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Supplementary Material

In this supplement, we provide additional explanation omitted from the
main manuscript for brevity. In Section S1, we outline proofs of Theorem
1 and Theorem 2 given in Section 3 of the main manuscript. In Section
S2, we define explicit expressions for the plug-in variance estimators. In
Section S3, we expand on the propensity score adjustment introduced in
Section 3.2 of the main manuscript. Finally, in Section S4, we outline an

identification condition for a multivariate covariate.
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S1 Proofs

S1.1 Corollary to Lemma 1 and Proof

Corollary 1. Under the assumptions of Lemma 1,

B(a) (1) ~ a) = 0, (“222 ).

Proof. By Chen and Yu (2016) and Yoshida (2013), b*(z;) = O, (Ka b= ™),

and b%(x;) = OP(K,;(Z?””H)). By assumption, K, , = O(ni/@py‘ﬁg)). Then,

—(Pylz+1)_0.5 7 -—0.5\ _ Vv 1 _
Oy K, 00) = 0 | e | ——| | =0
2(2p, |, +3) Pyla

S1.2 Proof of Theorem 1

The three additional regularity conditions below are required for the

approximation with finite J:
1. f(y | x,0 = 1) is three times differentiable and bounded on [My,,, Mo, |.

2. f(y|x,6 =1)=df(t|x,6 = 1)/dt|,~, is continuous and bounded on

[Mly; ng] for any x [Mlxu MQx]

3. fly | z,6 =1) = f(t | x,6 = 1)/0#?|,—, is continuous and bounded

on [My,, My,] for any = € [My,, Ma,].
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Proof of Theorem 1. : We obtain a linear approximation for Py = ((%02, b12, (522)’ :

As notation, let

1
S(¢2 ’ qy) = E Z ((511 77121(¢27qyz 29 &= — Z S (,bz ’ qyl (Sll)

1€A12 z€A12

and g, = {qyi : ¢ € Aj2}. The estimator of ¢, satisfies S(ps | q,) =0,
where S(¢ | g,) is defined in (S1.1)). In the derivation of the score equation

(S1.1)), we use the fact that

~

ahy<_¢227 371)

Doy 2.7(Yi | i)

Then,

= S(¢2 1 Gy) = Sec(eh2) + [S(2 | @) — Suc(h2)]

- In,¢2(¢§2 —¢2) + % Z@u + d2;) Z dyij (G, (i) — qr, (24))

i=1 j=1

+ Rn7¢¢ + Rn7¢q + Rn,qqa

where Sy (h2) = n7" Y4, Sico(P2),
2

Z thqskkai(ém — r2) (Prr2 — Par2)

1 & 1
R, s = " Z(5li + 52i)§

i=1

1 n
2

R, 4 = %2(511‘ +02) = > Y Wi (2 — bk2) (G (1) — 1y (1))

i=1 k=0 j=1

n 2
1
+ = ;(511- + 65:)

X
=)

~
N ™
=

[\

Z(W;¢kk’,i — W, i) (Dr2 — S12) (dwrz — dwrz) — Ty — Tngo) (B2 — b2)

k=0 k'=

N | =
.
(e

N | —

(Wtj)qk] i qukj,i)(qng - ¢k2)<éTj (xl) — qr; ('r”L))?

N =
M%

k=0 j=1
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R gq Z (015 + 0a:) {Z a0y (@0) = @z, (2))
S Wil (@) = o @) iy () — 1, (5)}
J=1j'#j

1 n

— 014 51
+n;(1+2
LS 4

E'i 14 22

J

Z QQJJ i Wq*qj] z)(d‘rj ('CEZ) - qu (xz))Q

(o) I

Z Z aaij i — Waaiy i) Gy () = @7 (20))(Gr, (20) = @z (23))

l\DI»—t

+ = Z 511 + 522 Z qij diﬂj)(qATj (Iz) — qr; (Iz));

* a Sz(¢27 q z) . X 7% aQSi(¢27 q 1)

W¢¢kk’,i = E[—a%ka%lj | Ti,l € A12] ¢3.9%> W¢¢kk’,i = —8¢2k0¢2; |¢>§7q* k, K = 0,1,2,

825'(052 Qyi) x 825-(q§2 Qyi)

Wi . =FE——T22 g i€ A Wi, =2 k=0,1,2,j=1,...

dqgkyj,i [5¢2k8qu (I‘Z) | Tl € 12] bqkj,i angkaqu (xz) |¢2,q ) y 4y 4y ] ’
> Si(¢2, qy:) 0*Si(d2, qy:)

W, ni=FE Y i1 € Apl|gy W, = s PRI Y U SO

aqjs’ i [3qu(xi)aqu,(a;’i) | 24,1 € Ara|gs.q7 qqj5' i 8qu($i)aq7j,($i)’¢2’q s yee ey

3 aSl ) 7
dqij = %> dqij = 7121(97527 Qyi)(l - 7121(97527 qyi))w2ij(¢27 Qyi)¢2222i(¢2> qyi)a

= {QT](xz)* : .] =1,..., Ja 6@ - 1}7 ¢; - (¢;07¢§17¢§2)7 QTj(Ii)* 1s
between ¢, (7;) and ¢, (2;), and ¢}, is between $k2 and ¢y for k =0,1,2.

We first consider S(¢2 | @) — Sx(¢2). We expand this difference as

S(2 1)) ~ Suu(d2) = = 37 (10— Traee (62)) (2 (2. ,0) — 20 (62)

i€A1o

+ % Z (T12i00 (P2) — T12i (D2, Qyi)) Z2i00 (P2)

1€A19

+ % Z (T12i00 (@P2) — T12i (P2, @yi) ) (22 (P2, @yi) — Z2ice(P2))-

i€A19

7J7
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We next express m2;(¢2, qyi) as a function of 7 alone as

exp(—pa0 — P217; + Byi(7—1>>
1+ exp(—¢20 — P21x; + ilyi<7_1))’

7T12i<¢277—1) =
where Byi(ﬁ) = —log (p1;(1)),
J
pri(m) = J~ 1ZGXP $20qi(11 + (5 —1)/J)),
7j=1

Let fi1j00 = fol exp(¢22q;(7))dT. We now use Theorem 5.4.3 of Fuller (2005)

to verify that

() = pi(1/(2J)) + O(J ), (S1.2)

for any z;. First, E[|71—0.5/J]%] = 1/(12J%). By assumption, f (F, 15 (7) |
x,0 = 1)/0T is continuous on (0, 1). Therefore, 0f(F ‘M (1) |z, 0 =1)/0r
and bounded on a closed interval containing 1/(2.J). Then, the assumptions
of Theorem 5.4.3 of Fuller (2005) with § = 1, @ = 2, and s = 1 are sat-
isfied, and holds for any z;. Observe that py;(1/(2J)) is mid-point
approximation for pi1;... By assumption, 82 f(F |z 51 (T) | 2,0 =1)/07% is
continuous and bounded over [0,1]. Then, p;(1/(2J)) = p1ico + O(J 7).
We then express m19;(¢ho, 71) as

exp(—¢o0 — P21 + ilyz‘A(Mlz‘(Tl))) '
1+ exp(—d20 — 2175 + hyi(pi(11))

lei((ﬁz,/iu(ﬁ)) = (Sl-3>

A first-order Taylor approximation then gives

7T12¢(¢2,,M1z‘(7'1)) - 7712i(¢27l1'1ioo) = 7Tl2i(¢27l~1'1ioo)(1 - 7T12i(¢2, ,alioo))(_,al_iloo)(ﬂli(Tl)

— Jios) = O(J 1),
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where fiy; is between p1;(71) and fi1;00. We can similarly express 21;(¢2, @yi)

as a function of 77 as

S ailm+ 3/ (T = 1)exp(¢o)qi(r + ( — 1)/7)
S exp(¢o)gi(m + (5 — 1)/J) '

Because z1;(¢2, 1) is a continuous function of 7, 21;(¢a, T1) = 21i00(P2) +

Zli(¢2,7'1) =

0,(1). Then, S(¢2 | gy) — Sec(P2) = O,(J 1) = 0,(n°?), where the second
equality follows from our assumption about the order of J. Direct differen-
tiation (see Section S1.3 of this supplement) shows that Wg;: = O,(J 1),
Wagii = Op(J7h), Wegigri = Op(J7%), Wogija = Op(J ), Wegjs =
O,(J 1), and qujj@i = O,(J?). To obtain the order of R, 4, We ex-

pand the last term in the sum defining R, 4, as

n J
1
ﬁ Z(élz + (521 Z qij — qzj QT]' (ml) — dr; (*1'1))
i=1 j=1
1 n J
= E 2(512‘ + 522 Z quj qw
i—1 =1

{ Z OuH,, y\x B(xk)tr, (eyjan(7;)) + b7 (i) + bij (z;) + 0 ( %) } ,

By the form of dqij,

n

7Y (0 + 62) (dysj — doig)| < |% > (01 = Taine(2))|O(J )

i=1 1€A12

+ |% Z (m12i (P2, @yi) — T12i00(92))|O(J 1) = Oy (J '™ 0?).

1€A12

Then, n™! Zz 1((512+521) Z] 1(dqij_dqm) (z5)'[ny Zk 10 nl y|z<Tj)B(xk)wTj (eylwyk(Tj))] =

Op(n_l) - Zz 1 (61i+02;) Z (dqw dqij)(b?-j (xi)‘i‘b;\j (i) = Op(n Ko, ZH );
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and ™ Y1 (01i+0) Zj 1<dqij_dqij)0p ( Ko,y 1) = 0,(n""%)o0, ( K,y 1) =

0,(n"%?%). Therefore, R,, ,, = 0,(n"%%). Then,

(o — 2) — I} Rogs— I 5 Rugg =1}

S (2) + %Z(% + 02i) Z dyij (Gr; (2:) — qrj(l"z‘))]

+ op(n_0'5)

— I;d)znzswo ¢2

1
+ I, i& Z(5u + 02)

AMK

d,;B (nl Z o H n y|x (xk)wfj(eyw,k(Tj))>

=1 j=1
n J
1
L DB 8) 3 i (1) + 5, ()] + 0p(n %),
=1 j=1

Let K, = K,, 4. By definition of bij(m),

K7L
q(PJrl)(x)?

B (X)? |6+ 6y =1] =
: T Z - 1K3p+2[<p+1>!12

Brp((x — Iik_l)/Kgl)QdF(I | (51 + (52 = 1)
(SL.5)

Kn(kp—Kk—1) p+1 (K 1U+l‘1k 1)2 )
_ Z/,% | e Bl 6 b = 1)

— Ok ),

n

for u = (z—ky_1)K,, where B,,(u)? and ¢+ (z) are bounded. As in Chen
and Yu (2016), E[(b)(X))2] = O(K, ®) (see below C.4 of the supplement
of Chen and Yu (2016)). Note that {X; : §;; + d9; = 1} are iid. Therefore,

V{n= 300 (01 + 02)08 (Xi)} = O(n UG P) Cand Vet S (6 +
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02)b2 (Xi)} = O(n' K,y 2P Also, n7E S| Sioe(pa) = O, (n05),

2511 e (T B @) (6y104(7)) = O,(VE f)

and E[B(z) | 6, + 0 = 1] = O(K,;*?), as in Fact 1 from Chen and Yu
(2016, supplement). Then, the right hand side of is 0,(n7%%). Tt
follows that ¢y — ¢ = O,(n"03), Ry 46 = 0,(n09), and Ry, 44 = 0,(n %),
Define £;; = Hnlly‘x( 5) B (1) Vs, (eyle k(7). From ,
L& J Lo
b — =1, {n ;(511- + 0g;) (sm(@) + ; dyi; [B(:ci)’n—l ; O1ilyj + b2 (15) + b2, (xi)] ) }

+ 0,(

ﬁ

-)
% Z 512 + 627, 100 ¢2 Z
j=1

=1

n

Z 512 + 522 qzj Z 51k’£k]}
i=1

IT:¢2

3I>—‘

—N—

n

J
_ 1 1
FI D7 D Gt )y 0, () + b (1) +op<\/;>
7j=1 =1
= I'r:qﬁgﬁ pa { 512 + 521 100 ¢2 + ; n_l ; 611 + (521 dqsz(xz) ]511£1]} + Op (\/;)

- I_ Z{ 611 + 521 zoo(¢2)

Mo L exp(¢22qy, (1))01; ij
# [ Dm0~ ()22 (2B Y s (ixfjg;zjf_ (ﬁ»dm 68— 1))

My

+ op(n_0’5),
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RN
=I5, ~ > {01+ 02)Sinc(¢2)
i=1

M J

s ) - epl6a, (0)s .

+ 014 /Mm P1 $22T1200 (%) (1 = M1200 (2)) 2200 () B () ng Z;‘]ﬂ exp(¢22qu (x))dF@ R
—|—op(n*0'5),

LIS )
=T, 5,~ > {0 +020)Sioc(2) + 01:Lioe + 611 Roci} + 0p ("),
=1

where

L, = ¢22/ ) Pflﬂnoo(x)(l - 7T12<>o(37))z2oo(:€)B(x)/f0 P ($aatr (1)) bs(T)dT

Mg fol exp(gaaq. (z))dr

o Moy 1 o / J eXp(¢22q‘rj (z))‘ell
and Re; = Mz P1 ¢227T1200(.’E)<1 Wl?w(a:))ZQW(x)B(x) Zj:l Z}le eXP(¢22, (2))

dF (x|
01 +93 = 1) — L. Because exp(¢22q;(7)) is twice-differentiable in 7, Theo-

rem 5.4.3 of Fuller (2005) and the mid-point approximation for the integral

imply that

J1 Z;]:l exp(paoF, N+ (j —1)/J))

Jo exp(@nF,; (7))dr Simev)

where F71(7) = ¢, () is used to emphasize that the quantile is the inverse
of the CDF. Because £;(7) is not differentiable in 7, Theorem 5.4.3 of Fuller
(2005) and the mid-point approximation do not apply. Define

Ay =T exp(goaFy o+ (= D/IDE(m + (= 1)/ ) = /O exp(¢aaF, (7)) 4i(T)dr.

J=1
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Then,

J S orild
Ai= I Y explbnFr (m o+ (G = D/ D)(m 4 (G = 1)) = / xp(nFy (T)(r)dr

(G-1/J

1/J

J
== 1201 Tj wT ey\xz T] JZ/ w‘r (€y|x z( *))dT*7
7j=1

where 7; = 1+(j—1)/J, 77 = 7 —(j—1)/J, and C;(7) = exp(¢p F,; ' (7)) H,, ! | (7)B(x;).

niylx
By the triangle inequality,
1/J

1A < [T ZC )., (ei(1))) JZ/ T Ci(7)) s (es(75) ) dr|

U Cy(r; T
)= D B e

By the assumption that f(y | ,6 = 1) is continuous Cj(7;) — Cy(7F) =

1/J (15 T*
Ciln) (J)B(mi)QbT;(ei(T;m:O<J_1)‘

Let M be such that |C;(7)| < M, for all 7 € (0,1). Then,

1/J

A< M- z% e JZ/ I e

The indicator function defining v, 4(;—1),s(e;(11+(j —1)/J)) will change in
an interval for exactly one j for every ¢. For the interval where the indicator

changes,

1/J
[ -nyyale(m + (G —1)/J))/J — /0 Vryr-nya(ei(n + (G —1)/J)) = O(1/J).
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For all other intervals,

1/J
[ -ya(e(m + (G —1)/J))/J — /0 Urr-vya (el + (G —1)/J0))| = O(1/J?).

Then, |Re;| = O(J '), and

A 1 n
¢2 N ¢2 - Ifztlﬁzﬁ § ,{(511 + 521)Szoo(¢2) + 51iLioo} + op(n_0‘5)‘
i=1

By definition of 1+ (ey,;(7)) and exchanging the order of integration, Fd; Lo =
0, and ES;o(¢2) —0. Because Y and X have compact support, second mo-

ments exist, and the result follows from the Central Limit Theorem.
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S1.3 Detailed Derivatives Required for Asymptotic Approxima-

tions in Theorem 1

8%(—(#22, qyi) 8ﬁy<_¢227 qyi)

Dms = —Ey ;(Y | 25 $22, qyi), 94, () = — oW (P2, qyi)
(51.6)
(9222 By g (Y | i; P22, @yi) = Vars j(Y | 25 922, Gyi) (S1.7)
i 9 . _ qu(iE'z')@Q _
Oy /| ) = (1 L explma (g o qyi))
0
%wzzj(d)m Qyi) = Wi (@2, Qyi) -, (25) — Ea s (yi | ;)] (SL.8)
0
—8q .(x‘)w2ij<¢2> Qyi) = Waij (P2, @yi) a2 — Waij (P, Qyi)2¢2z (S51.9)
0
a—q . (x')w2ij(¢27 q?ﬂ) = _w2ij(¢27 qyi)wgi]‘/(d)g, qyi)¢22 (8110)
a % s Qyi
%21‘;1) = 7T12’i(¢2’ qyz)(]- - 7T12i(¢2a qyi))(_ngQinj(QbQ’ qyz))

(S1.11)

M — 7T12i(¢2: Qyi)<1 — 7T12i(¢21 Qyi))ZQi (Sl'l2>

0922
d8; i .
H¢)¢)’i =F % | T, 1 € A12 (Sll?))
= _7712i(¢27 qyi)(l - 7T12i(¢27 qyz‘))zmzéi
. 0S;
Hyy; = 06, = Hyy; + (61 — m12i(b2, qyi) ) M.,

(S1.14)

Lsy=n""> Hy,

Z€A12
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M.,=1| 0 0o 0 (S1.15)

0 0 —Varys(yi | z)

8;2(;;3 = m19i(P2, @yi) (1 — T12i (P2, @yi)) (1 — 2712: (P2, Qyi) ) 22i 2,024 (Do, Qyi ) P2o
(S1.16)
0
+ 1 0 | zam2i(P2, qyi) (1 — mi2i(@2, qyi)) X (S1.17)
1

X {[waij (P2, @yi) (4, () — By (yi | 2:))]d22 + waij (P2, ¢, () }

(S1.18)

+ M ;im12i( D2, Qi) (1 — T12i( D2, @yi) ) Ww2ii (P2, Qyi) P22,

dqij = Z2¢(¢27 Qyz‘)[ﬁm(d)% qyi)(l - 7T12i(¢27 Qyi))¢22w2ij(¢27 qyi)] (Sl~19)
0

+ (01 — m12i( 2, qyi)) 0

i (zi)¢
w2ij(¢27 qyi>(¢22 + ZJ i 2
p

=1 EXP(d229+ (zi)) N ¢22E2’J(Y | Ti; faz, qyi))
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8dqij

— 1 = T19i(a, @yi) (1 — Tr2i( P2, @yi)) (1 — 2m12i (P2, Qyi)) Z2iwaij (D2, Gyi) 2 D30 (—1)
aqu (xl)

(S1.20)
+ T12i (P2, @yi ) (1 — T12i (P2, @yi) ) Pa2 X
0
X S wWaii (@2, @yi) 0 + 22iW2ij (P2, Qyi) P22(1 — waij (P2, qyi))
qr; (Ti) P22
\ w21j(1 + Zj:l eXp(¢22qu (il?z))) )
(S1.21)
od,;;
2 = T19i(ha, qyi) (1 — T12i( 2, Qyi) ) 226w (@2, Qyi) Do waijr (B2, @yi) (—1)
6(]Tj/ (xz)
(51.22)
+ T12i (P2, qyi)(l — T12i (2, Qyi))¢22>< (51.23)
p )
0
X < Waij (¢2, qyz) 0 + z2iw2ij(¢27 qyi)inj/<¢27 qw)(_l)
1 qr, (i) p22
\ waigr(1+ 371 €XP($224r; (i) J
(S1.24)
. od. ;. r; (i) P22
Wopii = % — m2i(Pa, @i ) (1 — T12i( P2, @yi)) 22:(0, 0, way (1 + : )@r; (i) P22)
qoj-, a¢2 12 ( 2, Yy 12 Y J Z;‘]:1 eXp(cngqT_,- (xl))

+ (615 — m12i) (@2, Qyi) My,
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0 0 0

0 0 woyj(¢o, Qyi)[%j (25) — B 5 (yi | )] + 714
i = w2ij(¢27 Qyi)[qg (z;) — Ez,J(?Jz‘ | xi)]qrj () P22
Zj:l exp(pa2qr, (7))
qr, (;) P22y () Eq 5 (yi | ;)
S exp(aagr (x:) D7, exp(dangr, (7))

+ waij (P2, Gyi)

(81.26)
. dd,;;
Waass = g, () + Ti2i(@2, @yi) (1 — T12i (2, @y ) ) W2i (P2, Gyi ) D22 %
0
+ (01; — m12i( P2, @yi)) 0

w2ij(¢2> Qyi)¢22(1 - w2ij(¢2> Qyi)) + V2ij
(81.27)

Z}]:l eXp(%z% (i) P2z — dr; ($i)¢2zeXp(¢22qrj (%’))%2)
[Z}; exp(pazgr, (7:))]?

VY2ij = w2ij(¢27 qyi) (

(S1.28)

dr; () P22
> exp(¢aagr, (2:)

Waij (¢27 Qyi)¢22(1 - w2ij(¢27 Qyi>)
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. od,;;
Wiy = ot (S1.29)
dr; (73) P22
+ m12i( B2, Gyi) (1 — T12:( P2 Qyi) ) w2 (D2, @yi) 22(0, 0, wa (2, qyi) (1 + =7
ijl eXP(¢22qu($i))
(S1.30)
0
+ ((51¢ - 7T12i(¢2, Qyi)) 0
V3ij
qr; (.Qﬁi)(bgg dr; (xi)qu/ (I1)¢32
Vaij = —WaijWaijr — WaijWaijr (1 +

ST explomty (@) [T, oxpl(Gat (2)

S1.4 Linear Approximation for 9133

A linear approximation for ¢z is

(&3 — ¢3 = I(;Bl {nl Z U¢31} —+ Op(nfo'g’),
i=1
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where Iy, = lim,, o I, ¢,

In,¢>3 =n"! Z 7T13i(¢37qyci)(1 - 7T13i(¢3a q$i>)z3izéz‘>

i€A13

J
Us,i = 03 Tio0(p3) + 61 {Tzoo(¢3) + Z Fgng}
j=1

Tioo(@3) = (015 — T1300(T4)) 2305 230 = (—1, —Es s (5 | i), —ui)

. 1
F; = lim — E (01k + 031) fari B(xk)', foij = mi3i(Ps, @zi) (1 — T13i(P3, Qi) ) w3 P31 23
n—00 N1

k=1
}1

;= Hy, oy (1) BUi)¥r, (ealyi(73)), €alyi(Ts) = 2 — B(Yi)Baly(75)

J
m13i(P3, Qui) = {1 +exp | @30 + log (Jl Z eXP{¢31Qj($i)}> + D32

J=1

W35 = w3ij(¢37 qm>7 and Hnl,x|y(7—j) = hmnﬁ\oo n1_1 Zi:(;izl fm|y,5:1(Q‘rj (yz)a yz)B(yz)B<yz)/+
’M;—ll’”D;le. An estimator of the variance of ¢ is defined in a manner anal-

ogous to (S2.2)) and is therefore deferred to supplementary material.

S1.5 Proof of Theorem 2

Proof of Theorem 2. As shorthand, let ¢;(z;) = ¢, (z;) and ¢;(vi) = Gr,; (ys)-

We decompose the difference between the imputed estimator 6 and 0 as

V{l — 0} = /n(Ty + Toy + Top + Tsy + Tsp + Tuy + Tha),
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where

n

T, = n Z(g(ﬂfi,yi) — Eg(X,Y))

=1

Ty = %Z%(Eﬂg(%,y) | i) — 9(@i,43)), Tow = %Z&%(Eﬂg(){a i) | vil — 9(xi, y3))

TSy = - Z 622 Z Wai 4 ¢2a qgcz xza QJ sz Z Wa; 4 ¢2a qm) (xzv q; (l’z))
7=1

T3:v = - Z 53z Zw&] ¢37 qyz QJ yz yz Zw3z] ¢3u qyz) (QJ (yz) yz)

iy = 2 52 (3 w0, 0.0V 0) — Bl ¥ | ),

and Tpp = ' Y0 030 wais (3, 9y0))9 (a5 (v), i) — Eslg(X,9) | wi)).

We further decompose T3, as T3, = Th,1 + T3y, where

T3y1 - Z 62@ [Z Wa; 4 ¢27 qa:z) (337,, q] xz szzg ¢27 qm) ('r’w q; (xz))] )

and T3y2 =n"! Z?Zl 2 [Z;}:l w2ij(¢27 Qm‘)g(xu qu (%)) - Z}]:1 w2ij(¢2a qxi)g(%‘; q; (%))} .

We expand T3, as
T3y1 = {n_l 2531'001}2(9(9:% Y)v Y | xt)} (07 Oa 1)($2 - ¢2) + OP(K ni y|;t _05)7
i=1

and
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n J

1 -

T3y = — E 02 [E Cykj(Q‘rJ(xz) dr; (9171))]

i=1 Jj=1
n J ni

1 . a1 a

= — E 0ok § Cyk;j [B(xk) H,, y.(7;) 1n—1 E 0B () r, (€y1ai(75)) + b3 (1) + b2 ()

k=1 ]:]_ =1

n J
o > 6”/ / Cy(x, )(1)dF (x| 0 = 2)dr + Oy(K, 717),

where ¢,;; = ¢,(x;,7;). An analogous expansion holds for T3,. The result
then follows from Chen and Yu (2016), Theorem 5.4.3 of Fuller (2005), and

arguments analogous to those used for the proof of Theorem 1. O

S2 Functional forms of estimators of variances

In the definitions of the variance estimators, we use g,; and g,; as snonyms
for y! and x, respectively. We continue to use §;(v) as shorthand for ¢, (v),

as in the proof of Theorem 2.
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S2.1 Estimator of variance of (ﬁg

An estimator of the variance of g{32 is

V{ds} =n""I) <ZU¢21U¢2Z> o (52.1)

where jn,¢2 =n! ZieAm 7T12z‘(<1327 Qyi)(l—ﬁm(qua Qyi))ﬁmﬁéi; ﬁ¢2i = 52z‘5'z'(€2>2)+
511[Si($2)+z;-]:1 bj&j]; Sz($2) = (511—7T12i(¢32> Qyi)) 22, 220 = — (1, 75, E2,J(yi |
i), EQ,J = ijl w2ij(q§2> ‘jyi)ﬁrj(xz’)a

n

1
Dj = Z((Sm + 52k)quz]B(xk)

n
L=t

Ciqij = 7T12i(€l7>2, Gyi) (1 — 77121’(92)2, qui))U)Qij(g&% qui>§£22£2ia Lij = Hnl,y\x(Tj)B(Ii)¢rj(éy|x,i(7'j)>

A ~

An. .
Hy,y0(1) = @ypa(7) + T2 D) Dy @ypa(r) = 00" Y fypsmt (4,60 (22)) B(i) Bl

n
1 1:0;=1

@)L K () K ()
o) = S K )

and K (-) is a Gaussian kernel with bandwidths a and b for x and y, respec-

tively.

S2.2 Estimator of the Variance of 9133

An estimator of the variance of g133 is

V{gs} =n"I;} (Z ﬁ¢3iﬁ;53i> . (52.2)

i=1
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where

In,¢3 =n' Z 7713i(§£37 Qm‘)(l - 7Tl3i(€£37 @mz))23z2§1

i€A13

$
<
|
(o9
&"’
=2
@
w
~
+
(o)
S
H>
>
|| Mk‘

Tz(qss) = (51i - 7T13i(q33, (jm'))23

23 = — (L i, oy (zi | 4s))

J
Ey gy = Z w3ij(¢3a ‘jm’)ﬁfrj (yz)
j=1
. 1 x ,
F; = o (51k + 03k) Fary B (k)

k=1

fqij = 77-132'((2)37 4.i)(1— 7T13i<§£37 dri))w?)ij(d;& (jmi>§£3123i

A~

mij = Hm\ynl (Tj)B(yi)wTj (émly,i<7j))

A A

)\nl,x
Hnlx\y(Tj) = Qxly(T) + n ;anv

A

Doy (1) =0t Y Fatyoma (i, - (5:)) B(yi) B(yi)

1:0;=1
(ab)™ 3T, 0K (52) K (*5*)
o L 0K ()

Folyomi(2,y) =

where K(-) is a Gaussian kernel with bandwidths a and b for x and v,

respectively.
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S2.3 Definition of 7,

An estimator of r; is

P = g(zi,yi) — 0+ Soi( Enlg(wi,yi) | 2] — glai, i) + 03:(Esg(zi, vi) | vl — 9(i,wi))
(52.3)

+ ((511 + 521)

{n‘l Z 821, Cova (g, Y), Y | [Ek)} e, I~ ¢2U¢27i (S2.4)
+ (015 + 03;) {nl Z 05 Covs(g(X, i), X | yk)} &1, 4, Usni
k=1

J
+61()_ Cy ki + Clyrng) (S2.5)
7=1

= (0,0,1), Cy = nllzz— 52% yij» Crj = 7%112@— 5310 Cl, =

$Z]7 Yy

éyijB(%') ) Cg/m'j = ézijB(yz‘),,

A~

2 éyzg A A N A~
Cyij = . - EQ[Q(%,Y) | $z‘]w2ij(¢2, Qyi)¢22
Z;'Izl exp(¢a2q;(:))

= ~E X, i i ijAaAm'A
Z}]ﬂ eXp(¢31Qj(yi)) 3[9( Yi) | y]w3 (b3, Qi) P31

Cyij = eXp(ézchj (%))9;(%, (jj(xi))‘i‘g(ifia qj (mi))eXp@quAj (%‘))@2, and g5 =

exp(031d;(vi)) 9 (35 (Vi) vi)+9(d; (4i), i)exp(d31d; (i) ) P31 The estimated mo-

ments are Eg[g(xi,yi) | xz] =

A

TS waii (o, Gyi)9(i, 45()), Eslg(i, i) |
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yil = J7! 2}121 w3ij(§£37 4:1)9(3;(Yi), yi),

J

CAOUQ(Q(iEmY),Y | 2p) = J7! Zw%g’(QSQ, dyk)9(@k, 4j (k)35 ()
j=1
J ) J )
— I wok (o, Gyr) g (e, 43 (@) T Y warg (b, Gy )G (),
j=1 j=1
and
~ J A
Covs(g(X,yu) X [ yx) = I wang(bs, du)9(d(yn), ye)ds (vs)
j=1
J ) J )
—-J! Z wkj (D3, Gor) 9(45(ur), i) T~ Z W3 (P35 Q)4 (Yr)
=1 i=1

S2.4 Composite Estimators

One may be interested in a parameter of the form 6 = h(6,,...,0k), where
each 6 is of the form Egi(X,Y), for some function gx(X,Y). For ex-
ample, if the parameter of interest is Cov(X,Y’), then 6 = 6; — 050,
where #; = EXY, 0, = EX, and 03 = EY. The estimator of # is of
the form 6 = h(él, . ,éK). An estimator of the variance of 6 is given by

V{0} =n2d, S0 (P, . ., Fic) (Faa, - - ., Firc ), where

d, = o oh e
h — 091"”789K 01,..,0K)?

and 7 is the estimator of r; of (3.4) of the main manuscript, appropriate

for estimating the variance of 0y..
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S3 Propensity Score Adjusted Imputed Estimator:

Further Detail

S3.1  Variance Estimator for Propensity Score Adjusted Im-

puted Estimator

The estimator of the variance of the propensity-score adjusted imputed

estimator is

. A 1 . _
Vpsa—iup(Opsa—rup) = 2 Z(Tz’,p —7p)°
-1

1 n S
where 7, =n= 'Y " 7y,

Tip = dy; + P (9(zi, yi) — é) +I§L1521(E2[9(33u vi) | zi) — 9(z4,v4)) +25L'153i(E3[9($i>yi) | vil — g(xi,v3))
(S3.6)

+ (01 + 09;) {nl Z 52k131k105v2(9($k, Y),Y | xk)} elzj;@ﬁaﬁz,z’
k=1
(S3.7)
+ (81 + 03:) {nl > S Covs(g(X, i) X | yk)} el Usys

k=1

J
+61:0)_Cy; i + Cl i) (83.8)
j=1
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dy = Vi L 3(1,0)) (1 = b4 — Pas),

W mz; [ A xlayz 2 7%
Vi - {z 2 z z >}<>

- it Dy

n

I, = Z(l,’vg)/(l, v;)Pai(1 — Pai)

=1

_ e _ -1l A—1 A ~ _ -1l A1 A
es = (0,0,1), Cyip = My Zz‘:1 02iPy; Cyijy Cuj = mq Zi:l 03iDy; Clij,

yig zij
S (Afyl'j A A
Cyij = T — E5]g(x;,Y) | z5]waj (@2, Gyi) P22
>y exp(a2d;(x:))
2 Cuij - A
Caij = - — E5[9(X, vi) | vilwsij (@3, Gzi) P31

Sy exp(s1d; (i)
Cyij = eXP(ézquj (371))9;(95“ (jj(l'z'))"‘g(ﬂ?i, ﬁj(iﬁi))exp(@ﬁj (xi))é% and ¢y =
eXp(qg?’qu'(yi))g:/c@j(yi% Yi)+9(d;(ys), yi)exp(qgm(jj (yz))nggl The estimated mo-

ments are EQ[Q(ﬂ% yi) | i) = J! Z;]:l w2ij(¢§27 Qyi) (s, G5 (1)), Eslg(zi, yi) |

yi] = J Z}le w3ij(¢33> 42:)9(q;(Yi)s vi),

J
Covy(g(ak,Y),Y | ap) = J szkj(¢2, dyr)9(Tr: 4i(wr)) g5 (k)
j=1
J A J )
— I wk (o, Gyr) g (e, 45 (@) T Y warg (b, Gy )G (),
i=1 i=1
and
~ J ~
Covs(g(X,yu), X | 2x) = T wsni (D3, Gur)9(G5 (Uk) i) 45 (we)
j=1

J J
— I ws (s, Gu) (@ (). yi) T wsig (s, Gr) s (k)

j=1 j=1
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S3.2 Simulation for Propensity Score Adjustment

We verify that the propensity-score adjusted imputed estimator and
corresponding variance estimator are unbiased through simulation. In the

model for the simulation,

o exp(¢40 + ¢41Ui) —
Py =1) = 1+ exp(¢ao + da1v:i)

44

where v; & Unif(—1,1) for i = 1,...,n, ¢so = —1.2 and ¢y = 0.2. We
generate 04 n Bernoulli(py;) fori=1,...,n. We let z; = 0.5+ 0.5v; + ¢;,

where ¢; w N(0,0.3%) for i =1,...,n. We generate y; as
y; = exp(2(z; — 0.5)/1.5) + €,

where ¢; w N(0,0.2%). We set n = 2000, J = 50, A = 2, and use 35
evenly-spaced knots.

Table [1| summarizes the MC properties of the estimator and vari-
ance estimator for a MC sample size of 100. The population parameter
6 is the average across the 100 MC samples. From MC mean of the PS
estimator in the row labeled F Mc(é ps), we conclude that the PS estimator
is approximately unbiased for 6. The rows VMc(éPS) and EMC(VPS) con-
tain the MC variance of Opg an the MC mean of the variance estimator,
respectively. The variance estimator slightly over-estimates the variance of

the estimator. The t-statistics in the final row of the table indicate that
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the over-estimation of the variance is not significant relative to the MC er-
ror. Further, the coverage rates in the row labeled C.R.% are close to the

nominal 95% level.

EY EX EY? EX? EXY

6 1.1655 0.4994 1.8667 0.4236 0.8493
Envc(fps) 1.1655 0.5003 1.8651 0.4235 0.8489
Vire(Bps)  0.0399  0.0126  0.4936 0.0166  0.0842

T(V) 0.0372 0.0127 0.5137 0.0161 0.0830

CR. % 0.9500 0.9400 0.9500 0.9400 0.9300

Table 1: MC properties of propensity-score adjusted imputed estimator and correspond-

ing variance estimator.

S3.3  Covariate Definitions for Propensity Score Model in the

Data Analysis

The variable Age is the age of the head of the household, with 5 possible
values: 1= under 30 years, 2=30-39, 3=40-49, 4=50-59, 5=60 and older.
Income represents the household income with 5 possible values: 1=un-
der $20,000; 2=%$20,000 to $39,999; 3=%40,000 to $59,999; 4=%$60,000 to
$99,999; 5=$100,000 and over. Educational status is similarly summarized
through a numeric variable, where 1= high school or less, 2=attended col-

lege, 3=college graduate, 4=advanced degree. Finally, the household size
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has possible values of 1 person, 2 people, and 3 for more than 2 people.

S4 Identification Condition for Multivariate Covari-

ates

Consider a p—dimensional vector of covariates * = (z1,...,2,). A mul-
tivariate version of the B-spline is B(x) = (Bi(z1),...,By(z,)), where
By (xy) is the B-spline for univariate variable z. Assume all elements
of  are simultaneously observed or are all missing so that A retains its
interpretation. Assume P(A = k) o< exp(dro + @)1 + dro2y) such that
S P(A = k) = 1. Define hu(ésn, y) = —log(Blexp(~h, X) | 3,6 = 1))
To identify the parameters, one must ensure that the matrix V' is full rank,

where V' = (vy,...,v,), and v; = (y;, Ohz(¢s1,v)/0d31).
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