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Figure S1: Solution paths of Lasso, REMI-R, and REMI-C for HDL, LDL, TG, CRP

TC, BMI, SysBP, DiaBP, Insulin and Glucose using the NFBC1966 data sets.



Jian Huang, Yulidg JOO[BRIOBMENTARYnEFIGURES AND TABLE

020
005
015 015 004
003
= o = on a : .
002 ¢ S
005 005 .
N 001 . . -
o o . P . 2, el 3 e i o .
0.00 0.00 L S e B S B B N B R N RN 0.00 T T T T T T T T
12 3 4 56789 1 13 1619 12 3 4 56789 11 13 1619
Chromosome Chromosome Chromosome
TG CKD-overall T2D
004
012 012
010 003 010 .
008 008
= = 0.02 =
008 006
004 . . ' 004 .
. . 001
002 . . 002
. Doe g st e et L .
000 4 =t 0,00 | =TT T T T T T 0,00 - =TT T T T T T
12 3 456789 11 13 16 19 12 3 456789 11 13 1619 12 3 456789 1 13 1619
Chromosome Chromosome Chromosome
030
025 .
006 . 03
020
a o = o = 02
010
002 . o1
005 . H
. . H . .. .
0.00 T T T T T T T T T T T T 0.00 L S B S B B S N R R R R 00 L S S S B S N R R R R
12 3 456789 11 13 1619 12 3 4 567809 11 13 1619 12 3 456788 11 13 16 19
Chromosome Chromosome Chromosome

Figure S2: Manhattan plots of |Er\ from REMI-R for HDL, LDL, TC, TG, CKD-overall,

T2D, CARDI, AD and RA.



Table S1: GWAS data sets in our experiment

ID YEAR Traits Sample Size SNPs Link

AD 2013 Alzheimer Disorder 54162 1149751 http://www.pasteur-lille.fr/en/recherche/u744/igap/igap_download.php
CARDI 2015 Coronary Artery Disease 817857 1197724 http://www.cardiogramplusc4d.org/data-downloads/

CKD-overall 2015 eGFRcrea in overall population 133715 984086 https://www.nhlbi.nih.gov/research/intramural/researchers/ckdgen

HDL 2013 High-Density-Lipid cholesterol 94272 992986 http://csg.sph.umich.edu//abecasis/public/1ipids2013/

Ht 2014 Height 252778 827344 http://portals.broadinstitute.org/collaboration/giant/index.php/GIANT consortium_data_files
LDL 2013 Low-Density-Lipid cholesterol 89851 990583 http://csg.sph.umich.edu//abecasis/public/1ipids2013/

TC 2013 Total Cholesterol 94556 992889 http://csg.sph.umich.edu//abecasis/public/1ipids2013/

TG 2013 Triglycerides 90974 990915 http://csg.sph.umich.edu//abecasis/public/1ipids2013/

RA 2010 Rheumatoid Arthritis 25708 989551 http://www.broadinstitute.org/ftp/pub/rheumatoid_arthritis/Stahl_etal_2010NG/
T2D 2008 Type 2 Diabetes 63390 1061515 http://diagram-consortium.org/downloads .html
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S2 Technical details

Lemma 1. ( Lemma 2.7.7 of Vershynin (2018) and Remark 5.18 of Ver-
shynin (2010).) Let &,& be sub-Gaussian random variables with noise

level ||&1]ly, < 0. and ||y, < o, , respectively. Then both & & and

&1 £27

&1& — E[&1&] are sub-exponential random variables, and there exist an ab-
solute constant C' > 0 such that ||&1§s — E[6i&]|ly, < Co, o, . Here, for a

random variable z we define, ||z|ly, = inf {t > 0: Elexp (|]z|"/t")] < 2},i €
(1,2},

Lemma 2. (Corollary 5.17 of Vershynin (2010)) Let &1, ..., &m be indepen-
dent centered sub-exponential random variables. Then for every t > 0 one

has
2t

P Zﬁﬂ/m > 1] < 2€Xp(—Cmin{ﬁa E}m>’

where, C' is a absolute constant and K = max;—1,_m{||& ¢, }-

Lemma 3. Suppose the rows of X and X, are i.i.d sub-Gaussian samples
drawn from population with mean O and covariance matrix 3. Then, with

probability at least 1 — 1/p?, we have

N 2C [logp
12— Bl £ —=4/ —

Vv n
and

2C [logp

NeA'

||Er - EHOO S
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as long as n > %logp and n, > %logp.

Proof of Lemma 3. Since the proof of these two results are similar, we
give one of them. Let x; be the i—th row of X, i = 1,...n, and (x;); denote
the j—th entry of x;. Define G%, := (x;);(x:)x — E[(x:);(xi)s] € R',i =
1,...,n,5=1,..,p,k =1,..,p, which is sub-exponential with ||G;k||¢1 <

by Lemma 1. Therefore,

P|Z - 2l > 1] = Hzxxz Elx; xi])/nloc > 1]
U ZG /nl > 1]

Z ZGk|/n>t
jlk i=1

1

< p*exp(— C’mln{ (52.1)

2 ¢

< p“exp(—C—=n

where the first inequality is due to union bound, and the second one follows

from Lemma 2 and the last inequality is because of restricting t < Cf.
2C

Then Lemma 3 follows from setting ¢t = e k’% and the assumption that

n > % log p. 0
Lemma 4. Under the same assumption as Lemma 3, we have

2C,C log p logp
I8 - Sl < 0% e flos

holds with probability at least 1 — 2/p?.
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Proof of Lemma 4.

I(Z = )B4 < (E = )B4l + I(Z — =0)B%]

< 1% = BloollBUN1 + 12 = Zilloll Bl

<2C1C’3 logp+2Cng log p
- VO n Vv ny

where the first inequality is due to triangle inequality, and the second in-
equality follows from Cauchy-Schwartz inequality, and the last one holds
with probability larger than 1 — 2/p* due to Lemma 3. This finishes the

proof of Lemma 4. O

Lemma 5. Suppose the rows of X are i.i.d sub-Gaussian samples drawn
from population with mean 0 and covariance matriz 3, and the entries of
noise € are i.i.d centered sub-Gaussian with noise level o.. With probability

at least 1 — 1/p®, we have

N o
€]l < 20 —L ) 28D

E\/a n )

. 4 1o,
provided that n > %.
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Proof of Lemma 5. We have,

Pl[€lle <] = P[IX e/l <]

= 1 P[|X"e/nllo > 1

p
=1- IP’[U I XTe/n| > 1]
j=1
P n
> 1= YRS (K el > 1
j=1 =1
> 1— pexp(—Cminf—— —1n)
> pexp min %07 Cro n
t2

the first inequality is due to union bound, and the second one follows from

Lemma 1 and Lemma 2, where we use ||(X;):&; — E[(X;):€]]ly, < CocCh,

and the last two inequality follows from by setting ¢t = 20.C4/ 1Z§np and the

assumption that n > % log p, i.e., with probability at least 1—1/p*, we have

~ log p
o L2001\ ——.
[€]loc < 20.C4 on

Lemma 6. Under the same assumption as Lemma 5, we have,

1 1
LT [logp.
n n

with probability larger than 1 — 1/p?.

o 20,C
128700 < 104

N
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Proof of Lemma 6.

1587 lloe < 38zl + [[(E = X)Bzls

< max {501} 185 e + 15 — el

flogp  2C1Cy [logp
< 2 € )
~ CQO' n + \/6 n

where first inequality is due to triangle inequality, and the second one follows

from Cauchy-Schwartz inequality, the third inequality holds with probabil-

ity larger than 1 — 1/p* by using (4.7) and Lemma 3. This completes the

proof of Lemma 6. 0
Now we are ready to prove Theorem 1.

Proof of Theorem 1. (i). Let A = B - B’ Define the event

£=1{2(£ - )85+ E6% + &l < Mo}

9
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The optimality of ,B'C implies that

(B',5:8') = 2(%,8) + MIB'Il: < (B2, B B — 27, B2) + M B,
U (eql)
(B" =B (B = B) + 287 Zu(B = B)) + AIB alli + 1B zll) < 25,8 = B2) + NIBall,
 (eq2)
(A, 5A) + N[Az]l < 2(F,A) = 2(5:8%, A) + A8l = AIB alh,
4 (eq3)
(A, B A) + M[Az]l < 2((B - )85 + TB7 +E A) + A[Al,

4

—~

eqd)
(A, SA) + M Az]ly < 20|(S - 20)8% + B85 + loc | AllL + A Al
U (edd)
(A, 82) + Al Azl < 5014l + [Aclh) + M A,
I (eq6)

- A 3
(A, 5,8) + SlAz < SMAAL,  (523)

where, (eql) and (eq2) and (eq6) are due to some algebra, and (eq3) follows
from (4.8), and (eq4) uses Cauchy-Schwartz inequality, and (eq5) holds by

conditioning £ and the assumption Ay < /2. It follow from (S2.3) that

A € CA,3. (82.4)
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Then, by the restricted eigenvalue condition on ir and (S2.3) we deduce,
ollAll3 < (A, EeA) < )‘HAAHl < \/_)\||A||2>

ie.,

1 1 1
[A]l2 < —\/_)\ < 50 Cl 03+C4 ,/S 08D | Gy +\/_C2 /2 (;gp 0103 s ogp)

The above induction is conditioning on £. We need give a lower bound on

P[€]. Indeed,

2[(3 = 20)B% + BBz + €lloo < 2[[(X = 2)BUllee + 21 EBz]l0 + 2[|€llo

Then, it follows Lemma 4 and Lemma 5 and Lemma 6 that P[] > 1 —
3/p* — 1/p*. This completes the proof of (i) of Theorem 1.

(ii). Let Spew = XL X

new

new/nnew- Thena

[Xoew (B = B3/ Mmew = (Snew (B — B2, B — B

— (ASA) 4 (A, (Shew — S0)A)

w

< SAAAl A+ (A 1B new — Zllos

2C log p log p
wmmﬂwm%J /B

Nnew

1 1 1 1
\P%p\ﬁ%Wmm+o¢m’¢%pWAm
/slogp /slogp Y1+ s \/logp \/logp
nnew

[\]

w

]

| /\
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where, the first inequality uses (52.3) and Cauchy-Schwartz inequality, and
the second one is due to Lemma 3, and the third inequality follow from
(S2.4) and Cauchy-Schwartz inequality, the fourth inequality uses Theorem

1. UJ
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