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Lemma 1. Under Assumption 1, for any m > 0, there exists a constant Cr = Co(Chp V
log(r7/m) V1), where Co is a universal constant, Cy, is a constant depending on v,r,7,%(z), h(z)

but independent of m,p,n,d and g, such that for any 6 > 0, the following hold:

(a) The sample gradient converges uniformly to the population gradient in FEuclidean norm,

i.e., if n > Crplogn, we have

~ 1
P sup |[VRL(0)— VRO)|]s < () T8 ) > 1 _ (1)
6€BE(0,r) n

(b) The sample Hessian converges uniformly to the population Hessian in operator norm, i.e.,

if n > Crplogn, we have

P sup [[VERa(0) = VER()||y < 72/ C7PI08T ) Sy _ 1 2)
6€BY(0,r) n

Proof of Lemma 1: In order to prove the uniform convergency theorem, it is suffice to ver-
ify assumption 1, 2 and 3 in Mei et al. (2018). Specifically, first, we will verify that the directional
gradient of the population risk is sub-Gaussian (Assumption 1 in Mei et al. (2018)). Note the di-

rectional gradient of the population risk is given by (Vp(Y — (X, 6)),v) = (Y — (X, 0))(X,v).



Supplementary Material

Since |¢(Y — (X,0))| < Ly, and (X,v) is mean zero and 72-sub-Gaussian by our assump-
tion 1, due to Lemma 1 in Mei et al. (2018), there exists a universal constant C7, such that
(Vp(Y — (X, 8)),v) is C1Ly7m>—sub-Gaussian. Second, we will verify that the directional Hes-
sian of the loss is sub-exponential (Assumption 2 in Mei et al. (2018)). The directional Hessian
of the loss gives (VZp(Y — (X,0))v,v) = &' (Y — (X, 0))(X, )% Since [¢'(Y — (X,0))| < Ly,

by Lemma 1 in Mei et al. (2018), (VZp(Y — (X, 0))v,v) is Ca7’-sub-exponential. Third, let

’ / T
H = ||[V?R(60)||op and J* = E | sup G (Y_<X’91>|)‘;wif9yl_‘<x’92>))m llop | Then, we can show
01205 1—02][2
H < Lyt? and J* < Ly(pr?)3/2. Therefore, there exists a constant Cj, such that H < 72p©r
and J* < 73p°" | which verifies the assumption 3 in Mei et al. (2018). Therefore, the uniform

convergency of gradient and Hessian in theorem 1 in Mei et al. (2018) holds for our gross error

model. O

Proof of Theorem 1: Part (a): It is suffice to show that (6§ — 6y, VR(6)) > 0 for all
[|6 — 6o]|2 > no. Note by Assumption 1(d), we have h(z) = fj;o P(z +€)fole)de >0 as z>0

and h/(0) > 0. Define H(s) := O<inf< ‘#, it is easy to see that H(s) > 0 for all s > 0. Then, we
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have

(0 —00,VR(0)) = E[E[WY(z+¢€)zlz= (00— 0,X)]]
— (1= )E[R((6 — b0, X))(6 — 00, X)] + 5B [By (= + €)2]z = (6 — 6, X))]
> (1-8)H(s)E[(6 — 00, X)*I(9—0 x)) <)) — SLuE{60 — 0, X)]

= (L= 08)H(s)E[(6 — 00, X)* — (0 — 00, X)*I(1(9—,x)|>5)] — OL,E|(O — b,

> (1= 8)H(s) [EL0 00, )% = (B[O~ 60, X)*] - P((0 0, X)]| > 5))""]
~OL(BI(6 — 0, X))
(i)
> (1=8)H )0 — 00|37 (v = Ve2P([{0 — 0o, X) > 5)) = Ly 10 — bl 27
Q) E(](0 — 00, X
2 (-8 H )0 - 60l3r (v [ >|)>—5Lw||9—90|27
4110 — 6
> (- OHEI - bollir (v il ol 0||2)_5Lw||9—90|27
0—0
> (=80 - ol (- LI p o — gpjr
2 2 16coT7r
> (=80 - ol (- ) oLyl - ol

Here (i) holds from the fact that if X has mean zero and is 72-sub-Gaussian, then for all u € R?,

E|(u, X)*

IN

[lull27?,

E|(u, X)|*

IN

4_4
co|lull27",

where ¢z is a constant (Boucheron et al., 2013). (ii) holds from Chebyshev’s inequality. Thus,

a choice of § = 8% %2 will ensure that
3 8tr [ca 2 2
(6 =00, VR(9)) 2 (1 = &)y H(—~ ;)IIG—GonT = 0Lyl — bo[2T, (3)

which is greater than 0 when

Ly

|16 — Bol|2 > = 10.
—OHCE [2)m

X))l
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Therefore, there are no stationary point outside of the ball BE (6o, n0).
Part(b): We first look at the minimum eigenvalue of the Hessian V2R(0) at § = 6. For

any u € R?, [Jul|2 = 1,

(u, V*R(0o)u) = (1= 0)Eg, [/ ()(X,u)*] + 6Eq[¢/ (€)(X, )]

(1= O)Eq, [ ()|E[(X,u)*] + 0Eq[1) (e) (X, u)?]

\Y]

(1 — &)W (0)yr> — 8Ly7>.

Therefore, we have the minimum eigenvalue of V2R(fp) is greater than 0 as long as § <
' (0)y
R0+ Ly *
Similarly, we can get {(u, VZR(fo)u) < (1 — )R’ (0)yr? 4+ §Ly72.
Then we look at the operator norm of V2R(#) — V2R(6o). For any u € R?, ||ul|> = 1,

[{u, (V*R(8) = VZR(60))u)] = [E[('((X, 00— 0) +€) — &' ())(X,u)?]]

= [E["(€)(X, 00 — 0)(X,u)’]|

IN

E[y" (§)[E[(X, 60 — )(X, )’

IN

Ly{E[(X, 60 — 0)*|B[(X, u)*]}"/?

Ly (|60 — 0372 car™)"/?

IN

= Lyves|[0o — 027,

Hence, taking

(1= 8 (0)y — 3Ly
2./catLy

’ 2 2
guarantees that (V2R(0) — V2R(00))op < a=on <0);T “OLu™” Therefore, for all 6 € B8 (60, m),

16— Ool[2 < m =

(®)

we have

Mo PRO) > i = LW e e ©
Anax(V2RO) <8 1= [S(1= O 0y + 20147, (7)

4
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which yields there is at most one minimizer of R() in the ball BY(6y,m1), as long as § <

h'(0)y
ROn+Ly

Part (c): Note R(6) is a continuous function on BE(r). Thus there exists a global minimizer,
denoted by 6*. Since we have shown that there is no stationary points outside the ball B (6o, n0),

0" should be in the ball BY (0, n0). Therefore, as long as n1 > no, i.e.,

(1 - (S)h/(O)’Y - (5L1p > (5L¢, (8)
2verly (1= 0)FH(5 2y

there exists and only exists a unique stationary point of R(6), which is also the global optimum
0*. O
Proof of Theorem 2 Based on Lemma 1, there exists a constant C; such that as n is

large enough when n > Crplogn,

~ - 1
p ( sup ||V Ra(60) = VRO)|2 < 7 Cpog”) S1-n ()
6eBP(0,r) n
24 2 2 [Crplogn
P sup |[V2Ra(8) — VER(O)||op < 724/ Z7P08 ) 51 . (10)
0€BP(0,r) n

Let e = h'(0)H (%" %2)727/(4\/5Lw), which is a constant that does not depend on 7, . Thus,

if n is further large such that 74/ @ < e and 7%y / % < k/2,i.e.,n > Cplogn, where

C = max{Cxr,7°Cr/ed, 47" C= /k*}, we have

P ( sup ||[VR.(0) — VR(O)||2 < 74/ Crplogn < eo> >1—-7 (11)
0€BP(0,r) n
P ( sup  [[V2Rn(0) — VER(0)]op < 721 721087 o H/2> >1-m. (12)
0€BP(0,r) n

Part (a): Note

(000, VRu(®)) > (000, VR()) ~ IV Ra(6) ~ VRO)][2]10 — boll (13)
> (=03 [0~ bl = (3L + e)llo = oll (14

5
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which is greater than 0 when

L 1
[160 — 6ol|2 > 73—6 wg: EOC =n0+mg7 (15)
- 5)2H(T\/ 72)72’7
where ¢ := 3\}};7(2702% is a constant does not depend on J. Therefore, there are no stationary

points outside of the ball BE (6o, n0 + 15¢).
Part (b): For the least eigenvalue of the empirical Hessian in BY (6o, 1), we have

Aunin (V7 B (6)) Anin(VAR(0)) = sup ||V Ra(8) — V*R(6)llop

inf inf
[16—60]]2<m [16—60ll2<m 0€BP(0,11)

Y]

k—K/2=K/2>0. (16)

This lead to the conclusion that, R, (6) is strong convex inside the ball BE (6o, n1).

For the largest eigenvalue of the empirical Hessian in B (6o, 1), we have

SUp  Amax(VZRn(0)) < SUp  Amax(VZR(0)) 4+  sup  [|V2Rn(6) — VZR()]op

[16—60(l2<m [16—00]l2<m 6€BP(0,m1)

< KA R/2 <2, (17)

where &’ is defined in (6) .
Part(c): When no + 155¢ < m1, by strong convexity of I?in(G) in BE(60,m), there exists a

unique local minimizer, which is in B} (6o, 70 + 1%561). ‘We denote the unique local minimizer as

O,
By Theorem 1, there is a unique stationary point of the population risk function R(6) in
the ball BY(6o,n0). Suppose 6" is the unique stationary point of R(6). By Taylor expansion of

R, (6) at the point 8*, there exists a 6 in BE (6o, n0 + 155¢), such that

R (0n) = Rn(0) + (0 — 0", VR (07)) +

-~ ~

(0,, — 0*)' V>R, (0)

~

(0n — 07) < R (67). (18)

N

Since by equation (16), the least eigenvalue of V2R, (0) is greater than /2, which lead to

gllgn — 0|3 < (0" = 0n, VRA(0")) < 110" = Oull2|[VRa(07) ]2, (19)

6
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which yield
o * 4 = *
182 = 0%[[2 < ~ |1V R (6)]|2- (20)

By Theorem 1, ||6p — 0%|]2 < 7m0, combined with equation (20) and the uniform convergency

18— Oollz < 10 + T/ CR1BT (21)
K n

Part(d): Let 0, (k) be the k—th iterate of gradient descent defined by

theorem in Lemma 1 yield

0n(k +1) = 0, (k) — hV R (0, (K))

First, we assume that we initialize at 6,(0) ¢ B5(6o,7m1) and all the iterates up to 0, (k) are
outside the ball BE(0g,n1). We will show that the gradient descent will converge exponentially

to the ball BY (6o, m1). Note
16: (K + 1) = 6013 — 1|6 (k) — ol|3 = —2h(V Ry (6 (K)), 02 (k) — 60} + h||VRa (B (k)3 (22)

The lower bound of the inner product term can be derived by (13).

~ 1
(VR (0n(k)),0n(k) = 00) > 6Ly %llonw)—ooué—2||0n(k:>—eo|\z
> = 20)y ) oo, (23)
Tom

where the last inequality holds by the fact that 6, (k) ¢ B5 (60, n1). Moreover, since ||[VR(0)|2 <
2Ly 7, under the event (11), with probability 1 — m, |\V§n(0)||2 < (24 8)Ly7. Thus, by (22)

and (23),
10 (k + 1) — 6012 < 1|6 (k) — 002 [1 - zh%mﬂ] FRA240PLAR. (24)
Thus, by choosing h < hmax,1 := mlm—2m0)d g Al 0. (k) ¢ B5(60,m), we have

no(2+8)2Ly 7’

162 (k + 1) — Bol|3

IN

16 (k) — 6013 [1 — 2h%5wr} +h*2+6)°Ly
07/1

IN

10 (k) — 6013 [1 - hM(SLW}
Mo

7
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Define r1 =1 — h%(SLwT < 1. We have the following chain of inequalities

100 (k) = Onllz < 10 (k) — Ooll2 + 10 — Ooll2 < 1|0 (k) — Ooll2 + 20

< 200 (k) = Ooll2 < 277"%10(0) = Boll> < 2r}”2([104.(0) = Bull2 + [0 — bol|2)

IN

4ry2 (1|0 (0) — Bn]l2, (25)

which implies the exponential convergence of the gradient descent outside BE (6o, m).

Next, we will establish an exponential convergence inside B (6o, 71). By (16), we have

Amin (V2R (0)) > k/2, SUP  Amax (V2R (0)) < 25’

inf
[16=0012=<m1 [16—00l2<m
Thus, R.(0) is x/2-strongly convex in BE(00,m1). By standard convex optimization results, if

we start from a point inside BE(6o,11), and take h < hmax,2 := 1/(2k"), we have

~ K 1 ~
16006) Bl < 2/ 1 = Seh)2)0,(0) = o

Combined with the result (25) in the first step yields for any initialization 6,(0) € B5(0,r),

running gradient descent gives

~ ,{l ~
162 (k) = Onllz < 44/ =516 (0) — bnl2, (26)

where s = max{\/l — hM(;LwT, \/1 — %nh}, and the step size h satisfies h < hmax =
nom
. . _ 5
min{humax, 1, a2} = min{ 2EHEZ090 1/ (267)}.
O

Lemma 2. Under assumption 1 and 2, there exist constants C1,C2,To, Lo that depend on

r, 7, m, 0, Ly, but independent of n,p, and g, such that the following hold:

a The sample directional gradient converges uniformly to the population directional gradient,

along the direction (6 — 60o).

p sup (VR (0) — VR(0),0 — 00)| < (To+ Lor) Ci log(np)
0eBE (r)\ {0} [16 — 601 n

>1—m.
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b Asn > Casolog(np), we have

1
P sup (v, (V2Ra(6) — V2R(6)) v)| < 72 | C250log(np)
0€BE (r)NBY (s0),v€BL (1)NBE (s0) n

>1—m.

Proof of Lemma 2: From the Theorem 3 in Mei et al. (2018), the uniform convergency
theorem of our Lemma 2 holds if Assumption 4, 5 in Mei et al. (2018) hold under the con-
taminated model with outliers. Here we will show under our assumption 1 and 2, there exist

constants Tp and Lo such that
a Forall® e BY(r), Y e R, X € R?, ||[Vop(Y — (X, 0))]|cc < ToM
b There exist functions h; : R x RP™ = R, and he : RPT! — RP, such that
(Vop(Y —(X,0)),0 — o) = h1((0 — 6o, h2(Y, X))),Y, X). (27)

In addition, h1(t,Y, X) is LoM- Lipschitz to its first argument ¢, h1(0,Y, X) = 0, and

h2(Y, X) is mean-zero and 72-sub-Gaussian.
Part (a). The gradient of the loss is
Vop(Y — (X,0)) = (¥ — (X,0))X. (28)

By assumption 1, we have | — (Y — (X, 0))| < Ly. By assumption 2, we have || X||cc < MT.
Therefore, (a) is satisfied with parameter To = Ly T.

Part (b). Note
<V9p(Y - <X7 0)),6 — o) = — (Y — (X, 9>)<X7 0 — 00> (29)

We take ho(Y, X) = X, t = (X,0—00) and h1(t,Y, X) = —p(Y —t — (X, 6o))t. Clearly, we have

h1(0,Y,X) = 0 and h2(Y, X) is mean 0 and 72-sub-Gaussian. Furthermore, note |t| < 2rMr,

9
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we have

|§h1(t>Y7X)| = |’¢/(Y—t—<X,90>)t—1/)(Y—t—<X,90>)‘ (30)
S 2ML¢7"T + Lw (31)
< (2Lyr7 + Ly)M. (32)

Therefore, h1(t,X,Y) is at most (2Lyr7 + Ly )M-Lipschitz in its first argument ¢. By part (a)
and part (b), we can see assumption 4, 5 are satisfied under the gross error model, which prove
the uniform convergency theorem in our Lemma 2. O

Proof of Theorem 3: We decompose the proof into four technical lemmas. First, in
Lemma 3, we prove there cannot be any stationary points of the regularized empirical risk Ly

in (10) outside the region A, which is a cone with A = {6y + A :

[Asglli < 3||Asoll1}. Then in
Lemma 4, we show there cannot be any stationary points outside the region B (6o, rs) where
rs is the statistical radius which is not less than 7o in Theorem 1. In Lemma 5, we argue that
all stationary points should have support size less or equal to csplogp. Finally, in Lemma 6,
we show there cannot be two stationary points in BE(6y,71) N A. Note L, () is a continuous
function, which indicates the existence of the global minimizer. Therefore, we can conclude
there is and only is one unique stationary point of the regularized empirical risk L, as long as
rs < M1.

To start with those lemmas, we define the subgradient of L, at 0 as:

ALn(0) = {VR,(0) + Anv : v € ||0]]1} . (33)

Therefore, the optimality condition implies that 6 is a stationary point of L, if and only if
0 € dl, (0). To simplify notations, all constants in the following lemmas are dependent on

(p, Ly, 7%, 7,7, ) but independent on 6, s, n, p, M. O

10
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Lemma 3. Let So = supp(o) and so = [So|. Define a cone A = {00 + A : [[Asgll1 <
3||Asy|l1} € RP. For any m > 0, there exist constants C, such that letting A\, > 2C- M k’% +

26 Ly 7, with probability at least 1 — 7, L, (6) has no stationary points in BE(0,r) N A® :
(2(0),0 — 6) >0, VO € BY(0,r)NA, 2(0) € DL (0) (34)

Proof of Lemma 3: For any z(0) € dL,(0), it can be written as z(0) = VR, (0) 4+ nv(6),
where v(0) € 9||0]|1. Therefore, we have
(2(60),0 — 60) = (VR(0),0 — o) + (VR,(0) — VR(6),0 — 6o) + A\ ((6),6 — 6o) (35)
Note by (3) we have
4 3

3 8
(0 — 60, VR(0)) > (1 — 6>7H<ﬂ,/%>||e — 00372y — 6Ly]10 — Oo||2T. (36)

By Lemma 2, for any m > 0, there exists a constant C’x such that

P( sup (VFin(6) = VE(6),0 = 0o)] < CxM 1Oﬂ) >1-—m. (37)
0<l6lla<r 110 = 6ol 1 n
Letting A = 0 — 6o, we have
©(6),0 = 00) = (v(0)s5, Asg) + (¥(0)s9, Aso) 2 [|Asgllr — || Asellr (38)
Plugging (36),(37),(38) into (35) yields
3,...81r [c2 2_2
GO0t = (1= T [0 - bollirty — 5Lyl ~ bllar (39)

logp
= My == (llAsgll +11Aso[l1) + An([|Asglls = [[As,[[1). (40)

Let An > 2C-M /€2 + C3, we have

871

=0).0-6) > (-85

%)Ho — 00|37 — 6Ly — Oo||2T

log p
+ CxM " ([lAsglls = 3[[Aso 1) + Ca([|Asg |1 — [|Asol[1).  (41)

11
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Next, we will find the lower bound of ||Agg||1 — [|As,||1 under the constraint of |[|Asg|l1 —

3||As,|l1 > 0. Note

1
Asglls = llAsolls = S([Asgll = 3[[Aso i+ [[Asgllr +[]As, []1)
1
= 5lAsgll = 3l[As, [l + 1Al
1 1
> Z||AllL > =|Alls. 42
> SlAl = SlAl: (42)

Combined with (41), setting Cy > 20L,7 yield C2/2 > § Ly, which implies (z(0),0 — o) > 0,

as long as 0 € A, i.e., [|[Ase|li — 3[|Asy[[1 > 0. O

Lemma 4. For any 7 > 0, 0 € A, 2(0) € Bﬁn(ﬂ), there exist constants Cp, Cq such that with

probability at least 1 —

(2(0),0 — 6p) >0 (43)
as long as ||0 — o||2 > rs, where
0 4./s0 logp
rs = 1—6CO+ 1—(5(M n +)\n)Cl (44)

Proof of Lemma 4: Since for any 6 € A, we have ||0 — 6|1 < 41/50]|0 — 00||2. Combining

with (35) yields

1
(2(0),0 = 60) = (VR(6),6— o) — CeMy| Z2L||0 = ol = Aall6 = 6]y (45)
3..,81r [ca 2_2
> (=) TG\ 2110~ bollsry = 5Lul|0 — bollar (46)
1
—(Cn M\ 2BE 4 0, 44/50][6 = o, (47)

which is greater than 0 as long as

Ly + (Cx M/ 252 + A)dy/50

16 — Goll2 > Py P— =T, (48)
(L—=0)3H(55"\/2)my
: _ L _ max(1,Cr) . . .
Taking Cp = ——%__ and ¢y = —22x0,0x) _ 4iye the result of . in equation (44). [
g Co TH(5E [Ty 1 EyrEE %)Wg q (44)

12
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Lemma 5. If § < 1/2, for any m, there exist constants Cy, Cy such that letting A\, > 2Ly 7(Co 4/ 10%4—
), with probability at least (1 —), any stationary points of En(e) in BE(0p,75)NA has support

size |S(0)] < Cisologp.

Proof of Lemma 5: Let 6 € BE(f,r5) N A be a stationary point of L, (#) in (10). Then

we have
VR (0) + Ar(0) =0, (49)
where v(0) € ||0]|:. Thus, we have

(VRn(é)) =+, Vje S (50)

J
Note |9 (y; — (xi,00))| < Ly and {(x;, e;) is T72-subgaussian with mean 0. Then there exists an ab-
solute constant co such that ¥ (y; —(z:, 60)) (s, e;) is co L7, 7°-subgaussian, see Lemma 1(d) in Mei
et al. (2018). Thus we have L 37 (y; — (zi,00))(wi, €;) is coL7,7° /n-subgaussian with mean
(VR(6o), e;). Moreover, note |[(VR(00),¢e;)| = [0Eq¥(ys — (xs,00)){xs,e5)| < ILyE|(zi,e;)] <

6 LyT, we have for any ¢ > 0,

%Zw — (@, 00)) (@i, ;)| >t +6LyT)

t’n

< \* Z¢ = (21, 00)){xi, €5) — (VR(6o), €j)| 2 t) < 2exp(—5-—5—).  (51)
coLwr
Thus, we can get
P(|VRa(60)lloe > t+6Ly7) < p max P (| ( Zw — (@0, 00)) (@i, )] > t+5Lw>
t2n
< - ).
< 2pexp( e L?bTQ) (52)

Thus, a choice of t = LyT4/ w and C = /co log 6/m will guarantee that

P <|an(eo)||oo > LW(C./IOg” +5)> < /3 (53)

13



Supplementary Material

Let A, > 2Ly7(C l(’% + 4), we have the event (||VR,(00)|lco < An/2) happens with the

probability at least 1 — 7/3. Under this event, combing with (50) yields

An/2 < ’(VR,L(QO) - VRn(é)) 1, Vjes@) (54)
Squaring and summing over j € S(é), we have
2
NSO < af(VRa(00) = VEL®) (55)
= 4 (i (w(yz — (00, 2:)) — W (ys — (0,1)) l’) (56)
i=1 S(0) ]|
. 2
— 4 (i (¥ (yi — (Bi, 1)) (6o — éw»m) (57)
i=1 5@ ||,
., 2
< 4L (1 (60 — e,xzm) (58)
n =1 S(6) 2

where (3; are located on the line between 6y and 0 obtained by intermediate value theorem.

Moreover, by Minkowski inequality and Cauchy-Schwarz inequality yield

<711 Z(eo — é,:m)l’l) = %Z {60 — é’xlﬂ H(%‘)s(é) 2
i1 504 =t
. N 1/2
< - ((Zuoo 0,203 Il @)ss li)) (59)

Due to the restricted smoothness property of the sub-Gaussian random variables Mei et al.
(2018), there exists a constant ¢; depending on 7 such that with probability at least 1 — 7/3,

as n > c¢150 log p, we have

1 n 2

LS, [0 — 0,27 .,
sup = = < 37°. 60
Sep 116 — 6ol12 =0T (90)

Therefore, with probability at least 1 — /3, we have

sip (3 Wbo—Ba)?) <372 sup (|0 — 60|} < 3737, (61)

6€ANBP (6g,rs) TV i1 0€ANBP (6g,rs)

14
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Moreover, by Lemma 13 in Mei et al. (2018), for any , there exists constant ¢z depending on

7 such that

1 n
P(—> Il (@)se) I3 > c27”logp) < m/3. (62)
i=1
By (53),(61),(62), as well as (59), at least 1 — ,

MIS@6)] < 413372 r2cat? logp

= Crllogp

By equation (44) we have

J
2 < O ( i05)2

2
< 176)4—

1
(M*2EE 4 30 (63)
Taking An > 2Ly7(Cy/ 182 + §) gives us

SO < (Ca—s + 50C5) logp

1-0)

= C(Csplogp
O

Lemma 6. For any positive constants Cp and 7, letting ro = Coso log p, there exist constant

C4 such that when n > Cis9 log2 P,

P( sup sup (v, (V?Rn(0) — V?R(0))v) < K/2) > 1 —m. (64)

6€BE (69,r)NBE (0,m0)veBY (0,1)NBE (0,r0)
Moreover, the regularized empirical risk L, (#) in (10) cannot have two stationary points in the

region B (60,m1) N BE(0,70/2).
Proof of Lemma 6: According to (6), we have

inf  Awmin(V>R(0)) > k. (65)

6€BY (60,m1)
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By Lemma 2, there exists constant C such that when n > C'solog? p,

P < inf inf (v, (V*Rn(0))v) > K}/2> <. (66)

6€BE (69,m11)NBE (0,r0)veBE (0,1)NBE (0,70)

Suppose 61,0, are two distinct stationary points of L, () in B%(6o,m1) N BE(0,70/2). Define

u = %. Since 01 and 0 are ro/2-sparse, u is 7o sparse, as well as 01 + tu for any t € R.
Therefore,
) . 110162112 )
(VR,(02),u) = (VRn(61),u)+ /0 (1, V2 R (61 + tu)u)dt
> (VRa(61),u) + 5162 — 6 |2- (67)

Note the regularization term A,||6]|1 is convex, we have for any subgradients v(61) € 9||61]]1,

v(62) € 06211,
An(v(62),u) > A (v(01), u). (68)
Adding (67) with (68) gives
(VR (82) + Anv(62), 1) > (VR (61) + Auv(61), u) + gueg — 1|2, (69)

which is contradict with the assumption that 6; and 0> are two distinct stationary points of
L (9). O

Proof of Theorem 3. Now we are ready to prove Theorem 3. By Lemma 3 and Lemma
4, as n > Csplogp, letting A, > 2CM k’% + 20Ly, all stationary points of L, () are in
BE(00,7s) N AN BE(Cisglogp), where 7, is defined in (44), A is the cone defined in Lemma 3.
This proves Theorem 3(a). Moreover, by Lemma 5, Lemma 6, as n > Caso log? p, En(e) cannot
have two distinct stationary points in B5(0o,m1) N AN B (Cyselogp). Thus, as long as n1 > rs,
there is only one unique stationary point of the regularized empirical risk function Ly (0), which

is the corresponding regularized M-estimator of (10). This proves Theorem 3 (b). O
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176—0¢t2/2

Proof of Corollary 1: Note the Welsch’s loss function is defined by pq(t) =

@

7(1152/2 —

The corresponding score function is ¥a(t) = pi(t) = te . Moreover, we can get ¥, (t) =
e=*/2(1 — ot?) and ¥/ (t) = e’ /2a(at® — 3). Note for any o > 0, all of 1a(t), ¥, (t) and

w(t) are bounded.

e
wal) < /<
[Ya(t)] < max{l,2¢"'°} =1
W] < maxdemCHO2 /08 + 6vB)a, eV /(18— 6vB)a) < L5V

Therefore, the Assumption 1 is satisfied. It is suffice to find the explicit expression of 1o and 71 in

equation (4) and (5). In order to have an accurate expression, we will use the individual bound

"

of Ya (t), Vs (t),a(t) instead of the universal bound L. Specifically, according to Assumption 4,

x; is 72-sub-Gaussian, co = 3,y = 1/3. Thus, we can calculate h(z) = fj’;o Ya(z + €) fole)de =

_ az? _ as?
2(1+ac®) and H(s) = We 2(1+ac?) | Similarly, we can calculate h'(0) =

[ S—
(1+ao‘2)3/2 (14+ac

R’ (0
Ejotbale) = W By (15), we have ¢ = 3¢%T)Z¢ = 135@(11%2)3/27'

By equation (4) in the proof of Theorem 1 yields

oL
m(de) = 3 8117)'7" c2
(1—=0)sH(55"\/Z)mYy
_ 155/5M1+a£ﬁ”eﬁﬂﬁi
— o T

Note |¢,(t)] < 1, |¢a(t)] < 1.5y/a, by equation (5) in the proof of Theorem 1 yields

(1—0)R (0)y =6
23 x 1.5\/ar
1

" 9VBa(l + a0?)¥27 [1 —8(1+3(1+ a02)3/2)} .

it (67 O‘)
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Proof of Corollary 2: Tukey’s bisquare loss function is defined by

102[1-(1— (t/a)?)?], iflt|<a
pa(t) =
0, if|t] > a.

The corresponding score function is

t(1—t2/a%)?, ift|<a
Ya(t) = pa(t) =
0, if |t > .

(70)

(71)

Moreover, for any a > 0, all of ¥(¢), 1'(t) and 9" (¢) are bounded. Specifically, we have

[ha ()| < o, |9/ (t)| < 4, 1" (t)| = 1/a. Therefore, the assumptions in Theorem 1 and Theorem

2 are satisfied. It is suffice to find the explicit expression of 7o and 71 in equation (4) and (5).

Specifically, according to Assumption 4, z; is 72-sub-Gaussian, c2 = 3,7 = 1/3. Thus, we can

calculate

—+ o0

Vale+ (e = [ balb)lfole = 2) = ot + 2

>

N
S

N
Il

> 2 /a O (Dt > — 2o /amp (t)dt
e 202 tzig, > ———e 202 gz o
- V2mo3 o V2mo3 0

_(24a?) g
4 zZx

V

1
——e¢
7V 2mo3

Thus, H(s) > ﬁeﬂ"z/ﬁa?’e*;/ﬁ. By equation (4) in the proof of Theorem 1 yields

oL
M8 ) = 3 sd;r c2
(L=0)7H(Z3"\/Z)y
0 28\/2%6%4;29
1—-46 1o%a?
Similarly, we can calculate
2 [e3
R(0) = Eptule) = = (a=Da +t)(a® = 5t) fo(t)dt
0

= 2a/1(1 — )1 + 1) (1 — 5t°) fo(at)dt
= M(a,o0).
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For fixed o > 0, > 0, we have M(«a, o) > 0. Note |y, (¢)] < 4, |4 (t)| < 1/, by equation (5)

in the proof of Theorem 1 yields

(1 —8M(a,0)r* — 4604

m (67 a) = 2\/37_

(72)

Moreover, according to equation (48) in the proof of Theorem 3, we have with high prob-
ability, all stationary points of the empirical risk function L,(0) in (10) are inside the ball
B (6o, 7s), where

12C7+/(s0logp)/n + 276 L
L ( ; gsp)/ : v (73)
(1=0)sH(5\/ )™

16C»7+/(s0 logp)/n
(1= OH(F \[2)m

Ts = Tno

= (1+27)m + (74)

Therefore, as n > sglogp, we have rs = (1 + 27)n0, which completes the proof. O

References

Boucheron, S., G. Lugosi, and P. Massart (2013). Concentration inequalities: A nonasymptotic

theory of independence. Oxford university press.

Mei, S., Y. Bai, A. Montanari, et al. (2018). The landscape of empirical risk for nonconvex

losses. The Annals of Statistics 46(6A), 2747-2774.

19



