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S1 Detailed conditions for estimation bounds

Before stating the results, we first introduce some assumptions. For any
matrix X, we say it satisfies the restricted eigenvalue (RE) condition if its
restricted eigenvalue is strictly bounded away from 0. That is, for some

1 < s < p, the following condition holds:

X
H(S,X) £ r{mn ) Igl?g)l % > 0.
JC{1,..., n
T isselnSsagn Y
Denote s = [|Bollo, s2 = max; || ;|lo, r = max,||0,||o and & is the re-

stricted eigenvalue defined above. The following assumptions are needed:

(A1) The instrumental variable matrix Z and matrix D = ZI'; satisfies the

restricted eigenvalue condition with some constants k(s2, Z), £(s1, D) >
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0, respectively.

(A2) There exists a positive constant C' such that max{||Bo||1, [|Toll1, {||€:ll1}i=1...p} <

C.

(A3) There exists a positive constant C' such that max;<;<, (Ej]) < C?.

Since our test statistics rely on the estimation of the parameters in

models (??) and (?7), we first provide a lemma on the estimation errors of

I' ; and 3.

Lemma 1 (Estimation error bounds of I'. j and By (?)). Under assumptions

(A1)-(A3), for each j =1,2,...,p, if the tuning parameter Ay, is chosen as

A\ —6’\/ i (logp + log q)
25 — n

Y

for some C > 2v/2, then with probability at least 1 — (pq)1_52/8, T defined

~ 16CC log p 4 log ¢
T —Tyl; < N
| ol < 200 2) —

16C2C?
K2(s9,Z)

in (77?) satisfies

and

|1 (T - To) |3 < sap (log p + logq)

Furthermore, if the set of tuning parameters {Xq; 1 j =1,...,p} satisfy

- k2(s2, Z)K?(s1, D)

)\max 2C )\max =
( * ) 102481 S9
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where Apax = Maxi<j<p A2j, if A1 is chosen as:

A = Co\/sz (logp +logq)

n

then with probability at least 1 — C1(pq)~2, B defined in (?77?) satisfies

HB\_IBOHI <0381\/32 (logp + logq)

n

for some positive constants Cy — C5.

S2 Detailed Proofs

In the appendix we provided the proofs for the lemmas and theorems. We
refer the proof of Lemma 1 to 7. Before proving lemma 7?7, we first state a

useful proposition.

Proposition 1. Denote ]/jl as defined previously, ﬁl as <Y,]5.,,i> for
t = 1,2....p. Further for each [ = 1,2,...p, we use M,;; and K/I\i,l to be
the [-th column of the matrix M, and ﬁz respectively (Notice that M; is a
matrix so M, is a column vector, not the (i,/)—th element of matrix M).
Then under the assumptions stated in lemma [I, with the same choice of

the tuning parameters \y;, with probability at least 1 — (pq)1_02/ 8 for some

c > 2\/5, we have:

453

D, - Dj, < ,
|| ||2 = /432(52,2)

=1,2,...,p,
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NN

M., — M;||s <
|| 1,0 7,,l||2_ H,Z(SQ,Z) )

:172""7p7

In addition, the estimated ﬁz satisfies the RE condition with some constant

o~ o~

k(r;, M;) which satisfies k(r;, M;) > —k(r;, M;).

DN | —

Proof of proposition[]. Notice that for i =1,2,...,p,

NS

B, (R ), < HEE
| I 0 01y = K(S2,7Z)

where the last inequality follows from 7.

For the second inequality, notice that ﬁl = (Y, D.,,i> , SO there exists some

ip such that:

0 ifl=1,

|2 (Fou = Tou)

IML; — M, |2 =

So similarly we have:

4y/1\/S3 M9

M, — M,
M . K(S2,Z)

|2 <

Furthermore, according to 7, they proved that Z T satisfies the RE condition

1
5/@(31, D). Using the relationship between M; and D, it
is straightforward that x(r;, /1\/\[Z) >

with k(sq, Zf) >
1
5%(T¢,Mi>. ]

Then we provide the proof of lemma ?7.

Proof of lemma ?7. Without lose of generality, we assume a; = 0. For each
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1 =1,2,...,p, by the definition of @ in (?7?), we have:
LDy — MG + 0l < o |Ds — M| + pll6lly. (2.1
m ) AP i zl_2n 7 Y112 Hi if|1- .
For the left hand side (LHS), notice that:
=D, ~ M3 = 5B, ~ DyJ + 5D, ~ M3 - - (B, ~D,) (D, - Md))
m 7 112_2n 7 ill2 m ) iYill2 n ) ) i iYi |
— LIBs = DyE + G2+ o IV — 0112 + —— [[(M: — M6,
_Qn 7 ill2 m ill2 m, i\Yi i)ll2 m 7 i)Yil|2y
1 —~ ~ 1 _— T - /.
T <1\/Ii0i - Mie) L6, (M - M) M, (ei - 0i> ,
n n
1/~ T —
——(DZ-—DZ-) (Di—MiOZ). (92.2)
n
While for the right hand side(RHS), similarly,
LD, - M6 = D, — Dy |2 + — | Dy — M2 — - (13»—1)»)T (D--ﬁ-&)
m i 112_2n 7 ill2 m i D) n 7 7 i iYi )
= By~ DiJB 5 IG5V~ M3~ ¢ (M, M) 6,
Cop! 2o 2 T oy ’ R ' A

- % (132- . DZ-)T (Di - K/L@) . (52.3)

Combining (S2.2)), (52.3) and (S2.1]) we have:

1 = ~ 1l += /-~ 1 — T~ 7/~
MG, — )3 < ~¢TML (8: = 0) ——6, (M, —M;) M (6,-6,).
n n

n
+ 2 (Di=D.) ML (8.-0) + i (10,11~ 16111
1
n

+ 11 (16401 = 164l )

<=M/ ¢ — =M/ (Mz - Mz) 6; + —M/ (Di - Di> 160; — 6:ll1,
n n

’ oo

1~ 1
We first show that the event || =M, ; — — <
n n

—_~ —~ 1 —_~ ~
M/ (M - M) 0, + —M <DZ- - Di)
n

‘ o0
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% happens with large probability.
As

M ¢ — — M, <M . M) 9, + —M, (Di . D,~> ,
n n n

= - 7 7
>

[\

M/ G+ —(M; = M) "¢ — =M (M; — M;)0; — —(M; — M,) " (M; — M;)6,,
T

n N J/
Ty Ty T3 Ty
1 ~ 1 —~ ~
+-M/ (D; — D;) + —(M; — M;) " (D; — D;),
n n
Ts T

Ts
we label these terms from T} to Ts. To bound term 77, it follows from the

union bound and the Gaussian tail bound:

Hi n (Nz‘>2
> M) < NN
= 12) —peXp{ 202 \12 }

- 12 Gi
(52.4)
To bound term Ty, noticing that | Tg; — Lol < ﬁ’
’ ’ KJ2(827Z)
e 1 T L ’iz(s%z)
P(| Tl > 2y <P (|-27¢| >%5&. 222200
(H 2” = 12) — (Hn C - - 12 1682)\21‘
9 2
n Wi K (827Z)
< qC* S o A S et 52.5
S4q exp{ 202 <12 1632>\max> } ’ (529

for some positive constant C*. As for term T3, as ||6;]l < C and by

proposition [I]
1.+ = 1.+ =
||T3||oo = _Mz (Mz — Mz)ez S O max —M“(M@k — Mi,k) s
n - 1<Lk<p|n “
1 = 4C Amax
< C e Wiy M | < S $2.6)
1<k<p \/n ’ "ll2 Kk(s2,Z)
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For Ty, using the result in proposition [I}, we have:

?

1 —~ —
il = || 0 - M) (5 - Mo,

< C max —H (M;;, — M;)) H H(ﬁzk_Mzk)’
2 2

1<Lk<p n

16082/\2
& max 2.
=S (5. 2) (52.7)

For Ty, similar to T3, we have

1 N
Tl = - M (D = D)

<max—(Mj,D D)),

o I<i<pn

4C' /5 M
D D; . S2.8
< 1D, Dy < < lom (5238)

Finally for T,

1 e oy 1 — ~
[Tolloo = = H(Mz - M,) (D; - D;)|| < max— |(M;; —M;;)"(D; — D)|,
o0 1<l<pn
16C 5902
< max —HM” — Ml - [Di — Dyl € —5omax, (S2.9)

1<i<pn K2(s9,Z)

Combining the results from (52.4)) to (S2.9)), there exists some positive

constant Cy, C5, CZ, such that with the tuning parameter p; chosen as:

C; \/ so(logp + log q)

i =

Y

K(S2, Z) n
with CF = C# max(C, o¢,), then with probability at least 1 — Cy (pq)~ ",
1 T 1 AT (NA 1 AT (1 ,uz
n n n 2

Then under (S2.10)), we have:

1 —~ ~ L4 ~
SO — 013 < £10: = 0ull + i (161 = 10:]1) . (8211)
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Let R; be the support of the true parameter 8; and without any abuse of
using notations, we use 6; r, and é\l r; to represent the subvector of 6; and

~

0; restricted on the set R;. Also let |R;| = r;. Adding %H@ — 0,1 to both

sides of ((S2.11)) yields:

l == = Wi a ~ ~
55 IML(B, = 03+ 710: — 0y < s (16— 6,]1 -+ 0.0 — 8]1)

2.

= [ (H@',Ri 1 — |0ir,|l1 + 1105,r, — Oi.R, 1) )
< 2#1'”(9\1',1%1- — 0|1 < Q#i\/ﬁﬂé\i,m — 0, R,
(52.12)
The last two inequalities in (S2.12)) imply:
1, —~ ~ ~
%HMi(ei — 0,)[5 < 2ui\/Ti|6; r, — i, 12, (52.13)
%H@' —0:ll1 < 20105, — Oig, 1, (S2.14)
and (|S2.14)) is equivalent to
H@',Rg =0 pell; < 3H§¢,R¢ — 01 (52.15)

As stated in proposition , /1\/\11 satisfies the RE condition with some constant

—~

k(ri, M) > —k(r;, M;), together with (S2.15|) we have:

N | —

2
2-

K? (T'i, Mz) Hei,Ri - 0@',R¢

1 — 1 _
%HMi(Oi —0,)|3 > 5> §H2(T17Mi)H91,Ri — 0 R,

N | —

Combining with (52.13)),

1600+ /7
< tomivri (S2.16)

H027R1 - Oi,Ri 2 > 52(712" M2)7
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Plugging in the tuning parameter p; gives the final result in lemma ??:

160; — 60;]l1 <46 r, — Oir 1 <4/Till0ir, — 6irl2,

64C; \/32(logp +logq)

n

= K2(ry, ML) KR(s2, Z)n
64C% \/32(10gp + log q)

n

~ k2(Y,D)k(s2, Z)Tz

Y

]

Based on the previous results, we provide the proof for the main theo-
rems. First we prove the asymptotic distribution of the test statistics for a

single hypothesis.

Proof of Theorem ?7. The form of the test statistic 7} is a de-biased version
of the sample correlation. To show it follows a standard normal distribution,

we list the following notation. Denote:
& =& — & ki =Gri — G

where € = Y, & and ¢ = > p_, (.. Recall that by the previous defini-

tion, we have:

gk:yk_ﬂ_Dgﬁ>

Cri = Dii — a; — (yr, D;I_i)Ten

~ A~ ~

&=y —Y — (D, — D)3,
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—~ ~ - s~ == ™\ ~
Ck,i = Dk,i - Di - <yk; — Y, (Dk,—i — D_Z‘> ) 01

Based on these notations, we have the following decomposition:

n

S B = D B~ D0 Gl — Ge) > D i~ B+ (G — ) G — o).
k=1 k=1 k=1 k=1

k=1

J

A A As
For simplicity, denote the second, third and forth term as A;, A; and As.

Then for A;, we have:

4y = %28,3(51,1- 6.+ ka (D — D) 7361, — 6:).
+ — Zﬁk { (Dyi — 1) (Dm 1)} + o Z&(Dk,ﬂ' - ﬁfi)T(asz —0_1,),

+ — ka { (Dy,—i — 7i> - (ﬁkﬂ — ]372)} 0_,.
We denote these five terms as A; 1 to Ay 5. For A5, combining the result

in lemma ?7? and the fact that £ and D are independent, we know that for

some positive constant C, there exists some C’ > 0 such that:

G < Wogpﬂom
N2 0 ~UDP ]

n

log p o
P (Dy — >C =0 .
( ka k n) (r=)
Hence,
A12<—Z (D,—D)'B '|§1i_01i|
k=1

Op< 1ng 7,\/ (10gp+logQ)) (82.17)

n
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Similarly for A, 4, as

max |— E k Dk
<1<J<P n 5 d

so we have:

n

=¢ 10gp> =0(pY),

Ara < : Hefli_efl,iHla

Zék Dk —i 71)

(\/logp 10gp+10gQ)> (S2.18)

Then for A; 3, by the estimation error for D; as we used in proposition [T}

n ]; ék‘ D ki ]: ki n ]E ék‘ Zk I 0,1/ I 077/ )

Tos — Toll1,

IN

1 &~ ~
ﬁ;szk )

1 1 1
<o, (\/ in.sg\/ ng;t qu) . (S2.19)

For the last term Aj; 5, similar to A3,

1 I 1
A< O, (\/ oip . 82\/%> , (S2.20)

Combining the result from (S2.17) to (S2.20) we know that uniformly for

1<t <p:

AN lo so(logp + lo
- _252(9172‘ —-60.,)+0, \/ gp ,T\/ 2(logp 2q)
n k=1 n n

1 1 1
+0, <\/ in.SQ\/ ng;t qu) . (S2.21)
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And as for term As, we have a similar decomposition given by:
l e~ ~ 1 o~ = = \T ~
Ay == GiBi=B)+ = (yk ~Y,(Dys — D) > 0:(8;i — Bi),
. [y
1 o~ — \T = le~~ [~ = —1x
- i (Dpi D) Bu-B)+- i[D—D D-D)| 3.
+n;Ck’( k, ) (B-i—8 )+nk2:;©c, (D, k) + ( )| B

By using the similar techniques as in A;, we know that uniformly over

1<i<p,

Il 5 [log p s2(logp + log q)
A2:ﬁ;(k,i(ﬁi_ﬁi)+op ( n '51\/ -
+0, <\/1°§p - 32\/1ng21qu> . (92.22)

For the last term Ajs, the decomposition is given as following;:

n
~

A=Y (De-D)'(B-8)+ (DD~ (D-D)) B-5) .

n

k=1 B,

-

Bs

For simplicity we denote the five terms above as By to Bs. Then,

As = By(Bs + By + Bs) + Ba(B;s + By + Bs).
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For BjBs, based on the bounds in proposition [T we have:

-~ 1 n _ _ ~ =
BiBy < [B=Bl- |~ > (De = D) ((Di; = Di) = (Dei — DY) |
k=1 00
1 1 1 1
<o, (Sl\/82( ogpn+ 0gq) \/82( ogpn+ ogq)) . (82.23)

For By By, it follows from the proof in ? that:

I 1 1 1 1
BBy S Oy (\/ OSJ -51\/82( ngn 084) ,T\/Sa(ogp?j OgQ)>

+ 0y (mx(Tp) - a2) (52.24)

where max(Hﬁ — B|as H@ —0|]2) = Opy(ay). For term ByBs, we have:

~

‘% z”: ((ﬁk ~-D;) - (D- ﬁ)) ((Dk,i —D;) — (Dyi — Di))

ByBs < |18 - B -

)

k=1

~ 1 n _ ~ — I ~ =
<|B8-8l:- 112?5) " Z ((Dk,j — Dj) — (Dk,j — DJ)) . <(Dk,z -D;) - (Dk,i - D1>> )
- k=1
1 1 1 1
<o, (Sl\/52< ogpn+ 0gq) s ogpn+ ogQ)> ‘ (82.25)

Then for By By, it follows from the estimator bounds of 5,

%i(ﬁ -8)" <(ﬁk —Dy) - (5 - ﬁ>) (yk —V, (Dyi = ﬁ‘i)T>

ByB, < ||6A’z — 0| -

(52.26)
Notice that the second term is in the same order as the term B;Bs, so the

order of the whole term By B, is actually dominated by the term B;Bs.
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And terms B;Bs and By By are in the same order as B; B3 and ByBs. So

together with the result in (S2.23)) to (S2.26)) and summing up the previous

results in ((52.21)), (S2.22) and the form of test statistic T}, we have:

Igmss Iy Icma) -a
S YIRS WL WA
k=1 k=1 k=1

Vi 1 Ivos  lvaa
=== ngka,i—fh—A2+A3+E25k91,¢+52%,i@ :

96 k=1 k=1 k=1

Vvn g~z > RS 2 IR 2 15 2
S it 01+ — Bi+— ) 0

3& nZskck, +n;fk L +nk§:;<k,z,8 +",; MG

1 ~ ~

+ 6 (G — G+ order} , (S2.27)

where order is the sum of all the reminder terms, which is given by:

0 log p log p + log q
P n B n

1 1 1
order:(’)p< o8P T\/Sz(ngJr OgQ))+

n n

—l—(’)p( ng,sl\/32(0gp—l— qu))—i—(’)p <S1\/ (ng—i- 0gq) \/
n n

+Op< logp'sl\/32(10gp+10gQ)‘r\/Sg(lng—i—lqu) (\/
n n n

1 +1 1 +1
+ O, (Amax(Tp) - a2) + O, <81\/82(0an Og(D'SQ(ngn qu)>‘

(S2.28)

2
'B—’Q. Notice that:
O¢

J R, 1 e ~

_E 0. _E 2 3

n é-k 1,3 + n Ck‘,'uB’L)
k=1 k=1

Define @; = Q7 +

l o~~~
= &Gri+
n

k=1

logp + log q))

logp+logq) a )
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1 n ,61 5.2 5.2i
= (5 ;fk@ﬂ- - EEQ) + (BEEG —£6) — - ( - J—i - 0—<) ,

Y o A e logp) _ Bi (| _ % %
- (n;&ﬂgﬁ,z—ﬂzgg)—i_op( n )_&v)n< _O_g_o_gi>' <8229>

Denote order A,, = order + O, < gp)j followed by the argument in 7 we
n

know that:

I 1
52 = 02+ Op(A, + 1/ in), 52 = 02 + Op(Ay + 1/ in). (52.30)

In addition, notice that the required assumption . (Xp)a? = o(n_%) and

ry/s2(logp + log q) - a, = o(1) are naturally hold for the estimators we are

using and under assumptions C1-2. Hence, based on assumptions C1-2,

together with (52.27)), (S2.28)), (52.29) and (S2.30)) we know that

T; ~ N(0,1).

And further recalls the relation between T; and TA’Z given by:

1;

T2 T2 '
1—-1 (— < 1)
n n

So finally Slutsky’s theorem, we know that

T, =

T; ~ N(0,1).
So we have finished the proof of theorem 77?. n

Once we were able to prove that our test statistic follows a standard

normal distribution,the proofs for theorem 77 and ?? become rather straight
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forward. We refer the details of the proofs to section 5.2 of ?. The proofs
for ours differ from theirs in the error terms which have already been shown

to be controlled in preferred orders in the proofs of theorem 77,

S3 Results of simulation studies

S3.1 Evaluation of testing single hypothesis

Figures [S1] and 52| show additional simulation results for testing single hy-

pothesis.

S3.2 Obtaining first stage regression via Ridge regression method

In our method, the first stage regression X = ZI'y + E, the regression effi-
cients are obtained via Lasso and are used to predict X. In genetic studies,
the gene expression could also be predicted by imposing a Gaussian prior,
which leads to the Ridge regression method. Although we proof replies on
the theoretical results that are built upon the first stage regression using
Lasso, it is still of interest to compare the numerical performance when us-
ing Ridge regression instead. As a result, we present in this supplementary
some additional simulation results. For the Ridge regression, the tuning
parameter is selected by a 10-fold cross-validation method.

Table|S1|{shows the empirical FDR and FDV for the proposed procedure
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Figure S1: QQ-plots of the test statistic fz based on the two-stage IV model for sev-
eral randomly selected variables to demonstrate the validity of its asymptotic distribu-
tion. The panels in the first and second row correspond to selected variables whose true
value are zero and the third row are variables that are not zero. For different columns,

(a)(d)(g), (b)(e)(h) and (c)(f)(i) correspond to different (n, p, q) values as (200, 100, 100),
(400, 200, 200) and (200, 500, 500).
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Figure S2: Selected QQ-plots of the test statistics ﬁ developed for fitting naive high
dimensional regression models. The panels in the first and second row corresponds to
selected variables whose true value are zero and the third row are variables that are
not zero. For different columns, (a)(d)(g), (b)(e)(h) and (¢)(f)(i) correspond to different

(n, p,q) values as (200, 100, 100), (400, 200, 200) and 200, 500, 500).

using Ridge regression in the first stage. The result indicates that our
method could still successfully control the FDR and FDV in this scenario.

When p is relatively large, the simulation demonstrate that the procedure



S4. ADDITIONAL RESULTS OF YEAST DATA SET

Table S1: Sensitivity analysis results based on 500 replications.

Ridge regression is

applied in the first stage regression. The eFDR and eFDV for multiple testing procedures

based on IV regression for different combinations of (n,p,q) and different «, k levels.

(n,p,q) a-level eFDR k-level eFDV
0.05 0.055 2 1.95
(n,p,q) = (200,100, 100) 0.1  0.10 3 2.96
0.2 0.20 4 3.75
0.05 0.020 2 1.02
(n.p, q) = (400,200, 200) 0.1 0045 3 1.61
0.2 0.10 4 2.29

is slightly conservative as the eFDR and eFDV is much smaller than the

desired v and k levels. This indicates that Ridge regression could be used in

practice but may lead to hypothesis testing procedure that is conservative

and hence lack of power.

S4 Additional results of yeast data set

We further compared the the fitted versus the observed yeast growth yields

using three different scenarios in Figure The first model was to use the

15 genes selected using our proposed multiple testing method and to refit

a linear model with the estimated X. The second model used the 34 genes

selected based on nominal p-value< 0.05 and refitted a linear model using
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Figure S3: Scatter-plots of the fitted versus the observed yeast growth yields. (a): refitted
model using the estimated expression levels of the 15 genes selected by our proposed
method; (b): refitted model using expression levels of 34 genes selected with nominal
p-value< 0.05. (c¢): the refitted model using expression levels of the genes selected by

Lasso.

the original X. The last model used the genes selected by Lasso using X
with refitted coefficients using the original X. Overall, we observe that the
proposed IV regression gave better fit than those based on linear regression

with gene expressions as the covariates.

S5 Software and data sets used in the paper

The codes and data sets are available upon request.
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