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Supplementary Materials
Appendix A
This part includes some preliminary knowledge on generalized subdifferentials and Clarke
Jacobian, and some lemmas used in Section 2-5. First, we recall from (Rockafellar and Wets,

1998, Definition 8.3) the notion of the subdifferential of an extended real-valued function.

Definition 1. Consider a function f: R? — (—oo,+0o0] and « € domf. The regular subdiffer-

ential of f at x, denoted by Of (z), is defined as

of (z) := {v € R” | liminf @) = J(@) = (v, 2 = 2) > 0};
min o —al

o/ #a

and the (limiting) subdifferential of f at z, denoted by 9f (z), is defined as
af(x)::{v €R? | 32* > z with f(z)— f(z) and v* € 8f (2*) with v* — v}.

Remark 1. At each z € domf, 5f(x) and Of (z) are closed and satisfy 5f(x) C 9f (z), and the
set 5f(x) is convex but Jf (z) is generally nonconvex. When f is convex, 5f(x) = Jf (z) and is

precisely the subdifferential of f at x in the sense of convex analysis Rockafellar| (1970]).
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Definition 2. (see |Clarke| (1983))) Let H: Q@ — R™ be a locally Lipschitz continuous mapping

defined on an open set 2 C RP. Denote by Dy C Q the set of points where H is differentiable

and by H'(z) € R™*? the Jacobian of H at z € Dg. The Clarke Jacobian of H at z € Q is

OcH(Z) := conv{ lim H'(z*) | {z*} C Dy with lim 2" = E}.
k— o0 k— oo

Generally, it is not easy to characterize the Clarke Jacobian of a locally Lipschitz mapping.

The following lemmas provide such a characterization for the proximal mappings of the weighted

{1-norm and the check loss function.

Lemma 1. For a given w € R, let h(z) := ||wo |1 for € RP. Then,

P,-1h(z) = sign(z) max (|z| — ytw, 0) VzeR?,

dc(P,-1h)(z) = {Diag(v1,...,vn)|vi = 1 if |y2i| > wi, otherwisev; € [0,1]}.

Lemma 2. For any given 7 € (0,1), let 0, and fr be the function defined as in (2.2). Then,

for any given v > 0 and z € R?, it holds that

[’quff(z)h = max (max (zl - T%,O), Tn_71 — z,) fori=1,2,...,p

and Oc(Py-1f-)(y) = {Diag(v1,...,vn) | vi € dc[Py-1(n""0:)](zi)} with

: T T—1.
{1} ift> % ort < T

dc[Py1(n™10:)] () = 1 [0,1] ift= T or =

ny ny ?

a0 7—1 T

(01)

To close this part, we show that under a mild condition, the zero-norm regularized com-

posite problem has a nonempty global optimal solution set.
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Lemma 3. Let A € R"*P and b € R™ be given, and let g: R™ — R be an Isc coercive function

with inf,egn g(2z) > —oo. Then, for any given v > 0, the zero-norm composite problem

min {Vg(b —Az) + ||1’Ho} (02)

rERP
has a nonempty global optimal solution set.

Proof. Notice that the objective function of is lower bounded. So, it has an infimum, say

a*. Then there exists a sequence {z*} C RP such that
vg(b—Az"™) + ||2"]jo < a* + 1/k for each k. (03)

If {z*} is bounded, then by letting T be an arbitrary limit point of {*} and using the lsc of
z+— g(b—Ax) and || - |0, we have vg(b—AT) +||Z|lo < a*. This shows that T is a global optimal

solution of the problem . Next we consider the case that {z"} is unbounded. Define
J={ie{l,...,p}| {zF} is unbounded} and J:={1,...,p}\J.
Along with , it immediately follows that for all sufficiently large k,
vg(b—Az") + |J| + 250 < o + 1/k. (04)

This, by the coerciveness of g, means that there is a bounded sequence {zk} C R"™ such that
2¥ = b—Az". Clearly, Az = b— 2" — A72%. Notice that {2*} and {z%} are bounded. We may
assume (taking a subsequence if necessary) that {z*} and {m?} are convergent, say, z° — z*
and x% — £*. Notice that for each k, ¥ is a solution of the system Ayy = b— 2" — ij%, that
is, {b— 2" — ij%} C As(RVY!). Together with the closedness of the set A;(RIV1), it follows
that b— 2" — A5E" € AJ(R‘“”). So, there exists u* € R! such that Ayu* =b— 2" —A5E" e,

Aju* + A5€* —2z" = b. Taking the limit to the both sides of and using b — Az"® = z* gives

vg(z") + 1+ [1€7 o < a”.
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Together with vg(b — Ayu* —A5E") + ||u™|lo + €70 < vg(2™) + |J| + ||€"|lo, we conclude that

(u™;&") is a global optimal solution of the zero-norm composite problem . O

Appendix B
In this part, for each k € N we write v* := e —w® and z*:= y —X 8*. To present the proof

of Theorem 2, we need the following technical lemma.

Lemma 4. Suppose that Assumption 1 holds and for some k> 1 there exists S* ™' D S* with

max;e gk—1)e wi™t < 1. Then, when X > 167n" " || X||1 + 8r,
[ABEsk—1yellt < BIABS lr.
Proof. By the approximate optimality of 8* to (3.1) and Remark 1(iv),
Frly =XB") + A" IB)) > fr(y = XB°) + AT |B%)) + (5%, 87 — BY)
which, after a suitable rearrangement, takes the following form
Frly =XB%) = frly —XB7) + (5%, 8" = B%) < A", 167 — %)) (05)
Recall that e = y — X" and ||g||oc > 0. We define the following index sets
IT:={ie{l,...,n}:e; #0} and Ji:={i ¢ T: 2 #0}. (06)
By the expression of fr and 0-(0) = 0, with the index sets Z and Jy,
frly—XB°) = fr(y — XB") Z[e (2) = 0+ ()]
{ Z —02( + Z 92 zl 0% (e l)]
9 (zF) + 0-( 0-(es)

1€T) 161

P> 92(2”%”02 & Ze & ) ©7

€T i€l

S|~

1
n
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Notice that 62 is smooth and strongly convex of modulus 272. For each 4,

07(27) — 03 (ei) > 2(r — In_(£0))’ei(2f —&0) + 272 —&)*. (08)
This implies that 02(zF) — 6%(e;) > 72(2F — &;)? for each i € Jx, and then
02(2F) — 02(ei) _ 12 (2F — &;)?
D EI e P DR e
For each i € T, write 3 := = ()" From it follows that
’ T 0 (3P0 () ’
02 (2F) — 02( (2F — &;)?
; >N FGE )+
20 +0r(e) = 7 e
k 2
zy — €)
> |2 ool X (8= 87l + 7° e
2 H[F o + T
i) (010)

> o7 x (s )|, + = Zm

where the second inequality is by 6 (zF) < 7||2*|l« for i € Z, and the last one is since |2F| <
< 27 for each i € Z. Substituting the inequalities || into , we obtain

2(r—Tp_ (£4))? 4]

0r(g;)
that
72 (2F —€:)? 27 k
frly=XB") —fr(y —XB") > = o = || X (8" = B8)|lh
nr ; 1o + Tl m

2 k_ * 2 -
ZIXE" O 27 5t g,

T ([[2% oo +lelloo )

Combining this inequality and and recalling that ||6%|| < ry, we get

PIXE - O _ e L
— S v * ﬂ ﬂ /B 6 ,ﬁ o ﬂ*
e e RPN AR GRS B ), + )
S )\(Zies*vf71|Aﬂf| - Z,e(gk 1>cU 1|AﬁZ |)

+ @n T X+ ) 185 - Bl
= M(Ties- 05 IABY = Sicqsn-nyevt TABE) (011)

+ @0 X [ ) (1885 [l 1Ak 1ye 1)
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Since S*~' 5 §* and v~ € [0.5,1] for i € (S*71)°, from the last inequality,

TQHX(Bk—ﬂ*)HQ k—1
= <Siegior (W 20T F | X1 + i) |ABE
(o ) = Ziesht Xl + i) |5

+ sk @nTITIX I+ e — A/2) |ABE|
< (N2 X1+ ) | ABSE |,

+ (207 FX 1+ e — A/2) || ABFgr-1)e

.
By the nonnegativity of the left hand side and the given assumption on A,

A+ 207 F || X |1 + 7

ABlgi-1ye |, <
18- ll, < 0.5X — 2n= 17| X1 — r

agkea], < 31885,
The desired result follows. The proof is then completed. O

Lemma 5. Suppose that Assumption 1 holds, that X satisfies the k-RSC over C(S*), and that

for some k > 1 there exists an indez set S*~1 with \S’“71| < 1.5 such that S*~' D S* and

k=1 ~ 1 _ -1 726 =27 X | max (20~ 7| X |1 +r5) [SF 1
Max, . ok—1yc W, < =. Then, when 167n~ || X 8rr < A< & -
e T =2 ’ X +8re < 27| X llmax [V lloo |S*~ 1] ’

T(AMvs="lloo + 207 X1 + i) /1S5 llell o0

72 = 27| X [lmax (A0S lloo + 207 17X |1+ 74) |SE1]

128" <

Proof. Notice that [|2°||ee + ||€]lce < [|XAB*|lco + 2||€]|ce- S0, we have

X (B =" o | X ABM|
= k - nT k :
n7([[2F]loo + llelloc) ™ nT(|XAB|| + 2[lelloo)

Together with (011) and v*~* € [0.5,1] for i € (S*71)¢, it follows that

TQHXAﬁkHQ k—1 k A k
— <A v |ABS| -5 AB;
Aasa < A g 2 1

+ @07 A X |+ ) (1885 [+ 1ABLse1yell)

< (Mo§ oo + 207 X1 + i) 1ABS-1 |1
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where the last inequality is due to A > 16n~'F||X||1 + 8rx. By Lemma HABé“Sk,l)cﬂl <
3| ABE._1|l1. By the given assumption, AB* € C(S*). From the x-RSC property of X on

C(S™), it follows that | X AB*||? > 2nk||AB*||%. Then, we obtain

2075 AB*|?
T(IXAB oo+ 2llello0 )

_ 27| X
< (Moo + XM 4 ) 1B
Multiplying this inequality with 7(||XAB*||oc + 2|/€|o) vields that

_ 27| X
27| ABH < F(IXAB e+ 2lelle) (Mo oo + T ) |68,
< FIXAB oo (Al0hT oo + 207 A X 1 + 72) A8 |,
o 27w (Al llow + 207 X s + 72 ) A8

Since | X AB*||oo < | X ||max[|AB" |1, along with [[ABfgr—1c[l1 < 3| ABGk-1]l1, we have [| XAB" [l <

4] X | max||ABE.—1[|1. Thus, from the last inequality,
20Kl ABH? < 471X mas (All0S= oo + 207 AX s + 1) | ABG- [}
+ 27 (Allo§= oo + 207 X s+ 70 ) [ A8 [, llelloe
_ 27| X _
< A7 o (M7 o+ 2B ) 521l

+ 27 (A0S oo + 20 X1 + 7 ) V/ISFTT]| ABEk—1 [loo

_ _ 27| X
< 415" X s (Mo oo + 2T Y g

- 27| X
27 (koo + T ) ST B el e

After a suitable rearrangement, this inequality is equivalent to saying that

(206 — 471X amae (All0§ low + 207 X 1 + 1) 15| 148%)7

< 2?(>\||véil\|oo +2n 77| X1 + rk)\/WHAﬂkH”‘E“"“

2 = —1= k—1
. —27|| X 2 X1+ S
which by A < 27/ =27 || X | max nk—"l-” HlkTIi)‘ |
27| X Imaxlvgs oo |SFTH]

implies the result. O
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Proof of Theorem 2

Proof. For each k € N, let S*~':= S* U {i ¢ S*: wF™ > 1} If |S*71| < 1.5s%, by invoking
Lemma [5] and using the given assumption, we have

T(AMlos="lloo + 207 ' FIIX |1 + ) /IS lle o0
726 — 27| X [lmasx (Av5= [loo + 20727 X |1 + 74 ) | S+

< T(Alvs= " lloo + 207 T X 11 + %) V/1S*~Tlle] oo
T 726 = 37| X Jmax (A + 20T X |1 + €) s*

185"l <

IN

T (Mlog=" lloo + 207 TN X |11 +75) VIS [lello (012)

co+t

where the second inequality is by the nondecreasing of ¢ — =

for constants ¢1,c2 > 0, and
the last one is by the restriction on A. Since 2n™'7||X||1 + rx <2 and [vET oo < 1, it follows
that Hﬂk - 5*” < %@, and the desired result holds. So, it suffices to argue that
[S*1| < 1.55" for all k € N. When k = 1, the statement holds trivially since w® = 0 implies
5% = S§*. Assuming that |S*~1| < 1.5s* holds for k = [ with [ > 1, we prove that it holds for

k =1+1. Indeed, since S'\ S* = {i ¢ S*: w; > 1}, we have w; € (3,1] for i € '\ S*. Together

with formula (3.3), we deduce that p;|3¢| > 1, and hence the following inequality holds:

[SINS[< | > wlBlP= | > sl -5

i€ S\ S* i€ S\ S*

Since the statement holds for k= [, we get ||8'—3*|| < % V1557 So, it holds that
* 9cTpile]| oo
VIS < 8 - 7 < 2Tl s < Vo (013)

where the last inequality is due to pA < p3A < m. The inequality (013) implies

|S!| < 1.55*. This shows that the statement follows. O

To present the proof of Theorem 3, we need the following lemma which upper bounds

|05+ ||loo, whose proof is given in Lemma 3 of |Tao et al.[(2018).
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Lemma 6. Let F* and A* be the index sets defined by (4.9). Then,
080 < I_l’el%)*(]IAk (7)) + I_Ié%)*(]le (¢) for each k € {0} UN.
Proof of Theorem 3.

Proof. For each k € N, define S*~1 := S*U{i ¢ S*: wi™ ' > 1}. Since the conclusion holds for
k = 1, it suffices to consider k > 2. By the proof of Theorem 2, |S*~!| < 1.5s* for all k € N.

Moreover, by (013) and px > 1,

VISE=1 = VIS [+ [SF1\ 8% < Vs* + /|51 5%

~1APE—1

< Vs* + (2n71F||XH1 + rk) 3

H/kal o ﬂ*

(014)

where the first inequality is due to va+b < /a + Vb for a,b > 0, the last one is due to

A > 16n7'7||X||1 + 8r%. From (012) and Lemma@ we have
18 — 711 < cPlelloo /IS TT[Ama s () + max L1 i)

+ cTllelloo vISFU 20 T X |11 + 7]
< el [AVI5s max Lo () + AVI5s pus 847 = 67

+ (207 X+ ) V/ISET]

where the last inequality is since max;es* Ipr—1(i) < max;eg= Pk71||6f71‘_|ﬂﬂ < pHHﬂ’H—

B*||. Substituting (014) into this inequality yields

||A,Bk|\ < 7llel|oo vV 5* (Zn_1F||X||1 + rk) + T |e||oo V' 1.55* ?6125*(]1,\0 (7)
+ T ellooprr A(VL5s™ +1/8)||8*71 - 57|
< 2en” 7 lelloo Vs X1 + cTllelloo Vs

. 3 _
4 Al ooV T55 max o (1) + 22 A6
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where the relation pr_1A < p3d < [V3cT||e|loo (V1.55* + 1/8)] 7! is used. The desired result

follows by using the last recursion inequality. O

Appendix C
We describe the iterates of the semismooth Newton method and those of the semi-proximal

ADMM in |Gu and Zou| (2016). The iterates of the semismooth Newton method are as follows.

Algorithm 1 A semismooth Newton method
Initialization: Fix k and j. Choose 0 < ¢; < ¢o < 1,0 = 107% and u® = 0.

while the stopping conditions are not satisfied do

1. Choose U' € U;(u'), V! € V(u') and set W' = 4, 1U' + 4, X V!XT,

Then, seek a solution d' € R” to the following linear system
(W' ul)d = — @y, ;(u'). (015)
2. Search the step-size q; in the direction d' to satisfy
\Ifkjj(ul + aldl) < \I/k,j(ul) + clal(V\Ika(ul), dl>,

(V! + aud), dY] < (VT (), d')].

3. Set u't! = u! + oyd' and [ <+~ [ + 1, and then go to Step 1.

end while

Notice that the subproblem (3.1) can be equivalently written as

min {fT(z)JrHo.;k*1 ofBlh s.t. X/B+zfy:O} (016)

BERP ,z€R™
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whose dual problem, after an elementary calculation, takes the form of

min {f:(u)+<u,y> st (X)) < wF Y, izl,...,p}. (017)

u€ER™
For a given o > 0, the augmented Lagrangian function of (016 is given by
_ o
Lo (B, 2,u) := fr(2) + "' 0 Blla + (u, XB + 2 — ) + S | XB + 2 — y|”.

The iterate steps of the semi-proximal ADMM in |Gu et al.[ (2018) are described as follows.

Algorithm 2 Semi-proximal ADMM for solving (016])

Initialization: Choose ¢ > 0,7 = o||[XTX]|| and o € (1, ‘/52“), and an

initial point (3°, 2% u%) € R? x R™ x R™ with 8% = g¥~1. Set j = 0.

while the stopping conditions are not satisfied do

1. Compute the following convex minimization problem

. . 1 .
/8‘]+1 = arﬁgeflgln La-(/87 Z‘]7 uj) + 5”5 - BJH'%J*O’XTX’ (018&)
2T = argmin L, (37, 2, u). (018b)

z€R"™

2. Update the multiplier by w/™ = u/ + oo (X (7! + 271 — ).

3. Set j «— 7+ 1, and then go to Step 1.

end while

Remark 2. (i) Algorithm [2] has a little difference from Algorithm 1 of |Gu et al.| (2018) since

here the semi-proximal term 3|3 — 3 H'2yI—aXTX7 rather than |3 — 3’ Hi(,ﬂ_XTX), is used. Let
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b =vB7 +oX"(XB7 + 27 —y+u /o). Problems (018a) and (018B) have a closed form solution:

gt = sign(fy_lhj) max (|fy_1hj| — ’y_lwk_l, O)7

AN =P ife(y— X — o).
(ii) During our implementation of Algorithm [2) we adjust o dynamically by the ratio of the
primal and dual infeasibility. By comparing the first-order optimality conditions of (018a)) and
(018b)) with those of (016]) and using the multiplier updating step, we measure the primal and

infeasibility and the dual gap at (87, 2, 4’) in terms of e 6§1nf and eéaw respectively:

pinf’
i VIR e = D (w —ui -2
L= 1
€dinf 14 ||y|| ’ (0 ga)
) J_ i1 . R
6‘7 i Hu w H j ‘ prim dua1| (Olgb)

b = €l = . :
PR oo (L [lyl)T T max (1,0.5(w) i + Wha))
where ¢7 := XT(w/ —uw? ™' —o(XB T =y + 227Y)) — (B —B77Y), and W

prim

the objective values of (016) and (017) at (87,27,u’). Different from (2018), when

max(ef,inf, ings €hap) < EADMM OF j > jmax, We terminate Algorithm [2} By comparing with the

J
and w},,, are

optimality conditions of (018a))-(018b)) with those of (016)), such a stopping criterion ensures

that the obtained (87, 27,u’) is an approximate primal-dual solution pair.

Appendix D
D.1. Performance comparisons of three solvers

We shall test the performance of MSCRA_IPM, MSCRA_ADMM and MSCRA_PPA for

computing the estimator B\ in the same setting as in |Fan et al‘| (I2014a|) and |Gu et a1.| d2018l).

Specifically, with 8*= (2, 0, 1.5, 0, 0.8, 0, 0, 1, 0, 1.75, 0, 0, 0.75, 0, 0, 0.3, 0}_15)" for (p,n) =
(1000, 200), we obtain n observations from (2.1), where the noise € comes from the distributions

in (2018), including (1) the normal distribution N(0,2); (2) the mixture normal

distribution 0.9N(0,1) + 0.1N(0,25), denoted by MNy; (3) the mixture normal distribution
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N(0,6?%) with o ~Unif(1,5), denoted by MNs; (4) the Laplace distribution with density d(u) =
0.5 exp(—|u|); (5) the scaled Student’s t-distribution with 4 degrees of freedom v/2 x t4; and

(6) the Cauchy distribution with density d(u) For the covariance matrix 3, we

- 1
T on(14u?)”
also consider those scenarios from |Gu et al.| (2018)), including ¥, = I; X, = (0.5”*7")1-]- and
(0.8/°731),;, denoted by ARo.5 and ARgs; and X, = (o +(1 —a)lf;—;y) with @ = 0.5 and 0.8,
denoted by CSp.5 and CSg.s. We test the estimation and selection performance of the estimators
computed with the solvers under each scenario in terms of the ¢s-error, the CPU time, and the
number of false positives (FP) and negatives (FN).

As mentioned by [Fan et al| (2014a), the cross-validation is not suitable for choosing the
best v = A™! due to the instability of ¢s-error under heavy tails. We choose the best A by
;i = max (0.01, %||X|\1/n) with ¥ = Ymin + ((1 — 1)/49) (Ymax — Ymin) by seeking the constant
~ optimally. Inspired by the choice strategy of A in [Fan et al.|(2014al), we choose = based on
100 validation data-sets. Specifically, for each of data-sets, we ran a grid search to find the best
« and then the best A (with the lowest fs-error of 8¥) for the particular setting. The optimal
~ was recorded for each of the 100 validation data-sets. We denote by 7opt the median of the
100 optimal v, and use A = max (0.01, Yopt || X ||1/n) for the simulation studies. The best v is
searched from 71,...,751 for ymin = 0.08 and Ymax = 0.38. Such ~max is such that an(ﬂf)
attains or is close to 0.

Table report the average f2-error, FP and FN for 7 = 0.5 and 0.75 based on 100
simulations. For almost all test problems, MSCRA_PPA requires only one-fifteenth of the
CPU time of MSCRA_ADMM and MSCRA_IPM, and its ¢2-error is comparable with that of
MSCRA_ADMM and MSCRA _IPM. In addition, for all test problems, the FP of MSCRA_PPA
are lower than that of MSCRA_ADMM and MSCRA_IPM though its FN is a little higher than

that of the latter two methods.
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Table 1: Estimation and selection performance of three solvers for X, = I

B Method | ~opt Ly-error FP FN Time(s) | Yopt Ly-error FP FN Time(s)
T=05 T=0.75

IPM 0.104  0.444(0.107)  5.100(2.057)  0.730(0.468) 4.221 0.110  0.523(0.157)  7.840(3.034)  0.670(0.514) 5.613

N(0,2) ADMM | 0.104  0.446(0.106)  5.100(2.028)  0.730(0.468) 3.033 0.110  0.523(0.158)  7.760(3.079)  0.670(0.514) 3.847
PPA 0.116  0.446(0.119)  1.920(1.228)  0.800(0.426) 0.138 0.119  0.557(0.188)  3.810(1.937)  0.840(0.420) 0.202

IPM 0.104  0.345(0.066)  5.030(2.007)  0.410(0.494) 3.566 0.110  0.377(0.078)  6.860(2.741)  0.490(0.502) 4.168

MN ADMM 0.104 0.345(0.067) 5.150(2.110) 0.410(0.494) 2.601 0.110 0.377(0.078) 6.890(2.723) 0.480(0.502) 3.062
PPA 0.110  0.347(0.066)  3.260(1.779)  0.510(0.502) 0.131 0.116  0.375(0.061)  5.050(2.333)  0.590(0.494) 0.191

IPM 0.104  1.425(0.361)  6.750(2.955)  1.860(0.921) 5.558 0.122  1.764(0.501)  4.220(2.377)  2.660(1.085) 5.568

MNg ADMM | 0.104  1.427(0.356)  6.760(3.114)  1.880(0.902) 3.829 0122 1.749(0.512)  4.270(2.432)  2.670(1.064) 3.825
PPA 0.116  1.347(0.343)  2.480(1.823)  2.320(0.994) 0.133 0.134  1.742(0.537)  1.790(1.690)  3.260(1.050) 0.151

IPM 0.098  0.324(0.071)  7.410(2.775)  0.220(0.416) 3.835 0.110  0.364(0.089)  6.550(2.484)  0.410(0.494) 3.789

Laplace ADMM | 0.098  0.324(0.070)  7.450(2.797)  0.220(0.416) 2.709 0.110  0.365(0.089)  6.580(2.458)  0.400(0.492) 2.761

PPA 0.104

o

326(0.073) 4.700(2.209) 0.280(0.451) 0.144 0.116 0.382(0.094) 4.970(2.158) 0.480(0.502) 0.204

IPM 0.104 0.487(0.139) 5.330(2.301) 0.760(0.474) 4.677 0.110 0.649(0.238) 7.300(2.880) 0.840(0.507) 4.907

VZxty ADMM | 0.104  0.487(0.138)  5.360(2.325)  0.760(0.474) 3.214 0.110  0.647(0.239)  7.360(2.812)  0.840(0.507) 3.340

PPA 0.110  0.502(0.180)  3.160(1.587)  0.790(0.478) 0.157 0.122  0.684(0.286)  2.970(1.861)  1.010(0.643) 0.239
IPM 0.098  0.536(0.217)  8.340(3.019)  0.670(0.533) 4.954 0.110  0.730(0.364)  6.740(2.493)  1.000(0.765) 5.488
Cauchy ~ ADMM | 0.098  0.531(0.216)  8.340(2.879)  0.680(0.530) 2.989 0.110  0.729(0.360)  6.720(2.551)  1.010(0.759) 3.404
PPA 0.116  0.560(0.274)  1.780(1.203)  0.910(0.637) 0.166 0.125  0.816(0.381)  2.760(1.837)  1.280(0.792) 0.243

Table 2: Estimation and selection performance of three solvers for ARq 5

B Method | ~opt La-error FP FN Time(s) | 7Yopt La-error FP FN Time(s)
T=05 T=0.75
IPM 0.104  0.467(0.119)  4.650(2.148)  0.710(0.456) 3.744 0.110  0.609(0.222)  6.830(2.843)  0.800(0.512) 4.312

N(0,2)  ADMM | 0.104  0.474(0.120)  4.620(2.112)  0.730(0.446) 2.553 0.110  0.606(0.214)  6.860(2.853)  0.800(0.512) 3.143

PPA 0.110  0.491(0.145)  2.810(1.594)  0.760(0.474) 0.133 0.122  0.591(0.199)  3.020(1.664)  0.870(0.442) 0.201
IPM 0.098  0.365(0.074)  7.020(2.515)  0.410(0.494) 3.661 0.110  0.399(0.076)  6.450(2.679)  0.570(0.498) 3.729
MN; ADMM | 0.098  0.367(0.073)  7.070(2.536)  0.400(0.492) 2.746 0.110  0.399(0.076)  6.500(2.676)  0.570(0.498) 2.819
PPA 0.098  0.366(0.073)  7.060(2.566)  0.410(0.494) 0.139 0.122  0.423(0.127)  3.390(1.959)  0.630(0.485) 0.180
IPM 0.104  1.383(0.394)  4.990(2.472)  2.060(0.930) 5.168 0122 1.665(0.434)  3.640(2.013)  2.610(0.920) 5.339
MN3 ADMM 0.104 1.379(0.384) 5.220(2.747) 2.010(0.937) 3.446 0.122 1.679(0.420) 3.670(2.080) 2.590(0.911) 3.764
PPA 0.119  1.365(0.420)  1.590(1.436)  2.490(0.937) 0.101 0.131  1.705(0.512)  2.100(1.755)  3.010(0.959) 0.167
IPM 0.098  0.349(0.089)  7.250(2.564)  0.360(0.482) 3.818 0.110  0.381(0.099)  6.320(2.624)  0.580(0.496) 4.513
Laplace ~ADMM | 0.098  0.349(0.089)  7.250(2.591)  0.360(0.482) 2.851 0.110  0.381(0.099)  6.380(2.666)  0.570(0.498) 3.130
PPA 0.104  0.352(0.088)  4.600(2.079)  0.410(0.494) 0.125 0.116  0.408(0.154)  4.610(2.188)  0.480(0.522) 0.209
IPM 0.104  0.534(0.165)  4.580(2.142)  0.830(0.473) 4.341 0.110  0.734(0.291)  6.920(2.990)  1.070(0.573) 5.785

VZxty ADMM | 0.104  0.533(0.165)  4.590(2.109)  0.830(0.473) 3.179 0.110  0.736(0.288)  6.860(3.052)  1.070(0.573) 3.891

PPA 0.110

o

542(0.180) 3.020(1.723) 0.860(0.472) 0.129 0.122 0.710(0.283) 3.240(1.782) 1.150(0.575) 0.209

PM 0.101

o

544(0.245) 6.130(2.232) 0.820(0.539) 4.912 0.104 0.695(0.343) 9.450(3.105) 0.980(0.681) 5.948
Cauchy ~ ADMM | 0.104  0.538(0.258)  4.890(2.136)  0.860(0.513) 2.952 0.104  0.693(0.335)  9.530(2.883)  0.950(0.672) 3.686

PPA 0.116  0.561(0.280)  1.740(1.292)  0.980(0.603) 0.169 0.122  0.879(0.473)  3.270(1.814)  1.430(0.956) 0.233

D.2. Performance on a real data example

Now we test the performance of MSCRA_PPA on a real data set from https://www.ncbi.

nlm.nih.gov, which is used by [Scheetz et al.| (2006) to illustrate the gene regulation in mam-



https://www.ncbi.nlm.nih.gov
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Table 3: Estimation and selection performance of three solvers for ARy g

€ Method | Yopt Ly-error FP FN Time(s) | 7Yopt Ly-error FP FN Time(s)
T=05 T=0.75

IPM 0.095  0.852(0.361)  7.050(2.504)  1.260(0.733) 4.117 0.098  0.986(0.408)  10.740(3.852)  1.400(0.804) 6.170

N(0,2)  ADMM | 0.092  0.835(0.336)  8.800(2.723)  1.240(0.698) 3.306 0.098  0.996(0.404)  10.940(3.961)  1.400(0.816) 4.721
PPA 0.110  0.910(0.404)  2.390(1.550)  1.520(0.731) 0.111 0.110  0.965(0.387)  5.140(2.454) 1.440(0.701) 0.193

1PM 0.098  0.530(0.208)  5.300(2.368)  0.780(0.504) 3.683 0.098  0.622(0.254)  9.510(4.036) 0.850(0.557) 5.205

MN; ADMM 0.092 0.519(0.184) 8.460(2.844) 0.770(0.489) 2.933 0.098 0.625(0.261) 9.630(4.099) 0.850(0.557) 3.851
PPA 0.104  0.550(0.227)  3.550(1.977)  0.800(0.512) 0.132 0.110  0.644(0.321)  5.120(2.363) 1.000(0.682) 0.184

IPM 0.104  1.742(0.616)  4.350(2.086)  2.590(0.889) 4.362 0122 2.113(0.641)  3.120(1.981) 3.020(0.995) 5.187

MNy ADMM | 0.104  1.713(0.642)  4.560(2.203)  2.500(0.959) 3.187 0.116  2.139(0.629)  4.230(2.155) 2.970(0.958) 4.269
PPA 0.140  1.809(0.649)  0.820(0.936)  2.920(0.929) 0.085 0.152  2.125(0.721)  0.940(0.886) 3.290(0.868) 0.126

IPM 0.098  0.520(0.257)  5.810(2.639)  0.720(0.637) 3.767 0.104  0.650(0.375)  6.980(3.291) 0.980(0.710) 3.990

Laplace ~ADMM | 0.098  0.510(0.242)  5.880(2.626)  0.710(0.608) 2.864 0.104  0.645(0.370)  7.140(3.333) 0.970(0.703) 3.180

PPA 0.104 0.543(0.267) 3.780(2.177) 0.840(0.615) 0.124 0.116 0.679(0.386) 3.710(2.176) 1.150(0.716) 0.167

PM 0.095  0.955(0.412)  7.180(2.754)  1.470(0.658) 4.517 0.098  1.135(0.465)  10.250(4.029)  1.660(0.831) 5.201

VZxty ADMM | 0.092  0.934(0.407)  8.700(3.125)  1.410(0.653) 3.236 0.098  1.135(0.485)  10.400(3.929)  1.660(0.867) 3.641

PPA 0.110  1.009(0.400)  2.570(1.736)  1.630(0.646) 0.118 0.110  1.190(0.542)  5.450(2.516) 1.870(0.939) 0.194
IPM 0.104  0.891(0.452)  3.440(2.134)  1.420(0.684) 3.853 0.110  1.168(0.573)  4.970(2.676) 1.790(0.946) 4.842
Cauchy ~ ADMM | 0.098  0.850(0.435)  5.590(2.586)  1.320(0.723) 2.672 0.110  1.153(0.549)  4.950(2.668) 1.770(0.908) 2.901
PPA 0.116  0.962(0.452)  1.380(1.237)  1.570(0.700) 0.157 0122 1.138(0.570)  2.920(1.895) 1.800(0.921) 0.205

Table 4: Estimation and selection performance of three solvers for CSy 5

e Method | ~opt La-error FP FN Time(s) | ~opt La-error FP FN Time(s)
=05 T =0.75
IPM 0.092 0.683(0.266) 1.710(1.597) 1.130(0.464) 3.819 0.092 0.943(0.366) 3.810(2.759) 1.340(0.685) 4.533

N(0,2)  ADMM | 0.092  0.700(0.272)  1.750(1.459)  1.140(0.472) 3.336 0.098  0.962(0.388)  2.780(2.245)  1.450(0.757) 3.761

PPA 0.104  0.744(0.282)  0.650(0.880)  1.260(0.543) 0.195 0.116  0.934(0.347)  1.020(1.163)  1.580(0.684) 0.227
IPM 0.092  0.437(0.093)  1.300(1.243)  0.810(0.394) 3.366 0.098  0.505(0.157)  2.070(1.816)  0.840(0.368) 3.687
MN; ADMM | 0.098  0.441(0.097)  0.730(0.777)  0.820(0.386) 2.981 0.098  0.506(0.148)  2.030(1.702)  0.840(0.368) 3.475
PPA 0.104  0.448(0.107)  0.350(0.557)  0.930(0.293) 0.178 0.116  0.523(0.192)  0.420(0.867)  1.020(0.200) 0.235
IPM 0.110  1.919(0.526)  2.320(1.999)  3.090(0.877) 3.447 0.122  2.253(0.492)  2.690(1.813)  3.550(0.744) 3.224
MN2 ADMM | 0.122  1.977(0.490)  3.210(2.271)  3.100(0.882) 3.088 0.143  2.268(0.451)  3.800(2.094)  3.530(0.745) 3.241
PPA 0.152  2.016(0.545)  1.650(1.480)  3.410(0.866) 0.117 0.155  2.444(0.579)  2.600(1.717)  3.830(0.842) 0.170
IPM 0.086  0.445(0.140)  2.390(2.117)  0.810(0.394) 3.926 0.098  0.568(0.253)  2.290(2.027)  1.010(0.414) 3.868
Laplace ADMM | 0.086  0.445(0.139)  2.520(2.134)  0.800(0.402) 3.773 0.092  0.559(0.212)  3.480(2.552)  0.920(0.442) 3.889
PPA 0.098  0.469(0.167)  0.930(1.380)  0.910(0.379) 0.181 0.104  0.586(0.279)  1.570(2.171)  1.110(0.510) 0.250
IPM 0.092  0.874(0.352)  1.960(1.780)  1.400(0.651) 4.345 0.092  1.206(0.486)  4.150(2.724)  1.710(0.868) 4.657

VZxty ADMM | 0.086  0.905(0.339)  3.600(2.229)  1.310(0.598) 4.071 0.095  1.259(0.448)  3.760(2.527) .800(0.791) 3.875

PPA 0.110  0.966(0.347)  0.910(1.215) 1.610(0.680) 0.165 0.116  1.172(0.429)  1.290(1.241)  1.980(0.816) 0.216

PM 0.086  0.803(0.377)  3.050(2.208)  1.330(0.620) 5.123 0.092  1.239(0.575)  3.910(2.016)  1.900(0.859) 5.142

Cauchy ~ ADMM | 0.092  0.896(0.436)  2.270(1.869)  1.480(0.674) 3.599 0.095  1.392(0.592)  4.190(2.608)  2.040(0.887) 3.471

PPA 0.101  0.880(0.415)  1.200(1.198)  1.460(0.658) 0.278 0.113  1.237(0.502)  1.470(1.540)  2.030(0.834) 0.333

malian eyes and to gain insight into genetic variation related to human eyes. This microarray

data comprises gene expression levels of 31,042 probes on 120 twelve-week-old laboratory rats.

For the 31, 042 probes, as suggested by [Scheetz et al.| (2006), we first carry out the preprocessing
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Table 5: Estimation and selection performance of three solvers for CSg.g

€ Method | ~opt La-error FP FN Time(s) | ~opt Lay-error FP FN Time(s)
T=05 T =075

IPM 0.092  1.572(0.411)  1.020(1.263)  2.630(0.761) 2.879 0.098  1.803(0.469)  1.480(1.337)  2.890(0.840) 2.907

N(0,2)  ADMM | 0.131  1.683(0.365)  2.050(1.617)  2.820(0.796) 2.979 0.116  1.923(0.462)  3.050(2.057)  2.950(0.903) 3.077
PPA 0.140  1.709(0.423)  0.650(1.029)  3.010(0.759) 0.229 0.140  1.939(0.460)  1.210(1.233)  3.220(0.773) 0.177

IPM 0.086  0.971(0.339)  0.330(0.604)  1.750(0.657) 3.269 0.086  1.118(0.405)  0.700(0.835)  1.840(0.762) 3.355

MN; ADMM | 0.086  0.952(0.363)  0.910(1.173)  1.600(0.696) 3.178 0.098  1.249(0.365)  1.620(1.523)  1.980(0.738) 3.230
PPA 0.110  1.128(0.336)  0.110(0.314)  2.070(0.655) 0.202 0.110  1.283(0.392)  0.460(0.784)  2.270(0.777) 0.150

IPM 0.134  3.087(0.643)  3.890(2.331)  4.510(0.893) 2.683 0.125  3.371(0.602)  4.780(2.729)  4.910(0.911) 2.739

MN3 ADMM | 0.137  2.897(0.496)  7.840(3.589)  4.250(0.903) 3.432 0.134  3.197(0.477)  8.640(3.586)  4.600(0.964) 3.491
PPA 0.158  3.161(0.681)  3.910(2.708)  4.680(0.898) 0.146 0.149  3.507(0.625)  4.710(2.467)  5.120(0.868) 0.117

IPM 0.086  1.066(0.409)  0.380(0.708)  1.910(0.753) 3.352 0.086  1.372(0.493)  1.130(1.284)  2.350(0.903) 3.417

Laplace ADMM | 0.098  1.177(0.441)  1.350(1.591)  2.010(0.745) 3.248 0.104  1.540(0.494)  2.510(2.267)  2.510(0.904) 3.223

PPA 0.110 1.254(0.427) 0.220(0.561) 2.350(0.783) 0.192 0.128 1.558(0.496) 0.710(0.977) 2.800(0.829) 0.157

IPM 0.101  1.795(0.435)  1.300(1.314)  2.940(0.789) 2.923 0.104  2.160(0.517)  2.280(1.735)  3.230(0.827) 2.980

VZxty ADMM | 0.128  1.889(0.409)  3.320(2.344)  2.920(0.813) 3.215 0.110  2.210(0.462)  5.180(3.439)  3.250(0.833) 3.345

PPA 0.146  1.923(0.454)  1.150(1.507)  3.200(0.816) 0.166 0.152  2.261(0.547)  1.580(1.505)  3.570(0.807) 0.137
IPM 0.095  1.986(0.618)  1.560(1.486)  3.230(0.874) 3.267 0.113  2.498(0.734)  2.390(1.933)  3.850(1.019) 3.122
Cauchy ADMM | 0.128  2.181(0.564)  4.210(2.552)  3.440(0.903) 2.870 0.116  2.417(0.587)  5.240(3.108)  3.630(1.012) 2.881
PPA 0.158  2.357(0.700)  1.460(1.374)  3.800(0.888) 0.212 0.134  2.667(0.805)  2.650(2.167)  4.160(1.080) 0.178

to obtain 18,986 probes. Among those probes, there is one probe, 1389163_at, corresponding
to gene TRIM32, that was found to be associated with the Bardet-Biedl syndrome (see -
(2006)). We are interested in how the expression of this gene depends on the expressions of all
other 18,985 genes. To achieve this goal, we select 3,000 probes with the largest variances and

then standardize the selected 3,000 probes such that they have mean 0 and standard deviation

1, as|Gu and Zou| (2016]) and [Wang et al.| (2012) did. Thus, we obtain an n X p sample matrix

X' with n = 120 and p = 3000, and set X = [e X'] € R™*+D,

Since the previous numerical tests show that MSCRA _TPM and MSCRA_ADMM have very
similar performance, we use MSCRA_PPA and MSCRA_ADMM with 7 = 0.25,0.5 and 0.75 to
analyze the data on all 120 rats. The parameter v = A~ " is used with A = max (0.01, || X || /n),
where v is selected via five-fold cross-validation. The results are reported on the third and
fourth columns of Table[f] We also conduct 50 random partitions on the data, each of which
has 80 rats in the training set and 40 rats in the validation set. We apply MSCRA_ADMM

and MSCRA_PPA to the training set with A chosen as above and evaluate its prediction error
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on the validation set by calculating ﬁ > icvalidation O (¥i — Bo — :c}r,@\f), where 7 means the
ith row of X’. The average number of selected genes, prediction errors and times over the 50
partitions are listed in the last three columns of Table [f]] We see that the average number of
the genes selected by MSCRA_PPA is less than that of the genes selected by MSCRA_ADMM,

the average prediction error of the former is lower than that of the latter, and the average CPU

time of the former is about one-fifteenth of the latter.

Table 6: Analysis of the microarray data by MSCRA _PPA and MSCRA_ADMM

All data Random partition
Method T
F£genes Time(s) Ave.#genes Pre_error Time(s)
0.25 17 3.843 17.200(1.807)  0.050(0.009)  4.686(0.804)
ADMM 0.5 27 4.141 20.960(4.323)  0.029(0.005)  3.555(0.496)
0.75 19 4.314 21.280(2.611) 0.040(0.005) 3.534(0.405)
0.25 20 0.208 16.440(3.721)  0.023(0.006)  0.235(0.056)
PPA 0.5 27 0.226 20.740(4.237)  0.029(0.005)  0.247(0.136)
0.75 17 0.181 12.500(3.032) 0.024(0.004) 0.352(0.068)
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