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S1 Technical proofs

S1.1 Proof of Theorem 1

Proof of Theorem 1 (i): Since Qy (7|x) is piecewise defined, we prove the
consistency under three scenarios, namely, 7 < 1 —7 (v, @), 7 = 1 —7 (v, x),
and 7 > 1 —7(v,x).

If 7 <1—7(v,x), then by the consistency of 4,,, P(B, UC,) — 0. For any

€ >0,

P(1Qv(rl)=0[>¢) = P(|Qv(rla) |>c)
< P( | Oy (r]z) |> e,An> + P(B,UC,)
— P(B,UC,) — 0.

If 7=1—mn(y,), then

P(A) = P(Valr, @) -y} <0) > 2,

1

-5
_>_
)3

N

P(B,) = P(0<valn(3, @) - n(v.@)} <n
and P(C,) — 0. Thus,
p( | Oy (r|z) — 0 |> e)

_ P( | Oy (r]z) |> e,An> + P( | Oy (r]z) |> e, Bn> + P( | Oy (r]z) |> e, cn)

IN

0+ P( | Oy (7)) |> e, Bn> + P(Cy)

IN

P& B n 73, @) I’ {7 (5,0, ) — 7(v,2)} [> | + P(C) =0,
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which is because

2 B, {n 17, 2) I {x(F, ) — (v, @)}
= a' B, {n 17, ) }n’": 0 {n(3,, x) - 7(v,2)}
= 0,(1) - Op(1) = 0,(1).
If r>1-=n(5,,x), then P(C,) — 1 and P(A, U B,) — 0. Since B, o

['(7;x,7,) is consistent for 3 o I'(7; x,~), we conclude that
P(1Qv(rlz) = Qv(rla) |> )
< P(A,UB,)+ P{ | mTBn ol(t;x,7,) —x' Bol(r;x,~) |> e}
— 0.
O
Proof of Theorem 1 (ii): We now establish the asymptotic distribution of

@y(T |&) under the three scenarios.

If 7 <1—m(y,), then

Vi(Qy(rlz) =0) = VaQy(rl2)I(4,) + VaQy (rl@) (B, U C,)

= VnQy(r|lz)I(B, UC,),
which converges to 0 in probability because for any € > 0,

p( | V/nQy (r]&)1(B, U Cy) |> e) < P(B,UC,) — 0.
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Therefore, ﬁ(@y(ﬂm) - 0> —, 0.

If 7=1—mn(v,x), we have

via(Qr(rl) - 0)
= ViQy (7l@)I(B.) + VnQy (rl)I(C,)
= ViQy(rl2)1(B,) +o,(1)
= 0’z B, {n (5, @)
Virln(Fy, @) = 7y, )0 < 73, @) — 7wy @) <0’} +o(1)
= nQv{n~n(F,. )|z, Y > 0}

Vn{r(Fp, @) = (v, @) H{0 < 73y, @) — 7(y, @) <07’} +0p(1).

Let Z, = /n{r(¥,,,x) — (v, x)}. By the asymptotic distribution of 7,
and the delta method, we have Z,, —4 Z, where Z follows a normal distri-
bution with mean 0. Consider the function h = z - I(z > 0), whose set of
discontinuity points is D, = {0}. Noticing P(Z € D;) = 0, we can apply

the almost surely continuous mapping theorem to function h to obtain

\/ﬁ{ﬂ-(:)\/m m) - 71-(7’ w)}I{O < W(;Y\na iB) - 7-[-(’77 w) < n—é}
e Z-1(Z>0)

= 7(v,@){l —n(y,z)}\/= D} T Zol{Zy > 0},
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where Zy ~ N(0,1). We prove that
n°Qy{nr(¥,,x) e, Y > 0} =, Q4 (0x,Y > 0)m (v, x) ",

Let IL, » be a compact neighborhood of m(+, ) that excluding 0 and let

7 = sup Il ; < oo. We prove first that

sup 1 { Qy (07 &, Y > 0) = Qy(n°r &, Y > 0)} =, 0.

ﬂ'GH—y,z

Let ¢,,(t) and u,(t) denote the empirical processes associated with Y|(x,Y >
0) and the uniform distribution on (0, 1), respectively. And let B,,(t) be the

standard Brownian bridge process. For any € > 0,

P{ sup 1’ | Qy(n~’n &, Y >0) — Qy(nr Yz,Y > 0) |> e}

WGH—y,m

< P[ Sup Frvsol By (n 7 Y2, Y > 0)}v/n | Qy (n°n |2, Y > 0)
reTl x
—Qy(n Y&, Y > 0) [> eni 7 fypyo{ i (n 0 2, Y > 0)}]
< P{ﬁ% Frivool By (2, Y > 00} | qu(t) |> en ™ fypyoo{ By (n~°n Ve, Y > 0)}]
< P sup | frivsolFy (te,Y > 0} gult) — () |

0<t<

€ 1_ _ 5 -
> gn; 5fy|y>0{FY1(n 67T* 1|CL',Y > O)}]

+ P[ SUp | Un(t) — Bu(t) | > =0~ fypyoo{ Byl (n*n Ve, Y > 0)}]
0<t<1 3

+ P sup | Bult) [> snd ™ friysof By (07 2, Y > 0)}] = T4+ 10+ 1L

0<t<1

By Theorem 1 on Page 640 of [Shorack and Wellner| (1986]), under the as-
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sumption that fy|y~o(- | @) is positive and continuous on [0, co), we have
sup | fypyso{ By ' (tx,Y > 0)} gu(t) — un(t) =, 0.
0<t<1
So I — 0. By Theorem B in |Csorgo and Révész (1978)),
sup | un(t) — Bu(t) | =a.s. O(n’% logn),
0<t<1

which implies that II — 0. Finally, recalling that for any ¢ > 0

0<t<1

P ( sup | Bu(t) |> c) =2 (—1)" exp(—2i’c?),
i=1
we conclude that
M= P| sup | Balt) > S0 fyysof M (n0m e, Y > 0)}] = 0.

0<t<1 3
Taylor’s expansion of Qy{n=°n(y,z)~! | z,Y > 0} at 0 yields
Qv {n Sn(v,2) Mo, ¥ > 0} = @y (0], Y > 0) n-on(y, ) +ofn P n(y,2) 2},
which, together with (S1.1) and the consistency of 7(%,,, ) implies that

n’Qy{n 7 (3, @) e, Y > 0} =, Q4 (0a, Y > 0)w(y, @) .

By the Slutsky’s theorem

\/ﬁ(@y(ﬂw)—o) —q {1-m(v,2)}\/2 "D ix Qy(Olz,Y > 0)ZI{Z, > 0},
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where Zy ~ N(0,1). Finally, if 7 > 1 — 7(~, @),

Vi{Qv(rlz) - Qv (7))
= Va{Qy(r|2)I(Cy) — Qy(r|z)} + vVnQy (t|z)I(A, U By)
= 2" Vn{B,oT(r;2,7,) — BoT(ria,7)} + 0p(1).

We now proceed to establish the limiting distribution of \/n{83,ol'(T; &, ¥, )—

Bol'(r;x,v)}. Define

X{r—I(Y -X"B<0)}(Y >0)
m(B(7),v) =
X{I(Y >0)—7(vy,X)}

Define

.Mwmwz/mwmmwzA@wmwz/mwmwmw

Let A be a compact neighborhood of the true «, T" be a compact subset of
interval (0, 1) containing I'(7;x,~), and ¥ is a compact neighborhood of

the true B o I'(1; ®,~). The class

]-":{m(ﬂ(T),'y),Tx'yxﬁeTxAxlIl}

is clearly a VC class with a squared integrable envelope function X X '.

Thus, F is a Donsker class. Define

Gn(B(7),7) = Vn{M.(B(1),v) — M(B(7),7)} -
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The fact that F is a Donsker class and both 5, and 3, (7) are consistent

implies that
Gu(Bo (7). 7n) = GulB(7). ) + 0,(1).

which is equivalent to

Op(l) == \/EMH(Bn(TL%\/n)
= VaM,(B(7),~) + VoM (B, (7),7,)

= \/EMH(/B@-)?’Y) + \/EVM(/B(T)/Y) )

where the first equality is by the definition of 4, and Bn(T)

Thus,

Bu(1) = B(7
Jn (7) ) = —VM ™ (B(7),7)VnM,(B(7),7) + 0,(1).

%n_’y

By the central limit theorem,

VM, (B(7),7) —a N {0, :

Opo D 1y
and calculation yields
Dl,ﬁ(T) 0pxp
_VM(B(T)77) - )
Opo D 1y

where

D)) = Ex [w(y. X) frivso{ X '8(r) | X}XXT]. Dy =Ex {n(.X)XX"},
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D, =Ex [7(v, X){1 —7(v,X)} XX T|.
Therefore,

\/ﬁ /611(7_) - B(T) iy Nlo 7'(1 — T)D;é(T)DOD;g(T) 0p><p

Vn =Y 0pxp Dl_-ly
By the delta method,

~

B,ol(rz,vy) —Bol(r;z,7) Vi 0pa
\/ﬁ —d N 07 . )
F(T,:B,;y\n) - F(vavﬁy) O;TXI ‘/2
where
Vi=I(rzy{l-I(ne, 7>}D;goF(T;mn)DODiboF(T;mn)’

Vo= {1-T(r;z,v)}*{1 - 7(y,2)}’z' Di .
Applying the delta method again, and then Slutsky’s theorem,
Vi(Qy(rlz) = Qv (r]a))
=a'Vn{B,oT(r;2,7,) — BoT(rix,7)} +0,(1) =4 N(0, £y + ),
where

S =T(r;@,7){1 ~T(r;z,7)}a Dy}

—1
1.gor(riwy) D0 D1 gor (i) T

Sy = {1-T(r;z,y)}*{l-n(v.2)}’a "D}z x" Bol (r;@,~) Bol' (1;2,7) =,

and
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S1.2 Proof of Theorem 2

Proof of Theorem 2: Without loss of generality, we derive the following the-
orem for the treatment effect of a binary covariate X, which takes values

0 or 1. By Theorem 1,

\/ﬁ[{@Y(T X = LX) = Qr(r | X; =0, X))} (SL.1)

{1 %=1 X)) - Qv(r | X; = o,XH‘))}]
= (LX) O)7(y,1, X))
Vil LX) =y, LX) I =1 -y, X )
— 0.XNB O)r(y, 1, X )
V{5, 0, X ) = 73,0, X Hr =1 77,0, X))
+ (LX) B, oT(r1, X,5,) ~ BoT(r1, X, )}
Hr>1-7(v,1, X}
— O0.X )W {B,oT(r0,X,7,) = BoT(7:0. X))}

I{T >1- T(’}’,O,X(_j)>} + Op(l)a

where f; = max{f,0}.
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Let 6 = (v, 8) and define

O, X)) =Qy(r | 1, XCNI{r >1—7(v,1, X))}
—Qy(r] 0, XNI{r > 1 —7(~,0,X9)}
= (LXNBo(r;1, XD NI{r >1—7m(y,1, X))}

- (07 X(_j))IB © F(T; 07 X(_j)a 7)[{7— >1- W(’Y? 07 X(_J)>}

Denote X% as the covariates from the current data excluding variable
X, which is used in estimating the average quantile effect, and denote X (=)
as new covariates, which have the same distribution Py as X 0.(=7)  We
first consider the case when Py(-; is absolutely continuous with respect to

the Lebesgue measure.
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Write

_ \/ﬁ{ / W0y, XOCD)AP, yocs) — / h(H,X(_j))dPX(j>}
— \/ﬁ{ / h(0,, XOD)AP, yo.cs) — / h(gn,Xo’(_j))dPXo,u)}
+\/ﬁ{/h(§mX(_j)) — h(e,X(_j)MPX(—ﬂ}
= it [ 0. XA, o~ Pron)
+\/ﬁ{ [ 16, x) - h(e,X“'))dPXu)} +op(1)
- / [ﬁ / B8, X DVA(P, xo-s) —Pxo.on) + Vi{h(B, X D) — (6, X} dPyi)

+o,(1),

where the second last step is by asymptotic tightness of the empirical
process G,h(@, X)) because the fact that 8o I'(r;1, X ~) and B o
[(r;0, X(’j),'y) as smooth functions of X7 with compact supports im-

plies that {h(8, X )} as indexed by X is a Donsker class.
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The integrand in the previous display is written as

\/ﬁ/h(e,X”’)d(ano,<-j> —Pyon) + Vn{h(0,, X)) — (9, X))}
1 & » » »
= \/ﬁ(ﬁ Z [(1,33?’( ]))ﬁ oI'(7; 1,w?’( J),'y)l{r >1—7(y, 1,:1:?’( j))}
i=1
— (0, m?’(_j)),@ o I'(7;0, w?’(_j),'y)l{T >1—m(,0, m?’(_j))} - A (X1, 0))
+ Vi [(LX(_”){@L ol(m;1, X 7,) = Bol(r; 1, X )} {r > 1 —(v,1, X))}

— (0, X(*j)){[/i\n o I'(7;0, X(*j),:)\/n) — BoT(r;0, X(*j),'y)}I{T >1—m(,0, X(fj))}} ,

whose limiting distribution is derived as follows.

By the central limit theorem,

s @ — I(y, — 20 TB(1) < 0)}(y; > 0) — 0

I3l {I(y; > 0—7(v,20}) — 0

Vvn
%Z?:l (1, 33?7(_]))5 oDl(r;1, m?’(_]), NI{T >1—7(~,1, :v?’(_”)}
—(0, a:?’(*j))ﬁ oI'(1;0, w?(ij),’)’)[{T >1—7(v,0, w?(*ﬂ'))} — AL(X[;1,0)
2 O2p><1
—d N 07 ’
ngﬂ Uz,ﬂﬂ
where

aig,v = Var[(l,XO,(—j))@ oI'(r; 1,X0,(—j)77)[{7 > 1—7(n, 1,X0’(_j))}

= (0, X°0)BoT(7;0, XD, y)I{r > 1= (7,0, X*)}].
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Applying the delta method, we get

~

3, o I'(r; 1,X(*j),'y) — Bol(r; 1,X(*j),7)

B, ol(r;0, X9 ~) = BoT(r;0, X9, ~)

vn Vo =

Ly | BT (r 1, ™) ) {r > 1= (v, 1,2]7)}

—(0,2>NBoT(r;0, 20 ) I{r > 1 —7(,0, 20} — AL(X;:1,0)

( 3\

Vs, Vgpe O 0

Vs Vg, 0 0

—>dN 0, R
0 0 Dy, 0
2
\ 0 0 0 075,
where
Vg, =I'(r;1, X9 ) {1-I'(r;1, X9 ~4)} D! DyD;!

1,BoT(;1,X (1) )= 071 Bol (751, X (+4) )

Vg, = (150, X ) {1-T(;0, X7 ~)} D! D

D!
1,80T(7;0,X () ~)~ 071 Bol(7;0, X (—9) ~)’

. . 1 1
_F<7_; 17 X( ])’ 7)F(T; 07 X( j)77)}Dl,,@ol“(r;l,X(—j),7)D0D1,ﬁoF(r;0,X(_1),~y)'

Define V., = Cov{BoT'(r;1, X9 5, ), B0 T(r;0, X9 5, )}. The delta
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method yields
B,ol(r;1, X 5,) = Bol(r;1, X )
B, ol(r;0, X, 5,) — Bol(r;0, X, ~)

Ly | (L) T BoT(r L&l ™) ) {r > 1— (v, 1,27}

(0,2 )T BoT(r;0,2 P ) {r > 1—a(y,0,20 )| - A (X;;1,0)

( )

! !
V1 Vl,o Opxl

—a N0, [V, Vi 0,0

OT 2

T
0 px1 0-7'157’7 )

\ px1

V1=V +{1-T(r1, X )P {1-n(y,1, X )P (1, XD} (1, X )T

(LXTNBoD(r;1, X 4)BoT(r;1, X 4)T (1, X T,

Vo' =V, +H{1-T(7; 0, X7, )} {1=(,0, X T)}*(0, X ) Dy (0, X))

(0, XTN)BoT(7:0, X7, 7)BoI(7:0, X7, %)T(0, XT)T,

Vll,(] - VEJI;I = Vﬁlﬁo + V’Y‘
Applying the delta method again,
\/ﬁ/ h(0, X )d(P, xo.-» —PX0,<—j))—|—\/ﬁ{h(§n, XN —n(0, XTI =, G(X ),

where G(X 9 is a Gaussian distribution indexed by X =7 whose variance



ZERO-INFLATED QUANTILE REGRESSION 16

(1L, XNV, XN Hr > 1 —7(v,1, X))

+ (0, XNV(0, XENTI{r > 1 —7(y,0, X))}

—2(L, XV (0, X T H{r > 1=7(7,1, X ), 7 > 1-m(7,0, X))} 407 5 .

By the Donsker property of G,h(vy, X (), the above convergence is uni-

form as a random process indexed by X (7). Therefore,
VAR (X5 1,0) = AL(X:1,0)) = /G(X(‘j)) P, = N(0,0%),

where

0% = / / Cov{G(X ), G(X* )} dPy (-5 dPx-1

for independent and identically distributed random vectors X 7 and X*(
from the distribution Py (.

To simplify the expression for o2, without loss of generality we assume
7(y,1, X)) > 7r(fy,0,X(_j)) a.s. Px(5, which means that the outcome
Y is less likely to have zero-inflation when X; = 1 than when X, = 0.

Define
QO = {X(*j) 7 < l—ﬂ(’y,l,X(*j))},
Qy, = {X(_j) 1—7(7,1, X)) <7 < 1—7T(’Y,O,X(_j))},

0y = {X(_j):T>1—7T(’y,O,X(_j))}.
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Let

GuXD) = (1, XCN{B,oT(1;1, XD F,) = BoT(r; 1, X9 )},
Go(X)) = (0, X D) B, oT(r;0, X5 ) - Bol(r;0, X, 4},
Gxocn = — [(Lw?’(*))ﬁom;LwS’“”,w)I{r>1—7r<7,1,w?*(*”>}

— (0, m?’( ))[3 oI'(r;0, m?’(_j),'y)]{T >1—m(v,0, m?’(_j))}].

Then, the double integral in the expression of 0% can be decomposed into
a sum of integrals over the 9 subregions ; x €2;,4,7 = 1,2,3. Specifically

the expressions of Cov{G(X ), G(X ")} are

O xQ : o2

7,8,7’

Q xQy ¢ Cov{Gy(X),G((X* )} + 024,
Qs x Q3 Cov{G (X)), GL(X* N} + Cov{Go(X ), Go(X =)}

—2Cov{G (X)), Go(X* D)} + o2

7,8,7’

(Ql X Qg) U (QQ X Ql) : O'2

7,87’

(Ql X Qg) U (Qg X Ql> : 0'72_”377,

(Qy x Q) U (Q3 x Q) : Cov{G(X), G (X))

— COV{G1 (X(ij))a GO(X*(ij))} + UE,B,’)"

When Py (- is not absolutely continuous with respect to the Lebesgue

measure, as long as A-(X;;1,0) is well defined, it can be shown that the se-
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quence of random processes indexed by X7 converges uniformly to
a tight process G(X (=i )), although not necessarily Gaussian. Then, by the
almost surely continuous mapping theorem, ﬁ(ﬁT(Xj; 1,0)—A,(X;; 1, O))
converges in distribution to [ G*(X (_j)) dPx -y, a distribution not neces-

sarily normal.
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S2 Additional figures and tables
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Figure S1: The true coefficient functions Bo(7), £1(7) and f2(7) in simulation studies.
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Figure S2: Comparison of the proposed method (without smoothing) with the direct

quantile regression, ZIP / hurdle and CPG models in estimating the AQE of increasing

systolic blood pressure from 120 mmHg to 170 mmHg on all quantiles of echodensity.
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Model fitness for the NOMAS data.
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Table S1: Summary of RIMSE(%), RIBias?(%), and RIVar(%) of the estimated condi-

tional quantile functions of echodensity around the change point of Qy (7/X) (from zero

to positive).

Proposed (smooth) Proposed (non-smooth) Direct
(gender, systolic) RIMSE RIBias? RIVar RIMSE RIBias®> RIVar RIMSE RIBias? RIVar
(0,130.78) 0.30 0.03 0.27 0.33 0.03 0.31 0.44 0.29 0.15
(0,139.88) 0.20 0.01 0.19 0.24 0.01 0.22 0.26 0.13 0.13
(0,150.00) 0.16 0.01 0.15 0.19 0.01 0.18 0.17 0.06 0.11
(0,160.12) 0.18 0.01 0.17 0.22 0.01 0.21 0.16 0.03 0.13
(0,169.22) 0.21 0.01 0.20 0.27 0.01 0.25 0.24 0.10 0.14
(1,130.78) 0.28 0.02 0.26 0.32 0.02 0.29 0.30 0.13 0.17
(1,139.88) 0.20 0.01 0.19 0.23 0.01 0.22 0.22 0.10 0.13
(1,150.00) 0.17 0.01 0.16 0.19 0.01 0.18 0.14 0.03 0.11
(1,160.12) 0.16 0.01 0.15 0.19 0.01 0.18 0.17 0.05 0.12
(1,169.22) 0.16 0.01 0.16 0.21 0.01 0.20 0.33 0.21 0.12
71P Hurdle CPG
(gender, systolic) RIMSE RIBias? RIVar RIMSE RIBias®> RIVar RIMSE RIBias? RIVar
(0,130.78) 1.44 0.69 0.75 1.44 0.69 0.75 0.74 0.72 0.02
(0,139.88) 1.48 0.85 0.62 1.48 0.85 0.62 0.72 0.71 0.02
(0,150.00) 1.55 0.99 0.56 1.55 0.99 0.56 0.68 0.67 0.01
(0,160.12) 1.82 1.15 0.68 1.82 1.15 0.68 0.71 0.69 0.02
(0,169.22) 2.00 1.19 0.80 2.00 1.19 0.80 0.66 0.62 0.04
(1,130.78) 1.91 0.98 0.93 1.91 0.98 0.93 0.82 0.81 0.02
(1,139.88) 2.10 1.27 0.83 2.10 1.27 0.83 0.87 0.85 0.02
(1,150.00) 2.39 1.60 0.80 2.39 1.60 0.80 0.88 0.84 0.04
(1,160.12) 2.38 1.60 0.78 2.38 1.60 0.78 0.70 0.65 0.05
(1,169.22) 2.20 1.45 0.75 2.20 1.45 0.75 0.52 0.47 0.05
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