢ is larger than ¢, the estimated eigenvalue i converges to the
right edge 02y of the support of F,, 2. This means that any eigenvalues
such that 0% < \; < 0%y(1+ /c +y — cy) cannot be identified through the
estimated eigenvalues and then show the optimality of this lower bound.

Thus, the Proposition 3 has been proved.
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Modifying the result of Wang and Yao (2017), we can show that those
extreme eigenvalues ); corresponding to A; > o%y(1 + /e + y — cy) satisfy
Central Limiting Theorem and thus have the convergence rate of order
1/y/n. For the fluctuation of those eigenvalues which stick to the bulk, Han
et al. (2016) showed that n?/3 (5\q+1 — 02by) is asymptotically Tracy-Widom
distributed. Han et al.| (2018) established an asymptotic joint distribution
for (n2/3(Agp1 — 02by), 0?3 (A gpo — 02by), - - -, n*3(\gur,— 02b,)) for any fixed
k. Thus, for any fixed L > ¢, n?/3(\; — 02by) = Op(n~2/3) for ¢+1 <i < L.

We omit the remainder of the proof, since it is exactly the same with

that of spiked population models. O

Proof of Proposition 1. Let 3, = Cov(y, y:—1) be the lag-1 auto-covariance
matrices of y, and ¥, = Cov(x;,z4_1) the lag-1 auto-covariance matrix of

x¢. As shown in |Li et al. (2017)), the sample auto-covariance matrix of y; is

) | T+ | T+
Zy — ? Z ytygfl = T Z(A%t + €t>(Al’t_1 + 515_1)/
1 ;121 t—21 T+1 L T
= 7 Z Axr, (A + T Z(A:ctggfl + ey (A’ + T Z S
t=2 =2 t=2
= PA+2£, (124)

where the matrix 3, = * ZtT:Jrzl g€y, is the sample auto-covariance matrix
of noise sequence {&;}. Notice that the matrix P, is of finite rank, then the

matrix i)y can be viewed as a finite-rank perturbation of 3. Since both 3.
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and iy are asymmetric matrices, Li et al. (2017)) considered their singular
values. This is equivalent to considering the square root of the eigenvalues
of the matrices M, := 252’5 and My = f]yf];, respectively.

Define ¥,/0% = Pa/o? + 3./0%, we can reduce the problem to the
case with 2 = 1. When p/T — y > 0, [Li et al. (2015) proved that the
empirical spectral distribution of M. almost surely converges to a non-
random limiting distribution, whose Stieltjes transformation S(z) defined

in (4.10) satisfies the equation
283(2) — 22(y — 1)S*(2) + (y — 1)2S(2) — 28(2) — 1 = 0.

This limiting spectral distribution is continuous with a compact support

[a11y>1y, b1], where
a; = (—1+ 20y + 8y2 —(1+ 8?;)3/2)/8,

by = (—1 4 20y + 8y + (1 + 8y)*?)/8

From Wang and Yao, (2016), the largest eigenvalue 5\571 of M, almost surely
converges to the right edge b;. Like the previous models, for any fixed
L > qy+ 1, and any 1 < i < L the largest eigenvalues /A\&i of M. converge
to the same value b;. Further, for general o2, the result of [Li et al.| (2017)
implies that the limiting spectral distribution of the perturbed matrix 1\7Iy

is identical to that of 1\715. They also built a phase transition phenomenon
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for those extreme eigenvalues AM> > S\q. The following proposition
confirms the optimality of the bound restriction 7;(i) < 7 (b;+) such that

the corresponding q factors in P can be identified.

Lemma A. (Li et al. (2017)) Denote T (-) as the T-transformation of the
Limiting Spectral Distribution (LSD) for matrix My/a4. Suppose that the
model (3.17) satisfies Assumptions 3.1-3.3, {e;} are normally distributed
and the loading matriz A is standardized as A’A =1,,. Let j\i, 1 <1 <q
denote the qy largest eigenvalues of My. Then for each 1 <1 < q, ;\i/a4

converges almost surely to a limit 5;. Moreover,

B; > by when T (i) < T (bi+),

and
B; = by whenT{(i) > T (b1+)
where
i) = 2y0?0(1) +71(1)% — \/ (2yo?y0(i) +71(1)%)? — 4y (10(i)? — n(@)?

2’)/0 (2)2 — 2’)/1 (Z)2

From this lemma, we can see that the bound for the number of common
factors determined by the constraint 7;(i) < T (b1+) is optimal. That is,

only ¢ common factors in P, can be well separated from the noise ;s
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theoretically. This is because 5\q+1 will converge to b; and thus cannot be
well separated from those large estimated eigenvalues of 3. that tend to

the right edge b; as well. O]

A justification of Proposition 2. By the results of Wang and Yao
(2016), the phase transitions hold. Further, under the assumption that
the estimated eigenvalues \; for i > g have the convergence rate of or-
der O,(n=%?), the results hold by following the arguments used in spiked

population models. U
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