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S1 Proof of Proposition 1

We would like to apply a similar argument as that in the proof of |Zhang and Zhang
(2014}, Theorem 1) to derive the confidence intervals of §;. The fundamental difference
is that the design matrix X is now random instead of fixed. Thus, the statistics related
to X such as z;, n; and 7; are also random variables (vectors). We will derive the
properties of these statistics before deriving the confidence intervals of j;.

Part 1: Deviation bounds of |z;]|3. Recall that 7; = maxy; |z] x|/[|2]l2, 7, =
125]12/]2] x;|, defined in (3.5), and z; is the relaxed residual vector of regressing x; on

X_; in (3.4) such that

z; = Xj — X_j")/j,

. . x; — X_.b|2 o, X
{7j;0j} _ arg min {H J J ||2 + Y5 + )\OZ ” k||2|bk|}7
berr-1,5;er+ 2no; 2 P Vn

with components of 4; = {¥;x;k = 1,--- ,p, k # j}, where the regularization parameter

Ao = (1 +¢)4/2dlog(p)/n for some 6 > 1 and £ > 0.

We first derive the deviation bound for ||z;||3. Note that X = (2;)nxp = (X1, ,Xp),
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where the rows of X are i.i.d. from N(0,3X). Let ¥ = (0;;),x, and x;_; be the ith
row of X after taking the jth component off. Similarly, the notation Ejfij denotes a
subvector of the jth row of ¥~ without the jth component. Let oj = 1/2;]1 By the

conditional distribution of multivariate normal vector, we have

vij|xi—j = N(—ojxi;(5;1)7, 0)),

independent over . It follows that z;; = _O'jXZ"_j(Eil )5+ pij, where p;; ~ N(0,0;)

jv_j
are i.i.d. over i. Denote by v, = —Uj(E;lj)T and p; = (pj, -+, pnj)". In matrix

notation, we have

with components of v, = {v;x;k =1,--- ,p, k # j}, where X_; is the submatrix of X
by taking the jth column off.
Note that z; is the residual of the scaled Lasso estimator in the regression model of

x; against X_; with v, = —0;(2:!

]’_j)T, and we can get the sparsity of v, through the

assumption that the rows of X! satisfy the L, sparsity condition. Thus, by applying
the estimation error bound of the residual vector of the scaled Lasso in |Ren et al.| (2015,

Inequality (18)), we can get

1 2 2 logp —6+1
max P s —1lp; <
lg%p (n“|ZJH2 || ]”2‘ > CS n ) = O(p )7 (S]']')

which gives the deviation of ||z;||3 from its population counterpart ||p,]|3.
With || pj||§ Jo; ~ X?n) for any 1 < j < p, applying the following tail probabili-

ty bound with ¢ = 2,/2§log(p)/n for the chi-squared distribution with n degrees of
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freedom Ren et al.| (2015, Inequality (93)):

P{|%—1| >t} <2exp(—nt(tA1)/8) (S1.2)

gives
1 —2v/25log(p)/n < |lp;ll3/(no;) <1+ 2y/2810g(p)/n,
holding with probability at least 1 — 2p~°. This inequality together with (S1.1]) entails

that with probability at least 1 — o(p~°*1),

[1—2+/28log(p)/n]o; — Cslog(p)/n < |lz;]l2/n < [1+2y/20log(p)/no; + Cslog(p)/n,

for any 1 < 7 < p. In view of s = o(n/logp), we have s < ¢on/logp with some

sufficiently small constant c¢y. Combining these results leads to

[1—2y/261og(p) /nlo; — Ceo < ||z;|3/n < [1 +21/25log(p) /n]o; + Ccy,  (S1.3)
with probability at least 1 — o(p~°*!), which completes the proof of Part 1.
Part 2: Deviation bounds of maxyy; ||xk|2 and ming,; ||x;[|2. In order to pro-
ceed, we need to construct an upper bound for maxy,; ||xx||2 and a lower bound for
ming; [|Xx|2, respectively. Since [xx[3/0k, ~ X, for any 1 < k < p, by applying
1} with ¢ = 4\/W for the chi-squared distribution with n degrees of free-

dom, we have

[1 —4+/d1log(p)/n]ow. < ||xkll3/n < [1+ 44/ 1log(p)/n]ow

holding with probability at least 1 — 2p~2%. By the condition that the eigenvalues of X
are within [M,, M*], we have M, < oy, < M* for any 1 < k < p. It follows that for

sufficiently large n, with probability at least 1 — 2p~2°,

M < \/[1 +4v/dlog(p) /n] M < [[xill2/v/n < \/[1 +4y/5log(p)/n)M* < M,
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where M* and M are some positive constants. Thus we have

P (max x| N> M) <Y Plxilla/vn > M) < p-2p7 = 2p7% = o(p' ),
k#j

and

P (min Ixella/v/m < M) <> P(lxilla/v/m < M¥) <p-2p7 = 2" = o(p'™),
k#j
(S1.5)
respectively, which entail that max,; ||xg|2/v/n < M and ming; ||xgll2/v/n > M
hold with probability at least 1 — o(p~°*!). It completes the proof of Part 2.
Part 3: Deviation bounds of 7;. Then we turn to the deviation bound of 7;. In
order to proceed, it is worthwhile to notice a basic inequality that

2%, = |l7ll3 + (X 7,) 2 = 7115 + Vo ho Y (el - Fisl) > l1zil3, (S1.6)
ki

where the second equality above follows from the Karush-Kuhn-Tucker (KKT) condition
for the scaled Lasso estimator, which gives x{z; = x| (x; — X_;7;) = /nd;Ao||xx]|2 -
sgn (¥, ;) with 74 ; being the kth component of 7;, for any k € A = {k # j : sgn(7,,) #
0}.

With the aid of , we will first establish the upper bound of 7;. It follows
easily z] x; > ||z;[|3 in that 7; = [|z;]|2/|2] x;| < 1/||z;||2. Since V1og(p)/n — 0
as n — oo and ¢ is sufficiently small, in view of and 7; < 1/||z;||2, we know that

when 7 is large enough, there exists some constant c¢; depending on j such that

1 1 1
TS— g_y
77 1z \/‘\/yzju /n ([1 = 24/2610g(p)/n)o; — Ceo)/2 — V/n

(S1.7)



S1. PROOF OF PROPOSITION 1

holding with probability at least 1 — o(p~°*1).
It remains to find the lower bound of 7;. In view of (S1.4]) and the basic inequality

(S1.6)), it follows that with probability at least 1 — o(p~°*1),

2% = |71 + Voo > (Ixella - ;) < l12513 + M6 2017,
K

&2l 1

which yields that 7; = ||z;|l2/|2] x;] > 1/(||z]]2 + ZiTs

). Now we need to con-
struct an upper bound for [|7,]];.

Since 7; is the scaled lasso estimator with \g = (1+¢)/20 log(p)/n for some § > 1

and € > 0, combining the estimator error bound of the scaled lasso estimator Ren et

al. (2015, Inequality (17)) and inequality (S1.5) yields

fst\/0logp
P{ 5. — <1J—}>1_ 51y S1.8
i =il = ——% >1—o(p™") (S1.8)
where Cf is a constant and s} = [|y;lo. Thus, it follows that with probability at least

1—o(p—®),

R C*sjy/ologp
1751 < vl + —

Returning to derive the lower bound of 7;. In view of A\g = (1 + €)+/2d log(p)/n,
Vi9ogp/n — 0 asn — oo and v; = —0;(;1,)7, as well as the assumption that the

rows of ¥ 71 is L, sparse, we have

Ty s ~ C*siy/ologp —

MXol|7;llh < M(1+€)/251og(p)/n(]|v;ll1 + ]T) < d;M+/slog(p)/n,
where ¢} is a constant. Combining this inequality and ||z;[|2 > v/n/c; from (S1.7) along
with y/slog(p)/n = o(1) gives that there exist some constant ¢j such that

1 1 cj

- > — >

gl + e lals + s Moy/sTogp 1zl
J
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In view of this inequality and (S1.3]), we may come to the conclusion that with proba-

bility at least 1 — o(p~°*1), there exists a constant ¢; such that

/! /! ~

J
||ZjH2 1+2\/2510g )/nlo; + Ceo \/_

which together with (S1.7) entails that 7; < n~'/2 with probability at least 1—o(p~—0+1).

Moreover, conditional on this event, it is not difficult to see from the previous proof

that
. . . —1/2
lim 7yn'/? = lim 02|z, ]o/|2]x;| = lim 0!/ /||z;]l2 = lm n'?/|p)l|2 = 7/

It completes the proof of Part 3.
Part 4: Deviation bounds of 7n;. In this part, we continue to find the deviation
bound for 7; = maxy; |z] xk|/||z;||2. By the KKT condition, we have for any k # 7,

1<k<p,
[xi 2] = xi () — X_37,)| < Vb ol
Combining this inequality and ((S1.7) along with the upper bound of maxy.; ||xx||2/v/7

in Part 2 yields
1y < Vnophomax|[xils/ 125ll: < ¢ Moo (81.9)
On the other hand, in view of Ren et al. (2015 Inequality(18)), we have

P{[5;/o7 =11 > 1/2} < o(p~*™),

2
where o7 = ||p;|l2/+/n is the oracle estimator of ;. With the aid of *)2 ~ X%n)’ S51.2

justifies the replacement of o5 by 4 /E(07) or a constant C* in the above inequality, which

entails that ; < 2C* can hold with probability at least 1 — o(p~°*1).
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In view of the above fact and (S1.9), as well as Ao = (1 + £)+/2dlog(p)/n, for

sufficiently large n, we get

R 3~
1 < ¢ My/ngihg < §CjMC (1+¢)v/2d0log(p) = C;+/1og(p),

holding with probability at least 1 — o(p~°*'), where C; = %chC*(l +e)Vv26. Tt

completes the proof of Part 4.

Part 5: Confidence intervals of ;. By the definition of the LDPE estimator given in

(3.3), replacing y with X3+ ¢ along with some simplification gives for any j, 1 < j < p,

Bi— 8=+ =L . (S1.10)
J

Moving the term ZJTE/ZJTXJ- to the left hand side and then dividing both sides by 7;

gives

-~

7By = ) = 2 e/ gl < (max /1) 1B™ = Bl = 1B = Bl
(S1.11)
For simplicity, denote by £ the probability event in Parts 1-4 such that the devi-
ation bounds of 7; and n; still hold. Then P(£) > 1— o(p~°*!). Define two new events
& and &, as
1= Al (B, = B) — e/ lzllo| < o€},
& = {[5/0" 1] < ).
We first derive two probability inequalities, which will be used in the next proof. First,

in view of Cys(2/n)log(p/e) < €, it follows from the Condition 1 that P(&5) < e.

n’
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Second, combining inequality (S1.11|) with the assumptions in Proposition 1 gives

~ (init)

PETNE) < PEE) < P8 =Bl > 07€,[€)

<P{C;\/log@)|1B™" = Bl > 0" C1C;5y/12/n) - v/1og(p) log(p/)}
<P{I8™ ~ Bl > 0*Crs/2/n) log(p/O)} < c. (S1.12)

Returning to the confidence intervals of ;. Conditional on the event £ N & N &,
we know that 7 '|3; — ;| > &t implies |z]€|/||z;||l2 > 6t — o*€, > o*{(1 — €))t — €}
for any ¢t > (1 +¢€,)/(1 —€!). Let v = (1 — €)t — €,. Since z; only depends on X,
along with the fact that X and € ~ N(0,0%I,) are independent, conditional on each

realization of z;, we have z] €/(||z;]l20*) ~ v/ne1/||ellz with o* = |e]l2/y/n. It follows

that

|z €|
P( I > o'x
1;]]2

2;) = P{(n— 2%} 2 (&3 + - + £2)} < 20, 4 (—av/T—nT),
(S1.13)

where ®,,_;(t) is the Student t-distribution function with n — 1 degrees of freedom.
Since the right hand side of inequality is independent of the realization of
z;, along with the fact that z; and e are independent, we have P(|z] €|/|z]|; > o*x) <
2®n,1(—x\/1—7n*1). With the aid of the analysis in previous paragraph and taking
the probabilities of the events £¢, £ N & and &5 into consideration, we conclude that

for sufficiently large n,
P(|B; - B = 7,6t) < P(|B; — B > T;6t|E N E N &) + P(ECUELUES)
< P(r7YB; — Bj] > GtENE N E) + P(ES) + P(E; N E) + P(ES)

< 2q)n71(_$m) + 2¢ + 0<p75+1).
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Since max(e,, €//) — 0 and when n — oo, the t-distribution will converge to the normal

n’ n

distribution, by letting n — oo and t = ®~1(1 — «/2), we further have
; 3 _ A < 5011 — — 1 _
nh_)H;QP{’BJ Bi| <o (1—a/2)} =1-aq,

which completes the proof of Proposition 1.

S2 Proof of Theorem 1

The proof of Theorem 1 is to conduct delicate analysis on some events with significant

probability and we will break the communication barriers between different subsamples

by considering certain overall statistics. Similar to (3.5), the bias factor nj(.l) and noise

factor T;Z) of the Ith subsample are defined as

l l l l l l l l
! = max |(2))"5 1/l e, 7" = I 12/1(27) %)

k#j

The overall bias and noise factors 1j; and 7; are

~ l
and 7, = max 7'-().

7= @)
1; max n max 7

1<i<k Y

We will first derive the deviation bounds for 7; and 7;. Since similar conditions
are imposed for each subsample as those in Proposition 1, by (S1.7)), we know that for

sufficiently large n,

TV <1/)12P)s < ¢;/ V7

holds with probability at least 1 — o(p~°*1). It follows that

P(F > ¢;/Vi) <3 P(r\) > ¢ /VR) = o(EKp~*H). (S2.1)

=1
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Thus, we get 7; < ¢;/ V71 with probability at least 1—o(Kp~°*1). By the same argument,
7; > ¢;/V/7 with probability at least 1 — o( Kp~°*') such that 7; < n~/2. Similarly, we
have 7j; < C;+/log(p) with probability at least 1 —o(Kp~°*'). Define event & such that
the deviation bounds for both 7; and 7; hold. It follows that P(€) > 1—o(Kp+).
Then we would like to apply an argument similar to the proof of Proposition 1
after taking the communication barriers into consideration, and derive the confidence

intervals for components of the bagging estimator E(mean). For the LDPE estimator

Bj(.l) of the [th subsample, 1 <[ < K, similar to (S1.10|), by definition we have for any

coordinate j, 1 < 7 < p,

! ! ! A(init
B\(l) 5 (Zj)>T€(l) . Zk¢j(zg))TX§€)<5k _ﬁli ))
i M l l l :
(Z(~ ))TXS‘) (Z§ ))TXE‘)
~(1
Therefore, the bagging estimator ,B =K! Z{il B() satisfies that

l) (init)

~(caeen (z{)Te® L sy (@YX (8 - B

BJ(' )—@:K_lz Jz l+K_Z : ] ] :
I=1 Zg))TX(') =1 (Zg')) X§)

So we have

K ONT 2(1)
~_ mean — ~_ l (Z' ) €
Tj i J( ) - b)) - K 1Z<Tj 171()) - 0
=1 ”Zj 2
= o) it
l lIll 1n1
Z OB =Bl <mlIBTT - Bl (S2.2)

Modifying the event & a bit and keep & the same as that defined in the proof of

Proposition 1, we denote by

‘-

E={g)o" —1| <€,

K
B = ) = KUY (F 70 - (@) eV 1AV < 0%, } and

]
=1
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By inequality 1) the definition of £ and conditions in Theorem 1, similar to (S1.12]),
we get P(E5) < e and P(EF|E) < e.
Conditioning on the event & N & N E, we know that VK ?fﬂ@mean) — Bj| > ot

implies
K
‘K_l/z Z(zgl))Ts(l)/sz)Hﬂ >G5t —VEKo*e, > o*{(1 — )t —VKE )}, (52.3)
=1

for any t > VK¢, /(1 —¢"). Since K~ (z (Z)) e /||z Uy ~ &1, it follows that

g— 2o {(l—e)t - VEe}) < P(vVn-—t > (1 -t —VEE)

=z el 2

<20, 1 (—(1 — Nt +VKE). (S2.4)

Therefore, we get

P(VEFTYBM™ — | > 6t) < 20,1 (—(1 — )t + VEe,) + 26 + o Kp~**).
By the same argument as that in the proof of Proposition 1, if v/ e, — 0, we get
lim P{|3"" — ;| < KY*75071(1 - a/2)} =1 —a.
n—oo

It completes the proof of Part (A).
For Part (B), we first derive the bounds on the key quantity K. On one hand, in
view of K; = K2/ 31 ()2 and w = 77171 < 1, it is clear that K; > K. On the

other hand, by Proposition 1 and an argument similar to (S2.1)), we know that with

probability at least 1 — o( Kp~0*1), T}l) > ¢n Y2 for any 1 <1 < K. Thus, together

with (S2.1]), there exists positive constant ¢; > 1 such that min{ile(-l) > /¢ and

K; < ¢;K hold with probability at least 1 — o(Kp~°*!).
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We now proceed to derive confidence intervals for the refined inference. Simi-
lar to the proof of Part (A), conditioning on the event EN&ENE , we know that

N_1| B(mean — f;] > ot implies

‘WZWO TN | 2 5t = R0, 2 {1 = it = VI )
ll

for any t > (1 + /K;)e, /(1 — €). Slnce\/i(l))gzl 1w (j) /||z ||2~61,
similar to (S2.4)), it follows that
( Zl 1CU ( ] )Te(l)

25712/ S0 (w0

Therefore, we get

AT A;dJ) < 20,y (—(1— )t + VE e,

P(y/K ]B mean) — B;] > ot) <20, 1 (—(1 — et + /Kje,) + 2 + 0(Kp‘5+1).

If \/K e, — 0, similarly we have
lim P{|3" — 6| < K;'*75071(1 - a/2)} =1 —a.
n—oo

It concludes the proof of Theorem 1.

S3 Proof of Theorem 2

The proof of Theorem 2 can be finished by applying the union bound to some key

inequalities in the proof of Theorem 1, which is detailed as follows. In view of (52.2)),

we have
K ( K
mae [ (3 = ) = K 35 B < e B — Bl K S )
jes i J |(|| 7 1 g il
=1 J =1

Since the event &€ holds with probability at least 1 — o(Kp=®*!) and S is a set with

finite number of elements, it is clear that max;cgn; < max;cg Cj+/logp also holds with
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—+1)

probability at least 1 — o(Kp . Conditioning on this event (denoted by &), under

the assumptions of Theorem 2, similar to (S1.12)), we get
~_ mean) (l 0]
P{max|; (B Z 2)"el) /|12 ||s| > o"€, €5} < e.
Then by arguments similar to ((S2.3)) and (S2.4)) together with the union bound, we
know that for any ¢ > VK¢ /(1 — €”), maxjcs v K?j_lﬁj(-mean) — B;] > ot implies
JjES

K
min [K~ 1/2 Z(zy))Ts(D/Hzgl)Hg‘ > 5t — VKo, > o*{(1 — )t —VKE )},
=1

and that

(min Z > 0" {(1— )t = VEE,}) < |S] - 20, 1(~(1— et + VEe,).
Therefore, we have
P(max VE[B"™ — 8|/7; > 6t) < |S| - 20, 1 [~ (1 = €t + VEKe,] + 2+ o(Kp**).
j

Under the extra assumption in Part(B), together with min/®, w](l) > /¢ with
probability at least 1 — o(Kp~°*!) (shown in the proof of Part(B) of Theorem 1),

similarly we have

P(max /K15 = 8,1/7; 2 51) < 2801 [~ (1 = et + /K, ] + 26+ o(Kp~*+),

jES
JES

It completes the proof of Theorem 2.

S4 Proof of Theorem 3

We first present some definitions and three lemmas that will be used in the rest proofs.

(DT~ (D)
()"

Define 7 = E||p,||3/n = o; and (Zﬁ-l))Q = for1 <j<pand1<I<K. Denote
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by
1 T2 o TNy
C_ ot R BN SR D P |
Tt ~p2 1
and
P T
~) ~M
a(l) I S 1 T2
S A

(1
Write T? = diag{,--- ,:2} and (T( ))2 = diag{(@"2,- -+, (@)2} as diagonal matrixes

forl <j<pand1 <[ < K. Let ©® = 7! = T2C. Then, the nodewise Lasso

)

~ (1 ~ (1) oA
estimator for ® can be constructed as @( = (T( ))*2C( ). Denote the jth row of X

NG _ ~ (I
and @() by X;l) = ({L’yl), e ,:UEQ)T and @; ), where X is the Ith subsample for 1 < [ <

K. With the above definitions, we have Z) = X(Z)((:)(l))T, where Z = (zgl), e (l)).

7Zp

Thus the multiplier bootstrap statistic can be rewritten as

1 SO\~ (1)
ma; \/EKZZ(G)j ) x; Te; .

Wea = max

{1,2,...,p},

P(%%(Zifij/\/ﬁSJ/‘) —P(%leag(iuij/\/ﬁ§$>

=1 i=1

/

sup s
z€R

—C
<n
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where ¢ > 0 and {ui = (us, - .- ,uip)T} 1 a sequence of mean zero independent Gaus-
sian vector with Euul = %@?28]-02

Since this lemma is a direct corollary to [Zhang and Cheng (2017, Lemma 1.1), we
omit the proof.
Lemma 2. Assume that max; s(log(pi))3(log(7))2/f = o(1). Define &; = %(@;”)Tiwggl).

Then under the assumptions of Theorem 1, there exist (1,(y > 0 such that

A9 ST 9 SN

> Cl) < G2,
I=1 i=1 I=1 i=1
where (11/1 Vlog (p/¢1) = o(1) and (o = o(1).

Lemma 3. Define

I'= max ) i(l) = (X(l))TX(l)/ﬁ-
1<4, k<p

~y K
%Z(@(”)Tz e ——@Tz@k
=1

[7*—c*]

Then we have I' = Op( + K/ 218p),

We proceed to prove the Theorem 3. Without loss of generality, we set G =

{1,2,--- ,p}. Define

Ta = maxx/_( mean) ﬁj> s T(]G = HlaXZZfzj

=1 i=1

Notice that

n

pz fzg/\/_—Zme/\/_

Te —Toa| < nax + [ Al oo,
=1 =1 =1

where

K (DT (1) _ A(init)
[Allo ijax(gz D iz (25) % (B — By, ))

(Zgl))Txél)

K
7, (init)
< VB Bl max Y 7 = Op (K slo(p) V).
=1
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Thus by Lemma [2] and the assumption that s*(log(p))3/n = o(1), we have
P (T — Tocl > 1) <G (54.1)

for ¢14/1Vlog (p/C1) = o(1) and ¢ = o(1).
Finally, with Lemmas and (S4.1)), applying the same arguments as in Zhang

and Cheng| (2017, Theorem 2.2) gives

sup =o(1),

a€e(0,1)

(max\/_ ( Glmean) @-) >cg(a))—a

where ¢ (o) =inf{t € R: P (W} < t|(y, X)) > 1 — a} with

Since max;eq \/ﬁﬁ](-mean) — Bl = Vnmaxjeq max{ﬂjmean B, B — Bjmean }, similar

P o

which completes the proof of Theorem 3.

arguments yields

sup
a€e(0,1)

S5 Proof of Theorem 4

The proof of Theorem 4 is similar to the proof of Theorem 3 in Zhang and Zhang (2014)).
Following their arguments, we immediately have the equivalence of the following two

statements:

(@/0)V (/o) —1+€,07/(GNo) < {1 = (/0 — 1)1} cn;

ti+e (07)o)t; <t; = (1+c,) (G/o)t;, t; —t; + €, (07 /o) t; < 2ecnt;. (S5.1)
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We proceed to prove the first part of Theorem 4. For any given X, let &; =

1K () (@)TeW oK (i > ~
K150, T]( )—||Jz<,”||2 ~ N <0, K2 ZZZI(T; ))202>, B; = B +¢; and
J

- {

As in the proof of Theorem 1, |ﬁ] f{mean) | < K'SN ] 7) ||ﬁ

J

B B < (0" /o) Ty, (S51) holds, Vj < p}.

-~ (init)

— Bll1. By the

assumption that maxj<pn V0ys/vVi < €, we have |3; — Bj(mean)| < ¢ (0*/o)t; when

n’

||,é\(init) — B|l1 < Cis0*Lo/y/n, which yields P{Q,} > 1 — 3e. On the event €,,, (S5.1)

gives
>+ 1B =Bl 1B = Bl + [ — 6] < 2.
Then by choosing A = 20,1%; in the Lemma 1 of Zhang and Zhang (2014), we can

directly come to the conclusion that

p

E||BY — 8|2l <) min {@?, K2 (T;”)%Q (L2 (1+2¢,)% + 1)}
j=1

7

+ K ' (eLy,/p) o?

4~ 19~

1

<
Il

where L, = 4/L3 + 4c, /Lo + 122 Ly.

It remains to prove the second part of Theorem 4. Following the argument of Zhang
Bj > t; implies || > #; for
B,

B\j _Ej s thus

Bi| + |t — ] < 2cat;, thus

and Zhang (2014), in view of #; > t; +

B =

< t; implies |5;| > t; for

18] > (2 4 2¢,) t;. Combining the above results gives
P({: 18] > @+2e) 5} S5 C (s 6 #0}) = PAOH+pP {5 > T}

Clearly, we have

K

P{lg|>4|X} <P {|§j| > K—l(Z(Tj@)?)l/%LO\X} =20(—Ly) < a/p.

=1
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Thus combining the above two inequalities completes the proof of the second part of

Theorem 4.

S6 Proofs of Lemmas

S6.1 Proof of Lemma 2|

With some simple algebra, we obtain

ZZ&]/\F— ZZ&J

=1 =1 =1 =1

(S6.1)

K 7i
1 ~ (1) ~() _(
23 (8] - o) oA
=1 =
<2 eV
- K Z H i
=1
Since the same argument in the proof of Lemma 1.2 in |Zhang and Cheng (2017) gives
o s [t

N
for any 1 <[ < K, we proceed to derive the bounds of HG');) - 0;

o, [z
i=1

[e.e]

} < Vlog(p)/n + log (np) log nlog(p) /1,

g
By the definitions of @;l) and ©;, it follows that

A0

H@j - (96.2)

~O p
= e -

<[5l @ +|mul(1/ﬁ]> -y2),

~V
1)

i

~ (I ~ ~(l
where Cé) and C; are the jth rows of C() and C, respectively. Moreover, we have

l l ~
‘@)y_b _‘ ()T pg)/n_L§+’(p())TX()( )/n
1 T
l l ~ T l ~
+ |6 X0 1| ()" (X)X (3, =) /]

~~ ~~

111 1V
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where pg.l) ( ) _xU )J'y]

As for i in ([S6.2)), by the same argument as in (S1f), we have

(Z(-l))T @

! ' ~(1 55 p
@) == =0, |7 =7l =0(==

—6+1)

with probability at least 1 — o(p for some § > 1, where s7 = ||v;llo. As for 4i in

56.

)

, since Hp] 13/0; ~ X ) for any 1 < j < p, applying the same argument as in

gives

I'=O(y/log(p)/n),

holding with probability at least 1 — 2p~°. Second, under the Gaussian assumption of

p§l), it follows that

l ~
| XY /7 = o108} /).
holding with probability at least 1 — o(p~°*1), which entails
N _ stlogp
11 < |G| (50 = = 0=,

holding with probability at least 1 — o(p~°*'). Similarly, since [|v;[1 < \/s5[7;l2 <

NG [Amin(2) = O(/ sj) with Apin(X) indicating the minimum eigenvalue of 3, we

- s; logp
111 < |67 XY| vl /7 = o/ 2==),

Ly,

have

with probability at least 1 — o(p

As for IV, the KKT condition yields

[
maxg, x|l

IX)T(x — XA le/7 < 0.
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0]
/ﬁ = Op(y/logp/n) and % = Op(1) gives

Combining the facts H( (l))TX(l

IV =0O( s} log(p)/n)

holding with probability at least 1—o(p~°+1). Thus with probability at least 1—o(p~°*!),

we have
/@) = 1/1; = O(y/s; log(p) /7).
We can come to the conclusion that
i = Op(sjV/log(p)/n), it = Op(sj\/log(p)/n),
which entails that

|8 - )|, = 0rs;v/ioelm) /).

Returning to the equality (S6.1)), with assumption that o( Kp~—°*1) = o(1), we now have

S G- Y vl < —z |8 e, | x0=/va
=1 =1 =1 i=1 i1 .
_ V1og(p)n + log (np) logn log(p

- VK 'Sl
., Silogp  sj(logp)*log (7ip) log 7 V3 logp
= Op( NG + - ) < Op(mjax 7 ).

Choosing ¢; such that max;+/slog(p)/ (v/n¢1) = o(1) and (;4/1 Vlog (p/¢i) = o(1),

then we can get the conclusion of Lemma [2| and finish the proof.
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S6.2 Proof of Lemma 3]

We need to derive the bounds of [|(© )TE ‘8" _ O||». With some simple algebra,

we have

@

NUNPN (PN ~ (1)
16"72"8" ~e|. = (®")=" -ne" +8" - e|.

(@ @

NUNES ~ ) ~0)
<[(©@7)'Z" ~1)® [l +[|©" — Ol

On the one hand, applying the same argument as in (S1f) gives

R R log p »
1591 < Il + 13 =71 = 0 /55) + Os57/ ==5) = O([57);

n

holding with probability at least 1 — o(p~°*!), which entails that ||@§l)||1 = Op(,/5)

Dl <

On the other hand, since ||'yj - ||’7§ '75 i = Op(s] §p), we have

H(:)j — 02 = O(s; Mlogp) holding with probability at least 1 — o(p~°*!). Combining

these results gives

A~ D)) ~ (1
16”758 - ol < max 255250160 4 e 8 - o,
J NG
log p
=0 * —~),
(mjaxs] = )

holding with probability at least 1 — o(p~°*!), which yileds that

o
max |(©)75"8} @Tze)k‘—op max st/ —2L). (96.3)
TL

1<5,k<p

Moreover, by the same arguments as in the proof of Zhang and Cheng| (2017, The-

orem 2.2), we have

0720 < 1/(1;u) = O(1),
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uniformly for 1 < j,k < p. Thus, with assumption that o(Kp=°*1) = o(1), combining

this result and inequality (S6.3) gives

which completes the proof of Lemma [3]
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