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Abstract: Sparse learning is central to high-dimensional data analysis, and vari-
ous methods have been developed. Ideally, a sparse learning method should be
methodologically flexible, computationally efficient, and provide a theoretical guar-
antee. However, most existing methods need to compromise some of these proper-
ties in order to attain the others. We develop a three-step sparse learning method,
involving a kernel-based estimation of the regression function and its gradient func-
tions, as well as a hard thresholding. Its key advantages are that it includes no
explicit model assumption, admits general predictor effects, allows efficient compu-
tation, and attains desirable asymptotic sparsistency. The proposed method can
be adapted to any reproducing kernel Hilbert space (RKHS) with different kernel
functions, and its computational cost is only linear in the data dimension. The
asymptotic sparsistency of the proposed method is established for general RKHS
under mild conditions. The results of numerical experiments show that the pro-
posed method compares favorably with its competitors in both simulated and real

examples.

Key words and phrases: Gradient learning, hard thresholding, nonparametric sparse
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1. Introduction

Sparse learning has attracted much interest from both researchers and prac-
titioners, owing to the availability of large numbers of variables in many real
applications. In such scenarios, identifying the truly informative variables for
the objective of analysis has become a key part of facilitating statistical model-
ing and analysis. Ideally, a sparse learning method should be flexible, efficient,
and provide a theoretical guarantee. Specifically, the method should not assume
restrictive model assumptions, making it applicable to data with complex struc-
tures. In addition, its implementation should be computationally efficient, and

should take advantage of high performance computing platforms. Furthermore,
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it should provide a theoretical guarantee on its asymptotic consistency in identi-
fying the truly informative variables.

In the literature, many sparse learning methods have been developed in regu-
larization frameworks that assume a certain working model set. Linear models are
the most popular working model sets, where the sparse learning task simplifies to
identifying nonzero coefficients. Under the linear model assumption, the regular-
ization framework consists of a least squares loss function for the linear model, as
well as a sparsity-inducing regularization term. Various regularization terms have
been considered, including the least absolute shrinkage and selection operator
(Lasso; [ Tibshirani| (1996) ), smoothly clipped absolute deviation (SCAD; Fan and
Li (2001)), adaptive Lasso (Zou/ (2006)), minimax concave penalty (MCP; Zhang
(2010)), truncated l;-penalty (TLP; |Shen, Pan and Zhu (2012)), and lp-penalty
(Shen et al.|(2013)), among others. These methods have also been extended to the
nonparametric models to relax the linear model assumption. For example, under
the additive model assumption, a number of sparse learning methods have been
developed (Shively, Kohn, and Wood| (1999); Huang, Horowitz and Wei (2010)),
where each component function depends on one variable only. Furthermore, a
component selection and smoothing operator method (COSSO; Lin and Zhang
(2006)) has been proposed to allow higher-order interaction components in the
additive model. However, the higher-order additive models need to enumerate all
interaction components, which may be of an exponential order of the number of
variables. These nonparametric sparse learning methods, although more flexible
than the linear model, still require explicit working model sets.

More recently, attempts have been made to develop nonparametric sparse
learning methods to circumvent the dependency on restrictive model assumptions.
In particular, sparse learning is formulated in a dimension reduction framework in
Li, Zha and Chiaromonte (2005) and Bondell and Li| (2009) by searching for the
sparse basis of the central dimension reduction space. Fukumizu and Leng| (2014)
developed a gradient-based dimension-reduction method that can be extended to
nonparametric sparse learning. A novel measurement-error-model-based sparse
learning method is developed in Stefanski, Wu and White (2014)) and Wu and
Stefanski| (2015]) for nonparametric kernel regression models. In addition, gradi-
ent learning methods (Rosasco et al| (2013); |Yang, Lv and Wang] (2016|)) have
been proposed to conduct sparse learning in a flexible reproducing kernel Hilbert
space (RKHS) (Wahba/(1998)). Furthermore, a flexible knock-off filter framework
(Barber and Candés| (2015)) and a recursive feature elimination method using a
kernel ridge regression have been proposed (Dasgupta, Goldberg and Kosorok
(2019)) that show substantial advantages over most existing methods. However,
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their lack of selection consistency and computational efficiency remain as obsta-
cles. Interestingly, most existing gradient-based methods (Rosasco et al. (2013);
Yang, Lv and Wang| (2016])) aim to directly estimate the gradient functions in a
regularization framework using some well-designed penalty terms, and thus may
not be applicable for analyzing high-dimensional data, owing to their expensive
computational cost.

Another popular line of research on high-dimensional data is that on variable
screening, which screens out uninformative variables by examining the marginal
relationship between the response and each variable. The marginal relationship
can be measured by various criteria, including the Pearson’s correlation (Fan
and Lv| (2008)), the empirical functional norm (Fan, Feng and Song| (2011))), the
distance correlation (Szekely, Rizzo and Bakirov| (2007)), and a quantile-adaptive
procedure (He, Wang and Hong (2013))). These methods are all computationally
very efficient and attain the sure screening property, meaning that all the truly
informative variables are retained after screening, with probability tending to one.
This is a desirable property, yet slightly weaker than the asymptotic consistency in
sparse learning. Another potential weakness of the marginal screening methods
is that they may ignore those marginally unimportant, but jointly important
variables (He, Wang and Hong| (2013)). To remedy this limitation, recent works
(Hao and Zhang| (2014)); Wang and Leng| (2016))) have conducted sure screening
for variables with interaction effects.

We propose an efficient kernel-based sparse learning method that is method-
ologically flexible, computationally efficient, and able to achieve asymptotic con-
sistency without requiring any explicit model assumptions. The method consists
of three simple steps that include a kernel-based estimation of the regression
function and its gradient functions, as well as a hard thresholding. It first fits a
kernel ridge regression model in a flexible RKHS to obtain an estimated regres-
sion function. Then, it estimates the gradient functions along each variable by
taking advantage of the derivative reproducing property (Zhou| (2007))). Finally,
it hard-thresholds the empirical norm of each gradient function to identify the
truly informative variables. This method is flexible in that it can be adapted
to any RKHS with different kernel functions to accommodate prior information
about the true regression function. The proposed method also enables an efficient
estimation of the gradient functions in two steps using the derivative property of
the RKHS, which significantly reduces the computational cost and allows for a
diverging dimension. The computational cost is only linear in the data dimen-
sion. Thus, it is computationally efficient when analyzing data sets with large
dimensions. For example, the simulated examples with p = 100,000 variables
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can be analyzed efficiently on a standard multi-core PC. More importantly, the
asymptotic consistency can be established for the proposed method without re-
quiring any explicit model assumptions. It is clear that the proposed method
has advantages over the existing methods, because it achieves methodological
flexibility, numerical efficiency, and asymptotic consistency. To the best of our
knowledge, this method is the first to achieve these three desirable properties at
the same time.

The rest of the paper is organized as follows. In Section 2, we present the pro-
posed general kernel-based sparse learning method and its computational scheme.
In Section 3, the asymptotic consistency of the proposed method is established.
Two theoretical examples are provided in Section 4. In Section 5, the proposed
method is extended to select truly informative interaction terms. Section 6 con-
tains numerical experiments on the simulated and real examples, and Section 7
concludes the paper. All necessary lemmas and technical proofs are provided in
the Appendix and in the online Supplementary Materials.

2. Proposed Method
2.1. Regression in an RKHS

Suppose a random sample Z" = {(x;, y;) }_; comprises independent copies of
Z = (x,y), drawn from some unknown distribution px 4, with x = (z1,...,2P)T €
X supported on a compact metric space and y € R. Consider a general regression
setting,

y=r(x)+e
2

where € is a random error, with E(e|x) = 0 and Var(e|x) = o°. Thus f*(x) =
J ydpy| x, with py| x denoting the conditional distribution of y, given x. We further
assume that f* € Hyg, where Hg is an RKHS induced by some prespecified
kernel function K(-,-). For each x € X, denote Kx = K(x,-) € Hg, and the
reproducing property of the RKHS implies that (f, Kx)x = f(x), for any f € Hp,
where (-, )k is the inner product in Hg.

The RKHS enjoys a number of desirable properties that make it partic-
ularly suitable for general nonparametric models, including its approximation
ability, functional complexity, and derivative reproducing property. Specifically,
many popular kernels, including the Gaussian and Laplace kernels, are univer-
sal (Steinwart and Christmann, (2008))), meaning that the RKHS each induces is
dense in the continuous function space under the infinity norm. This universal
approximation property ensures that the kernel-based methods yield nonparamet-
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ric estimates with a small approximation error when estimating any continuous
target function. On the other hand, to characterize the statistical properties of
nonparametric models, the notion of functional complexity in an empirical pro-
cess is widely employed in theoretical analyses. This includes various covering
numbers, the VC dimension, and Rademacher complexity (Bartlett and Mendel-
son (2002)). The RKHS has a very interesting and surprising property that for
a unit ball By of the RKHS, its Rademacher complexity (Bartlett and Mendel-
son| (2002)) can be bounded as R,(B;) < 2n~Y2(E(K (X, X)))'/2, where R,(-)
denotes the global Rademacher complexity. In other words, the functional com-
plexity of the bounded ball in the RKHS is less affected by the dimension of the
variables. Thus a small variance estimator can be obtained, without sacrificing
the approximation ability of the nonparametric estimation, using kernel-based
methods. In addition, in the literature on nonparametric statistics, estimating
the gradient function of the target function is, in general, difficult. However, the
derivative of any function in a smooth RKHS also has the reproducing property,
implying that kernel-based methods have simultaneous convergence behavior in
both the function and its gradient function, with the same rate of convergence
under the sup norm.

2.2. Gradient-based sparse learning

In sparse modeling, it is generally believed that f*(x) depends only on a
small number of variables, while others are uninformative. Unlike model-based
settings, sparse learning for a general regression model is challenging, owing to
the lack of explicit regression parameters. Here, we measure the importance
of variables in a regression function by examining the corresponding gradient
functions. It is crucial to observe that if a variable 2! is deemed uninformative,
the corresponding gradient function

ai (0 = 221

should be exactly zero, almost surely. Thus, the true active set can be defined as
2
A" = Al [lgr [z > 0,

where ||gf]|3 = [ (gl*(x))2 dpx with the marginal distribution px.
The proposed general sparse learning method is presented in Algorithm 1.

We now describe each step in Algorithm 1 on greater detail. To obtain fin
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Algorithm 1 General sparse learning method.

Step 1: Obtain an estlmate)zP in a smooth RKHS based on the given sample Z";
Step 2: Compute g;(x) = 0f(x)/0z! for | =1,...,p;
Step 3: Identify the informative variables by checking the norm of each g;.

Step 1, we employ the kernel ridge regression model,
n

Fix) = argmin =3 (55 — FO<)2 + Ml % (2.1)

n
fere o

where the first term, denoted as &,(f), is an empirical version of £(f) = E(y —
f(x)? and || f|lx = {f, f)l/2 is the associated RKHS-norm of f € Hg. By the
representer theorem (Wahba) (1998)), the minimizer of (2.1)) must have the form

Zaz (x;,X) = & Kn()

where a = (Qy,...,0,)" and Kn(x) = (K(x1,X),...,K(x,,%))T. Then, the
optimization task in (2.1)) can be solved analytically, with

a= (K> +n\K) K, (2:2)

where K = (K (Xi,X]‘)):.szl, and * denotes the Moore—Penrose generalized in-
’ 1

verse of a matrix. When K is invertible, (2.2)) simplifies to & = (K + n\,I)” " Y.
Next, to obtain g; in Step 2, it follows from Lemma 1 that for any f € Hy,

qi(x) = afi, )

= ([0 Kx)k < [[0Kx| x|l f |l

where 9Kyx = OK(x,-)/0x'. This implies that the gradient function of any
f € Hx can be bounded by its K-norm, up to some constant. In other words,
if we want to estimate g;(x) within a smooth RKHS, it suffices to estimate f*
itself, without loss of information. Consequently, if f is obtained in Step 1,
g/ (x) can be estimated as g;(x) = a’ 9K, (x), for each I, where 9K, (x) =
(ale(Xl), c. ,ale(Xn))T.

In Step 3, it is difficult to evaluate ||g;[|3 directly, because px is usually
unknown in practice. We then adopt the empirical norm of g; as a practical

measure,
n

. 1 1
Gl = = > @(x:) nz; a 9K ()’
1=

=1



KERNEL-BASED VARIABLE SELECTION 2129

The estimated active set can be set as A, = {l: ||§l||i > vy, }, for some prespec-
ified v,. Our method can clearly be regarded as a nonparametric joint screening
method that can correctly identify all truly informative variables acting on the re-
sponse with a general effect, including those that are marginally noninformative,
but jointly informative.

The proposed method presented in Algorithm 1 is general in that it can be
adapted to any smooth RKHS with different kernel functions, where the choice
of the kernel function depends on prior knowledge about f*. For instance, if f*
is known in advance to be a linear or polynomial function, the RKHS induced by
the linear or polynomial kernel can be used. If no prior information about f* is
available, the RKHS induced by the Gaussian kernel can be used, which is known
to be universal in the sense that any continuous function can be well approximated
by some function in the induced RKHS under the infinity norm (Steinwart and
Christmann, (2008)). In practice, unless some reliable prior information about
f* is known, it is recommended to consider the RKHS induced by the Gaussian
kernel owing to its capacity and flexibility.

Remark 1. The proposed method is computationally efficient, with a computa-
tional cost of about O(n3 4+ n?p). The complexity O(n?) comes from inverting
an n x n matrix in (2.2), and the complexity O(n?p) comes from calculating
lgil|2, for I = 1,...,p. This complexity is particularly attractive in the large-p-
small-n scenario, where the computational complexity becomes linear in p, and
parallelization can be employed to further speed up the computation. In other
scenarios with large n, the O(n?) complexity can be too demanding. Improve-
ments are available to alleviate the computational burden using some low-rank
approximation, such as the random sketch method in |Yang, Pilanci and Wain-
wright| (2017). Its computational complexity can be reduced to O(m?), where
m < n is the sketch dimension determined in |[Yang, Pilanci and Wainwright
(2017). More importantly, the random sketch method has been proved to be fast

and minimax optimal when fitting the kernel ridge regression.

Remark 2. The estimated regression function fis merely an intermediate step
for estimating the gradient functions. It provides is a consistent estimate, but
converges to the true regression function f* at some rather slow rate, owing to the
inclusion of the noise variables. We also want to emphasize that the data are only
used once to estimate the representer coefficients & in . Then the estimated
gradient function g; can be estimated directly using the derivative reproducing
property of the RKHS, by Lemma 1.
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2.3. Tuning

The proposed method presented in Algorithm 1 consists of two tuning pa-
rameters, the ridge parameter A, and the thresholding parameter v,. Based
on our limited numerical experience, the proposed method performs well and is
stable when the ridge parameter A, is sufficiently small in various scenarios. A
similar observation on the choice of the ridge parameter is made in [Wang and
Leng (2016). Therefore, we set A\, = 0.001, and focus on the choice of v, in the
simulated experiments.

To optimize the selection performance of the proposed method, we employ
the stability-based criterion (Sun, Wang and Fang (2013)) to select the value
of v,. Its key idea is to measure the stability of sparse learning by randomly
splitting the training sample into two parts, and comparing the disagreement
between the two estimated active sets. Specifically, given a thresholding value
vp, we randomly split the training sample Z" into two parts, Z7* and Z3. Then,
the proposed method is applied to Z' and Z3' to obtain the estimated active
sets, A1 v, and .,42 .., respectively. The disagreement between A1 v, and Ag o
measured using Cohen’s kappa coefficient

Pr(a) — Pr(e)

H(Al,’vnﬂAQ,’Un) - 1 o PT(@) )

where Pr(a) = (n11 + n22)/p and Pr(e) = ((n11 + ni2)(ni1 + 7121))/22 + ((n12 +
nge)(na1 + ng2))/p?, with nyy = [Ar, N Agy,[,n12 = [Ar, NAY, |,no1 =
’A\Efun N Az, |, 90 = \A\fvn N ./Zl\gﬂn|, and | - | denoting the set cardinality.

The procedure is repeated B times, and the estimated sparse learning sta-

bility is measured as

B
. 1
S(an) = E Z ("41 U AQ v,L)

b=1

Finally, the thresholding parameter v, is set as v,, =max{v,, : §(V,, )/ max,, §(¥,, )
> q}, where g € (0, 1) is some given percentage. In the simulated experiments, we
set ¢ = 0.95, as suggested in [Sun, Wang and Fang| (2013)), and the performance

of the resultant tuning criterion appears to be satisfactory.

3. Asymptotic Sparsistency

Now, we establish the asymptotic consistency of the proposed method. First,
we introduce an integral operator Ly : L2(X, px) — L2(X, px), given by
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Lic(f)(x) = / K (3, w) f(u)dpx (1),

for any f € L2(X, px) = {f : [ f2(x)dpx < oo}. Note that if the corresponding
RKHS is separable, by the spectral theorem, we have

Lrf= Zuﬂf, €j)2€;,
J

where {e;} is an orthonormal basis of L2(X,px), p; is the eigenvalue of the
integral operator Lg, and (-,-)3 is the inner product in £2(X, px). By Mercer’s
theorem, under some regularity conditions, the eigen-expansion of the kernel
functionis K(-,-) = >_;51 pje;(-)e;(-). Therefore, the RKHS-norm of any f € Hy
can be written as (o2
2 €j/2
A7 =D =22,
j>1 J
which implies that the decay rate of u; fully characterizes the complexity of
the RKHS, and is closely related to various entropy numbers (Steinwart and
Christmann, (2008))).
We denote the cardinality of the true active set A* as |A*| = po, and both
po and p are allowed to diverge with n. The following technical assumptions are
made.

Assumption 1. Suppose that f* is in the range of the rth power of Ly, denoted
as L., for some positive constant r € (1/2,1].

Assumption 2. There exist some constants k1 and K2, such that supycy || Kx| k
< k1 and supyey |0 Kx||k < K2, for any l=1,...,p.

Assumption 3. The distribution of € has a g-exponential tail, with some func-
tion q(-); that is, there exists some constant ¢; > 0, such that P(le] > t) <

c1exp{—q(t)}, for any t > 0.

In Assumption 1, the operator Lx on L2(X,px) is self-adjoint and semi-
positive definite, and thus its fractional operator L’ is well defined. Furthermore,
the range of LY is contained in H if » > 1/2 (Smale and Zhou (2007)). Thus
Assumption 1 implies that there exists some function h € L£L2(X, px) such that
[f=Lyh=> y wi(h, ej)ee; € Hie, ensuring strong estimation consistency under
the RKHS-norm. Similar assumptions are imposed in [Mendelson and Neeman
(2010). Assumption 2 assumes the boundedness of the kernel function and its
gradient functions, and is satisfied by many popular kernels, including the Gaus-
sian kernel and the Sobolev kernel (Smale and Zhou| (2007); |[Rosasco et al.| (2013);
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Yang, Lv and Wang| (2016)) with the compact support condition. Note that the
compact support condition is commonly used in the machine learning literature
(Mendelson and Neeman| (2010); Rosasco et al. (2013); |Dasgupta, Goldberg and
Kosorok (2019); Lv et al| (2018)) for mathematical simplicity. However, it may
be relaxed by allowing the support to expand with the sample size, which leads to
some additional treatment in the asymptotic analysis. Assumption 3 character-
izes the tail behaviour of the error distribution, which relaxes the commonly used
bound in the machine learning literature (Smale and Zhou (2007)); Rosasco et al.
(2013); Lv et al.| (2018)). It is general and satisfied by a variety of distributions
(Wang and Leng| (2016); Zhang, Liu and Wu, (2016))). For example, if € follows a
sub-Gaussian distribution or any bounded distribution, Assumption 3 is satisfied
with q(t) = O(#?); if € follows a sub-exponential distribution, Assumption 3 is
satisfied with ¢(t) = O(min{t/C,t?/C?}), for some constant C'

Theorem 1. Suppose Assumptions 1-3 are satisfied. Then, with probability at
least 1 — 6,,/2, there holds

17 =71

8 -1, — * — dein r— —T px
< 2105 1 (3murtn 2 (sl 7 (10w 220 ) ) NP ).
(3.1)

Additionally, let A, = n~Y/@ ) Then, with probability at least 1 — &, there
holds

~n2 *1(12
mae 13112 ~ 7 1

< bn,l max {K1||f*|K> q—l (10g 4;171) }lOg <§p>n—(27‘—1)/(2(2'r-‘r1))7 (32)

where by,1 = dmax{r3, k3| f*rc, | f* % } max{3r1, 2v263, |y f*|l2} and ¢~ ()
denotes the inverse function of q(-).

Theorem 1 establishes the convergence rate of the difference between the
estimated regression function and the true regression function in terms of the
RKHS-norm. Note that similar results have been established in the learning
theory literature (Smale and Zhou, (2005, 2007)). However, these results assume
that the response is uniformly bounded above, which can be too restrictive in
practice. Theorem 1 relaxes the restrictive boundness condition by characterizing
the tail behaviour of the error term. Theorem 1 also shows that H@Hi converges
to || gl*Hg with high probability, which is crucial to establishing the asymptotic
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sparsistency. Note that by, 1 is spelled out precisely for the subsequent analysis of
the asymptotic sparsistency and its dependency on f*. Note that the convergence
result still holds, even when p diverges with n. In addition, the quantities || f*||%
and || L f*[|2 in and may depend on pg through f*, and thus may also
diverge with n. However, such dependencies are, in general, difficult to quantify
explicitly in a fully general case (Fukumizu and Leng (2014]))).

Remark 3. The rate of convergence in Theorem 1 can be strengthened to ob-
tain an optimal strong convergence rate in a minimax sense, as in [Fischer and
Steinwart| (2020). However, it requires that the random error € follows a sub-
Gaussian distribution, and that the decay rate of the eigenvalues of Lx has an
upper bound of polynomial order; that is, u; < C 517 for some positive con-
stant C and 7 € (0,1). Then, the rate of convergence in can be further
improved.

Assumption 4. There exists some positive constant & < (2r —1)/(2(2r 4+ 1)),
gl*Hg > b1 max{r1 | f*| x,q ' (logdcin/6,) In =5 log p.

such that minge 4+

Assumption 4 requires that the true gradient function contains sufficient
information about the truly informative variables. Unlike most nonparametric
models, we measure the significance of each gradient function to distinguish the
informative and uninformative variables without any explicit model specification.
Note that the required minimal signal strength in Assumption 4 is much tighter
than that in many nonparametric sparse learning methods (Huang, Horowitz
and Wei| (2010); Yang, Lv and Wang| (2016))), which often require the signal to
be bounded away from zero.

Now, we establish the asymptotic sparsistency of the proposed sparse learning
method.

Theorem 2. Suppose the assumptions of Theorem 1 and Assumption 4 are sat-
isfied. Let vy, = by 1/2max{k1| f*|x,q ' (logdcin/d,)In=% logp. Then, we have

P(ﬁvn =A*) > 1, as n— oo

Theorem 2 shows that the selected active set can exactly recover the true
active set with probability tending to one. This result is particularly interesting,
given that it is established for any RKHS with different kernel functions. A direct
application of the proposed method and Theorem 2 is to conduct nonparametric
sparse learning with sparsistency (Szekely, Rizzo and Bakirov| (2007); He, Wang
and Hong| (2013); [Yang, Lv and Wang (2016)). If no prior knowledge about the
true regression function is available, the proposed method can be applied with
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an RKHS associated with the Gaussian kernel. Asymptotic sparsistency can be
established following Theorem 2, provided that f* is contained in the RKHS
associated with the Gaussian kernel. This RKHS is fairly large because the
Gaussian kernel is known to be universal in the sense that any continuous function
can be well approximated by some function in the induced RKHS under the
infinity norm (Steinwart and Christmann| (2008))). The above theoretical results
can be refined further when f* belongs to a specific RKHS. Some theoretical
examples are provided in Section 4.

4. Theoretical Examples

This section provides theoretical examples to illustrate the proposed method
with the linear and quadratic kernels. Moreover, we discuss possible treatments

to improve the theoretical results, with some additional technical assumptions.

4.1. Linear kernel

Variable selection for linear models is of great interest in the statistical litera-
ture, owing to its simplicity and interpretability. In particular, the true regression
function is assumed to be a linear function, f*(x) = £y + x! B*, and the true
active set is defined as A* = {l : 5 # 0}. We also centralize the response and
each variable, so that By can be discarded from the linear model, for simplicity.

We now apply the general results in Section 3 to establish the sparsistency of
the proposed algorithm under the linear model. We first scale the original data
asy = pﬁlm Yy and X = p;1/2 x, and let Hx be the RKHS induced by the scaled

T

linear kernel K (X,u) = X" u = p, ! x” u. Then, the true regression function can

be rewritten as f*(x) = %' 3*. With the scaled data, the ridge regression formula

in (2.1) becomes

n

= 1 ~ ~ _
B=argmin 3" (5 — %) + i MBI (4.1)
B i=1
By the representer theorem, the solution of (4.1) is
B =xXT(xX" +n\In) Y, (4.2)
where X = (x1,...,%,)7 and ¥ = (y1,...,yn)?. This is equivalent to the stan-

dard formula for the ridge regression ,@ = (XTX +nA, In )71XTy, according to
the Sherman—Morrison-Woodbury formula (Wang and Leng| (2016)). If we let
An = 0, the estimate in is the same as the HOLP estimate in [Wang and
Leng (2016). In other words, the HOLP method can be regarded as a special
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case of our proposed algorithm, with the RKHS induced by the linear kernel.
Corollary 1 is a direct application of Theorem 1 under the linear kernel.

Corollary 1. Suppose that Assumption S1 in the Supplementary Material holds.
Let A\, = O(pqll/Sn*(HTl)/:g(log n)?/3). Then, for any &, > 4(c>+|B*|13)(logn)~2,
there exists some positive constant cg such that, with probability at least 1 — d,,,
there holds

~ 4
||,6 o IB*H <y log <6>p}1/6n—(1—27'1)/6(10gn)1/3‘
Additionally, suppose that Assumption S2 in the Supplementary Material holds.
If we let v, = (51/2)p3/6n_(1_271)/6(10g n)&2, then we have

P(ﬁanA*>—>l, as n — 0o,

where s1 and & are provided in Assumption S2.

Note that Corollary 1 holds when p,, diverges at order
o(min{n' 2" (logn)~%2, n' 7 (logn)2}).

In particular, when 7 is sufficiently small, p,, can diverge at the polynomial rate
o(n). This result is comparable with that of [Shao and Deng| (2013 under the
finite second moment error assumption. The strong convergence rate obtained in
Corollary 1 is also comparable with that in Theorem 2 of Shao and Deng| (2013)),
and a similar result holds for the required minimal signal strength.

Remark 4. Note that the proposed algorithm requires f* € Hg. Thus |8
needs to be bounded, which implies that pg should be fixed in the linear case.
Interestingly, if we take A, = 0 and all of the technical assumptions stated in
Wang and Leng| (2016]) are met, including that x follows a spherically symmetric
distribution and that the noise € has a g-exponential tail, we can directly apply the
theoretical results of the HOLP method to establish a similar selection consistency
in Corollary 1. As a direct consequence, p,, and pg are allowed to diverge at some
exponential and polynomial rate of n, respectively.

4.2. Quadratic kernel

Variable selection for quadratic models is of great interest in the statis-
tical literature (Hao and Zhang (2014); Kong et al. (2017); [She, Wang and
Jiang (2018)), where the true regression function is assumed to be f*(x) =
Bo + Y0 Bral + 3 cp Viala®, where v, represents the true interaction coef-
ficients, and ~;;, # 0 iﬁlplies that ! and z* have an interaction effect. The true
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active set is defined as
P
o {z 1B+ S il > o},
k=1

which contains variables contributing to f* through either the main factors or
the interaction terms. For simplicity, we denote

x = (1, Vo2, ..., ﬂxpn,m%, V2zi2s, ..., \/§:L‘1:I,‘pn, x%, V2oxs, ... .,atin’)T

and 6* = (85, 87, v*T)T, with 8* = (81,...,8;)7/V2 and

* * ry>1k2 * ’753 Vzkprrl)pn
v = <V117\/§7"'77227\/§7"’7\/é)’)/;npn>'

Then, we scale the original data as ¥ = p,' ¥ and X = p,,'X, and let Hx be the
RKHS induced by a scaled quadratic kernel K(x,u) = (1 +x7u)?/p? = x'1.
The true regression model can be rewritten as f*(X) = X! 0*. Note that the
quadratic model can be transformed into a linear form. Then the established
results in Section 4.1 can be applied directly. Specifically, with the scaled data,
the ridge regression formula in becomes
n
0= anamin S5~ 675"+, A 0] (43)
i=1

Then, the estimated active set is defined as A, = {1: 18| + S Al > vn b
with some prespecified thresholding value v,.

With a slight modification to the proof of Corollary 1, we obtain the following
convergence results for the scaled quadratic kernel.

Corollary 2. Suppose that Assumption S3 in the Supplementary Material holds.
Let \,, = O(pi/gn_(l‘*'ﬁ)/?’(log n)%/3). Then, for any 6, > 4(o?+6*(13)(logn) 2,
there exists some positive constant cq4 such that, with probability at least 1 —

On,there holds
= s 4\ 13 _(1-2m)/6 1/3
|60 — 07| < cqlog 5| 2)/P(logn)*/°.

Additionally, suppose that Assumption S4 in the Supplementary Material holds.
If we let v, = (32/2)])71/371*(1*272)/6(log n)&, then we have

P(VZ@TLZA*)%I, as m — 0o,
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where so and &3 are provided in Assumption S4.

Note that the treatment in this subsection can be extended further to include
the polynomial regression model of degree d by using the scaled polynomial kernel
K(x,u) = (1 4+xTu)?/pd. Similar theoretical results can be established for the
proposed algorithm with the scaled polynomial kernel.

5. An extension: Interaction selection

We now extend the proposed method to identify the truly informative inter-
action effects. In the literature, a number of attempts have been made to identify
the true interaction effects in parametric and nonparametric regression models
(Lin and Zhang (2006); |Choi, Li and Zhu| (2010)); Radchenko and James| (2010));
Hao and Zhang| (2014)); [Hao, Feng and Zhang| (2018)). However, most existing
methods require some prespecified working models, and some are computation-
ally demanding. For example, the COSSO method (Lin and Zhang| (2006)) and
the SpIn method (Radchenko and James| (2010)) assume a second-order addi-
tive structure, and need to enumerate O(p?) two-way interaction terms in the
model, making their methods feasible only when p is relatively small. In con-
trast, our method can be extended directly, and provides an efficient alternative
for interaction selection without requiring an explicit model assumption.

Following the idea in Section 2, the true interaction effects can be defined as
those with a nonzero second-order gradient function gj; (x) = 9 f*(x)/0x'0x*.
Specifically, given the true active set A*, we denote

A5 = {l € A" : ||gjll2 > 0, for some k € A*},

which contains the variables that contribute to the interaction effects in f*. Fur-
thermore, let A} = A* \ A3, which contains the variables that contribute to the
main effects of f* only.

Therefore, the main goal of interaction selection is to correctly estimate both
Aj and A5. First, let K(-,-) be a fourth-order differentiable kernel function.
Then, it follows from Lemma 1 that, for any f € Hg,

9 f(x)
ge(x) = o = (f, Ol e < |10 Kl el f ¢
where 0. Kx = 02K (x,-)/(02'0z%). Then, given f from (2.1), its second-order
gradient function is
()

qie(x) = Dok aTalen(X)v
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where 9y, Kn(x) = 0°Kn(x)/(92!02"). Tts empirical norm is || gk |2 = (1/n) Y0,
(gur(x;))%. With some predefined thresholding value v, the estimated A% and

n
A5 are set as

Ay = {le A G |? > v, for some k € .Z} and A; = ﬁ\ Ay,
respectively. The following technical assumption establishes the interaction se-
lection consistency for the proposed method.

Assumption 5. There ezxists some constant k3, such that supycy ||OEKx||x <
k3, for any | and k.

Assumption 5 can be regarded as an extension of Assumption 2 by requiring
the boundedness of the second-order gradients of K.

Theorem 3. Suppose the assumptions of Theorem 2 and Assumption 5 hold. Let
P(A # A*) = A,. Then, with probability at least 1 — &, — A, there holds

max |G 7 — 197 ]13]
l,ke A

)

2
< bn,? max {HIH,]C*”Ka qfl <log 4gln> } lOg (862?0>n(21“1)/(2(2r+1))’

where byz = 4max{r3, | f*5, s3] f*|lx } max{3r1, 2v243, | L5 f*[l2}.

Theorem 3 shows that ||| converges to | 915 Hg with high probability, which
is crucial to establishing the interaction selection consistency.

Assumption 6. There ezists some positive constant 4 < (2r —1)/(2(2r + 1)),
9iil13 > b2 max{a|| f*]| . g (log dern /6, )}~ log po.

such that ming e a3

Assumption 6 can be regarded as an extension of Assumption 3 requiring
the true second-order gradient functions to have sufficient information about the
interaction effects.

Theorem 4. Suppose the assumptions of Theorem 3 and Assumption 6 hold. By

mnt _

taking v} (bn2/2) max{r1|| f*||x,q *(log 4c1n/d,) }n % log po, we have
P<./Zl\2 — A5 A = A’{) —1, as n— 0.

Theorem 4 shows that the proposed interaction selection method exactly
detects the interaction structure with probability tending to one. Note that
this result is established without requiring the strong heredity assumption,

which is often assumed in existing parametric interaction selection methods
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(Choi, Li and Zhu (2010)); Hao and Zhang| (2014)). It is also clear that the pro-
posed method can be extended to detect higher-order interaction effects, which
is of particular interest in real applications (Ritchie et al. (2001])).

6. Numerical Experiments

In this section, we examine the numerical performance of the proposed method
and compare it with that of several existing methods, including distance corre-
lation learning (Szekely, Rizzo and Bakirov| (2007)) and the quantile-adaptive
screening (He, Wang and Hong| (2013)). As these two methods are designed
for screening only, we truncate them using some thresholding values to conduct
sparse learning. For simplicity, we denote these three methods as GM, DC-t,
and QaSIS-t, respectively. Note that the computational cost of most existing
gradient-based methods (Rosasco et al|(2013); |Yang, Lv and Wang| (2016)) can
be very expensive. Thus they are not included in the numerical comparison with
large dimension.

In all simulation examples, no prior knowledge about the true regression
function is assumed, and the Gaussian kernel K (u, v) = exp (—||u—v |?/202) is
used to induce the RKHS, where o, is set as the median of all pairwise distances
in the training sample. For the proposed method, we set the ridge parameter
An = 0.001 in all simulated examples, and use the stability criterion in Section
2.3 to conduct a grid search for the optimal thresholding parameter v,, where
the grid is set as {107370-15: s = 0,...,60}.

6.1. Simulated examples

Two simulated examples are examined under various scenarios.

Example 1. We first generate x; = (z;1, . . . ,a:ip)T, with x;; = (Wi +nU;) /(1 +
1), where W;; and U; are drawn independently from U(—0.5,0.5). The response
yi is generated as y; = f(x;) + €, where f*(x;) = 6f1(zi1) + 4f2(2i2) f3(2i3) +
6fa(wia) + 5f5(ziz), with fi(u) = u, fo(u) = 2u + 1, f3(u) = 2u — 1, fa(u) =
0.1 sin(7u)+0.2 cos(mu)+0.3(sin(ru) )2 +0.4(cos(mu) ) 40.5(sin(7u))3, and f5(u) =
sin(mu)/(2—sin(mu)), and ¢; is drawn independently drawn from N (0, 1). Clearly,
the first five variables are truly informative.

Example 2. The generating scheme is similar to that in Example 1, except that
Wi; and U; are drawn independently from U(0, 1) and f*(x) = 20z 2023 + 52 +
5x5. The first five variables are truly informative.

For each example, we consider scenarios with (n, p) = (400, 500), (400, 1000),
(500, 10000), (500,50000), and (500,100000). For each scenario, n = 0 and 1
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Table 1. The averaged SNR of the simulated examples under different scenarios.

(n,n) (400,0) (400,1) (500,0) (500,1)
Example 1 5.00 3.87 5.06 3.87
Example 2 3.58 4.23 3.55 4.20

are examined. When 77 = 0, the variables are completely independent, whereas
when 1 = 1, a correlation structure is added to the variables. Each scenario is
replicated 50 times. The average signal-to-noise ratios (SNRs) of the simulated
examples are summarized in Table 1. The average performance measures are
summarized in Tables 2 and 3, where Size is the average number of selected
informative variables, TP is the number of truly informative variables selected,
FP is the number of truly uninformative variables selected, and C, U, and O are
the times of correct fitting, under-fitting, and over-fitting, respectively.

Clearly, the SNRs of the simulated examples are comparable to those in
Lin and Zhang| (2006); Huang, Horowitz and Weil (2010). GM outperforms the
other methods in both examples. In Example 1, GM is able to identify all of
the truly informative variables in most replications. However, the other two
methods tend to miss some truly informative variables, probably because of the
interaction effect between 22 and 3. In Example 2, with a three-way interaction
term involved in f*(x), GM is still able to identify all of the truly informative
variables with high accuracy, but the other two methods tend to underfit by
missing some truly informative variables in the interaction term. Note too that
GM tends to overselect the variables in some cases, which is usually less severe
than under-selecting truly informative variables.

Note that if we do not threshold DC and QaSIS, they tend to overfit in
almost every replication, because both screening methods tend to keep a sub-
stantial number of uninformative variables to attain the sure screening property.
Furthermore, when the correlation structure with n = 1 is considered, identify-
ing the truly informative variables becomes more difficult, and both DC-t and
QaSIS-t become unstable. However, GM still outperforms these two competitors,
and exactly identifies all of the truly informative variables in most replications.

6.2. Supermarket data set

We now apply the proposed method to the supermarket data set of [Wang
(2009). The data set is collected from a major supermarket located in northern
China, and consists of daily sales records of p = 6,398 products on n = 464 days.
In this data set, the response is the number of customers on each day, and the
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Table 2. The averaged performance measures of various methods in Example 1.

(n,p,m) Method Size TP FP C U O
(400, 500, 0) GM 5.00 5.00 0.00 50 0 0
QaSIS-t 4.28 4.28 0.00 22 28
DC-t 4.80 4.80 0.00 40 10
(400, 1000, 0) GM 498 498 0.00 49 1
QaSIS-t 4.32 4.32 0.00 21 29
DC-t 4.78 478 0.00 39 11
(500, 10000, 0) GM 5.00 5.00 0.00 50 0
QaSIS-t 4.28 4.28 0.00 24 26
DC-t 4.68 4.68 0.00 36 0 1
(500, 50000, 0) GM 5.06 4.98 0.08 45 1
QaSIS-t  4.08 4.08 0.00 18 32
DC-t 448 448 0.00 28 22
(500, 100000, 0) GM 5.18 5.00 0.18 43 0
QaSIS-t 3.98 3.98 0.00 8 42
DC-t 452 452 0.00 28 22
(400, 500, 1) GM 498 498 0.00 49 1
QaSIS-t 2.80 2.72 0.08 0 50
DC-t 294 294 0.00 0 50
(400, 1000, 1) GM 496 4.96 0.00 48 2
QaSIS-t 2.34 2.26 0.08 0 50
DC-t 296 2.96 0.00 0 50
(500, 10000, 1) GM 494 494 0.00 47 3
QaSIS-t 2.38 2.28 0.10 0 50
DC-t 3.08 3.08 0.00 0 50
(500, 50000, 1) GM 496 4.92 0.04 44 4
QaSIS-t 242 236 0.08 0 50
DC-t 294 294 0.00 0 50
(500, 100000, 1) ~ GM __ 4.94 492 0.02 46 3
QaSIS-t 10.26 2.46 7.80 0 50
DC-t 3.12  3.12 0.00 0 50

O OO O oo o

>

O O RO O NOOOO OO0 OO0 OO O

variables are the daily sales volumes of each product. Our primary interest is
to identify those products with sale volumes that are related to the number of
customers. Then, we design sale strategies based on those products. The data set
is pre-processed so that both the response and the predictors have a zero mean
and unit variance.

In addition to GM, DC-t, and QaSIS-t, we include comparisons with SCAD
(Fan and Li| (2001)) and MCP (Zhang| (2010)). Because the truly informative
variables are unknown for the supermarket data set, we report the prediction
performance of each method. Specifically, the data set is split randomly into two
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Table 3. The averaged performance measures of various methods in Example 2.

(n,p,n) Method  Size TP FP C U
(400, 500, 0) GM 500 5.00 0.00 50 O
QaSIS-t 4.26 4.26 0.00 22 28

DC-t 492 4.92 0.00 48 2

(400, 1000, 0) GM 5.14  5.00 0.14 44 0
QaSIS-t 4.04 4.04 0.00 20 30

DC-t 496 496 0.00 48 2

(500, 10000, 0) GM 510 5.00 0.10 45 O
QaSIS-t 3.82 3.82 0.00 13 37

DC-t 4.92 4.92 0.00 46 4

(500, 50000, 0) GM 5.40 5.00 0.40 37 0
QaSIS-t 3.04 3.04 0.00 8 42

DC-t 466 4.66 0.00 38 12

(500, 100000, 0) GM 532 5.00 032 41 0
QaSIS-t 3.02 3.02 0.00 5 45

DC-t 4.66 4.66 0.00 34 16

(400, 500, 1) GM 500 4.98 0.02 48 1
QaSIS-t 578 290 2.8 3 38

DC-t 31.30 4.00 27.30 1 0

(400, 1000, 1) GM 5.10  5.00 0.10 45 0
QaSIS-t  7.78 222 556 1 42

DC-t 38.74 500 3374 2 0

(500, 10000, 1) — GM 510 496 0.4 42 2
QaSIS-t 12.94 2.08 1086 0 45

DC-t 74.98 5.00 69.98 0 0

(500, 50000, 1) GM 5.16 4.98 0.18 43 1
QaSIS-t 32.52 2.08 30.44 0 42

DC-t  79.62 5.00 7462 0 1

(500, 100000, 1) — GM 510 4.96 0.4 44 2
QaSIS-t 4232 2.54 39.78 0 44

DC-t 79.94 488 75.06 0 6 44

o

—

W

>

ut
O = © 00 OO T D00 N UTO© © RO O OO O WD O U Ooyo OO

W

parts, with 164 observations for testing, and the remainder used for training. We
first apply each method to the full data set to select the informative variables.
Then, we refit a kernel ridge regression model for the nonparametric methods and
a linear ridge regression for the parametric methods using the variables selected
from the training set. The prediction performance of each ridge regression model
is measured on the testing set. The procedure is replicated 1,000 times, and the
number of selected variables, average prediction errors, and out-of-sample R? are
summarized in Table 4.

As Table 4 shows, GM selects 10 variables, DC-t and QaSIS-t select seven
variables, and the SCAD and MCP select 59 and 28 variables, respectively. The
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Table 4. The number of selected variables and the corresponding averaged prediction
errors by various methods in the supermarket data set.

Dataset Method Size Testing error (Std) Out of sample R?
GM 10 0.1369 (0.0005) 0.8631
QaSIS-t 7 0.1674 (0.0006) 0.8326
DC-t 7 0.1713 (0.0006) 0.8287
SCAD 59 0.1872 (0.0006) 0.8128
MCP 28 0.2040 (0.0006) 0.7960

average prediction error of GM is smaller than that of the other four methods.
This implies that DC-t and QaSIS-t may miss some truly informative variables,
thus reducing their prediction accuracy, and that the SCAD and MCP may in-
clude too many noise variables. Specifically, of the 10 variables selected by GM,
XM X18 X4 X5 and X7 are missed by both DC-t and QaSIS-t. Scatter plots
of the response against these five variables are presented in Figure 1.

It is evident that the response and these variables show some clear relation-
ship, which supports the advantage of GM in identifying the truly informative
variables.

7. Conclusion

We have proposed a novel gradient-based sparse learning method that simul-
taneously enjoys methodological flexibility, numerical efficiency, and asymptotic
consistency. It provides a novel and promising way to conduct sparse learning for
nonparametric models. The proposed method is simple and efficient in that the
kernel ridge regression has an analytic solution, and the estimated gradient func-
tions can be computed directly using the derivative reproducing property (Zhou
(2007))). It can be scaled easily to analyze data sets with huge dimensions. The
theoretical results are established without requiring restrictive model assump-
tions, which justifies the robustness of the proposed method to the underlying
data distribution.

One interesting direction for future work is to consider a more general sce-
nario with f* out of the specified RKHS H g, such as a non-differentiable f*. One
possible remedial route is to consider the true active set A* = {l : D;(f*) > 0},
where Dj(f*) = maxx— ’maxxz (2!, x7Y — ming, f*(a:l,x_l)‘ > 0 measures the
largest possible change of f(x) along x!, and x~! denotes all variables except

!, Then, the equivalence between D;(f*) and the gradients of some inter-

for x
mediate function f© € Hg can be examined to bridge the gap between f* and

Hir. We would also like to extend the proposed method to deal with mixed-type
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Figure 1. Scatter plots of the response against a number of selected variables by the GM
in the supermarket data set. The solid lines are the fitted curve by local smoothing, and
the dashed lines are the fitted means, plus or minus one standard deviatio

predictors, and D;(f*) can be used to measure the significance of each variable.

Supplementary Material

Proofs of Theorems 3 and 4, some necessary lemmas and their proofs, and a
verification of the theoretical examples are provided in the online Supplementary
Material.
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Appendix
Appendix: technical proof

Proof of Theorem 1. For simplicity, we denote two events

e - {z 17 - Flx

8 3K1 N _ 2cin _ s
> 2loga (711/2)\71 ("01||f Ik +4q 1<10g5n>> + Ay 1/2”LK / ”2> }7

" _ 2cin
czz{Z”: max [y > w1l + 1(1og 1 )}
ZZl?"'?” 5?1

and C§ denotes the complement of Co. Then P(Cy) can be decomposed as
P(C1)=P(CiNC)+P(C1NC) <P (Ca)+P(C1|C5) =P+ P
For P, by Assumption 3, we have

P( max |a] > t) = P(ULJe] > t) <nP(e] > 1) < cinexp{-q(H)}. (A1)

1=1,....,n

By Assumption 1 and (A.1)), for any d,, € (0,1), with probability at least 1—4,,/4,
there holds

i=1,... n

_ 4ein
max |yi| < mllf* i + max Je| < mllflx + 4 1<10g )
=L..,n 2717"'777‘ 5

implying that P (C2) < 0,,/4.
For P, note that

I =l < IF = Ffllc + I1F = Fllx-

We first bound || f — f*| x following the similar treatment as in Smale and Zhou
(2005). Suppose {, €;}i>1 are the normalized eigenpairs of the integral operator
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Lg : L2(X, px) — L2(X, px), we have

V2,
/ Z,u (€i,€5)2€ej = Mz/ e; € Hy,
7>1

and /2
1/2 2
1/2 i, €i, €5
||M/ eillx = (Zw> = (e;,€i)2 = 1,
= M

when p; > 0. Thus by Assumption 1, there exists some function h = Zi21<h,
ei)2e; € L2(X,px) such that f* = Lyh = Zizl wi(h,ei)oe; € Hi. Directly
calculation yields to

F=1 = (L + M) L f* = = (L + M) " (= Mf)
A
= — i /Lg<h, ei>2€i‘
; /\n + 1

Therefore, the RKHS-norm of f— f* can be bounded as
I1F= = 3 (e el
K i>1 \ N\ + 5 o K
_ An r—1/2 2
=2 (W“ (h e%>2>
A 3—2r 1L; 2r—1
_ )\27“71 n 7 h ’ 2
" ZM(A +m) (A +m> Nk

<A 12 (hyei)s = X7 HIRIE = AT THILE F7N5- (A2)

It then follows from Proposition 1 in the supplemental material that

6/€1

N _ 4ein On
Pr < P(IF = Fle 2 tog 1ot (sl e+ (100 220 ) Y 1 5) < &

n

Combining the upper bounds of P; and P; yields that P(Cy) < 6, /4+9,/4 <
dn/2. Thus, with probability at least 1 — ¢,,/2, there holds

T orx 8 3K * an r— —T px
171l < 2108 5 (i (sl o (1o 2007 ) ) M2 72 ).

Now we turn to establish the weak convergence rate of g; in estimating g;.
We first introduce some notations. Define the sample operators for gradients
Dy : Hg — R"™ and their adjoint operators D; : R™ — H as
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szz—<f75’z )i and Dfc=— Z&K Cis

respectively. And the integral operators for gradients D; : Hx — L2(px, X) and
D; : L%(px, X) = Hx are defined as

Duf = (f.0Kx)x and Djf = / O f (X)dps.

Note that D; and lA)l are the Hilbert-Schimdt operators by Propositions 12 and
13 of |[Rosasco et al.| (2013), then we have

DiDf = /81Kxgl x)dpx and DiDif = — Zale gi(i).
1=1

Furthermore, we denote HS(K) as a Hilbert space with all the Hilbert-Schmidt
operators on Hp, which endows with a norm || - ||gg such that | T||x < ||T||us
for any T € HS(K).

With these operators, simple algebra yields that

18117 — g7 13|
= [y @) - 610 don

= *Zgl %) (f, 0K, ) e — / X) (f*, 0Kx) i dpx

- [(7.3 Z’g‘mxi)aszx»,{ (s [ gt adp

= [(F = 15 DiDuf) i + (£ DiDUT = 1)) ¢ + (F* (Di Dy = DD ) |
= [(F= 1% DiDiF = )+ (DiDuf* = £
<f*7ﬁl*ﬁl(.]?_ f*)>K+<f*7(ﬁl*Dl DlDl) ’

<|If = FEU%ND; Dill s + 21f = £l 111 x| D DlHHs +
1D} Dy = Dy Dllzs .1 %

where the last inequality follows from the Cauthy-Schwartz inequality. It then
suffices to bound the terms in the upper bound of |[|g||2 — |lg/[|3| separately.
Note that ||f*||x is a bounded quantity, and it follows from Assumption 2 and

Rosasco et al| (2013)) that max; Hﬁl*ﬁl = max, |0, Kx||% < k3. Hence, we

s
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have

~n2 * 12
e (13~ 913

< ar(IF = 7% +21F = £l + max 1D D1 — i Dil s ).

where a; = max{x2, &2||f*|l x, [|/*||% }. When ||f — f*||x is sufficiently small, the
upper bound can be simplified to
~2 _ * |12 < ( A_ * Nx _ * )

e (1112 — 17 13] < a (317 - £l + max 157 Dy - Di D).
where ||J?— f*|lix is bounded in the first half of the proof. Furthermore, for any
€n € (0,1), by the concentration inequalities for HS(K') (Rosasco et al. (2013))),
we have

Tl62

P(|Di Dy~ Di Dl g > e0) < 2pesp < - &ﬁ)
2

for any [ = 1,...,p. Therefore, with probability at least 1 — §,,/2, there holds
Nk * 8%121L 4p 1/2

Combining all the upper bounds above, we have with probability at least
1 —9,, there holds

8 3K 4dein
~ 112 *(2 1 * -1 1
1§la<p Hgl”" Hgl ||2‘ < 201 <3 log On <n1/2)\n <:‘€1”f HK 1 <log On ))

9k 4 1/2
NI )+ (2l )
n n

This implies the desired results immediately with X, = n~1/(2r+1),

Proof of Theorem 2. We first show that A* C A in probability. If not, suppose
there exists some I’ € A* but I’ ¢ A, and thus ||gy||2 < v,. By Assumption 4, we
have with probability 1 — §,, that

G 12 = gp 3] > Ngp 13— gy 112
4ein
> bn,l max {’ilyf*HKa q_l <10g 51 ) }n_& IOgP — Un
n

b . _ 4den _
— L’lmax Kl”f ||Kaq ! 1Og71 n & 10gp7
2 on
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which contradicts with Theorem 1. This implies that A* C A with probability
at least 1 — §,,.

Next, we show that AcC A in probability. If not, suppose there exists some
'€ Abut I! ¢ A*, which implies |[gy |2 > v, but lg71I3 = 0, and then with
probability at least 1 — §,,, there holds

b 1 % _ 461n _
%‘ > v, = —2 max{m”f llx,q 1(log5>}n & log p.
n

512 — llg; -

This contradicts with Theorem 1 again, and thus A C A* with probability at
least 1 — §,,. Combining these two results yields the desired sparsistency.
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