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S1. Theoretical Properties under Time Series Structures

We consider the performance of CLIPS classifier when observations within each set are
allowed to follow various time series structures, and extend the results obtained in Theorems
B3, [, b and [6] in these dependent settings.

We follow the assumption in Section [2] that both the N sets {(X;, Vi) }¥, and the new set
(XT,VT) are generated in the same way as (X, )) independently. In this section, the generat-
ing process of (X)) is generalized to allow both short-range and long-range dependent time
series. Specifically, while we still assume ) and M are independent with class probabilities

7, (k = 1,2) and distribution py; respectively, here we assume that conditioned on M = m

and ) =y, observations X1, Xs,..., X, in the set X follow a vector linear process,
Xi = [y + Z Aytgifty (Sll)
t=0
where A, are p x p dimensional coefficient matrices in class Y = y and & = (&1, .., &)

with (§4j)tez.j=1,..p being 1.i.d. standard normal variables. Note that the covariance matrices
of individual observation from two classes are ¥, := ¥, = > 2 A, Al for y = 1,2, In

general, the auto-covariance matrices at lag k of all observations within each set, that is
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S1. THEORETICAL PROPERTIES UNDER TIME SERIES STRUCTURES

Cov(Xi, Xitr) = Zye = Y 1op AytAg(Hk) for y = 1,2. The above vector linear process is
flexible since the coefficient matrices A,; can capture both spatial and temporal dependences.
One important example is the vector auto-regression (VAR) model. It has been widely used
in many fields, including functional Magnetic Resonance Imagine (fMRI) and microarray
data (Dinov et al., 2005; [Posekany et al., 2011)).

To characterize the dependence relationship of the time series, we impose conditions on
the coefficient matrices. Set Ay = (ayij)1<ij<p- Then we assume the Gaussian linear
process satisfies the following decay condition on A, for both classes y = 1,2, and all ¢ > 0,

p

{gzaé(; af/t’ij)l/2 < Crs(l+1t)7", (S1.2)
where Crg > 0 is some constant and v > 1/2 reflects the decay rate. The requirement
v > 1/2 is needed to guarantee that the covariance matrix ¥, = > ;° A, Al is finite. In
particular, in the time series literature, when v > 1, the corresponding linear process is
said to have a short-range dependence (SRD) because rows of the the corresponding auto-
covariance matrices X5, are absolutely summable, which yields relatively weak dependence
among all observations within each set. When 1/2 < v < 1, the corresponding auto-
covariance matrices may not be absolutely summable and thus the linear process is said
have a long-range dependence (LRD). See, for example Beran| (2017)); Wu et al| (2010) for
more details.

We investigate generalization errors for the CLIPS classifier &(X M) in under the
vector linear process model for both short-rang and long-range dependence. It is worthwhile
pointing out that ¢p in is no longer the Bayes decision rule due to the time series

structure. In contrast, the full Bayes decision rule for model (S1.1]) requires the knowledge
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S1. THEORETICAL PROPERTIES UNDER TIME SERIES STRUCTURES

of all coefficient matrices A,; for t € Z,y = 1,2. However, in high-dimensional situations, it
is difficult to estimate all coefficient matrices A,; accurately if not impossible at all. With
the decay condition , it is still reasonable to apply some simplified quadratic classier
such as ¢p(XT) in to predict YT as if all observations in the test set X7 are independent.
Indeed, under the independence case in which A,, = 0 for all ¢t > 1, ¢p(XT) is the oracle of
our CLIPS classifier ¢(XT). With the general time series structure , we need to define

the oracle of our CLIPS first.

p(xh =2— 1{% + Bo+ Tz +7TVE/2 + tr(VS)/2 > o}.
Recall that the key estimation in our CLIPS classifier displayed above include quadratic term
V, linear coefficient 3 and an intercept coefficient 3,. While the estimations V in and
B in are proposed to estimate their counterparts in our CLIPS classifier V = ¥5 ! — % *
and 8 = 1 — [ where 8, = ¥ 11, respectively, the constant coefficient estimator By in

is obtained via a logistic regression model. Therefore, the oracle Sy rg of 50 in the current

setting is defined as the minimizer of the following population loss function, that is,

50,TS = argmin E€(90 | {(Xlayl) ﬁ\;bB?V)? (813>

foeR

where ((0y | {(X;, Vi) }X,, 3, V) is defined in (3.7). We point out the interpretation of ¢(-)

is no longer the negative log-likelihood function and thus 3y rg is not always equal to the

quantity fy = {—log(|Sil/|Sal) — s ST 1 + 1§ S5 e} /2 defined in 22). However, the

oracle classifier ¢prg of CLIPS defined below is always no worse (i.e., has the same or
smaller generalization error) than ¢p in (2.2) due to its definition (S1.3)). Again, for the
independence case, we have ¢p g = ¢5.
1
(bB,TS(XT) =2 E{W + BO7TS + ﬁTi’ + jTVf/Q + tr(VS)/Z > O} (814)

3



S1. THEORETICAL PROPERTIES UNDER TIME SERIES STRUCTURES

From now on, we denote by Rp g the oracle risk although the subscript B no longer implies
the Bayes decision rule.

We first extend Theorem [3| and establish the statistical properties of the thresholded
CLIME difference estimator V defined in . Again, we assume that the true quadratic

parameter V = ;1 — 371 € FMy(s,) has sparsity no more than s, defined in (4.1)).

Theorem 1. Consider the vector linear process defined in that satisfies the decay
condition . Suppose Condz'tz'ons hold. Moreover, assume V € FMo(s,), 1 Zx e, <

Cp1 with some constant Cypy > 0 for k = 1,2 and logp < cgN with some sufficiently small

constant co > 0. Then for any fized L > 0, with probability at least 1 — O(p~%), we have that
IV =Vl < 2X
IV=Vlr < 25NN,
IV=VIh < 25y,

as long as XLN > 8Cn AN in and

. CCuy/ 22 ifv>3/4
1,N =

CCp /% if1/2 < v < 3/4

where C depends on L, C,, Cy,Crs and c,,. Moreover, we have pr(supp(V) C supp(V)) =

Y

1—-0(p™*).
Remark 1. The choice of tuning parameter A\; y and the rates of convergence on the bound-

ary case v = 3/4 can also be dealt. In particular, we require \; y > CC’g“/bgﬁ,l% if

v = 3/4. See the proof of Theorem (1| for further details.

The results in Theorem [I] critically depend on the estimation accuracy of the sample co-

variance matrix under the supnorm in various time series dependence structures within each
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S1. THEORETICAL PROPERTIES UNDER TIME SERIES STRUCTURES

set. Such technical results are detailed in Lemma [6] in Appendix, where the corresponding
analysis requires an application of Hanson-Wright inequality. In particular, if v > 3/4, then
the rates of convergence for estimating V are the same as those under the independence
assumption. If n < 3/4, that is, the vector linear process has a long-range dependence, then
the rates can be affected and reduced correspondingly.

We turn to the statistical properties of the linear coefficient estimator B defined in
under time series structure. The following theorem is an extension of Theorem [ in which

we assume that § = ;1 — (2 belongs to the s;-sparse ball defined in (4.2]).

Theorem 2. Consider the vector linear process defined in that satisfies the decay
condition . Suppose Conditions @ hold. Moreover, assume that B € Fo(s;), logp <
colN, [|Bellh < Cs and ||| < C, with some constants Cz,C,, > 0 for k = 1,2 and some
sufficiently small constant co > 0. Then for any fired L > 0, with probability at least

1—O(p™*), we have that
||5~ - 5“1 < CHCHSZ)\Z,Na
[8=8ll < C"Cavsidan,

as long as the tuning parameter Xy n in satisfies

N C'\ 3L ifv>1
2N =2
/w8 if1/2<v<1
mg

where max{||S7 ey, |25 e, } < Cr and C",C" depend on L, Ce, ¢, Cr, Cg, Crs and C,,.

Remark 2. The choice of tuning parameter A, 5 and the rates of convergence on the bound-
. . 2 .
ary case v = 1 can also be dealt. In particular, we require Ay y > C"4/ bgg\}% if v =1.

See the proof of Theorem [2] for further details.
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S1. THEORETICAL PROPERTIES UNDER TIME SERIES STRUCTURES

At a hight level, the estimation accuracy of linear coefficients are determined by both
estimation accuracy of the sample mean and that of the sample covariance matrix under the

supnorm. While under the short-range dependence structure both rates of convergence are

equal to \/(logp/(Nmy)), the rate of convergence of sample mean dominates that of sample
covariance matrix when there is a long-range dependence among multiple observations within
each set.

Next, we derive the rate of convergence for estimating the oracle constant coefficient 5y rs
defined in under the general time series structure. The accuracy of our estimator Bo
critically depends on the accuracy for estimating 5 and V. Theorem [3] extends Theorem
from the independent case to the general time series structure. We need one mild condition,

the population strong convexity of the loss function £(8y rs | {(X;, Vi)Y, 8, V) at the oracle

point By rs.

Condition 1. Set X and S as the sample mean and variance of the set of observations

(X,Y) with set size M. Define Z; = log(m/m)/M + XTB + XTVX/2 + tr(VS)/2. The

exp(M(Bo+2))
(1+exp(M(Bo+2)))

expectation of the variable 5 is bounded below by Cios > 0, where (o is some

universal constant.

Remark 3. Strong convexity Condition [I] coincides with Condition [ for the independent

exp(M(Bo+2))
(1+exp(M(Bo+2)))*"

case. Indeed, for the independent case we have Var(Y | X) =

Theorem 3. Consider the vector linear process defined in that satisfies the decay
condition . Suppose Conditions and hold, logp < coN with some sufficiently
small constant ¢y > 0 and ||| < C, with some constant C,, > 0 for k = 1,2. Besides, we

have some initial estimators 3, V, 1 and 7ty such that mo(||3 — B|11)(1 + Us) + mo(||V —
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S1. THEORETICAL PROPERTIES UNDER TIME SERIES STRUCTURES

VI + Ug) + maxg—y o |7 — 7| < C, for some sufficiently small constant C, > 0 with

probability at least 1 — O(p~F). Then, with probability at least 1 — O(p~1), we have

5 - - |
5o — | < C ((H@—mma +Us) + (19 = Vlh)(1+ Uy) + pa e — il o + ﬁif%) 7

where Ug satisfies

,/Tniop ifv>1
Ug =

er if1/2<v <1
Mo

Uy satisfies

logp ;
m—o ZfV > 1

UV — )
er. if1/2<v <1
Mo

and constant Cs depends on L, C,, Cr, Ciog, Cp, Crg, Cyy, Crn.-

Remark 4. The rates of convergence on the boundary case v = 1 can also be dealt. In

. . 2 2 .
particular, we require Uz = w/bg’p:# and Uy = bg’ﬁsﬁ if v = 1. See the proof of

0

Theorem [ for further details.

We point out that the rate of convergence for estimating 3, rs depends on the estimation
accuracy of the linear coefficient through a term ||3 — 8]|; in Theorem [3| while it relies on a
potentially smaller term || 3 — 3|2 in Theorem |5 under independent assumption in Section .
This is due to a technical reason and the result cannot be improved (i.e., replacing ||5 — 81
by || — B|l2) if we only assume the decay condition (S1.2).

Theorems [I] [2] and [3] extend Theorems [3| [4] and [f respectively, and demonstrate the
estimation accuracy for the quadratic, linear and constant coefficients in our CLIPS classifier
(3.8) under the general time series structure. Finally, we establish an oracle inequality for

its generalization error via providing a rate of convergence of the excess risk. Recall the
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S1. THEORETICAL PROPERTIES UNDER TIME SERIES STRUCTURES

generalization error of CLIPS classifier is R = m Ry + myRy, where Ry = pr(qg()c'*) # k|
V' = k). Again pr is the conditional probability given the training data {(X;, Vi) }¥, which
(/E(X ) depends on. In addition, we define the generalization error of the oracle classifier
¢p1s as Rprs = w1 Rirs + mRars, where Ry 7 = pr(¢prs(XT) # k| YT = k).

We need to introduce some notation dy rg related to the oracle classifier in , which
is similar to dy defined in Section [4] for independence case. Recall the oracle classifier
¢prs(XT) solely depends on the sign of the function grs(XT) = Llog(m /m2) + Bors +
BTz + z7Vz/2 + tr(VS)/2. We define by Fj . rs the conditional cumulative distribution
function of the oracle statistic grg(XT) given that MT = m and Y = k, and define by dnrs

the upper bound of their first derivatives for all possible m near 0,

dnrs = max { sSup ‘Flé,m,TS(t)‘} )

me[emmo,Crmmo], k=1,2 te[—50,0]
where d, is any sufficiently small constant. The value of dy g is determined by the vector
linear process and performance of the oracle classifier. We define the counterparts of
=n and its statistical order ky defined in Section {4 under the general time series structure
below, which critically determine the excess risk. Indeed, one can show that Theorems [T
and [3| imply that with probability at least 1 — O(p~1),

|7

- > = - =
Zxrs = (14 U= Bl + (1 + U9 = 9l -+ g P50 | = O

where ky s = (14+Ug)sgA v + (14 Us)Carsidan + 4/ (log p) /(Nm3), and the key quantities
Up, Uy, Ay and Ay y are specified in the statement of Theorems , and |3| for various value
of pn. The quantity kyrsdnrs is the leading rate of convergence in the oracle inequality.
We need one more condition to guarantee the assumptions of Theorem 3| are satisfied with

high probability, which is similar to Condition [5| for independence case.
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S2. PROOFS OF MAIN RESULTS

Condition 2. Suppose moknr1s < ¢o and Ky rsdnrs < co with some sufficiently small

constant ¢y > 0.

Theorem [] below reveals the oracle property of CLIPS classifier under the general time

series structure.

Theorem 4. Suppose that the assumptions of Theorems[1] and[9 hold and that Conditions

@ also hold. Then with probability at least 1 — O(p~%), we have the oracle inequality
R < Rprs+ Cylknrsdnrs +p L),

where constant Cy depends on L, C,, Cr, Clog, Cg, Cyy, €, Crs and C), only.

S2. Proofs of Main Results

Proof of Theorem [1]

Proof. We only prove that Rg; — 0 and the proof of Rgs — 0 is similar. In addition note

that

Rp, = PT(¢B(XT) #k | yT =k)
Cmmo

= ) pr(ds(XN) # k[ Y=k M =m) - py(m)

Crmg

D= Z Rpkm - pm(m),

M=Cmmo

where the last equality is due to independence of YT and M, and Condition . Hence it is
sufficient for us to focus on any fixed m € [c,,mg, Cpymo].
Given that the set is from Class 1, we have Xj ~ N(p1,%1),i = 1,...,m. The Bayes

decision rule classifies the set to Class 2, i.e., ¢p(XT) = 2 in (2.2) if g(X],..., X}) < 0,
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S2. PROOFS OF MAIN RESULTS

which is equivalent to

m T > 2
> (XZT - Ml) \ (XJ - Ml)_2m5T251(X—M1)+m5T2515_mlog (M) 2los <E> =
> |2 T2

(52.5)

where X = 327, X[ /m is the sample mean.
Define V' = 21/222_121/2 — I where [ is the identity matrix. We set Z; = 21_1/2()(3 —py) ~
N(0,1), App = S, ZIV Z; — 2md7535 ' 512 Z with Z = S, Zi/m. Then the Bayes risk

Rp1m can be written as, following from ([S2.5)),
Rpim =pr(A4,, —EA,, < —a),

where o = mtr(V) + méT35'6 — mlog{|S1|/ |S2|} + 2log (71 /) since EA,,, = mtr(V).
The strategy to bound Rpi,, is to show that |A,,, — EA.,,| concentrates on /mD, but
o > 0 diverges at a faster rate of mD].

We first give an upper bound of the magnitude of A,,, — EA,,,. Write the eigen-
decomposition of V as UAU” and the diagonal matrix A = diag(\;) with Ay > Xy > ... > A,
Moreover, set Z; = UL Z; ~ N(0, 1) with Zi,j its jth entry. Note that

mp
Amp —BApp = > N(ZE—1) —2md"55'5,° 2.
i=1 j=1

The tail probability of normal distribution implies

2
pr(12méTs; =2 Z] > 1) < 2exp 1 t - < 2exp (_ Ce_3t22> |
2\ 2y/ml[o7s5' 5 8ml|o]

(52.6)

where the last inequality is due to Condition . Since ZEJ — 1 is sub-exponential, Bernstein’s

inequality (e.g. Vershynin) 2012, Proposition 5.16) implies that there exists some universal
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constant ¢; > 0 such that

N 2 t
(72 —1 <2 — i . 2.
eI 3N = 1> 0 < 2o (-aminte e ) (62

i=1 j=1

Now we focus on the lower bound of a. First of all, notice that md?' ;6 > mC-1||§||? by

Condition (Il Moreover, there exists some constant ¢; > 0 depending on C, only such that

mtr(V) —mlog{|X1|/[22]} = m(tr(V)—log|l +V|)

p
= m» (N —log(l+ X)) > caml|All% (52.8)

j=1

where the last inequality follows from that A\;+1 € [C. 2, C?] according to Condition |1} Note
that |Allp = |V]r = [|Z1/2VE)?||r and C71 < |V]|#/||V]lr < C. according to Condition
. Therefore by combining the above two results we conclude a > cgmD2 + 2log(m /)
with ¢3 = min(c,C;2, C;1) > 0.

Note that by Conditions|ljand [3, A; in equation and 2 log(m /my) in the expression
of a are bounded. When me) is large enough, we can pick t = cng for small enough
¢ > 0 in equations and such that A,,, — EA,,, > —a with probability at
least 1 — 4exp (—c’ mDﬁ). Therefore we complete our proof by seeing that for each fixed
m, Rp1m < 4exp (—c’mDﬁ) for some small constant ¢ > 0, together with the fact m €

(o, Crymg] from Condition . O

Proof of Proposition

Proof. Note that instead of m observations with i.i.d. N(ug, Xg) from either class k = 1, 2,
in the current case, we only have one representative z ~ N(ug,>r/m) with & = 1 or 2.
Therefore, the proof of upper bound, i.e., R; < 4exp (—c(||V||% + myl|d]|*)) for some small

constant ¢ > 0, simply follows from the proof of Theorem [I| by replacing mq and ¥ by 1
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and Xy /mg respectively.

To show the rate on the exponent cannot be further improved in general, we need a little
more efforts. Following the proof procedures for Theorem [T it is sufficient to show the same
lower bound on each Rz, := pr(¢pz(XT) # k| YT =k, MT = m) where m € [c,ymq, Crymo).
Given that the set is from Class 1, we have X1 ~ N(uj,%,/m). ¢ps classifies the set to

Class 2 if gopa(XT) < 0, which is equivalent to

_ , . )
m (X1 = )"V (X = ) —2mo"S5 (X = piy) +méT 5515 — log (%) +2log (%) <0.
2 2

Define V' = Ei/ 222_ 12}/ > — I where I is the identity matrix. Write the eigen-decomposition
of V as UAU” and the diagonal matrix A = diag(\;) with Ay > Ay > ... > )\,. Moreover,
set Z = /mUTS; (X — ) ~ N(0,1) with Z; its jth entry, and Ay, = S0 A Z2 —
2\/56T22’1E}/2UZ. Then the risk Rz, can be written as Rz1 m = pr (Anmyp — EA,, < —a),
where v = P A + mdTE516 — log{|S1] / |Z2]} + 2log (m1/m) since EAy,, = Y201 A;.
We first upper bound the value of a. Notice that mC||§||> < mdéTS5'6 < mC.||6]|* by
Condition (1} Moreover, a similar argument to also provides an upper bound, i.e., for
two small constants ¢y < ¢; < 1, we have col|Al|7 < 3°F_) Aj —log{|%1] / [Za]} < chl|All%. By
Condition (3} 2log(m /m2) in the expression of « is bounded. Therefore, under our assumption
on sufficiently large ||V||% 4+ myl|d||?, we have that 0 < o < c(||V||% + mol[d]|*) with some

small ¢ > 0.

We show the rate on exponent cannot be further improved by showing a lower bound
for some special cases of 1, ji2, X1, Xg. Assume the support of vector (A, ..., \,)T and the
support of vector 67 X5 121/ *U are disjoint (e.g., both ¥ are diagonal matrices with difference

on the first p/2 diagonal entries, and only the last p/2 coordinates on mean difference §
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S2. PROOFS OF MAIN RESULTS

are nonzero). For this scenario, the first term 77 := ?:1 )\jZJ2 and second term 15 :=
—2\/55T22_121/2UZ in A,,, are independent. To show that the term 7 is non-positive
with probability away from zero, we apply Proposition 2.4 in |Johnstone| (2001) to obtain
that pr (7} < 0) > v > 0 with some absolute constant v > 0 by noting that the first term
is a weighted Chi-square variable. By tail probability of normal distribution and the upper
bound of a, we further obtain that pr (T < —a) > exp(c(||V||% +mg||d]]?)) with some small
¢ > 0. In the end, by independence, we obtain that Rz ,, = pr(Am,, —EA,, < —a) >
exp(c(||V]|%+mo||8]|?))y > exp(<’"(||V||%+mol[d]|*)) with some small ¢ > 0, which completes

our proof. n

Proof of Theorem 2|

Proof. We only prove that R, — 0 with high probability and Ry — 0 can be shown by
symmetry. The strategy of the proof is similar to that for Theorem [l We further focus on

each fixed m € [¢,,mo, Crymy) since

Cmmo

Ry = Y pr(@(XN) #k| V' =k M =m) - py(m)

Cimmo

M=Cm Mo

The quadratic set classifier classifies the set to 2, that is, QAS(X M) =2in (3.2) if

A

m T o ~ o . 21 ~
> <X§ - ﬂ1> \Y (Xj — gl)—zmangl(X—ﬂ1)+m5T2;15—m1og — | +21og (ﬂ) <0,
i=1 ‘22) 2

where § = fiy — fi; and X = 37 X/ /m. Define
. - T e 1 = . .

=1
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S2. PROOFS OF MAIN RESULTS

Then the generalization error R, .m, Which is a random variable as a function of {(X;, V;)}Y,,

can be written as

Ri=R((X,)) =pr (Am,p —EA,, < —d) , (S2.10)
where pr and E are understood as the conditional expectation given {(X;, V;)}Y, and

) + 2log <$) )
T2

v = B(Apmp + Agmy) +méTS516 — mlog ((zl\ /|

The following lemma facilitates our analysis.
Lemma 1. For any fixed L > 0, under the assumptions p < cgNmg and logp < coN
with sufficiently small ¢y > 0, we have that (i) C'1 < )\min(flk) < )\max(f]k) < C'; (i)

e = fuell < C'\ ) 7oy (1) |2k — Sl < C'\) Nz and (i) |m, — 7| < C’\/logp k=1,2

with probability at least 1 — O(p~L), where positive constant C' depend on C., ¢y, L and C,

only.

From now on, we condition on the event £ in which results (i)-(iv) of Lemma [I| hold for
training data {(X;, V;)}X,. All positive constants used hereafter only depend on C, and cy.

Clearly, since p*/(NmoD?) is sufficiently small, Lemma (ii) and (iii) imply that
- Lo\ 12
= (IIVIIE +1312) = D,. (s2.11)

We show the concentration radius of A,,, — EA,,, is much smaller than & under our as-
sumptions.

First of all, we analyze the left side /Almm — E/Almm = Zi:l(AkJn,p — Eflk,m,p). Note that

iid

Agnp — BAyy = =257 6755512 7, where Z; = ;X — 1) "% N(0,1). Note

Lemma [1| implies the spectral norm HZ 121/ 2

< C'CY*. The tail probability of normal
12

distribution implies (similarly as in equation (S2.6])) there exists some constant C; > 0 such
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S2. PROOFS OF MAIN RESULTS

that,
R . Cht?
pr(|Agmp — BEAgmp| > t) < 2exp (- L 2) . (S2.12)
m||d]]
Besides, Ay, — EAy ., = Wi + Wa, where
L & T .
W =uv(y (Xj . m) (Xj . m) )] — tr[VmSy),

=1

Wy =2 (m — )" Vs Z Zi.

i=1
Set V = £1/°V1/? and its eigen-values {5\]}?:1. By a similar argument using Bernstein’s
inequality like (S2.7]), we have that there exists some constant ¢; > 0 such that

12 t

mHVH%’ max{ A

pr(|Wi| > t) < 2exp | —c; min( (52.13)

)
}

To control W5, we apply again the tail probability of normal distribution to obtain that for

A

Y

some constants Cy, C5 > 0,

2 t2
pr(|Ws| >t) < 2exp (— Cat - ”2> < 2exp (— Cs ) , (52.14)
— i

mVIIZ, - [l m| V[

since [|u1 — ful < O /55 < C”cé/2 by Lemma . Therefore equations ((S2.12)-(S2.14)),

together with (52.11)), imply that for some C; > 0,

; ; Cyt?
pr(|Am, —EA,, | >1t) <6exp (_W) . (52.15)

p

Now we lower bound the right side &. This term can be decomposed into six terms.

)] + 2log (?) +
2

mtr(V(Sy — X1)) — 2m6" 357" (g — fun) + m (i — fu) V (1 — fn) " .

& = méTe;e + [mtr(@il) — mlog (‘21

/|2

These terms have the following bounds respectively with some constant C5, Cg, C7, Cys, Cg >
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S2. PROOFS OF MAIN RESULTS

0,

mSTiglg

)

‘mtr(@(El — f)l))‘

mtr(V) — mlog <‘f]1

/|8

)2m5T22_1 (1 — ﬂl)‘
21og (71 /72)]

‘m (p1 — fi1) v (1 — /ll)T‘

v

Csm)|8]%, (S2.16)
Csm|| V|7, (52.17)
Com||V||pl[S1 = Sillp < Crm|| V|| p(p*/Nmo82.18)
Coml[d]|[lm — fu]| < Coml|o|(p/Nmg)'/2,  (S2.19)
Co, (S2.20)

Csm|[Vle; [l = in|l* < Com (p/Nmo). (S2.21)

Equations (52.16)) and (S2.17)) are due to (i) of Lemma . In particular, (52.17)) follows from
a similar argument as (S2.8)). Equations (S2.18) and (52.19)) follow from (iii) and (ii) of

Lemma |1| respectively while equation (S2.20]) is due to (iv) of Lemma (1| and Condition .

Equation (S2.21)) follows from (i) and (ii) of Lemmal[l} Furthermore, notice that p*/(NmgD2)

is sufficiently small and moDﬁ is sufficiently large, equations ([S2.16))-(S2.21|) as well as ((S2.11|)

yield that & > C’lomDI% for some small constant Cjg > 0.

Finally, the lower bound of & and concentration of A,, ,—EA,,, in (S2.15) with ¢ = ¢’ mD?

for small enough ¢’ > 0, together with the assumption ng is sufficiently large, imply that

the generalization error of the quadratic set classification rule Rlﬁm < 2exp (—c/ ng) for

each m € [c,,;mg, C,ymo] on the event £. Hence we complete our proof by applying Lemma

and equation 1} that is, R < 4exp (—c’ mng) with probability at least 1 —O(p~L). O

Proof of Theorem [3]

Proof. First we show that 3! is feasible for the optimization problem (3.3), that is || f]kE,gl —

Ille < M. It suffices to show that ||, — Siflee < CitAin because ||SEr! — [0 <

16
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156 — Selloo |22 ey < 125 — ZkllosClr. The following lemma, establishes this result, given

our choice of \;y > CCy+/(logp)/(Nmg) and the assumption logp < ¢oN with some

sufficiently small ¢q > 0.

Lemma 2. Recall the number of set from class k is denoted as Ny = Son 1{V; = k}.

Then given any positive integer N1 and No, we have that with probability at least 1 —

Op™") (i) |l — il < C'\/(log p)/(Nmo) and (ii) | £k =Skl < C'(1/(log p)/(Nemo)+
(logp)/(Ngmo)), k = 1,2, where positive constant C' depends on Ce, ¢,, and L only. Under

the assumption logp < c¢oN with some sufficiently small co > 0, we further have that (i)

ik — pall < Cv/Tl08p)/(Nimg) and (ii) S5 — Siellse < C/{logp)/(Nimo), k = 1,2 with

probability at least 1 — O(p~t), where the constant C also depends Cy besides Ce, Cp, L.

From now on, we condition on the event in which both results of the second part in
Lemmahold. We next control the supnorm bound HE,;l — QkH . Since both E,;l and Qk
are feasible for (3.3), we have ||Sx(Sr! — Q)lloo = IZe85 = 1 — (k% — Dlloe < 28

Moreover,

IZe(Si = llee < ISk = Z)(Si" — W)lloo + I1Z( — )l

IN

||z]];1 - Qk||é1||§]k‘ - EkHoo + 2)\17]\[

IN

(||Z/§l||/z1 + Hlelel) Co' Ay + 20y

< 20@105_11)\1,]\[ + 2)\1,N = 4)\l,Na

where we have used the fact Qy, is the solution of CLIME which implies for each j = 1,...,p,
()51 < H(E,;l)jHl and hence |||, < HE,;IH&, where (); and (X !); denote the jth
column of € and X! respectively. We conclude with [|Z! — Qi llee < 125 e IZ0(20" —

Q) loe < 4MoAi N
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Based on the supnorm bound obtained above, we have
(€2 = ) = Ve < 157" = Dlloo + 155" = Qalloe < 8CuA1n. (52.22)

Recall that supp(V) is the support of the matrix V. The thresholding step (3.4]), together

with (S2.22), guarantees that @ij = 0 for any (4,j) ¢ supp(V), noting that X y > 8Cp A v.
Therefore we have shown the subset selection result, that is, pr(supp(V) C supp(V)) =
1 — O(p~*). Moreover, we have that ||V — V|s < 8Cpuin + Moy < 20y In the end,

we complete the proof by noting that the Frobenius norm bound and vector ¢; norm bound

are the consequences of supnorm bound and subset selection result, that is, pr(||V — V|| » <

2\ vy/Sq) = 1= O(p~%) and pr(|V — V[|; < 2X| ys,) =1 - O0(p~t). O
Proof of Theorem [4]

Proof. We first show that (81, 82) = (X7 1, X5 o) is feasible in (3.5) with the constant L,
set as Cg. Note since ||Bk|l1 < Cg, The pair (81, B2) satisfies the ¢; norm constraint. This
fact, together with the following lemma, implies that (5;, 32) is feasible with probability at

least 1 — O(p~%) and hence ||B]|; < ||8]]:.

Lemma 3. Under the assumption logp < coN with some sufficiently small constant ¢y > 0,

we have that pr(||SkBe— fir]| e = C }\‘;—ii) <C'p~t k=1,2, where C' > 0 is some universal

constant and constant C > 0 depends on Cg, ¢y, Cr, Cg,C), and L only.

Next we show that || — B|lee < 6CnAsn. Notice that for k& = 1,2, there exists some
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constant C' > 0 such that with probability at least 1 — O(p~F%),

12 (B = B4) Il

IN

[t (Bk — 5k) oo + |l <Ek - i&) (Bk - ﬁk) oo
< 1Bk = nlloe + 1548k — floe + 1% = Seloe (I8l + 11ell)

log p
< 2) 205C < 3\
< o, N 20300/ Nmg = 2,Ns

where we have used assumption on ||Sx||1, constraints on estimators, the choice of our Ay y

and the result (ii) of the second part in Lemma [2| Therefore we further have,

2 2
15 = Bl < 301k = Bellae < SIS M 1%k (B — B ) o < 6Cedoy.  (52.23)
k=1 k=1

In the end, we condition on the event in which both and the fact that (51, 52)
is feasible hold. The arguments above imply this event holds with probability at least
1 — O(p~%). We are ready to prove the rates of convergence of B under ¢; and ¢, norm
losses. Denote the support of 3 by 7. Set ¢t = 6C;1 Az n and the thresholded version of B
as Bt = (BN;’"’), where @N;“fh’” = Bj]l{|ﬁ~j| > Zt}. Since 8 = (31 — 35 is feasible, we have that
18I = 118l = 18"l + 18 = 8" [l = 115 = Bl + |8l = 16" — Bl Therefore we
obtain that || — 8" ||; < ||3"" — B||1, which further implies that |5 — 8|1 < 2[|3"" — 8|1
To show the bound of |3 — 8|1, it suffices to bound || — f||;. Indeed, we bound its £

norm as an intermediate step,

137 =812 = | (3" —8) I

= S (3 —) 1{ar =0} + 3 (5,- ) 1{A # 0}

JET jeT

IN

> BIL{B; < 3t} + sit® < 1087, (S2.24)

jET
where we have used supnorm bound (S2.23) in the first and third equations and the fact

19
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|T| < s; due to € Fo(s;) in the third and fourth equations. Consequently,

1377 = Bl = | (3" = 8)_ Il < V3l 3" = Bl = Vi0si,

which completes our first desired result HB — BllL < 2V/10s;t = 12\/1_004131)\271\7.
To show the bound of ||3 — B < ||3"" — B + ||3 — B*""]|, it suffices to bound || — B ||

given (S2.24). To this end, we note ||8]|; > ||]|; implies that ||Bre|ly < ||3 — 8|1 < 2v/10s;t.

Moreover,

13— 812 = (8" = 8) 12+ (8" —8) I
< A+ Y B}ﬂ{mj] < 2t}

JET®

< 4t%s;+ || Bre

1m%x{|ﬁ”j|1{|5j| < 275}} < (44 4V10)t%s;,  (92.25)
JeT*

where the first inequality follows from | ,@Jt.’”’ — B;] < 2t and |T'| < s;, and the second one is

due to Holder’s inequality. Therefore combining ((S2.24]) and (S2.25|), we obtained the second

desired result HB -0 < \/s_lt(\/ﬁ—i- (4 + 44/10)1/2). ]

Proof of Theorem 5

Proof. Since we use sample splitting technique, estimators B and V are independent with
the second batch of the training data used in 1} We assume fixed 8 and V, which satisfy
our assumptions throughout the analysis. With a slight abuse of notation, we still use N to
denote the number of sample sets, although only half of the sample sets are applied to count
ng and g, k=1, 2.

Recall that X; and S; are the sample mean and variance of the ith set of observations.
Define Z; = log(#y /#ty)/M; + XI5 + XTIV X;/2 + tr(VS;)/2, which is used to approximate
Z; = log(my/m)/M; + XTB + XIVX,/2 + tr(VS;)/2. To facilitate analysis, we denote
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C061{(X;, V)N, B, V) as £(fy) for short. Rewrite our estimator in the following way,

50 = argmin¢(6y), where
0oeR

1 _ 3
(00) = ~ZNllog (1+exp(Milly + Z0))) — 2= V)M (00 + Z)].

We start our analysis by conditioning on {X;}Y,. Define ¢o(6y, Z) = E({(6)[{X}N,)
where the expectation is understood as the conditional expectation given {X;}Y,. Note
that the function £y(6y, Z) depends on 6o, {M;}Y, and {Z;}Y, only. Then the difference

0(6o) — £o(by, Z) = %Eﬁl(% —E(Vi| X)) M; (00 + ZZ) := Fjp,. Recall f is the true constant

coefficient. Since (3 is the minimizer, we have 8(5’0) < (Bo), i.e.,

60(/5)07 Z) S 60(/307 Z) + Eﬂo - EBO

< 4y(Bo, Z) + mol

Bo — 50‘ . (52.26)

In the end, we need to bound the term Ry = | 5=, (¥V;—E(Vi|A;)) M;|. By applying Ho-
effding’s inequality (e.g. [Vershynin, 2012, Proposition 5.10), we obtain R; < C’T\/W
with probability at least 1 — O(p~1), where constant C, depends on L and C,, only, noting
that M; < C,,mo by Condition 2 This probabilistic statement on bounding R; is valid

conditioning on any realization of {X;}¥, and thus is also valid unconditionally.

Next we apply the Taylor expansion to the function ¢5(6y, Z) to analyze our estimator.
Here due to misspecified values Z;, we need a refined version of Taylor expansion (Bach

et al., 2010, Proposition 1).

Lemma 4 (Bach et al| (2010)). Let g(t) : R — R be a convez three times differentiable

function such that it satisfies for allt € R, |¢"(t)| < Lg"(t) for some L > 0. Then we have
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for any t and v € R,

g(t +v) > g(t) +vg'(t) + %@(e—“' + Lv| —1).

It is not hard to see that the third derivative of y(6y, Z) w.r.t. 6y is bounded by its second

derivative up to a multiplicative factor max; M;, i.e.,
max o' (0o, Z2) /800, Z)| < max M;,
0 )

where hereafter ¢;(-,-), ¢;(-,-) and £(/(-, -) are defined as the first, second and third derivative
of £o(+,-) w.r.t. the first argument respectively. Applying Lemma | to £o(6y, Z ) at point [
and by Condition [2| we obtain that

50(/@0, Z) — Lo(Po, Z) > 4y(Bo, Z)(Bo —Bo) + %(6_&”%%_60' + Crymyg ‘Bo - 50‘ —1).

(52.27)
Note that with misspecified values Z;, in general 24 Bo, Z ) # 0. To finish our proof, we need
an upper bound for ¢ (0, Z) and a lower bound for 25 (Bo, Z) with misspecified values Z;.

Thus the term |Zz — Z;]| critically determines the estimation accuracy. The following bound

of | Z; — Z;| is helpful for our later analysis.

Lemma 5. Under the assumptions of Theorem[3], there exists some constant C, > 0 depend-
ing on cy, Cpy, Cr, C, and C, such that with probability at least 1—O(p~) we have uniformly
forallv=1,...,N

oo ()| o7 (=) gt (-

logp. ., =~ logp, = |7 — 7k
< — - — -
< C. ((1+,/ - B =81+ 1+ o v V"lJrkm:%é - ($2.28)

Indeed, the conclusion is valid with the same probability 1 — O(p~%) conditioning on

Zi— 7

IN

any realization of {V;}X, and {M;}Y,.
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Lemma |5 and our assumption imply that with probability at least 1 — O(p~%) we have
My max; |Zz — Z;| := Ry is sufficiently small.
Note that the expectation of the score function ¢((5y, Z) = 0 where £(8y, Z) is obtained

by replacing Z; by Z; in 25(Bo, Z), 1=1,...,N. We are ready to bound the magnitude of

t6(Bo, 2),
PR ——
N 1+ exp(M;(Bo + Z;)) 1+ exp(Mi(fo + Zi))
< %ziNlef Zi— 7
< C2mgRy, (S2.29)
where the first inequality follows from that the derivative of —<RUMi(5 0+ Zi) rt Z; is

I+exp(M;i(Bo+Zi))

always bounded by M; and the second inequality is due to Condition 2] M; < C,,mq and
definition of R,.

Moreover, by Condition [d, we have that the expectation of the i.i.d. bounded random

variable Var(); | ;) = (lfzié?ﬁ(fg:f;;))” i = 1,...,N, is bounded away from Cj,s. We

apply Hoeffding’s inequality and the fact logp < ¢oN to obtain that with probability at

least 1 — O(p~1), we have

L on 42 exp (M;(Bo + Z;)) 1
v (1 + exp (M;(Bo + Zz‘))) (1 + exp (M;(Bo + Zs))

2
> Z C’l/ou)lrnO7

where the positive constant Cj,,, > 0 depends on Cjo, and L. Since mymax; |ZZ — Z;| = Ry
is sufficiently small with probability at least 1 — O(p~%), the union bound argument further

implies that

(B0, 2) Lon o2 P (Mi(ﬁo i Zi)) 1
0\~o, = =14 ~ =
N 1+ exp (Mi(ﬁo + Zz)) 1+ exp <Mz’(5o + Zz))
Z C’louﬂn(Q)a (8230)

23



S2. PROOFS OF MAIN RESULTS

with probability at least 1 — O(p~1) for some positive constant Cj,,, > 0.

In the end, plugging (S2.26)), (52.29) and (S2.30) into (S2.27)) and applying the union

bound argument, we obtain that with probability 1 — O(p~%),

ClowC2 (€™ mmo|fo=fo| Crnmo ‘Bo - 50‘ —1) <mg (CLRy + Ry)

Bo—fh|.  (S231)
We apply the following fact
2
e=2V/(=7) 4 (1 - 7)1—7 —1>0for vy € (0,1),
-7

to (S2.31]) and obtain that

Bo—Bo

20 (C3 Ry + R1)/Ciog

Crtio = 1= C(C2Ry + Ry)/Clog

Since C? Ry+ Ry are sufficiently small, we have that C,,(C2 Ro+R1)/Clog < 1/2 which implies

C’mm0|ﬁo — Bo| < 2. This fact itself further implies that (e‘cmmowo_%' +C’mm0|ﬁ~0 —Bol—1) >

(Cmio|Bo — Bo|)2/2. Consequently, (S2.31) implies that
‘Bo — 50‘ <20, mg? (CEHRQ + Rl) ;

which further completes our proof, together with Lemma [5 (bound of Ry) and the bound of

R17

0 mo ng

N lo ~ lo ~ T — T lo
o — o] < Ci ((m/ ED)5— Bl + (14 EL) |G — )+ max BT gp>,
mg m k=1,2

where the constant C5 = 20}

low

(C2C, +C,). 0
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Proof of Theorem

Proof. Recall that for each k = 1,2, the corresponding Bayes risk and generalization error

of CLIPS classifier can be decomposed as

Cymo

Rpge = Y pr(os(XT) # k| Y=k M =m)py(m) = Rermpu(m),

m=cmmo

Cmmo

R, = Z pr(¢p(X1) # k| VI =k, MT = m)py(m) := ZRk,mpM(m)'

M=cmmo

Therefore, it is sufficient to bound the difference ka — Rpgm for each fixed £ = 1,2 and

fixed m € [emo, Crumyo.

m

Recall that =y = (1+ 1fniop)HB - B+ 1+ %)H@ — V|1 + maxg_1 2 |ﬁk_(f’“' + 180 — fol.

Define the event & = {Zy < Czkn}, where ky = (1+ logp)sq)\’17N+(1+ %)Ca\/s_l)\zw—l-

mo

]1\?51%, the constant Cz = 2(2 + C”)(Cs + 1) and other constants C”, Cs can be tracked
back from Theorems We first show that our estimators satisfy that pr(&) = 1—O(p~F)
by Theorems . Indeed, Theorems (3| and 4| provides bounds of ||3 — 3| and ||V — V|,
respectively. The estimation error of maxy_ 2 |7 — 7|/ mo follows from Lemma Assuming
these bounds hold, the first part of Condition [5{implies that the assumption in Theorem [5| is
satisfied with the initial estimators being our quadratic and linear estimators. Thus Theorem
further implies the upper bound for | By — Bo|- Hereafter, we assume event & holds.

We follow the notation introduced in the proof of Theorem [5| on the set of observations
(X1, Y1) and define Z = log(y/72) /Mt + Z73 + ZTVZ/2 + tr(VS)/2, which is used to
approximate Z = log(m /me)/MT+ 3T 3+ 27Vz/2+tr(VS)/2, where Z and S are the sample
mean and covariance of the set X't. Then we define the event £, = {|Z—Z| < C.Zy}. Lemma
applied to (X7, YT) and the second part of Condition [5| imply that on event & uniformly
for all k = 1,2 and m € [cpmo, Cpimg], we have pr(E.[VT =k, MT =m) >1—-Clp~*.
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Without loss of generality, we focus on the case k = 1. Recall ka relies on the estimators

By, B, V., 71 and 7, and hence is random. On the event &, we have that
Bim = pr(Z+5 <0y =1,M" =m)

= pr(Z+ﬂoSZ—Z+50—BO|yT:1,MT:m>

= pr(z+5o gZ—Z+ﬁo—Bo,5z\yT:1,MT:m> +pr(EYT =1, MT = m)

IN

Cop™" +pr (Z 460 < (C.+ 1) EN, EV =1, M" = m)

IN

C;p_L + pr (Z + 6o < (C, + 1) Carn| YT =1, M" = m)

C;pr + F1 5, ((C, + 1) Czkn), (52.32)

where the first inequality follows from the conditional probability pr(&,|YT = k, MT = m) >
1— C’;p_L and the definition of the event &£,, the second inequality is due to the event &, and
the last equality follows from the definition of the cumulative distribution function F ,, ().

In addition, by the definition of the deterministic value Rpy ,, we have
Rpi;m=pr (Z+4 By <0V =1, M' =m) = F;,(0). (S2.33)

By our assumption, the quantity (C, 4+ 1) Czky is sufficiently small and hence less than d.

It follows from (S2.32))-({S2.33|) and definition of dy that on the event &), we have that

Rl,m — RBl,m S C';p_L + sup ‘Fll,m(tﬂ (Cz + 1) CEIiN
tE[*lso,(So]

< Cip "+ (C. 4 1) Czkndy.
Similarly we can show that same upper bound applies to Rzm — Rpoy, uniformly for all

m € [emmg, Cymg).  Therefore on the event &, we obtain that R < Rp + C’;p’L +

(C, + 1) Czkydy, which completes our proof. O
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Proof of Theorem [

Proof. By inspecting the proof of Theorem [3] one realizes that the proof of Theorem
is almost identical to that of Theorem [3| except that the role of Lemma [2| is replaced by
the following important lemma under time series structures for different values of v. More
specifically, one only need to show that ||f]k — Yillo < Cf' A1 n with probability at least
1 — O(p~") and the choice of A\; y under time series structures is determined by (result (ii)

of the second part in) Lemma @ Therefore, we omit the proof details.

Lemma 6. Consider the vector linear process defined in that satisfies the decay con-
dition . Suppose Conditions -@ hold. Recall the number of set from class k is denoted

as N, = SN 1{); = k}. Then given any positive integer Ny and Ny, we have that (i)

(

C'y /) oep. ifv>1

Nimg

ik = pllo < €7y flomplommo gy — :

C Nklogz’j,l if1/2 <v <1
mo

and (ii)
logp logp ;
WA+ N ifv>1
log p + log plog? mo) ny -1

1% — Skl < (,/;VZ%O ) if3A<v<1
My

logplogmg log p ) ny — 3/4

NkmO Nkm(l)/Q

e ( [+ ) /2 <v <3/
\

for k = 1,2 with probability at least 1 — O(p~1), where positive constant C' depends on
Ce, cm,Crs and L only.

In addition, under the assumption logp < coN with some sufficiently small co > 0, we
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have that (i)

C/ 322 ifv>1
i — pnll o < C\/% ifv=1 ;
C /3 if1)2<v<1
\ ™o
and (ii)
(
C\/ L ifv>3/4

135 = Selloe < § € lomplosmaypy, — 374 :

C,/sep if1/2 <v < 3/4

4v—2
Nmy

\
for k = 1,2 with probability at least 1 — O(p~L), where positive constant C' also depends on

C, besides C,, ¢, Crg and L.

Proof of Theorem 2|

Proof. By inspecting the proof of Theorem [ one realizes that the proof of Theorem [2] is
almost identical to that of Theorem {| except that the role of Lemma [3] is replaced by the

following important lemma (Lemma [7)) under time series structures for different values of v.

More specifically, the results follow from some algebra (deterministically) on the event

that both ||B~ — Blloe < 6CHAan and that (51, 52) is feasible hold. To this end, Lemma

implies that (3;, 82) is feasible with probability at least 1—O(p~%). In addition, we show that

the choice of Ay y and Lemmatogether imply that ||3 — s < 6Cy1 A2,y With probability
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at least 1 — O(p~t). Indeed, on the event that (3, 3:) is feasible, we have

196 (B = 6) e < 150 (B = ) lloo + 11 (2o = 52 (B = Br) e
< 1Bk = fnlloe + 1548k = ftloe + 12 = Silloe (I8l + 11ell)

< 2X N +2C3CKs < 3o,

1 logpl I
where kg = (/952 (y/leplsme \ [ClRE ) when v > 3/4 (v = 3/4, 1/2 < v < 3/4)
respectively. In the above derivation, we have used assumption on ||fk|1, constraints on
estimators, the choice of our Ao (i.e., 2C3Cky < Ao n) and the result (ii) of the second

part in Lemma [6] Therefore we further have,

2 2
13 = Blloo < Z 18k = Belloo < Z 125 e 112k <Bk - 5k> oo < 6CnAa N
k=1 k=1

Therefore, we complete the proof.

Lemma 7. Consider the vector linear process defined in that satisfies the decay con-
dition . Suppose Conditions -@ hold. Under the assumptions ||fkl1 < Cs, k = 1,2
with some constants Cg > 0 and logp < ¢gN with some sufficiently small constant ¢y > 0,

we have that

(
C\/ 382 ifv>1
| Xk Bk — fik || oo < CM% ifr=1 7
logp :
\ C Nm2v=T Zf1/2<V<]_

for k = 1,2 with probability at least 1—O(p~*), where constant C' > 0 depends on Ce, ¢;n, Cr, Cs, C,,, Crs

and L only.
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Proof of Theorem [3]

Proof. By inspecting the proof of Theorem [3], one realizes that the proof of Theorem [3 is
very similar to that of Theorem . The major differences are that [ is replaced by Sy rs and
that the role of Lemma [5| is replaced by Lemma |8 under time series structures for different
values of v, which is provided at the end of this proof.

We only highlight the differences from the proof of Theorem [3| below briefly.

We still define Z; = log(#y /#t2)/M; + XT3 + XV X;/2 4 tr(V.S;)/2, which is used to
approximate Z; = log(m /m)/M; + XT3 + XIVX;/2 + tr(VS;)/2. Note that under the
general time series structures, (g is the population minimizer of the loss function. Thus,

we can still obtain the inequality similar to (52.26)), i.e.,

50(507 Z) < Llo(Bors, Z) + Egyps — Es,

< b(Bors, Z) + mol ‘50 - /BO,TS‘ ; (S2.34)

where Ry = |23, (V,—E(V| ;) M;| < Cy/(log p)/N with probability at least 1—O(p~*)
by Hoeffding’s inequality. Again, this statement is valid conditioning on any realization of
{X;}¥, and thus is also valid unconditionally.

In addition, applying Lemma 4 to £,(f, Z) at point Bors and by Condition , we still

have ([S2.27)) with 3, being replaced by By rs, i.e.,

(o, Z) — Lo(Bors, Z) (S2.35)

gg(ﬂO,TS> Z)

> %(50,TS7 Z)(Bo — Bors) + 2 m2 (e*C’”mO’BO*BQTﬂ + C,,myo )BO — BO,TS‘ —1).
m'""0

We next bound ¢(f s, Z) from above and bound ¢ (5o rs, Z) from below.
By applying Lemma [8] and our assumption, we have that with probability at least 1 —

O(p~1), momax; |Z,~—Zi| := Ry is sufficiently small. Therefore, with the fact that ¢,(5o rs, Z) =
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0 where ¢{(Bo.rs, Z) is obtained by replacing Z: by Z; in %(Bors, Z),i=1,...,N, we can

still obtain an upper bound [¢{(5o s, Z)| similar to (S2.29), i.e.,

4 (Bors, 2)| =

iEN M; exp(M;(Bors + Zj)) M exp(M;(Bors + Zi))
N7\t exp(My(Bos + Z2)) 1+ exp(Mi(Bors + Z))

< C2moRy, (S2.36)

Moreover, by Condition[l], we have that the expectation of the i.i.d. bounded random variable

exp(M;(Bo+Z:))
(I+exp(M;(Bo+Zi)))

we are able to obtain a similar result to (S2.30)), i.e., with probability at least 1 — O(p~%),

5,1 =1,..., N, is bounded away from C)o,. Following a similar argument,

" ~ 1L oN o exp (Mi(BO,TS + ZJ) 1
EO(ﬁO,T& Z) = Ngi:IMz‘ ~ ~
1+ exp (Mi(ﬁo,Ts + ZZ)) 1+ exp (Mi(ﬁo,Ts + Zz))
> Clowmg- <S237)

In the end, plugging (S2.34)), (S2.36) and (S2.37) into (S2.35) and applying the union

bound argument, we obtain that with probability 1 — O(p~%),

CronC-2(e=CrmalBo—tors| L 0o ‘ Bo — BO,TS’_U < mors (C2Ry + Ry) ‘ Gy — BO‘ . (S2.38)
Then following a similar deterministic argument, we obtain that with probability 1—O(p~F),
‘Bo - /BO,TS‘ < 2C,omgt (C2 Ry + Ry)

which further completes our proof, together with Lemma [§| and the bound of Ry,

B, — 3 = Tk — 7 logp
B3 B < +U _ UNV — V . m ‘
‘ " O,TS‘ =G <(1 ANE = Al 1 ol I k:EllQ mo * Nm?

Lemma 8. Under the assumptions of Theorem [3, there exists some constant C, > 0 de-

pending on ¢py, Cy, Cr, Cyyy Crs and C, such that with probability at least 1 —O(p~) we have
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uniformly for alli=1,... N

0 — ~ 1
log ()\ +|%(5-8)|+
T M;

e ((1 L UDIF = Bl + (1+ U)F = Vs + mas

1
<
=

M;
; X5 (V= 9) Xy/2

|7 — 7kl

) , (S2.39)

mo

where Ug satisfies

(

\/ 2L ifv>1
Us = /losplosimo gy = :

ez, ifl/2<v<1
\ Mo
and Uy satisfies
()
oep ;
o ifv>1
Uy = log plog® mg ifv=1
mo
| if1/2<v<1

Indeed, the conclusion is valid with the same probability 1 — O(p~t) conditioning on

any realization of {Y; fil and {Mz}@]\il

Proof of Theorem (4]

Proof. By inspecting the proof of Theorem [6] one realizes that the proof of Theorem [ is
almost identical to that of Theorem [6| with ¢p, By, En, n, Fim and Rp being replaced
by their counterparts ¢prs, Sors, En1s, kNS, Frmrs and Rprg under the time series

structure respectively. Therefore, we omit the proof details. O

32



S3. PROOFS OF SUPPORTING LEMMAS

S3. Proofs of Supporting Lemmas

Proof of Lemma (1

Proof. Recall n; = Y, M;1{Y; = 1} with 1{); =1} iid. Bernoulli with probability
m € [Cr,1 — Cr] and M; € [c,,;mg, Cumo] with probability 1. Hoeffding’s inequality (e.g.
Vershynin, 2012, Proposition 5.10) implies that there exists some constant C’ depending
on C; and L only such that (iv) holds, i.e. |m — @] < ' 10% with probability at least
1 — p~%. Consequently, n;y > ¢Nmy for some constant ¢ depending on ¢,,, C» and L with
probability at least 1 — p~ given logp < ¢y N and Condition . Similar results apply to

and ny. From now on, we condition on the above event and only need to show (i)-(iii) hold

with probability at least 1 — p~~.

Since E,;l/ ?(fux — pux) ~ N (0, L1,), the tail probability of Chi-squared distribution (Lau-

ny
rent and Massart, 2000, e.g.) implies that for any 0 < ¢ < 1, pr(|\|,/nk§],;1/2(ﬂk — w)|I?/p—
1| > t) < 2exp(pt?/8). Hence, by picking a small ¢ (e.g. ¢ = 0.1) as well as Condition 1| and

ny > cNmyg, we obtain the result (i) holds with probability at least 1 — O(p~%).

In addition, it follows from the Davidson-Szarek bound (e.g. Davidson and Szarek, 2001},
Theorem I1.7) that for each k, there exists some constant C' > 0 depending on C¢, L such
that ||Sg — Sklle, < C+/p/(Nmy) with probability at least 1 — 2p~*, given Condition |1/ and
the fact p < c¢oNmg with a sufficiently small ¢o. Here ||-||¢, denotes the matrix spectral norm.
Consequently, the assumption p < ¢gNmy and Condition [1} together with a union bound

argument, implies the result (i). Result (iv) also follows, noting that || - ||z < \/p| - [l¢,- O

33



S3. PROOFS OF SUPPORTING LEMMAS

Proof of Lemma 2

Proof. Recall that n, = SN | M;1{); = k} denote the total sample size for Class k = 1,2.
From now on, we condition on n; and ny. Write X;; = EX;; + U;;, where U;; ~ N (0, Xy,).
Then we have 33 = (£ 37, 5 ¢ UisUL) = (k= fin) (p — fu) ™ Since fige — pue ~ N (0, £5),

tail probability of normal distribution with union bound implies that for any L > 0, there

exists some constant C7 > 0 depending on L only such that for £k = 1,2,

max; oy, ;;) log p

pr(fl i — prlloo = 01\/( ) <p~*. (53.40)

ng

Moreover, since E% Z(i’j)%:k UijUg = Y and each entry of UijUg is sub-exponentially
distributed, Bernstein’s inequality (e.g. Vershynin| 2012, Proposition 5.16) with union bound

implies that there exists some constant Cy > 0 depending on L such that

logp logp _
(f2E+ 25 <pt

A1
- - (S3.41)

1

pr(fl— Y. UyUf = Sillee = G max oy,

k
(4,5):Vi=k

Combining (S3.40|) and (S3.41) and the fact that M; € [¢,;mg, Crmyg), we have obtained

both results (i) and (ii) of the first part of Lemma[2] with probability at least 1 —4p~t, where

the constant C’ > 0 depends on ¢,,, C, and L only.

We move to the second part of Lemma[2] Note the distribution of each Xj; is independent
of Ny and ny. We follow the same argument on bounding n; and ns as that at the beginning of
the proof of Lemma . In particular, given log p < ¢oN, we have pr(n, > ¢cNmg) = 1—p~~ for
k = 1,2 and some constant ¢ > 0. Then both results (i) and (ii) of the second part of Lemma

immediately follow from the first part of Lemma [2/ and a union bound argument. O
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Proof of Lemma [3

Proof. We follow the same argument on bounding n; and n, as that at the beginning of the
proof of Lemma |1} In particular, given logp < cyN, we have pr(n, > cNmg) =1 — p~L for
k = 1,2 and some constant ¢ > 0.

Write Xij = EX” + UZ']', where Uij ~ N(O, Zyl) We have Zk = (i Z(i,j):yizk UUUZ) —
(pr. — fie) (g — fix)T. Result (i) of Lemma [2 implies that there exists some constant C; > 0

such that

R log p _I
iy — > =0 ' ‘
pr(| e — plloo = C1 N 0) (") (53.42)

According to our assumptions, we have ||S; " uxl| < Aot (Z) ||kl < CeC,. We condition on

ny and ny. Then the normality of fi — ux ~ N(0, Xy /ny) yields that for £ = 1,2 and some

logp
ng

constant C” depending on L only, we have |(uy — ﬂk)T S | > C" Aax (2k) CeC,
with probability at most p~%. Taking union bound with the event n, > c¢Nmg, we obtain

that there exists some constant C% > 0 such that

) <2pF (S3.43)

pr(| (us — fi) " Zilﬂk‘ > C;

Therefore, equations ([S3.42)-(S3.43)) imply that here exists some constant Cy > 0 such that

with probability 1 — O(p~%),

. . log p
(e = fe) (e — i) Bl < Co Nng' (53.44)

By our choice of Ay y, we have that A v/2 > (C1 +Cy+C%)\/(logp)/ (Nmg). Consequently,

given equations ((S3.42))-(S3.44)), decomposition of ¥ and logp = o(N), to conclude (81, 2)

is feasible, i.e. Hikﬁk — /lkH < AN, kK = 1,2, we only need to show with probability
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1—O(p~F) that

1
(7.7 ):Vi=

Note that the rth coordinate is i Z(i,j)%: (Uw 7,U E Wi — /uuw), the sum of i.i.d. cen-
tered sub-exponential variable since each summand is the product of two normal variables
Ui; and U'S gy, Moreover, the sub-exponential variable has constant parameter since
UTEk p and Uj;, have bounded variance. Thus Bernstein’s inequality (e.g. Vershynin,
2012, Proposition 5.16) with union bound over all coordinates and the event ny > ¢Nmyg
implies that there exists some constant C3 > 0 such that (we also used that logp < ¢y N

when applying the Bernstein’s inequality)

log p L
<2 ) S3.46

Z UUT kﬂk—ﬂk||oo>c'3
(,J)Jh

By picking a large constant C” in our choice of Ay y, we obtain Ay /2 > Cj \/(log p)/ (Nmy),

which completes the proof of (S3.45)). n

Proof of Lemma [5

Proof. Tt is sufficient to show that for any realization of {V;}¥, and {M;}Y,, equation
is valid for each 7 with probability at least 1 — O(p~L~1). Indeed, this fact, together
with the union bound argument and p > N implies the desired result. The first inequality
of follows from the definitions of Z; and Z; directly. We show the second inequality
holds in the remaining of proof with probability at least 1—O(p~%~1) for the fixed i. Without
loss of generality, we assume Y; = 1 and M; = myc,,.

Recall that the initial estimators satisfy maxy_ o |7, — 71x| < C, with a sufficiently small

constant C,. Consequently, we have that 71,7 € [Cr/2,1 — C,/2] by Condition , which
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(22)’ < C,1maxg_y 2 |m — 7k|/mo with some universal constant

C'.1 depending on ¢, and C} only by the boundedness of 7 /7.

To deal with the term | X7 (3 — )|, we note that X; ~ N(u1, X1/ (mocm)), which implies
that [ X7 (8—8)] < [|8=BI|-[|m |I+]15=BI (Ce/(mocm))"? | DI, where D ~ N(0,1). According
to the tail probability of standard normal distribution, we obtain that with probability at
least 1—-O(p~t71), that | D| < C’+/log p where C” only depends on L. This fact, together with
the assumption ||y || < C,, further implies that | X7 (5 — 8)| < C.a||5 — B||(1+ /(log p) /mq)
with probability 1 — O(p~2=1), where Cuy = ((C./em) > CL + C,).

Finally, we provide an upper bound for 5~ ZJ 1 XT(V V) XU/Q‘ Since X1, ..., Xum,
are i.i.d. copies of N(u1,%;), we naturally decompose it into three terms as follows with

le‘7 = XZ] — U1~ N(O, El)

M% ;X;T (V- V) xi/2
< [0 (9 %) s i (9 ) e 4 (3t (9 - 9) i

We deal with these three terms individually. First of all, |uT(V — V)ui/2| < C’i||@ -
V|l1/2 by the assumption ||| < C),. Second, the term (Zj\i’l ul(V = V)U;)/M; follows a
distribution of N (0, uT(V — V)2,(V = V)1 /(mocym)), which yields that with probability at

least 1 — O(p~t7') that
< (M{ (6 — V> 2 (@ — V) Ml/(mocm)>1/2 C;/\/@

, lo
CuCL (Cefen) IV = VIly 25,

where we have used tail probability of standard normal distribution and the last inequality

Zm( v)Us

’L

IA
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follows from Condition [T, Third, by Holder’s inequality, we have

iiyg(@—v)wj/z = (V- V)Z Ui /M) /2

IN

5v- S0/

o

Since each entry of Z U, TU ;/M;—3 is the sum of centered sub-exponential variable with
bounded parameter. The Bernstein’s inequality (e.g. Vershynin, [2012, Proposition 5.16) with
union bound over all p? entries implies that there exists some constant C” > 0 depending on

L and C. only such that HZ UL Us; | M; — ZlH < OY(y/Rer logpo) with probability

cmmo

at least 1 — O(p~L~1). Therefore, we obtain that with probability 1 — O(p~%71),

ZUT<V V) Uy/2

where we have used ||X1||oc < C. by Condition |1 Combining the upper bounds of three

< (O [ 18P 108Dy o v,

CmMyo CmMyo

terms above, we finally obtain that with probability 1 — O(p~t~1),

T (@ — V) X,;/2

lo lo ~
< ClL(y/ 2L+ 252y v -,
mo mo

log D

< Cal— + 1[IV =V,

where constant C’y = C7 /24 C,C., (C. Jem) 2+ (Co+ CV [ Jem+C" c) /2 and Cly = 2C",.

L log (2:22)].

A Zj L XE(V = V)X,;/2| with C, = Cuq + Caa + Cls. O

[ XT(6 — B)| and

To complete our proof, we combine all bounds for

Proof of Lemma

Proof. We show the first part of Lemma [6] in this proof. The second part of Lemma [0]

immediately follows from the first part, that log p < ¢y N, and the fact that pr(ny > cNmg) =
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1 —p~Ffor k = 1,2 and some constant ¢ > 0, which is obtained from the argument at the

beginning of the proof of Lemma [T

In this proof, we need the following technical result, which is a direct consequence of

Lemma VI.1 in |Chen et al. (2016).

Lemma 9 (Chen et al.| (2016)). Let v > 1/2 and (a;)iez be a real sequence such that
ar < Crs(1+t)™ fort >0 and a, =0 if t < 0. Let v, = >~ |awari|. Then (i) v = O(17)
(O(I"*1ogl) and O(I'*™*")) and ka:o v = O(1) (O(log®l) and O(I*=2")) hold for v > 1
(v=1and 1/2 < v < 1 respectively); (ii) ZZ:O 2 = O(1) (O(logl) and O(I13~%)) hold for

v>3/4 (v=3/4 and 1/2 < v < 3/4 respectively).

Without loss of generality, we assume that the first N sets are from Class 1 (i.e., J; =1
for i = 1,..., N7) and only prove results (i)-(ii) for Class 1. We first show result (i), i.e.,
bound the term ||1 — fi1||o. In the following, we bound each entry of pu; — i1 and then
take a union bound argument to finish the proof. To bound the [th entry (I =1, ...,p), i.e.,
|1 — fuu|, we collect the Ith entry X;;; of each observation X;;, i = 1,..., Ny, j =1,...,M;

and observe that its centered version can be denoted according to the vector linear process

(SL) as

(Xinta s - X1005 oty oo o1t Xnatm, b5 -0 Xwi10) T = (pary ooy )™ = AVE, (S3.48)

where & = (&1, §1a—1) -5 §onts s E2(Mp—1) -+ -~§§N1MN1a§N1(MN171)---)T with i.i.d. N(0,1) en-
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tries, and A® is a block diagonal matrix,

ADL 0 0

0 0 0 AOM

in which the i the block (i = 1,..., N;) A®7 has the following form

Ao Ay Ay Aio—1y Al
0 Ay Ay - Av—2y0 Avoni—ny
1)y __
A =19 0 Ay - Av—sya A2y
i 0 0 0 ce Al(),l- All,l- |

In the above representation, A;;;. denotes the Ith row of the coefficient matrix A;; defined

in our vector linear process (S1.1). Given ([S3.48)), one immediately obtains that
i — i~ N (0, 17A0 (A" 1 /n§> , (93.49)

where n; = Zf\;ll M; denote the total sample size for Class 1, and 1 denotes the n;-
dimensional vector with each entry being 1.
It remains to bound the variance in (S3.49)) for different value of v > 1/2. To this end,

we note that

N N
1T AD (A(l))T 1= Zl 1T A D (A(l)yi)T 1= Zl 1Tr(l),i1’
i=1 =1

where we set T4 = AWM (A(l)’i)T and 1 in the ith summand denotes the M;-dimensional

vector with each entry being 1 respectively. Due to the time series structure, the matrix
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M;

' is a M;-dimensional Toeplitz matrix with elements ('yjl) i ! where

i =

Z Ay (A1(t+j),z-)T
=0

0o P 1/2 D 1/2
3 (z) (zaatw,m)
k=1 k=1

t=0

IN

< C¢, (S3.50)

where C' > 0 is some constant, (; = 77 (j 'logj and j'7*) for v > 1 (v = 1 and

1/2 < v < 1respectively). The first inequality above follows from Cauchy-Schwarz inequality
and the second inequality is due to the decay condition of the coefficient matrix in and
Lemma 9] (i). Consequently, we can bound the variance as follows, noting that ny > ¢,, N1mq
by Condition [3]

T ]\71 Mi—l
1TAG (AD) 1 X M3
n% o (CmN1m0)2

(

1
Nimg

ifv>1

Cyymo—1
Clemo Z i—0 gj 5
J << olgmo 5,1 ,
(cmN1m0)2 Nimo

IN

\ Cmm;gwl if1/2<v<l1
where the last inequality follows from Lemmal9] (i). In the end, the result (i) of the first part
immediately follows from the above variance bound and the the tail probability of normal
distribution with a union bound argument.

Now we turn to the result (ii). In the following, we bound each entry of ¥; — 3, and then
take a union bound argument to finish the proof. To bound the lkth entry (I,k = 1,...,p),
i.e., |01 — 01|, we note that

1
O10k — 01k = —
1

<€T (A(l))T AWE _ReT (A(z))T A(k)g) — (s — find) (g — fing) = T1 + T,
(53.51)
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where the second term can be bounded with probability at least 1 — O(p~“+?)) using the

result (i) shown above, that is,
log p :
Crons itv>1

Ty < ¢ (logplog?mo ¢, q

Nimg

\ C# if1/2<v<1
It remains to bound the first term |T3|. To this end, we apply the Hanson-Wright inequality
(e.g. Rudelson and Vershynin, 2013, Theorem 1.1) since £ contains i.i.d N(0, 1) entries. Note

that by Condition [3, we have ¢,,mo < M; < Cy,my. Therefore,

pr (|T1]| > z) (S3.52)

< 2exp (—C’ min{” (A(l))TA(k)H);QxQNlng, AL ((A(l))TA(k)> xN1m0}> :

where Apax () denotes the largest singular value. In what follows, we bound || (A(l))T A®)|2,
and Apax ((A(l))T A(k)> separately.

To bound the first term, we note that by Cauchy-Schwarz inequality,
| (AD)" Az = trace (AD (AD)" A® (AG)") < PO T @, (33.53)
where we set ) = A® (A(Z))T. In addition, we have

Ny
ITONE = Ir®4)%
i=1

- 2(%(%)2 +2(M; = 1) (1) + -+ 2(Yag-0)%)

C'Nimyg if v > 3/4
Crnmo—1
1\2 .
S CNlmO Z (’}/j) S CN1m0 IOg mo if v= 3/4 ) <8354)
j=0
| ONimg™ if1/2<v<3/4
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where the last inequality follows from Lemma [J] (ii).

To bound the second term, we note that
A ((AD) A ) < (PO) Ay (D)2 ($3.55)

In addition, due to the block structure of I'®, we have

/

C fv>1

Amas (T0) = max {Ama (M)} <2 Z <! Clogmo ifv=1 . (83.56)

2—2v :
| Omg if1/2<v<1

where the last inequality is due to Lemma [9] (i)

Plugging equations (|S3.53))-(S3.56|) into equation (S3.52)), we obtain that with probability

at least 1 — O(p~(E+2),

C (/e + ) if > 1
C (/R + uplme) gy — 1
Tl<q o(yee+ eer)  irsa<v<t
c (, [loaplogma N:Jigﬂ) if v = 3/4
| O (/5= + i) 12 <v<3/4

In the end, the result (ii) of the first part immediately follows from a union bound argu-
ment by plugging the bounds of 77 and T above into equation (S3.51). We point out that

the upper bound of 77 dominates that of T5. Therefore, we complete the proof. O
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Proof of Lemma [7]

Proof. The proof of this lemma is essentially similar to that of Lemma[3] Recall that || 8|, <
Cp for k = 1,2. Therefore, by Holder’s inequality we have
S — i

<[ =08l + e = el

S N R Ll

Consequently, the fact that (3, 82) is feasible with probability at least 1 — O(p~L) immedi-
ately follows from our choice of Ay y, the fact that log p < ¢oN and results (i)-(ii) in the second
part of Lemma [0} It is worthwhile to point out that according to the fact logp < ¢ N and

the bounds provided in Lemma |§|,

Sef — ﬂkH is dominated by the term ||, — fi]| .. O

Proof of Lemma

Proof. The proof of this lemma is similar to that of Lemma [5l We only highlight the main
differences briefly below. The first inequality follows from the definitions of Z; and Z; directly.
We show the second inequality holds below with probability at least 1 — O(p~(**1) for the

fixed 7. Without loss of generality, we assume ); = 1 and M; = mgc,,.

Following the lines in the proof of Lemma , we still can show that molc ‘log (%)’ <
C1 maxy_q o |m — x| /mo with some constant C.;.

To deal with the term | X7 (3 — )|, we note that with probability at least 1 — O(p~~~1)
X7 (B = 8)| < |1 XKillollB = Bl
< (llloe + U3 = Blla

< CA+U)IB =Bl (S3.57)
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where the first inequity is due to Cauchy-Schwarz inequality, the second one follows from
result (i) in the first part of Lemma [f] with N; = 1, and the last one is due to the fact that

]l < G-

Finally, we provide an upper bound for ;- ‘Zj\il ng(@ —V)X,;/2|. Set Uyj == X5 — ju1.

We still decompose it as we did in the proof of Lemma [5

< Miz ZZU%(@—V)UUM + ulT(@—V>M1/2‘+MLZ. 2”{<@_V>UU '

The second term still can be bounded as | (V—=V)u /2| < c; IV =V ||1/2 by the assumption
|pa]] < C,. To bound the first term (ij\il ul (V —V)Ui;)/M;, we note that with probability

at least 1 — O(p~ &1,

s - 1 & i
M;MT(V—V)UU < ||M;Uz‘j||oo||ﬂir<V—V> I

< CU[?C#H@ - V”b

where we used result (i) in the first part of Lemma [f] with N; = 1 during the last inequality

above. To bound the third term, by Holder’s inequality, we have with probability at least
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1—0(p~*1),
M;
]\2 ;UT(V V)U 72| = |t (v V)ZUTU M) /2
11~
< Ho-5], oegvn
clv-wv 1(,/10@0 k’gp) ity >1
cllv-wv 1(\/@ log plo” m) ify=1
<{cC @—vl( logp 4 1°gp> if3/4<v<1
V-V ( 1°gpl°gm0+1°§/;) if v =3/4
cllv-w 1( Tz, lggpl) if1/2 < v < 3/4

where we have applied the bound of |T}| in the proof of Lemma [6] with N; = 1 in the last
inequality above.

Combining the upper bounds of three terms above, we finally obtain that with probability
1-0(p~*),
<C(1+Uy)|V -Vl

L Jlog (2],

il it XE(V = V)X,/2]. O

T(V-v)Xy/2

X7 (5 — B)| and

To complete our proof, we combine all bounds for _

S4. Additional Numerical Studies

S4.1 Comparison between CLIPS and QDA-MV with true parameter values

plugged in

We verify that the improvement is not simply due to (potentially) poor estimation applied

to the QDA-MV. To this end, in Fig. we compared the set-classification Bayes classifier
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(Eq. 2.3, same as the CLIPS with true parameter value) with the QDA-MV classifier (Eq
2.4), both with true parameters plugged in. One important insight is that the size of the test
sets matters. When M = 1, that is, when each set to be classified is a single observation, the
set-classification reduces to the traditional classification, and the CLIPS classifier and the
QDA-MYV are the same. This can be seen in the top-left figure in each panel of Fig.[S.1, When
M is a relatively large value, that is, when a set with many observations is to be classified as
a whole, then though CLIPS and QDA-MV are different classifiers, they both lead to almost
perfect set classification performance. See the bottom-right figure in each panel of Fig.
The sweat spot for CLIPS occurs when M is in between these two extremes. For example,
we showed the cases for M = 3 and M = 10. In these two settings, CLIPS has significant

better performance due to a smart use of the covariance information in the set-classification

task.
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Figure S.1: The comparison of the Bayes classifier (Eq. 2.3, same as the CLIPS with true parameter value) and the majority
voting classifier (Eq 2.4, same as the QDA-MV with true parameter value). The true error rates are estimated using 100 test sets
with the setting specified in Scenario 1 (defined in p. 26, and used for Fig. 1). The size of the test set varies: M = 1, 3,10, 30.
When M = 1, the two methods are the same; when M is large, both give perfect prediction. CLIPS outperforms QDA-MV

with a moderate set size.
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S4.2 Liver image data with different numbers of principal components

We have conducted a small study in which we repeat the same analysis for the liver cell
nucleus image data except with varying p = 10,30,90. The results are shown in Table
The middle column of the table corresponds to the analysis done in the main paper.
Shown in the table are average number of sets misclassified (out of 10 sets in total) over 10
replications with different training-tuning-testing splittings. In addition to using SVM and
DWD on the summary statistics as the features for each set (which was what we have done
in the main paper), we also include the comparison with DWD and SVM with the majority
voting scheme (as one reviewer suggested.) It is clear that the performance of the DWD
or SVM approaches are not comparable to the covariance-engaged approaches. Plugin(d)
performs well for p = 10 and p = 30 but is disappointing for higher dimensional data like
p = 90. Recall that there are only 16 images in each set. The proposed CLIPS method is
always the best performing method in all three settings. Note that p = 30 seems to be a
sweet spot for QDA-MYV. Its performance for p = 10 and p = 90 was not as good as that in

p = 30.
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