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This online supplement examines the more general definitions and theorems of sufficient cause interactions for
ordinal and categorical outcomes. The main paper examined ordinal outcomes with three levels, whereas in
the online supplement we consider ordinal outcomes with an arbitrary number of levels. Additionally, global
conditions for different forms of sufficient cause interactions are presented here. The connection to polytopes
to detect different forms of interdependence is explicated at the very end. We also provide the Theorems that

proof of the generalized results as well as associated proofs that are presented in the main section.

S1 Proofs

S1.1 Appendix 2: Proofs

The proofs of theorems and corollaries in the main text are collected here. The proof
of Theorem 4.1in the main paper collected in Section S4: Appendix 1B, given the need
of more general notation. Theorem 4.1 is provided again as Theorem S4.5 in Section

S4: Appendix 1B.

Proof of Theorem 2.1. Mirroring the proof of Theorem 1 in [VanderWeele and Robins
(2008), construct Af, ..., A¥ according to the following 16 rules: (1) If Y2, (w) =1

for all {xy, 25} € {0,1},2 let A¥(w) =1 and AF(w) =0 for alli ¢ 0. (2) If Yi(w) =

and Y} (w) = Yi(w) = Yi(w) = 1, let Al(w) = ( ) = 1 and AF(w) = 0 for
£ (1) ()1 o) =0, and Vo) = Ti() = V() = L et A1) = 1 o
i € {2,3} and AF(w) = 0 for i ¢ {2,3}. (4) If Yi(w) = Y&(w) = 0 and Y (w) =

Yiw) = 1, let Ab(w) = 1 and Al(w) = 0 for i ¢ {3}. (

YE(w) = Yi(w) = YiE(w) = 1, let AL(w) =1forie {1,4} and AL (w) = Oforz ¢ {1,4}.
6)16 1) = ¥) = 0 and Vo) = o) = 1. ek ) = 1 amd 4f(0) =0
(7) If Y (w) = Yii(w) = 0 and Yi(w) = Y (w) = 1let AF(w) =1 for i € {5,8} and
Af(w) = 0 for i ¢ {5,8}. (8) If Yif(w) = 1 and Yi(w) = oLl(w) = Yi5(w) = 0, let

5) If Y, ()—Oand
(w

) =
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ARw) = 1 and AB@) = 0 for i ¢ {5}, (9) If () = 0 and Yii(w) = Yh(w) =
Yi(w) = 1, let AF(w) = 1 for i € {2,4} and AF(w) = 0 for i ¢ {2,4}. (10) If
V(W) = Vi) = 0 and Yi(w) = V(@) = L, let Aw) = 1 for i € {6,7} and

AMw) = 0 for i ¢ {6,7). (11) If Vi) = V&) = 0 and Yihw) = V@) = 1
let AX(w) = 1 for i € {2} and AX(w) ¢ {2} (12) I Vii(w) = Vi) = Yi(w) = 0
and Y (w) = 1, let AF(w) = 1 for i € {6} and Al(w) = 0 for i ¢ {6}. (13) If
Yii(w) = Vi (w) = 0 and Y§(w) = YiE(w) = 1, let AF¥(w) =1fori e {4} and AF(w) =0
for i ¢ {4}. (14) If Y§(w) = Vi (w) = Y (w) = 0 and Y(w) = 1, let AX(w) =1
for i € {7} and A¥(w) = 0 for i ¢ {7}. (15) If Yk (w) = YE(w) = Y (w) = 0 and
Yi(w) =1, let AX(w) =1 for i € {8} and Al(w) =0 for i ¢ {8}. (16) If Y,E_ (w) =0

12

for all {xy, 22} € {0,1}?, let AF(w) = 0. O

Proof of Theorem 2.2. We mirror the proof in (VanderWeele and Robins, 2008). We
first prove the converse. Suppose X; X, do not display a minimal sufficient cause inter-
action for a specified outcome Y*. Consequently, there exists a non-redundant minimal
sufficient cause representation in which equations 2.1 and 2.2 hold and A(w) = 0 for
all w € Q. Consider an individual w, for whom Y(w) = Yk (w) = 0, by construction of
AF(w), we have that A} (w) = Al (w) = Al (w) = Al (w) = A} (w) = Ak (w) = AL (w) =
0. Therefore, for such an individual we have, Y} (w)=AL(1 — 1)(1 — 1) = 0. Conse-
quently, there cannot be an individual for whom Y} (w) = 1 and Y(w) = Y (w) =0
and X7 X5 do not display a minimal sufficient cause interaction for specified outcome
YE.

For the opposite direction, consider the situation where X;.X5 does display minimal
sufficient cause interaction for a ternary outcome under specified outcome Y. For
every sufficient cause representation for Y* there exists a conjunction such that X; X,
is contained within it. Using the sufficient cause representation that was constructed in
Theorem 2.1, we have an individual w such that AL(w) # 0 if an only if the individual
has one of two possible potential outcomes (1) Y5 (w) = Yi(w) = 0 and Yk(w) =
Yi(w) =1 or (2) Yi(w) = Y (w) = Y(w) = 0 and Y (w) = 1. In either situation,
V(@) = Yik(w) = 0 and Y (w) = 1. s

Proof of Theorem 2.3. We prove this result by contradiction. Suppose for outcome
under specified condition L € {A, B,C, D, E, F'}, we have that X; X5 does not exhibit

sufficient cause interaction. Theorem 2.2 then implies that there is no individual w € €2
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for whom Y (w.) = 1 and Yj5(w) = Y (w) = 0. This is equivalent to stating that for
all w € Q, we have that Y5 (w) — Y(w) — Y& (w) < 0. Therefore, taking expectations
on both sides we have F(Y{(w) — Yii(w) — Y (w) | V =v) <0.

EY | X;=1,X=1V=0)-EY"|X;=1,X,=0,V =)
—BEY* | X:=0,X,=1,V =v)
= EYiW | Xi=1,X=1V=0v)-EYjw) | X1=1,X,=0,V =0)
—B(Ypi(w) | X1 =0,X; =1,V =)
= B(Y{iw) |V =0v) = E(Yj5(w) |V =v) = E(Y5(w) | V =)
= B(Y{i(w) - Yij(w) = Ypi(w) [V =v) <0.
The first equality stems from the consistency assumption and the second equality stems

IT{X;, X5} | V. This completes
our proof. O

from the no unmeasured confounding assumption Y2

Proof of Theorem 2.4. Suppose Xjand X, do not display synergism for outcome Y 7.
Then, by Theorem 2.3, we have for all w € Q, Y{§(w) — VB (w) — Y (w) < 0. Consider
two different cases. Case 1: if Ygo(w) = 0, then Y (w) = 0 and adding this to V5 (w) —
Vi8(w)~ Y () < 0, we have Y3 (w) Y (w) Y8 (w)+ VB (w) < 0. Case2: say Yoo(w) =
1 or Yyo(w) = 2, then in either case Y5 (w) = 1 and by our monotonicity constraints
VB(w) = YE(w) = YEw) = 1, and as a result Y (w) — Vi#(w) — YE(w) + Y (@) < 0.
So, in both cases, we have that if X;and X, do not display synergism for outcome Y2,
then Y{f(w) — YB(w) — YE(w) + Y& (w) < 0. Taking expectations on both sides and
following the logic present in the proof of Theorem 2.3, we complete our proof. O

Proof of Theorem 2.5. Similar to the proof of Theorem 2.4, and therefore omitted. [

Proof of Theorem 2.6. Suppose X; and X, do not display synergism for outcome Y4,
Then, by Theorem 2.2, we have for all w € Q, Y} (w) — Yi3(w) — Vi (w) < 0. Taking
expectations of both sides of this inequality and following logic present in the the
proof of Theorem 2.3, we have the condition pf,, — pit, — psy, < 0. For the first
inequality. Consider three different cases. Case 1: Suppose Yi;(w) = 1, then Y/ (w) = 1,
Yo1(w) € {0,1}, Yio(w) € {0,1}, and Yyo(w) € {0,1}. (Subcase a): If Yoo(w) = 1, then
Yi(w) = 1, and Yip(w) = Yo (w) = 1 to satisfy the monotonicity constraints. This
implies that Y§ (w) = Y§(w) = 0. This means that Y;](w) — Yia(w) — Y} (w) + Yo (w) +
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Vs (w) = Y (w) < 0. (Subcase b): If Yyo(w) = 0, then Yjo(w) = Y5 (w) = 0, and either
or both Yjl(w) = 1 or Y (w) = 1 as X; and X, do not display synergism for Y.
Therefore Y} (w) — Y5 (w) — Ygi (w) + Yo (w) + Y§ (w) — Y§ (w) < 0. Case 2: Yy (w) =0,
then Yp;(w) = Yip(w) = Yoo(w) = 0 to satisfy monotonicity constraints. Therefore,
Vi) = Yid(w) = Yi(w) = Yi(w) = Y§(w) = Y§(w) = 0, and consequently Y(w) —
Y (W)=Y (w)+ Y (w)+ Y (w)—Y§ (w) < 0. Case 3: Yi;(w) = 2, (Sub case a): Suppose
Yoo(w) = 2, then Yi;(w) = Yig(w) = Yo (w) = Yoo(w) = 2 to satisfy the monotonicity
constraints. This implies that Y} (w) = Yi(w) = Yi(w) = Yia(w) = 0, Y§(w) =
V() = 0, and Yih(w) — Yid(w) — Vil (@) + Yil(w) + YE(w) — YE(w) < 0. (Subease
b): Suppose Ygo(w) = 1, then to satisfy monotonicity constraints, Yy (w) € {1,2} and
Yio(w) € {1,2}. This implies that either Y(w) = 1 or Y§}(w) = 1. This means that
Vi (w) = Yia(w) — Y (w) + Yia(w) + Y (w) — Y (w) < 0. Taking expectations on both
sides and following the same logic present in the proof of Theorem 2.3, we have the
condition, p{, — pih, — Piie + Poow + PSow — Pow < 0. To prove the second inequality, a
similar proof is trivially constructed. [

Proof of Corollary 2.1. We have that

2 'pfw - pﬁ)v - p641v +p6400 > 1, =
Py = Phho — Piie — Plow — Poto + Phow > 0 <=
Pive = Plow = Dore + Poow — PS1e > Pl =
Py — Piow — Pore + Poow T Poow — Pore > 0

The last line stems from the positive monotonic effect of X; and X, on p$, > p§i,.
Theorem 2.6 establishes that this a sufficient condition to show that X; and X, display
synergism for outcome Y4 = I(Y = 1).

From Corollary 2.1, we have that

QP(Y:1|X1:]_,X2:]_,V:U)
_P<Y:1|X1:17X2:0>V:U)_P<Y:1|X1:07X2:17V:U)
+P(Y:1‘X1:O,X2:O,V:/U)>1,

implies that X; and X5 exhibits synergism for outcome Y4 = I(Y = 1). We note that
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2
ZP(Y =i| X; =1,Xy =1,V = v) = 1. Substituting this summation into the
i=0

inequality, and moving terms from the right hand side to the left hand side, it is trivial

to show that conditions (2.4.1)-(2.4.3) are equivalent to one another. O
Proof of Theorem 4.2. The contrast
P(Y €y | Xi=1,X=1)—P(Y €y | X1 =1, X5 = 0)
—PY €y, | X1 =0,Xo=1).
is equal to
P (Y11 € yo) — P (Yo € ya) — P (Yo1 € ¥a),

under Y, ., II X1 X5. Applying the law of total probability, we have

P (Y11 € ya) — P (Y10 € ya) — P (Yo1 € Ya)
= P (Y11 € Yo, Y10 € Ya, Yo1 € Ya) + P (Y11 € Ya, Y10 & Ya, Yo1 € Ya)
+ P (Y11 € Yo, Y10 € Yo, Yor & ¥Ya) + P (Y1 € Yo, Y10 € Yar Yor € Ya)
—{P (Y11 € Ya, Y10 € Ya: Yo1 € ¥a) + P (Y11 € Yo, Y10 € Ya, Yo1 € Ya)
+ P (Y11 € Ya, Y10 € Ya, Yor € Ya) + P (Y11 & Yo, Y10 € Yo, Yo1 & Ya)}
—{P (Y11 € Ya, Y10 € Ya; Yo1 € Ya) + P (Y11 € Ya, Y10 € Ya, Y01 € Ya)
+P (Y11 € Ya, Y10 & Ya, Yor € Ya) + P (Y11 & Yar Y10 & Ya, Yo1 € Ya)} -

Simplifying this equality, we have

P(Yeya|X1:1,X2:1)—P(Y€ya|X1:1,X2:O)
—P(Yeya|X1:O,X2:1)

is equal to

P(YMGya,Y10¢ya,Y01¢ya)—P(Y11ﬁéya,yloé?/a,ymﬁéya)
_P(}/llEym}/loeyayif()lEya>_P<}/11%meiO%yaaYbleya}'
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Proof of Theorem 4.3. The contrast

PYey | Xi=1,Xo=1)—P(Y ey | X1=1,X2=0)
—PY €y [Xi=0Xo=1)+P Y €y | X1 =0,X2=0)
is equal to P (Y11 € y.) — P (Y10 € y.) — P (Yo1 € y.) + P (Yoo € y.), under Y, ., 11
X1 X,5. Applying the law of total probability, we have the following results:
P (Y11 € ye)
= P (Y11 € Ye, Y10 € Ye, Yo1 € Ye, Yoo € Ye) + P (Y11 € Ye, Yio € Ye, Yo1 € Yo, Yoo & Ye)
+ P (Y11 € ye, Yio ¢ Ye, Yo1 € Ye, Yoo € Ye) + P (Y11 € ye, Yio & Ye, Yor € Ye: Yoo € Ye)
+ P (Y11 € Ye; Y10 € Ye, Yor & Yes Yoo € ¥e) + P (Y11 € Ye, Yio € Ye, Yor € Yo, Yoo € ¥e)
+ P (Y11 € Ye, Yio & Ye, Yor & Ye, Yoo € Ye) + P (Y11 € ye, Yio & Ve Yor & Yes Yoo & Ye)
and similar equalities after applying the theorem of total probability are available
for P (Yio € ye), P (Yo1 € ye) and P (Yoo € ¥.) .
Simplifying this equality, we have
PY€y |Xi=1,Xo=1)-P(Y €y, | X1 =1,X, =0)
—PY €y |Xi=0Xo=1)+P(Y €y | X1 =0,Xy=0)

is equal to

2P (Y11 € Ye, Y10 & Ye, Yo1 & Ye, Yoo € Ye) + P (Y11 € Ye, Yo & Ye, Yo1 € Yes Yoo & Ye)
P (Y1 ¢ ye, Y10 € Yo, Yo € Yo, Yoo & ye) — P (Y11 € Ye, Y10 € Ye, Yo € Ye, Yoo € )
P (Y11 € ye, Y0 € Ye, Yo1 € Ye, Yoo & Ye) — P (Y11 & Ye, Yio € Ye, Yo1 € Ye, Yoo € ye)
P (Y11 ¢ ye, Y10 € Ye, Yo1 € Ye, Yoo & Ye) — P (Y11 & Yer Yio € Ye, Yo1 € Yo, Yoo ¢ Ye)
P (Y11 € Ye, Y10 € Ye; Yor & Ye, Yoo € Ye) + P (Y11 € Ye, Yio € Yes Yor € Ye, Yoo € Ye)
P (Y11 & ye, Yio € Ye, Yor & Yes Yoo € Ye) -

When X; and X, have positive monotonic effects on Y € y., the contrast

P(Yeyc|X1:1,X2:1)—P(Y€yc|X1:1,X2:O)
—P(Yeyc|X1:O,ngl)—P(YGyc|X1:0,X2:0)

is equal to P (Y11 € ye, Y10 € Ye, Yo1r € Ye, Yoo € Ye) - O
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S2 Continuous Sufficient Cause Interaction

These results can be further generalized for outcomes on R”. For this section, we allow
(Y11, Y10, Yo1, Yoo) to have a distribution function P(Y11 € y11, Y10 € %10, Yo1 € Yo1, Yoo €
Yoo), where 11, Y10, Yo1, Yoo are all subsets of R. We first provide a generalized notion
of positive monotonicity for continuous outcomes that will be used in the subsequent

theorems.

Definition S2.1 (Generalized Positive Monotonicity). We say that X; has a positive
monotonic effect on Y € g, for any fixed y. C R if there is no individual w € 2 such
that Y, ., (w) € ye and Yy, (w) € y. for all ; > x5 for any fixed xo. Similarly, we
say that X, has a positive monotonic effect on Y € y. for some y. C R if there is no
individual w € Q such that Y, ., (w) € y. and Y, ., (w) € y, for all x > x3 for any fixed
x1. If X7 and X, each individually have a positive monotonic effect on Y € y,. for any
fixed y. C R then we say that X; and X5 have positive monotonic effects on Y € y..

Theorem S2.1. Suppose Y., 1 X1 X5. Here, y, is any subset of R. The contrast

P(Yeya|X1:1,X2:1)—P(Y€ya’Xlzl,XQIO)
—P(YEyQ|X1:O,X2:]_>

18 equal to

P (Y11 € Y, Y10 & Ya, Yo1r € Ya) — P (Y11 € Ya, Y10 € Ya, Yo1 € Ya)
— P (Y11 € Y, Y10 € Ya, Yo1 € Ya) — P (Y11 € Ya, Y10 & Yo, Y01 € Ya) -

Proof of Theorem [S2.1. The contrast

P(Yeya|X1:1,X2:1)—P(Y€ya|X1:1,X2:O)
—P(Yeya|X1:O,X2:1)

is equal to P (}/11 € ya) - P (}/10 € ya) - P(YE)l € ya)7 under Yxlxz il XIXQ- Applylng
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the law of total probability, we have

P (Y1 € ya) = P (Y10 € ya) — P (Yo1 € va)

=P (Y11 € Yo, Y10 € Yo, Yor € Ya) + P (Y11 € Ya, Y10 ¢ Yo, Yo1 € Ya)
+ P (Y11 € Yo, Y10 € Ya, Yor € Ya) + P (Y11 € Ya, Y10 € Ya, Yo1 € Va)
—{P (Y11 € Ya, Y10 € Ya, Y01 € Ya) + P (Y11 & Y, Y10 € Ya» Yo1 € Ya)
+P (Y11 € Ya, Y10 € Ya, Yor & Ya) + P (Y11 & Yar Y10 € Yo, Yo1 & Ya)}
—{P (Y11 € Yo, Y10 € Ya, Yor € Ya) + P (Y11 & Ya, Y10 € Ya, Yo1 € Ya)
+ P (Y11 € Ya, Y10 & Ya, Yo1 € Ya) + P (Y11 & Yo, Y10 & Ya, Yo1 € Ya)} -

Simplifying this equality, we have

P(Yeya|X1:1,X2:1)—P(Y€ya|X1:1,X2:O)
—P(Yeya’X1207X2:1)

is equal to

P(Kl Gya,Ylo ¢ya7Y01 ¢ya) _P(}/ll ¢yaa}/10 Eyaaybl ¢ya)
— P (Y11 € Ya, Y10 € Ya, Yo1 € Ya) — P (Y11 € Ya, Y10 ¢ Ya, Yo1 € Ya) -

[]

Theorem S2.2. Suppose Yy, ., 11 X1 X5 and suppose X1 and Xs have positive monotonic
effects on'Y € y.. For any y. that is a subset of R, the contrast

P(YGyC|X1:1,X2:1)—P(Y6yc|X1:1,X2:0)
—P(Yeyc|X1:O,X2:1)+P<Y6yc|X1:0,X2:0)

is equal to P (Y11 € Ye, Y10 & Ye, Yo1 € Yes Yoo & Ye) -

Proof of Theorem[S2.2. The contrast

P(YEyc|X1:1,X2:1)—P(Y€yc|X1:1,X2:0)
—P(YEyC|X1:O,X2:1)+P(Y€yc|X1:0,X2:0)
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is equal to P (Y11 € y.) — P (Y10 € ye) — P (Yo1 € ye) + P (Yoo € ye), under Y, ,, II
X1 X5. Applying the law of total probability, we have the following results:

P (Y1 €ye)

= P (Y11 € Ye, Y10 € Ye, Yo1 € Ye, Yoo € Ye) + P (Y11 € Ye, Yio € Ye, Yo1 € Yo, Yoo & Ye)
+ P (Y11 € Ye, Yio & Ye, Yo1 € Ye, Yoo € Ye) + P (Y11 € ye, Yio & Ye, Yor € Yes Yoo & Ye)
+ P (Y11 € Ye, Y10 € Ye, Yor & Ye, Yoo € Ye) + P (Y11 € Ye, Yio € Ye, Yor & Yer Yoo & Ye)
+ P (Y11 € Ye, Yio & Ye, Yor & Ye, Yoo € Ye) + P (Y11 € Ye, Yio & Yer Yor & Yes Yoo & Ye)

and similar equalities after applying the theorem of total probability are available
for P (3/10 € yc), P (Ybl c yc) and P (Y()g € yc) .
Simplifying this equality, we have

P(YGyC|X1:1,X2:1)—P(YEyC|X1:1,X2:0)
—P(Yeyc|X1:O,X2:]_>+P(Y€yc|X1:07X2:0)

is equal to

2P (Y11 € Ye, Y10 & Yes Yo € Ve, Yoo € Ye) + P (Y11 € Ye, Yo € Yo, Yor € Ye, Yoo € Ye)
— P (Y11 ¢ Ye, Y10 € Ye, Yo1 € Ye, Yoo & Ye) — P (Y11 € Ye, Yio € Ye, Yor € Ye, Yoo € Ye)
— P (Y11 € ye, Yio € Yo, Yor € Ye, Yoo & Ye) — P (Yi1 € Ye, Y10 € Yo, Yo1 € e, Yoo € Ye)
P (Y11 ¢ Ye, Y10 € Ye, You € Yo, Yoo & e) — P (Y11 ¢ ve, Yio € Ye, Yor € ve, Yoo & ¥c)
+ P (Y11 € ye, Yio € Ye, Yo1 ¢ Ye, Yoo € Ye) + P (Y11 € ye, Yio € Ye, Yor € Ye, Yoo € Ye)
+ P (Y11 € Ye, Yio € Yes Yor € Yes Yoo € Ye) -

“U"U"U“U

When X; and X5 have positive monotonic effects on Y € ., the contrast

P(YEyC|X1:1,X2:1)—P(Y€yC|X1:1,X2:O)
—P(Yeyc|X1:O,ngl)—P(YGyC|X1:0,X2:O)

is equal to P (Y11 € ye, Y10 € Ye, Yo1r € Ye, Yoo € Ye) - O
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S3 Global Interaction Tests for an Ordinal Outcome with Three

Levels

The notation here follows the main text. Previous sections examined how to test for
the presence of sufficient cause interaction for an ordinal outcome under one speci-
fied condition. Theorems 2.3-2.6 in the main text used counterfactual conditions to
derive empirical conditions for such sufficient cause interaction for ordinal outcomes,
which generalizes the results of [VanderWeele and Robins (2008). Here, we attempt to
examine what occurs if we test for the presence of sufficient cause interaction for an
ordinal outcome at different specified conditions simultaneously. We first examine the
case where we have positive monotonicity constraints on both X; and X5, and then we

present the situation where there are no monotonicity constraints.

Earlier, in Theorem 2.1 in the main text, we had provided a sufficient cause repre-
sentation for an outcome under a specified condition. We had specifically examined the
situation, where one is testing the presence of only one type of sufficient cause interac-
tion at a specified condition. Now, one might be interested in testing if there evidence
for sufficient cause interaction for at least one of the specified conditions of the outcome.
For example, we might be interested if our study population displays X; X5 sufficient
cause interaction for the outcome Z4 = I(Z = 1), Z° = 1(Z = 2), or ZP = I[(Z = 0).
One could simply test the different conditions separately. We first provide the case
where one assumes that X; and X5 both have positive monotonic effects on Z, and

then examine the case when we relax the monotonicity assumption.

Theorem S3.1. Global Tests for Sufficient Cause Interaction for an outcome under
multiple specified conditions under monotonic constraints Suppose X1 and X5 both have
positive monotonic effects on ordinal outcome Z, and that Z, ., 11 {X1, Xo} | V. If for
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some value v € V' we have that at least one of the following inequalities is satisfied

Pive = Plow — Pote + Poow + oo — Po1 > 0, (S3.1)
pﬁv - pf()v - p641v > 0 (S3.2)

Pi1e — Plow — Pore + Poow +Poo — P51 > 0 (S3.3)
Pliw = Plow — Powe + Popw > (S3.4)

Phe — Plo — P + 060 > 0, (S3.5)

then X1 and Xo display synergism for at least one of the following outcomes Z4 =
I(Z=1),ZB=1Z>1), or Z° = 1(Z = 2).

Proof. If any of inequalities [S3.1], [S3.2] [S3.3], [S3.4], or [S3.5] are met than by Theorems
2.2-2.6 in the main text there is X; and X, synergism for the respective outcome under

specified condition. This completes our proof. m

Theorem S3.2. Global Tests for Sufficient Cause Interaction for an outcome under
multiple specified considtions Suppose that Z,, ., J1{ X1, Xo} | V. If for some value v € V,
we have at least one of the following inequalities is satisfied

P —Po —Pio > O (S3.6)
P~ P —Po < —1 (S3.7)
Pive = Plow — Pore > 0 (S3.8)
Pl = Plow — Pore < —1 ($3.9)
Phw — Prow = Pore > 0 (S3.10)
Phw = Plow = Pore < —1 (S3.11)
Phe =P — P > 0 (S3.12)
Phe =Pl — P < 1 (S3.13)

then X1 and X, display synergism for at least one of the following outcomes Z4 =
I(Z=1),Z2B=1Z>1),2°=1(Z=2), or ZP = 1(Z =0).

Proof. If any of the odd inequalities are met then by Theorem 2.2-2.6 in the main paper
there is X; and X, synergism for the respective outcome under specified condition. If
any of the even inequalities is met, then this implies that at least one of the odd
inequalities is also met. Applying Theorems 2.2-2.6, we again have that X; and X»
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display synergism for at least one of the outcomes Z4 = I(Z = 1), Z8 = I(Z > 1),
Z2€ =1(Z=2),0r ZP = I(Z =0).

S4 Appendix 1B

The notation here departs from the main text to cover ordinal outcomes with n levels.
Theorem 4.1 is provided again as Theorem S54.5.

Notation: Y is an ordinal variable that takes values Y € {0,...,n} =Y. We denote
singleton value y, which can take a value within the interval 0 < y < n. We also denote
S to be a particular subset of values of Y : § can be any subset of {1,...,n — 1} and
S must be an arithmetic sequence with common difference of one. We also use the
shorthand notation p. . to denote E(Y* | X; = x1,Xs = ) and p% ., to denote
EYL| Xy =21, Xy =20,V = ).

The potential outcome or counterfactual value of an individual w had X; been set
to x; and Xy been set to zy is denoted Y, ,,(w); more generally, we write the po-
tential outcome Y, .. (w) of YV for individual w if for j = 1,...,s each putative
cause X; € {Xi,..., X } were set z;. An indicator function denoted Y = I(Y € S)
or YV = I(Y > y) is used to denote a new random variables constructed from Y
which takes value 1 if S C Y or singleton y > Y respectively, 0 otherwise. Poten-
tial outcome versions of Y% or Y¥ are defined as Y2 (w) = I(Yy,,. o, (w) € S) or
YV (w) = 1(Ya,,..z.(w) = y). Also, denote V7T _ (w) = I(Yy,,.. 0, (w) > max(S)).

T1,...,Ts ey g W) T A AT,

Definition S4.1 (Sufficient cause for a specified outcome). We say that putative binary

causes X1,..., X, are called sufficient causes for Y* where L € {S}, if for all values of
T1,..., %, € X" such that @1 --- 2, = 1 we have that Y\ (w) =1 for all w € Q.

Definition S4.2 (Minimal sufficient cause for a specified outcome). We say that puta-
tive binary causes X, ..., X,, form a minimal sufficient cause for Y* where L € {S}, if
Xi,..., X, are a sufficient causes for Y and no proper subset of {X;,..., X,} is also
a sufficient cause for Y%

Definition S4.3 (Determinative sufficient causes for a specified outcome). A set of
sufficient causes ML, ..., ML each of which are composed of a product of binary causes

for an outcome under a specified condition YL, where L € {S}, is defined to be deter-
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minative for YL if for allw € Q, Y2 _ (w) = 1 if and only if Mfv MEv ... v ML =1.

T Ts

Definition S4.4 (Non-redundant sufficient causes for a specified outcome). A set of
determinative sufficient causes ML, ..., M% for YL, where L € {S,y}, is called a non-
redundant determinative set of minimal sufficient causes if there is no proper subset of

ME, ... ME that is also a determinative set of minimal sufficient causes for Y%.

Theorem S4.1. Sufficient cause representation for a specified outcome For putative
binary causes X, and Xo of outcome under specified condition YL, where L € {S}, we

say that there exists binary variables
Ap(w), A1 (w), A2(w), A3(w), As(w), As(w), As(w), Az(w), As(w),
which are functions of the counterfactuals {Y5(w), Yis(w), Yk (w), Yis(w)} such that
= AgVAI X1VAX VA3 Xo VAL XV A X1 XoV A X1 Xo VA7 X1 X VA X Xy, (S4.1)
and such that

Y;Il‘$2 = AQ V All‘l V Ag(l - ZEl) V AgZEQ V A4(1 — l‘g) V A5l‘1[L‘2
\/Ag(l — 1‘1).232 vV A7.171(1 — 332) V Ag(l — .Tl)(l — xg) (842)

Proof. Mirroring the proof of Theorem 1 in VanderWeele and Robins (2008), construct
Ay, ..., Asg according to the following 16 rules: (1) If YILIQ( ) =1 for all {zy,25} €
{0,1},2 let Ap(w) = 1 and A;(w) = 0 for all i+ ¢ 0. (2) If Yk(w) = 0 and Yi(w) =
Yi(w) = Yi(w) = 1, let Aj(w) = Az(w) = 1 and A;(w) = 0 for i ¢ {1,3}. (3) If
Yi(w) =0, and Vi (w) = Yk (w) = Vi (w) =1, let A;(w) =1 fori € {2,3} and A; (w)
0 for i ¢ {2,3}. (4) If Yi5(w) = Yij(w) = 0 and Y{fi(w) = Yij(w) = 1, let A3(w) =
and A;(w) = 0 for i ¢ {3}. (5) If Yi(w) = 0 and Y (w) = YE(w) = Yi(w) =1, let
Ai(w) = 1fori € {1,4} and A;(w) =0 for i ¢ {1,4}. (6) If YE(w) = Yi(w) = 0 and
Yi(w) = Yi(w) =1, let Aj(w) =1 and A;(w) = 0. (7) If Y§(w) = Y5(w) = 0 and
Y (w) = Yi(w) = Llet Ay(w) = 1 for i € {5,8} and A;(w) = 0 for i ¢ {5,8}. (8) If
Yi(w) =1 and Y (w) = Y (w) = Yi(w) =0, let As(w) =1 and A;(w) =0 for i ¢ {5}.
f Y (w) =0 and Y§(w) = Yi(w) = Yi(w) =1, let Aj(w) =1 for i € {2,4} and
Ai(w) = 0 for i ¢ {2,4}. (10) If YE(w) = Y (w) = 0 and Y (w) = Yii(w) = 1, let
Aj(w) =1 for i € {6,7} and A;(w) = 0 for i ¢ {6,7}. (11) If Y5(w) = Yi(w) =0
and Y (w) = Y (w) = 1, let A;(w) =1 for i € {2} and A;(w) € {2}. (12) If Y& (w) =



Jaffer M. Zaidi and Tyler J. VanderWeele

Yi(w) = YE(w) = 0 and Yy (w) = 1, let Aj(w) = 1 for i € {6} and A;(w) = 0 for
i¢ {6}. (13) If Yi(w) = Y& (w) = 0 and YE(w) = YiE(w) = 1, let A;(w) =1 for i € {4}
and A;(w) = 0 for i ¢ {4}. (14) If Y5(w) = Yi(w) = Y (w) = 0 and Y(w) = 1, let
Aj(w) =1fori ¢ {7} and A;(w) =0 for i ¢ {7}. (15) If Yi(w) = Y (w) = Vi (w) =0
and Y{§(w) = 1, let A;(w) = 1fori € {8} and A;(w) = 0fori ¢ {8}. (16) If Y, (w) =0

for all {z1,zo} € {0,1}?, let A;(w) = 0. O

Sufficient cause interaction for ordinal outcomes

Theorem S4.2. Suppose L € {S,y}. There exists an individual w € S for whom
Yii(w) = 1 and Y(w) = Y (w) = 0 if and only if the conjunction X, X, exhibits
sufficient cause interaction for an outcome under specified condition: YL

Proof. Similar to Theorem 2.2 in main article therefore omitted.

Theorem S4.3. Suppose V' is a set of variables that are enough to control for the
confounding of the variables of X, and Xy on YL, where L € {S,y}, ie such that
Vi, O{X1, X} | V. We can say that X1 X, exhibit sufficient cause interaction if for

some value v of V, the following inequality holds:

0 < EY' | X1 =1,X,=1,V=0)—-EY* | X1=0,Xy=1,V =0)
—EB(Y' | X1 =0,X,=0,V =)

Proof. We prove this result by contradiction. Suppose for outcome under specified
condition L € {S,y}, we have that X; X, does not exhibit sufficient cause interaction.
Theorem then implies that there is no individual w € Q for whom Y% (w.) = 1 and
YiE(w) = Y& (w) = 0. This is equivalent to stating that for all w € Q, we have that
Yii(w) — Yii(w) — Y& (w) < 0. Therefore, taking expectations on both sides we have
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E(Y{i(w) = Yi5(w) — Ygi(w)) < 0.
EY' | X, =1,X=1V=0)-BEY*" X;=1,X,=0,V =0)
—EY" | X;=0,Xo=1,V =)
= EYi | Xi=1,X=1,V=0)—EY}|Xi=1,X,=0,V =0)
—BE(Y§ | X1 =0,Xo =1,V =v)
= BE(Y\i|V=v)-E(Y;g|V=1v)-EY;|V=u)
= B(Vii(w) = Yi5(w) — Ypi(w)) < 0.
The first equality stems from the consistency assumption and the second equality stems

from the no unseen confounding assumption Y2 I {Xy, X5} | V. This completes our
proof. O

Theorem S4.4. Suppose X1 and X5 both have positive monotonic effects on ordinal
variable Y, and that Y, T {Xy, Xo} | V. If for some value v € V, we have

y y y y
Pl — Plow — Porw T+ Poow > 0,

Proof. Suppose Xjand X, do not display synergism for outcome YY. Then, by Theorem
S4.2] we have for all w € Q, Y§(w) — Y (w) — Y F(w) < 0. Consider two different cases.
Case 1: if Yyo(w) < y, then Y (w) = 0 and adding this to Y}§(w) — Y5 (w) — Y& (w) <0,
we have Y5 (w) =Y B (w) — Y (w) + Y& (w) <0. Case 2: say Ygh(w) > y then Yjh(w) =1
and by our monotonicity constraints Y (w) = Y] (w) = Yj(w) = 1, and as a result
Y (w) =Y (w) =Yg (w)+ Y5 (w) < 0. So, in both cases, we have that if X;and X, do not
display synergism for outcome YV, then Yy} (w) — Y} (w) — Y} (w) + Yy (w) < 0. Taking
expectations on both sides and following the logic present in the proof of Theorem 3.3,

we complete our proof.
[

Theorem S4.5. Suppose X1 and X5 both have positive monotonic effects on ordinal
variable Y, and that Y5 11 {X,, Xo} | V. If for some value v € V, we have

Pl — Plow — P + Poow + Poo —Por > 0, or
Pl — Plow — P + Poow + Poo —Por > 0, or
pflv - me - poslv > 0

then X1 and X, display synergism for outcome Y = I(Y € S).
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Proof. Suppose X;and X, do not display synergism for outcome Y. Then, by Theorem
S4.2| we have for all w € Q, Y5(w) — Y3 (w) — Y5 (w) < 0. Taking expectations of both
sides of this inequality and following logic present in the the proof of Theorem [S4.3] we
have the condition p7,, — py, — Po. < 0.

Denote S~ to be the set of numbers in Y that are all less than the least number in S,
and denote ST to be the set of numbers in Y that are greater than the largest number
in S. Denote s; € S, s; € S7, and s € ST for i € {1,...,8}. Consider three different
cases to prove the other inequality: py, —pih, —Phie+Poow +Po0n —Por > 0. Case 1: Sup-
pose Ygo(w) is equal to a~ € S™. Then Y@ (w) = 0, Y™ (w) = 0,Yy (w) € {s7, 51,57},
Yio(w) € {s5,52,55 }, and Y;(w) € {s3,s3,55 }. (Sub-case a): If Yi;(w) = s3, then
either Yip(w) € S or Yo (w) € S because X; and X5 do not display synergism for
V¥ and therefore Y3 (w) — Yi3(w) — Ygi(w) + V5o + Yoo — Yot (w) < 0. (Sub-case b):
If Vi (w) € ST, then Y5 (w) = 0, and we still have the inequality Y3 (w) — Yi3(w) —
Yi(w) + Y8 + YET — Vit (w) < 0. Case 2: if Yyo(w) € S, then Yii(w) € {s4,55},
Yoi(w) € {ss,54 }, Yio € {6, sa }- Regardless of which Y3 (w), Yig(w), Yo (w) we pick sat-
isfying the monotonicity constraints and ensuring that we do not have X; and X5 do not
display synergism for Y%, we have that Y3 (w) —Y;3(w) =Ygl (w) + Y2 + YT — Y5 (w) <
0. Case 3: if Yyo(w) € ST, then Y3(w) = Y5(w) = Y5(w) = Y3(w) = 0, and
YVi(w) — Yi3(w) — V(W) + Y@ + Yo — Y5t (w) < 0. Taking expectations on both
sides and following the same logic present in the proof of Theorem [S4.3] we complete
our proof. To prove the first inequality. The result follows flowing the same logic as
presented above. O
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S5 Connection to Polytopes

Following Ramsahai (2013), polytopes can be used to detect different interdependence
patterns for ordinal and categorical outcome. With deterministic counterfactuals or
potential outcomes, one defines the set of vertices associated with the counterfactuals
are of interest. Let U, denote the total set of response types associated with the vector
Y(w) = (Y11(w), Yio(w), Yo1(w), Yoo(w)). In the case of ordinal Y that takes values in
Y €{0,1,2}, ¥, has 81 rows representing the different response types associated with
this vector of length four Y (w). For an ordinal Y that can take valuesin Y € {0,...,n},
the U, has (n + 1)* rows, representing the total number of response types. After con-
sulting scientific collaborators, write down the interdependence patterns of interest.
For example, the response patterns Yi;(w) = 2, Yio(w) € {0,1}, Yo1(w) € {0,1}, and
Yoo(w) € {0,1} might be of interest. To construct the associated polytope to detect
these response types consider the following procedure: (1) list all the potential outcomes
that are possible Y (w)=(Y11(w), Yio(w), Yo1(w), Yoo(w)), which is denoted ¥, (2) con-
struct a new list through dichotomizing each vector Y (w) at each of the outcome levels
of the ordinal outcome, e.g. let Y¥(w) = ([(Yi1(w) = y), [(Yio(w) = v), I (Yo (w) =
y), I(Yoo(w) = y)), where y € Y; (3) define the full set of response types as ¥, where
each row is equal to (Y%(w), Y'(w),...,Y"(w)); here ¥ will still have (n + 1)* rows,
but will now have 4(n 4 1) columns; (4) remove the rows associated with the response
types of interest, and denote this new set of vertices WP,

Computational software, such as rcdd, can be used to compute the half-space rep-
resentation of the polytope associated with WP. The half-space representation H(W?)
can be used to construct empirical conditions to detect the interdependence of interest.
First construct the polytope associated with the monotonicity constraints denoted W™,
and use the half space representation H(¥™) see which empirical conditions are asso-
ciated solely with the monotonicity constraints. Then, construct the relevant polytope
PP that removes vertices that do not follow the monotonic constraints and the interde-
pendence patterns of interest. Then check which empirical conditions associated with
the half-space representation of the polytope H(W?) are not present in the half-space
representation of the polytope associated with the monotonicity constraints H(W™).
Use the empirical conditions that are only associated with H(W¥P) and not H(U™) to

construct empirical tests of the interdependence patterns of interest.
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Departing from previous notation slightly, let p;{gi}m = P(Y € S| x1,zy) for some
set S € {0,1,2}, z; € {0,1} and x5 € {0,1}. Here, we consider one example. Sup-
pose Y € {0, 1,2}. As before suppose scientific collaborators were interested in knowing
whether an individual in the population displayed at least one of the following re-
sponse patterns: Yii(w) = 2, Yip(w) € {0,1}, Yo (w) € {0,1}, and Yyo(w) € {0,1}.
If pﬁi - pﬁi — péﬁ - p[{)gi > ( assuming no confounding, we have that there ex-
ists and individual who displays one of the following response profile: Yij;(w) = 2,
Yio(w) € {0,1}, Yo (w) € {0,1}, and Ypo(w) € {0,1}. Under monotonic constraints, if
p%}, — pigi — p({)i}, + p({]éi > () assuming no confounding, we have that there exists and
individual who displays the following response profile: Yi;(w) = 2, Yio(w) € {0,1},

Yo1(w) € {0,1}, and Yyo(w) € {0, 1}.

Consider a second example, suppose we are interested in the response type Yii(w) =

2,Y1o(w) = 1, Yy (w) = 1 and Yyo(w) = 1. Then assuming no confounding, if pﬁi —l—p%i—i—

péi}, + pééi > 3, then we have that there exists an individual who displays the following
response profile: Y13 (w) = 2,Yio(w) = 1, Yp1(w) = 1 and Yyo(w) = 1. If we are willing to
assume monotonicity constraints, then if pﬁz}, + pﬁ)}; — p%}, — p({)i}, + p({)gi — pégi > 0, then
there exists and individual with response profile Y3, (w) = 2, Yio(w) = 1, Yp1(w) = 1 and
Yoo(w) = 1.

The connection to polytopes can also be used to construct partial converses to
detecting sufficient cause interaction. If one believed that everyone in the population
displayed the response type Yi;(w) = 2, Yio(w) = 1, Yn(w) = 1 and Yyo(w) = 1 in our
population, then a valid null hypothesis is that Hj : pﬁ} = p‘l{é} = péi} = pé(l)} =1vs
H, : at least one of the qualities does not hold true to detect an individual that did not

display Y11(w) = 2,Y10(w) =1, Y5 (w) = 1 and Yyo(w) = 1.

S6 Generalized Stochastic Counterfactuals and Continuous Out-

comes

As before, we allow (Yi1, Y10, Yo1, Yoo) to have a distribution function P(Y3; € y11, Y10 €
Y10, Yo1 € Yo1, Yoo € Yoo), Where y11, Y10, Yo1, Yoo are all subsets of R.

Here, our results are derived with the randomization assumption Y,,,, II X;X5.
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Similar results are easy to derive with the no unobserved confounding assumption
Yoz, I X7X5 | V. Out of space constraints, we choose to present results only using

the randomization assumption Y;, ., II X;X5.

Definition S6.1. Generalized Positive Monotonicity We say that X; has a positive
monotonic effect on Y € y,. for any fixed y. C R if there is no individual w € €2 such
that Y, ., (w) ¢ y. and Y., (w) € y. for all z; > x5 for any fixed 5. Similarly, we
say that X, has a positive monotonic effect on Y € y,. for some y. C R if there is no
individual w € Q such that Y., (w) ¢ y. and Y, ., (w) € y. for all x5 > x5 for any fixed
1. If X7 and X, each individually have a positive monotonic effect on Y € y,. for any
Y. C R then we say that x; and x5 have positive monotonic effects on Y € y..

Theorem S6.1. Suppose Y, ., Il X1 X,. Here, y, is any subset of R. The contrast
P(Yeya|X1:1,X2:1)—P(Y€ya|X1:1,X2:O)
—P(YGya]Xlz(),Xzzl)

18 equal to

P (Y11 € Y4, Y10 ¢ Yo, Yo1 € Ya) — P (Y11 € Ya, Y10 € Ya, Yo1 € Ya)
— P (Y11 € Y0, Y10 € Yo, Yo1 € Ya) — P (Y11 € Ya, Y10 € Ya, Y01 € Ya) »

as well as

P (Y11 € Ya, Y10 € Ya, Yo1 & Yas Yoo € Ya) + P (Y11 € Yo, Y10 & Ya, Yo1 & Ya, Yoo & Ya)
— P (Y11 ¢ Yas Y10 € Ya, Yo1 € Yar Yoo € Ya) — P (Y11 € Ya, Y10 € Yar Yo1 € Ya, Yoo & Ya)
— P (Y11 € Ya; Y10 € Ya, Yor € Ya, Yoo € ¥Ya) = P (Y11 € Ya, Y10 € Ya, Yo1 € Ya, Yoo € ¥a)
— P (Y11 ¢ Yo, Y10 € Ya, Yo1 € Ya: Yoo € Ya) — P (Y11 € Ya, Y10 € Yar Yo1 € Ya, Yoo € Ya) -

Consequently, if
P(Yeya|X1:1,X2:1)—P(Y€ya|X1:1,X2:O)
—P(Y ey, | X1=0,Xo=1)>0,

then there must exist an individual w € Q such that Yi1(w) € ya, Yio(w) € ya, and
Yo1(w) € Ya-
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Theorem S6.2. Suppose Yy, ., 1 X1 X,, and X, and Xy have positive monotonic effects
onY €y, where y. that is a subset of R. The contrast

P(YGyC|X1:1,X2:1)—P(Y6yc|X1:1,X2:0)
—P(Yeyc|X1:O,X2:1)+P<Y6yc|X1:07X2:0)

18 equal to

P(Yll S mem ¢ ycaYOl ¢ wabO ¢ y0>7

and consequently when

P(YGyc|X1:1,X2:1)—P(Y€yc|X1:1,X2:O)
—P<Y€yc’X1:O,X2:1)+P(Y€yc‘X1:O,X2:O)>O,

then there must exist an individual w € Q such that Y11(w) € ye, Yio(w) & Ye, Yor(w) ¢
Ye, and Yoo(w) & Ye-

Theorem S6.3. Suppose Y, ., I X1X5. Suppose X; and Xy have positive monotonic
effects on' Y € y., where y. is any subset of R. Let y, C R, y» C R, y. C R, where
maxy, < miny, and maxy, < miny., and Yy, Uy Uy. = R, y. Nyy = G, ypy Ny = I,
Yp NYe = D, and y, Nyp, Ny. = &. The contrast

P(YEyb|X1:1,X2:1)—P(Y€yb|X1:1,X2:O)
—P(Yeyb|X1:O,X2:1)+P(Y€yb|X1:O,X2:O)

—G—P(Yeyc]X1:O,X2:O)—P(Y€yc\X1:1,X2:O)

15 equal to



S6. GENERALIZED STOCHASTIC COUNTERFACTUALS AND CONTINUOUS OUTCOMES21

P (Y11 € yp, Y10 € Ya, Yo1 € Ya, Yoo € Ya) — P (Y11 € Ye, Y10 € Ub, Y01 € Yas Y00 € Ya)
— P (Y11 € Yy, Yio € Ub, Yo1 € Up, Yoo € Ya) — P (Y11 € Ye, Yi0 € Ub, Yo1 € Ye, Yoo € Ya)
— P (Y11 € Ye, Y10 € Ya, Yo1 € Yb, Yoo € Ya) — P (Y1 € b, Y10 € Ub, Yo1 € Y, Yoo € Ya)
— P (Y11 € ye, Y10 € v, Yo1 € Wb, Yoo € Ya Yi1 € Ye, Y10 € Ye, Yo1 € Y, Yoo € Yo
Y11 € Ye, Y10 € Ye, Y01 € Ye, Yoo € Ya

P

P( )
P(Yn S meiO € yca}/()l € yaa%() € ya)
P )
P (Y11 € Ya, Y10 € Ye, Yo1 € Ye, Yoo € Us)

(

(

— P (Y11 € Yo, Yio € Yn, Yo1 € Y, Yoo € Yo

(

— P (Y11 € Ye, Y10 € Ye, Yor € Y, Yoo € Up
(

)_
>_
— P (Y11 € Ye, Y10 € Ye, Yo1 € Yb, Yoo € Ya) —
) —
).

— P (Y11 € Ya, Y10 € Ye, Yo1r € Up, Yoo € Ye

Consequently, when the above monotonicity conditions hold and

PYew|Xi=1,X=1)-PY ey |Xi=1X,=0)
—P(Yeyb|X1:O,X2:1)+P(Y€yb]Xle,X2:O)
+P<Y€yc|X1:O,X2:O>—P<Y€yc‘Xlzl,XQIO)>0

then there must exist an individual w € Q0 such that Y11(w) € Ya, Yi0(W) € Ya, Yor(w) ¢

Ya, and Yoo(w) & Ya-
Similarly, the contrast

PYey|Xi=1,X%=1)-PYey|Xi=1,X,=0)
—P(Yeyb|X1:O,X2:1)+P(Y€yb’X1:O,X2:O)
+P(Y€yc|X1:O,X2:O)—P<Y€yc|X1:0,X2:1)

15 equal to
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P (Y11 € Y, Y10 € Ya, Yo1 € Ya, Yoo € Ya) — P (Y11 € Y, Y10 € Yas Yo1 € Ub, Yoo € Ya)
— P (Y11 € Ye, Yio € Ub, Yo1 € Y, Yoo € Ya) — P (Y11 € Y, Y10 € e, Yo1 € U, Yoo € Ya)
) — P (Y11 € U, Y10 € Ub, Y01 € U, Yoo € Ya)

— P (Y11 € Ye, Yio € Ub, Yo1 € Ya, Yoo € Ya) — P

— P (Y11 € Ye, Y10 € Y, Yo1 € Y, Yoo € Ya) — P (Y11 € Ye, Yio € Ub, Yo1 € Yo, Yoo € Ya)
— P (Y11 € Ye, Y10 € Y, Yor € Y, Yoo € %) — P (Y11 € Ye, Y10 € Yar Yo1 € Yo, Yoo € Ya)
— P (Y11 € Ye, Y10 € Ya, Yo1 € Yes Yoo € Ya) — P (Y11 € Ye, Y10 € Ye, Yo1 € Ye, Yoo € Ya)
— P (Y11 € ye, Y10 € yp, Yo1 € Ye, Yoo € o) — P (Y11 € Ya, Y10 € Yo, Yo1 € Yo, Yoo € 1) -
— P (Y11 € Ya, Y0 € U, Yor € Ye, Yoo € ¥e)

when both Xy and X2 have positive monotonic effects on'Y € y..
Proof of Theorem [S6.1. The contrast
PYey | Xi=1,Xo=1)—-PY ey, | X1 =1,X5,=0)
—PY €y, | X1=0,Xo=1).
is equal to
P(Y11 €ya) = P (Yio € ya) — P (Yo1 € %),

under Y., II X1 X5. Applying the law of total probability, we have

P (Y11 € ya) — P (Yo € ya) — P (Yo1 € Ya)
= P (Y11 € Yo, Y10 € Ya, Yo1 € Ya) + P (Y11 € Ya, Y10 & Ya> Yo1 € Ya)
+ P (Y11 € Yo, Y10 € Ya, Yor € Ya) + P (Y11 € Ya, Y10 € Ya» Yo1 & Ya)
—{P (Y11 € Ya, Y10 € Yo, Yo1 € ¥a) + P (Y11 ¢ Ya, Y10 € Ya, Yo1 € Ya)
+ P (Y11 € Ya, Y10 € Yo, Yor & ¥a) + P (Y1 € Yo, Y10 € Yo, Yor € Ya)}
—{P (Y11 € Yo, Y10 € Yo, Y01 € Ya) + P (Y11 € Ya, Y10 € Ya> Yo1 € Ya)
+P (Y11 € Ya, Y10 & Ya» Yor € Ya) + P (Y11 & Yo Y10 & Yar Yor € Ya) } -
Simplifying this equality, we have
P(Y €y | Xi=1,Xa=1)—P(Y €ya| X1 =1, X, = 0)
—PY ey, | X1=0,Xo=1)
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is equal to

PO/H EmeiO ¢ya7YE)1 ¢ya) _P(}ql ¢ya;}q0 eyaaybl ¢ya)
— P (Y11 € Ya, Y10 € Ya, Yo1 € Ya) — P (Y11 € Ya, Y10 & Yar Y01 € Ya) -

Proof of Theorem[S6.3. The contrast

P(YGyC|X1:1,X2:1)—P(YEyC|X1:1,X2:0)
—P(Yeyc|X1:O,X2:]_>+P(Y€yc|X1:07X2:0)

is equal to
P (Y €ye) — P (Yo €ye) = P(Yor €ye) + P (Yoo € ye)

under Y, ., 1 X7 X5, Applying the law of total probability, we have the following results:

P (Y11 € y.)

=P (Y1 € ye, Y10 € Yo, Yo € Yo, Yoo € ye) + P (Y11 € ye, Y10 € Yo, You € ye, Yoo & )
+ P (Y11 € Ye; Yio & Ye, Yor € Yes Yoo € Ye) + P (Y11 € Yo, Yio & Ye, Yor € Ye, Yoo € ¥e)
+ P (Y11 € Ye, Y10 € Ye, Yo1 & Ye, Yoo € Ye) + P (Y11 € ye, Yio € Ye, Yor & Yes Yoo & Ye)
+ P (Y11 € Ye, Yio & Ye, Yor & Ye, Yoo € Ye) + P (Y11 € Ye, Yio & Ve Yor & Yes Yoo & Ye)

P (Yo € ye)

= P (Y11 € ¥e, Y10 € Yo, Yor € ¥Ye, Yoo € ¥e) + P (Y11 € Yo, Yio € Yo, Yo1 € Yo, Yoo € Ye)
+ P (Y11 € Ye, Y10 € Yo, Yo1 € Yo, Yoo € Ye) + P (Y11 € Ye, Y10 € Ye, Yor € Ye, Yoo ¢ Ye)
+ P (Y11 € Ye, Y10 € Ye, Yor & Ye, Yoo € Ye) + P (Y11 € Ye, Yio € Ye, Yor & Yer Yoo & Ye)
+ P (Y11 ¢ Ye, Y10 € Ye, Yor & Ye, Yoo € Ye) + P (Y11 € Ye, Y10 € Ve Yor & Yes Yoo & Ye) »
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P (Yo € ye)

= P (Y11 € Ye, Y10 € Ye, Yo1 € Ye, Yoo € Ye) + P (Y11 € Ye, Y10 € Ye, Yo1 € Yo, Yoo & Ye)
+ P (Y11 ¢ Ye, Yio € Ye, Yo1 € Ye, Yoo € Ye) + P (Y11 € ye, Yio € Ye, Yor € Ye: Yoo & Ye)
+ P (Y11 € Ye; Yio & Ye, Yor € Yes Yoo € ¥e) + P (Y11 € Yo, Yio & Ye, Yor € Ye, Yoo € ¥e)
+ P (Y11 ¢ Ye, Yio & Ye, Yor € Ye, Yoo € Ye) + P (Y11 & ye, Yio & Ve Yor € Yes Yoo & Ye)

P (Yoo € ye)
= P (Y11 € Ye, Y10 € Ye, Yo1 € Ye, Yoo € Ye) + P (Y11 € Yo, Y10 € Ye, Yo & Yes Yoo € Ye)
+ P (Y11 € Ye, Y10 € Ye; Yor € Yo, Yoo € Ye) + P (Y11 € Ye, Y10 € Yo, Yor € Yes Yoo € Ye)
+ P (Y11 € Ye, Yio & Yes Yo1 € Ye, Yoo € Ye) + P (Y11 € Ye, Yio € Yes Yor & Ye, Yoo € Ye)
+ P (Y11 ¢ Ye, Yio & Ye, Yo1 € Ye, Yoo € Ye) + P (Y11 € Ye, Yio & Ye, Yor € Ve Yoo € Ye) -
Simplifying this equality, we have
PY ey |Xi=1,Xs=1)— P(Y €y | X1 =1, X, = 0)
CP(Y ey |Xi=0,Xo=1)+P(Y €y | X; =0,X, = 0)

is equal to

2P (Y11 € Ye, Y10 & Yes Yor & Yes Yoo € Ye) + P (Y1 € Ye, Yio € Yo, Yor € Yo, Yoo € Ye)
— P (Y11 ¢ ye, Y10 € Ye, Yo1 € Ye, Yoo & ye) — P (Y11 € Ye, Yio € Ye, Yor € Ye, Yoo € Ye)
— P (Y11 € ye, Y10 € e, Yor € Ye, Yoo & ye) — P (Y11 € Ye, Yo € Yo, Yor € Ye, Yoo € ¥e)
P (Y11 ¢ ye, Y10 € Ye, Yo1 € Ye, Yoo & Ye) — P (Y11 & Ye, Yio € Ye, Yo1 € Yo, Yoo ¢ Ye)
+ P (Y11 € Ye, Yio € Ye, Yor € Ye, Yoo € Ye) + P (Y11 € Ye, Yio & Ye, Yo1 € Ye, Yoo € ¥e)
+ P (Y11 € Ye, Yio & Ye, Yor & Ye, Yoo € Ye) -

When X; and X5 both have positive monotonic effects on Y € y., the contrast

P(YGyC|X1:1,X2:1)—P(YEyC|X1:1,X2:0)
—P(YGQC|X1:O,X2:1>+P(Y€yc|X1:07X2:0)
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is equal to

P(}/ll S ycale ¢ ycvybl é ycaybo ¢ yC> .

As a sensitivity analysis of the monotonic condition the expression

P(YGyC|X1:1,X2:1)—P(YEyC|X1:1,X2:0)
—P(Yeyc|X1:O,X2:]_>+P(Y€yc|X1:07X2:0)

where

c= 2P(Y11 € Yo Y10 & Yes Yor & Yes Yoo € Ye) + P (Y1 € Ye, Yio € Ye, Yor € ¥Ye, Yoo € ¥e)
P (Y11 € ye, Y10 € Yes Yor € Ye, Yoo € Ye) + P (Y11 € Ye, Yio € Yes Yor & Ye, Yoo € Ye)
P (Yir ¢ Yes Y10 € Yar Yo1 € Yar Yoo & Ya) + P (Y11 € Ye, Yio € Yo, Yor € Ye, Yoo € e)
P (Y11 € Ye, Y10 € Ye, Yo1 € Ye, Yoo ¢ ye) — P (Y11 € Ye, Yio € Ye, Yor € v, Yoo € ye)
P (Y11 ¢ ye. Y10 € Ye, Yor € Ye, Yoo & Ye) — P (Y11 € Yo, Yio ¢ Ye, Yor € Ye, Yoo € Ye)

is equal to

P (Y11 € Ye, Yio € Ye, Yo1 € Ye, Yoo € Ye) -

Proof of Theorem [S56.3. The contrast

P(YE’yb|X1:1,X2:1>—P(Y€’yb|X1:1,X2:O)
—P(YGyb’Xl:O,X2:1)+P(Y€yb|X1:O,X2:O)
—|—P(Y€yc|X1:O,X2:0)—P(Y€yc‘Xlzl,XQZO)

is equal to

PYney) —PYwoecy) —PYueyw) +PYoocy) +P Yoo €ye) =P (Yo €ye)
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under Y, ., 1 X7 X5. Applying the law of total probability, we have the following results:

P (Yo €y) = Z P (Y11 € y11, Y10 € b, Yo1 € Yo1, Yoo € Yoo)
(y11,501,%00) €{(Ya,¥b,ye)3}

P(Yo € yp) = Z P (Y11 € y11, Y10 € Y10, Yo1 € Un, Yoo € Yoo)
(yll7y107y00)€{(ya7yb7yc)3}

P (Yoo € yp) = Z P (Y11 € y11, Y10 € Y10, Yo1 € Up, Yoo € Up)
(y11,910,501) €{(Ya,Yp,yc)3}

P (Yoo € ye) = Z P (Y11 € y11, Y10 € Y10, Yo1 € Up, Yoo € Ye)
(¥11,910,901) €{ (Ya,Yb,yc)3}

P Y €y) = Z P (Y11 € y11, Y10 € Ye, Yo1 € Yo1, Yoo € Yoo)

-~

(¥11,901,400) €{ (Ya,Yb,yc)3}

As an example, of this cartesian product notation, we have

P(Yn ey = Z P (Y11 € y, Y10 € Y10, Yo1 € Yo1, Yoo € Yoo)

(¥10,901,900) E{ (Ya,Yb,yc )3}

is equivalent to writing
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P (Y11 € )
=P (Y11 € s, Y10 € Ya, Y01 € Ya, Yoo € Ya) + P (Y11 € Us, Y10 € U, Yo1 € Ya, Yoo € Ya)
+ P (Y11 € Yb, Y10 € Yes Y01 € Ya, Yoo € Ya) + P (Y11 € Yb, Y10 € Ya, Yo1 € Un, Yoo € Ya)

+ P (Y11 € Yp, Y10 € U, Yor € Y, Yoo € Ya) + P (Y11 € ¥, Y10 € Yo, Yo1r € ¥, Y00 € Ya)
+ P (Y11 € Y, Y10 € Y, Yo1 € Yes Yoo € Ya) + P (Y11 € yp, Y10 € Yb, Yo1 € Ye, Yoo € Ya)
+ P (Y11 € yp, Y10 € Ye, Yo1 € Ye, Yoo € Ya) + P (Y1 € s, Y10 € Ya, Yor € Yas Yoo € )
+ P (Y11 € Yp, Y10 € Wb, Yo1 € Ya, Yoo € ¥s) + P (Y11 € W, Y10 € Yo, Yo1 € Ya, Yoo € W)
+ P (Y11 € b, Y10 € Ya» Yor € Wb, Yoo € ¥6) + P (Y11 € yp, Y10 € b, Yor € ¥, Yoo € )
+ P (Y11 € Yp, Y10 € Ye, Yor € Yp, Yoo € y) + P (Y11 € Ys, Y10 € Ya, Yo1 € Ye, Yoo € Un)
+ P (Y11 € 4y, Yio € Yo, Yor € Ye, Yoo € Yp) + P (Y11 € Yb, Y10 € Ye, Yo1 € Yo, Yoo € yp)
+ P (Y11 € yp, Y10 € Y, Yo1 € Ya, Yoo € Ye) + P (Y11 € yp, Y10 € Yp, Yo1 € Yas Yoo € ¥e)
+ P (Y11 € Y, Y10 € Ye, Yo1 € Yar Yoo € ¥e) + P (Y1 € s, Y10 € Ya, Yor € ¥p, Yoo € ¥e)
+ P (Y11 € b, Y10 € Wb, Yor € Y, Yoo € ¥e) + P (Y11 € Y, Y10 € e, Yor € Y, Yoo € Ye)
+ P (Y11 € b, Y10 € Ya» Yo € Ye, Yoo € Ye) + P (Y11 € Y, Y10 € Ub, Yor € Ye, Yoo € Ye)
+ P (Y11 € Yb, Y10 € Yo, Yo1 € Yo, Yoo € Ye) -

Simplifying this equality, we have

PYey|Xi=1,Xo=1)-PY ey|X1=1X,=0)
—P(YEyb|X1:0,X2:1)+P(Y€yb|X1=O,X2:O)
+P(Y€yc|X1:O,XQZO)—P(YGQC|X1:1,X2:0)
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is equal to

P(}/ll eylh}/lo S yCL?}/OI S ycw}/OO S ya>+P(}/11 Eylh}/lo S meOI S yCJYbO eya)
+ P (Y11 € Up, Y10 € Ya, Y01 € Yas Yoo € p) + P (Y11 € Y, Y10 € Ya, Yo1 € Ye, Yoo € Up)
+ P (Y11 € Yp, Y10 € Yo, You

Y11
Yiu

*<*<<~<*<*<

(
P
P
P
Py
P
P
P
P
Py
P (Y
P (Y
P (Yy
P (Y
P (Y
P (Y
P (Y
P (Yy
P(Yn
P (Y
P (Y
P
P
P
P
P
P

<~<<

Y
Yiu

1 € Ya, Y10 € Y, You
S ytm}/lo € yba%l
€ ya7)/10 S yba}/ol

1 € Ya, Y10 € Yp, Yo1
1 € Ye, Y10 € U, You
1 € Yes Y10 € Yo, You
1 € Ye, Y10 € Un, You
1 € Ye, Y10 € U, You
€ Yb, Y10 € Ya, Yo1
€ Yb, Y10 € Yb, Yor
€ Yp; Y10 € Yo, Yo
€ Y, Y10 € Ya, Y01
€ Y, Y10 € Un, You
€ Yb, Y10 € Ye, Yo
€ Yb, Y10 € Ya, Yo1
€ Yb, Y10 € Yb, Yo
€ Y, Y10 € Ya, Y01
€ Yb, Y10 € Ya, You
€ Y, Y10 € Un, You

1€ ya7Y10 S yc,Y01 € yaaYbO € ya) -
1 € Yar Y10 € Yes Yo1 € Yb, Yoo € Ya) —

1€ Ye, }/10 € Ye, Ybl
€ Ye, }/10 € Ye, YE)l
€ Ye, YiO € Ye, YE)l

€ Ya> Yoo € Ye) +
€ Ya> Yoo € Ya) —
€ Yb, Yoo € Ya) —
€ Yo, Yoo € Ya) —
1 € Ya, Y10 € Ya, Yo1 € Yb, Yoo € Ya) —
€ Yb, Yoo € Ya) —

€ Yb, Yoo € Ya) —
€ Yb, Y00 € Ya) —
€ Yn, Yoo € Y) —
€ Yb, Yoo € Ye)
€ Ya> Yoo € Up)
€ Yas Yoo € Yp)
€ Ub, Yoo € )
€ Yo, Yoo € )
€ Yes Yoo € )
€ Ye, Yoo € Up)
€ Yas Yoo € Ye)
€ Ya, Yoo € Ye

€ meOO S Ye
€ yCaYE)O € Ye

€ Yb, Y00 € Ya) —
€ Yo, Yoo € Ya) —
€ Yb, Yoo € %) —
1 € Ya> Y10 € Ye, Yo1 € Y, Yoo € Ye) —

P (Y11 € Yy, Y10 € Yas Yo1 € Yo, Y00 € Ye)
(Y11 € ¥Ye, Y10 € b, Yo1 € Ya, Yoo € Ya)
(Y11 € Ye, Y10 € Ub, Yo1 € Y, Yoo € Ya)
(Y11 € Ye, Y10 € Ub, Yo1 € Ye, Yoo € Ya)
(Y11 € Ye, Y10 € Ya, Yor € ¥, Yoo € ¥Ya)
(Y11 € yb, Y10 € Yb, Yor € Yb, Y00 € Ya)
(Y11 € Ya, Y10 € Ye, Yor € ¥, Yoo € Ya)
(Y11 € Yo, Y10 € Y, Yo1 € Ub, Yoo € Up)
(Y11 € Ya, Y10 € Y, Yo1 € ¥, Yoo € Ye)
(Y11 € Ya, Y10 € Ya, Yo1 € Ya, Yoo € )
(Y11 € Ye, Y10 € Ya, Yo1 € Ya, Yoo € Yp)
(Y11 € wb, Y10 € Yo, Yo1 € Ya, Yoo € Up)
(Y11 € Yo, Y10 € Ya, Yo1 € Ye; Yoo € Up)
(

(

< =

Y11 € Ye, Y10 € Yas Yo1 € Ye, Yoo € )
Y11 € Yas Y10 € Ye; Yo1 € Ye; Yoo € )
(Y11 € Ya, Y10 € Ya, Yo1 € Ya, Yoo € Ye)
(Yi1 € Ye, Y10 € Ya, Yo1 € Ya, Yoo € Ye)
Yi1 € W, Y10 € Yo, Yo1 € Ya, Yoo € Ye)

Y11 € Ye, Y10 € Ya, Yo1r € e, Yoo € Ye)

)+ P(

S yba%O S yc) <Y11 € mew € mebl € meE)O € yc)
)+ P(
)+ P (

p
P
P
P
p
p
P
P
P
P
P
P
P
P
P
P
p
P
P
P (Y11 € Yy, Y10 € Ye, Yo1 € Ye, Yoo € ¥e)
P (Y11 € Ye, Y10 € Ye, Yo1 € Ya, Yoo € Ya)
P (Y11 € Yy, Y10 € Ye, Yor € Y Yoo € Ya)
P (Y11 € Ya, Y10 € Ye, Yo1 € Ye; Yoo € Ya)
P (Y11 € Ya, Y10 € Ye; Yo1 € Ub, Yoo € ¥s)
P (Y11 € Yo, Y10 € Ye, Yor € Ye, Yoo € Yp)
P )

}/11 eyca}/loey(:)}/bl eybv%OEyC .
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When both X; and X, have positive monotonic effects on Y € .., the contrast

PYey|Xi=1,Xo=1)—-P{Y ey |X;=1,X,=0)
—PYey|Xi=0,Xo0=1)+PY ey | X1=0,X,=0)
+PY ey | X1=0X0=00—-PY ey |Xi=1,Xo=0)
is equal to
P (Y11 € yp, Y10 € Ya, Yo1 € Ya, Yoo € Ya) — P (Y11 € Ye, Yio € Yo, Yo1 € Ya, Yoo € Ya)
— P (Y11 € ye, Y10 € ¥, Yo1 € Yb, Yoo € Ya) — P (Y11 € ¥, Yio € s, You € Ye, Yoo € Ya)
— P (Y11 € Ye, Y10 € Y, Yo1 € Wb, Yoo € Ya) — P (Y11 € U, Y10 € Y, Yo1 € Ub, Y00 € Ya)
Y11 € Ye, Y10 € Yb, Yor € U, Yoo € Ya) — P (Y11 € ¥Ye, Y10 € Yo, Yor € Ub, Y00 € Ya)
P (Y11 € Ye, Y10 € Ye, Yo1 € Yas Yoo € Ya)
P (Y11 € Ye, Yio € Yo, Yo1 € Yo, Yoo € Ya)
P )

}/11 Eyaa}/l()eym}/bl eyCaYboeyb :

(
(

— P (Y11 € Yo, Yio € Yn, Yor € Y, Yoo € U
(

— P (Y11 € Ye, Y10 € Ye, Yor € Y, Yoo € Up
(

)_
>_
— P (Y11 € Ye, Y10 € Ye, Yor € Y, Yoo € Ya) —
)_
).

Y11 € Ya, Y10 € Yes Yo1 € Up, Yoo € Ye
Therefore,

P(YGyb|X1:1,X2:1)—P(Y€yb|X1:1,X2:O)
—P(YEyb|X1:0,X2:1)+P(Y€yb|X1=0,X2:O)
+PY ey | X1=0,X=0-P Y ey | X1 =1X,=0)

is a lower bound on
P (Y11 € yp, Y10 € Ya, Yo1 € Yar Yoo € Ya) -

For the second result, interchange the roles of Yy; and Y. O

S6.1 Appendix 3: Inference

The log-likelihood for an ordinal outcome with two binary exposures is

p) = > nd,logph.)+ > nS,,log(p,,)

(z1,22)€{0,1}2 (z1,22)€{0,1}2

+ ) nb,, log(pl,,)
(z1,22)€{0,1}2
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where p = (p{}, pib, Doy Po0: P51 P50 P61 Do P P10, 6L DG, and k= ST T( Xy =
11, Xo;j = 19, Y; € L). Here, Y; denotes the outcome for the it individual. Similarly, X1;
denotes individual 7’s X; exposure status, and Xs; denotes individual i’'s Xy exposure
status. The likelihood ratio statistic is 7' = max{2(suppeg,1)12\p, [ (P) =SUPpep, {(P)), 0.
Finally, po denotes the null space that is defined by the relevant inequality constraints.
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