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S1. Technical proofs

To be self-contained, we first give a special case of Theorem 1 in Zhou [5]
as a lemma on the smooth RKHS below, which plays an important role for
the subsequent analysis. Its proof follows directly from that of Theorem 1

in Zhou [5] and thus is omitted here.

Lemma 1. Let K : X x X — R be a Mercer kernel such that K € C*(X x
X), where C* is a class of functions whose fourth derivative is continuous.
Then the following statements hold:

(a) For any x € X, 0, Kx, 0 Kx € H, for any l,k=1,...,py.



(b) A derivative reproducing property holds true; that is, for any f € Hp,

of(x) = (f. 0Kk, and Oyf(x)= (f, OnKx)K

Proposition 1. Suppose Assumption 2 in the main text is met. Let ]7 be the
minimizer of Ex,(f) = E(y — f(x))* + M| f1|% in Hi. Then conditioning
on the event {Z™ : _max. lys| < My} with M, > (k2||f*||% + )2, for any

.....

on € (0,1), with probability at least 1 — o, there holds

61 M, 2
1P = Fllie < 575 Yo -

Proof of Proposition 1: Define the sample operators Sx : Hx — R" and
SR R as

n

Sx(f) = (f(x1), ...,f(xn))T and S c = ZCini.

=1

Then solving (1) in the main text is equivalent to solve

~

F=axgmin ~y"y = 2(£.STY), £ SIS )+ Al P

feHx N



where ¥ = (y1, ..., y)?, and hence that
A L or 1 T
f=1-8:S+ .1 —S, .
n n
Similarly, the minimizer of &, (f) in Hx must have the form
J= (L + X)L f*.

Therefore, we have

Fo = (GSISe M) (L STY - SIS - M)

n

= SIS A M) (53 (v~ T K, — Lic(— 1)),

i=1

and its RKHS-norm can be upper bounded as

LS - Fot Ll - D), = A

1=

17 = fllxe <A1

To bound Ay, denote & = (yi — f(xi))KXi, and it follows from Assump-



tion 2 in the main text and direct calculation that

BE=Li(f* = ), €Ik < w1 (My+ [ fll0),

B(I€130) < 2 [ (v o)) *dps

By Lemma 2 of Smale and Zhou [3] and Assumption 2 in the main text,

with probability at least 1 — 9,,, there holds

2 ~
Ay <20k log — (M, + | flleo)+

On
9\ 1/2 - 1/2
n 2k, (210g 5—) (/ (y—f(x))dex7y> .
For || f]ls, by the definition of f, we have
1 = F7115 + Xl F I < 110 = £715 + AallOlF < 11£715, (5.1)
where || f*Hg is a bounded quantity. Hence, there holds

1flloe < mill Fllc < mad 217 (5.2)



For [ (y — f(x))dex,y, note that
[ = 109 dpey [ (v = 1) oy = I = 1B
for any f. Substituting f =0 and f = fyield that

[0 70 o + 1718 = [dpes < WIS+ 0 <022 (53)

[ = F00)dpey = 17 = 1+ [ (v £00)dpey <2082 (S0

where the last inequality follows from (S.1)) and (S.3)).

Combing (S.2) and (S.4)), we have with probability at least 1 — §,, that

2 2

2I§}1Mn 2 2H1Mn 2 K1 2K1Mn
< log

— 4+ ———log — + (lo 2)1/2
- n On ni/z 0% On AL/ 2p1/2 nl/2 & S,

Note that when —4+— < (3 log %)71, the above upper bound simplifies to

)\}L/in/Q

6/‘4}1Mn 2
log

Tl -1



When —#— > (3log %)_1, we have

)\%/2711/2
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1F = Fllx < Flx +11fllx <

where the second inequality follows from (S.2)), (S.3) and the definition of
f that L3y — FEN2+ Ml fl% < L3 y? < M?. The desired in-

equality then follows immediately. |

Proof of Theorem 3: For simplicity, denote

~ . 8p2\ _ er-y
Cy =4 2"+ max [[gl2 — llgiel3] > buzlog (S22 )n 2 ¢
LkeA )

n

Note that P(C3) can be decomposed as

P(C;) = P(Csn {A=A"}) + P(Con {A# AY})

< P(A#A) + P(Cs|A=A)P(A=A") = A, + P(1 - A,),

where A,, — 0 according to Theorem 2 in the main text, and P3; can be
bounded as follows.

To bound Ps, we first introduce some additional notations. Denote the



operators for the second-order gradients as

~ o~ 1 <& R
Dy D f = / O Kxgin(X)dpx and Dy, Dy f = Eza?k[(xiglk(xi)a
=1

where 0% Kx = %. Hence, for any [, k € A*, we have

|15k 17 = Nlgi 3]
1~ - .
= [ 20 @06x0)* = [ (s ) s

= —ng f O Fxs) e — /gfk(x)<f*,al2ka>dex

= fleleﬂ f lelef >K‘

= (f = £, D;.Du(f — £*)) . +2{f*, Dy, Du(f — f)) o+
{f*,(D;, D — Dl*kIlk)f*>K‘

< w3 F = % + 2631 NN = PNl + 1P | Dy Dk — Dy Dik || 1s

where the last inequality follows from the Cauthy-Schwartz inequality.
Note that ||f*||x is bounded, and Dy, and lA)lk are Hilbert-Schmidt

operators on Hx by Assumption 5 in the main text and a slightly modified

proof of Proposition 6 in Vito et al. [?]. It then follows from Rosasco et

al. [?] that max; ke || Dy, Dir|| s < k3. Hence, conditional on A = A*, we




have
-~ |12 2
e |17 = gl
< s (IF = £ + 21F = £ Nxc + mag 155 Due — DjDutlls
< sy <3||f = [l + max || Djy. Dy, — D?}chkHHs)’
where s3 = max{xZ, || f*||%, k3|l f*||x}, and the second inequality holds

when ||f— f*||3 is sufficiently small. Here, by Theorem 1 in the main
text, with probability at least 1 — §,/2, we have ||]?— ¥l is bounded.
Moreover, for any €, € (0,1) and [,k € A*, by the concentration inequali-
ties in HS(K') on Hy [?], we have

2

Nx N * ne,
P(Hlele — leleHHS Z €n> S 2eXp < — %>
3

Let ¢, = (8nig log 6%)1/2, then with probability at least 1 —6,,/2, there holds

4_p3>”2

FANPREAN * 8K‘§

max
lke A*

Therefore, conditional on A = A*, we have with probability at least



1 —9,, there holds

max |[[Gicl|2 — [lgi 13|
l,ke A

8 , 3k 4eyn
< s (3108 5 (g (£l + 07" (108 =5

n
Furthermore, with A\, = n_ﬁ, the upper bound reduces to

(2r—1)

. 8p2\ _ -1
mac | [Giel2 = 193 3] < bua (log 2 )n 250,
l,ke A n

where b, 2 is given in Theorem 3 of the main text, and hence that Ps; < 4,,.

Therefore, P(C3) < A, 4+ 0,(1 — A,) < A, + J,, and the desired result

follows immediately.

Proof of Theorem 4: Note that

P (A = A5 A = A7)
:p(/@: s A= ;,ﬁ:A*)

(=)

= P (= A5 A = A A= A7) P
P (/Tl ”] A{M:A*)) P (ﬁ: A*)
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where the last equality follows from the fact that ANA, = AiNA; =10,
and then {A; # At} = {4, # A3} given A = A*. By Theorem 2 in the
main text, A, — 0 as n diverges. Therefore, it suffices to show P(.ZQ +
A3|A = A*) = 0 as n diverges.

We first show that A5 C Ay in probability conditional on A=A It
not, suppose that there exists some I’ € A%, which directly implies that
||gl*/k||% > by, o max{r||f*| x,q *(log 401")}71754 log pg, for some k € A* but
I' ¢ Ay, and thus |[gy,]|2 < v. By Assumption 6 in the main text, we

have with probability at least 1 — A, — 9,, that

dein
On

~ * * b —
Geelln = llgp 3] = Mgy 113 = gyslls > —maX{me e, g~ (log ——)}n"** log py,

which contradicts with Theorem 3 in the main text. This implies that
conditional on A = A* A5 C A, with probability at least 1 — A,, — 0,,.
Next, we show that A, C A3 in probability conditional on A=A If
not, suppose there exists some I’ € A, but I ¢ Aj, which implies [|gis]|? >
v for some k € A* but ||gii.ll5 = 0. Then with probability at least

1—A, —d,, there holds

- b2 deyn .
G ellz = gy ll3] = Gl > —max{/flﬂf k. a7 ( )}~ log po,



S1.1 Verification of theoretical examples11

which contradicts with Theorem 3 in the main text again. Therefore, con-

ditional on A = A*, A, C A% with probability at least 1 — A, — §,.
Combining these two results yields that P(Ay = A5A = A*) > 1 —

2A,, — 26, or equivalently, P(jg #* AS\.Z = A*) < 2A,, + 20, — 0. The

desired sparsistency then follows immediately. |

S1.1 Verification of theoretical examples

The following two additional assumptions are made to establish the spar-
sistency.
Assumption S1: There exist some positive constant 7; such that the
smallest eigenvalue of E(xx7), A (E(xxT)) = O(n™™).
Assumption S2: There exist some positive constants s; and & > 1/3
such that }2}3 18| > slp,ll/(jn_%(log n)e.

Assumption S1 implies that E(xx”) is invertible, and that Assumption
1 in the main text is satisfied for the scaled linear kernel with r = 1.
Assumption 2 in the main text is also satisfied due to the fact that ||X||? =
p'xTx belongs to a compact set X. A similar assumption is made in
Shao and Deng [I], assuming the decay order of the smallest eigenvalue of
n~! X7 X. Assumption S2 is similar to Assumption 3 in the main text, and

requires the true regression coefficients contains sufficient information about



S1.1 Verification of theoretical examples12

the truly informative variables in the linear model. Similar assumptions are
also assumed in Shao and Deng [1] and Wang and Leng [4].

Proof of Corollary 1: The estimation consistency for the linear case is
a direct application of Theorem 1 in the main text for the scaled linear
kernel K (x,u) = xTu/p,, and we just need to verify the assumptions of
Theorem 1 in the main text . In fact, Assumption S1 implies that E(x x7) is
invertible, and thus Assumption 1 in the main text is satisfied for the scaled
linear kernel with » = 1. Assumption 2 in the main text is also satisfied

~1/2

due to the fact that supycy [[Kx|lx = pn /7||%|| belongs to a compact set

X C RP». Furthermore,

L e = I(BXX") 187l = (BT (Bxx" /p,) '8

< Y2 i (E(xxT) 2B = O(p)/*n™ %),

where [|3*] is a bounded quantity. Then, following from Theorem 1 in
the main text, let A, = O(py/*n~(+™/3(logn)*3), for any 6, > 4(c? +
1B3*113)(log n) 2, there exists some positive constant cz such that, with prob-

ability at least 1 — ¢,,, there holds

1-271

7 (logn)Y3. (S.5)

~ . 4 _
IB= 8"l < eslog (= )pi/n



FILL IN A SHORT RUNNING TITLE

To establish the selection consistency, note that A* = {l : 5 # 0}
and .,Zl\vn ={l: |Bl] > v, }. Clearly, (S.5)) directly implies that for any

l=1,...,p,, with probability at least 1 — 9,,, there holds
> * 4 1/6, —1=27L 1/3
I~ >~ 3 ~ .
181 — Bf| < 2c log5 p,/°n~ 6 (logn)

Therefore, following the proof of Theorem 2 in the main text and let v, =

1/6 _1=27
Folln

(log n)é&, we have P(A,, = A*) — 1. |
Additional assumptions are made to establish the sparsistency for the

proposed method with quadratic kernel.

Assumption S3: There exists a positive constant 7 such that the smallest

eigenvalue of E(XXT), \uin(E(XXT)) = O(n™™).

Assumption S4: There exist some positive constants s and &3 > 1/3

1-279
6

such that min |57] + S5, el > sap *n= 5 (log ).
Assumptions S3 and S4 can be regarded as an extension of Assumptions

S1 and S2 by requiring E(XxT) is invertible, and that the true regression

coefficients have sufficient information in the quadratic model.
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