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S1 Proof of Theorem 1.

Proof. Let H(y|p, o, &) = f;oo h(t|p, ok, & )dt. F(y|©,p) is the cumula-
tive distribution function of univariate MIXGP model in (2.2). Following

Definition 1, we have

—log (1 - F'(y[©,p))

a;(F) = liminf

y—r-+00 log y

- —log (Zle prlE{H (ylp, o1, &)1 (1 € Uy) + 1(pn > y)}])
= liminf

y—+00 logy

oy (S mlE{A (I, 01 )11 € U) + Gily)}1)
= lim inf

y—+00 logy
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where Uy, = [y + g,y] for & < 0, and Uy, = (—o0,y] for & > 0. Notice that

= log [E{H(ylp, 0%, &) (1 € Up)} + Gr(y)]
ar = lim inf )
Yy—r+o00 logy

We first show

Oz+(Gk), fk S 0.

min{a+(Gk),§k_1}, & > 0.

A —

Case 1: &, < 0. By definition, we have

—log [E{(1+&52) VoI (y+ & < n <)} + Culy)|
aj, = lim inf .

y—+00 logy

It is immediate to see that

. —log Gy
ap, < I;I—I}Ji&fT;() = oy (Gy). (S1.1)

In addition, we have

—log Gy + &
ap > liminf1 a7 — f’“) o
y=+oo log(y + 2&) + logy — log(y + )

= a;(Gy).

This together with (S1.1) yields ax = o (Gg).
Case 2: & = 0. By definition,

ajp = lim inf e [E {GXP(—%)[(M - y)} i Gk(y)} )

y—r+oo logy

Similar to (S1.1), we can show a; < a,(Gj). Consider, separately, the
scenarios where {a (Gy) = 400}, {0 < a(Gy) < 400} and {a (Gy) = 0}.

Below, we show aj > a(Gj) in each scenario. This gives a; = a4 (Gg).
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(i) oy (Gg) = +o0. By definition, for any M > 0, there exists a monotoni-

cally increasing sequence {y;} such that lim; y; = +o0 and for all j > 1,

—log G (y;)
log ;

> M

and hence
Grly;) <y; M. (S1.2)

Notice that lim, . exp{—y/(20%)}y™ = 0. There exists some positive

integer Jy such that

exp (—;J—J) < yj’M, Vi > Jo. (51.3)

Ok

Let y; = 2y;. With some calculations, we have

e {ox (<2 <) |+ Gt (51.4)

y*_ﬂ * ~ *
< E{exp (—]—) I(p < y;) +I(y; < p < yj)} + Gr(y;)

Ok

< Eexp (—y) + @k(yj) = Eexp (—g—i) + Gk(yj>~
k

Combining this together with (S1.2|) and (S1.3]), we obtain for all j > Jp,

y* :u * ~ * —
E{exp (— I >[(,u§yj)}+Gk(yj)§2ij7

Ok

and hence

—log [E {GXP (—y];,j> I(p < 3/]*)} + Gk(y}k)] ST log 2 + M log y;
log 3 —  logy; +log2
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Therefore,
—log [E {exp <_ij;u> I(p < y]*)} + Gk(y}k)]
lim > M.
Jj—+o00 log ?J;

This implies a;, > M. Since M can be arbitrarily chose, we obtain a; =
ai(Gy) = +o0.

(ii) 0 < a4 (Gk) < +00. By definition, for any sufficiently small € > 0, there
exists a monotonically increasing sequence {y;} such that lim; y; = +o00 and

for all j > 1,

—log Gi(y;)

> Gi) — €.
log y; > ay(Gy) —¢

In addition, we can find some positive integer J, such that exp{—y;/(20%)} <

§7a+(Gk)’ for all j > Jo. Set y; = 2y;. Using similar arguments in (i), we
can show
—log [E {exp (_yi—u) I(p < y}k)} + Gk(y}k)]
lim - > ay(Gy) —e.
j=r+oo log y/; a

Since € can be arbitrarily chosen, this implies a, > o (Gy).
(ili) a4 (Gg) = 0. Thus, we have a, < 0. By definition, aj is nonnegative.
Therefore, ar, = a1 (Gy) = 0.

Case 3: &, > 0. By definition, we have

~1/¢ _
—log [E{(l +£k%) . I{p < y)} +Gk(y)}
aj = lim inf )

y—+00 logy
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Consider, separately, the scenarios where {a, (Gy) < &'} and {a, (G}) >
&'}, In the first scenario, we show ay = o, (Gy). In the second scenario,
we show a; = &1

(i) ar(Gr) < &'. When a,(Gy) = 0, using similar arguments in Case
2(iii), we can show a;, = 0. It suffices to consider the case where a (Gy) > 0.
Similar to (S1.1)), we have ax < o (Gy). It remains to show aj > ay (Gy).

Since a4 (Gy) < &, for any sufficiently large y, we have

Ok

y\ "
(1 + gk—) < gy (@), (S1.5)

Therefore, using similar arguments in Case 2(ii), we can show there exists
a diverging sequence {y;} such that

s\ —E =~/
“log {E{<1+%> I(uéyj)}+Gk(yj
lim

j—too logy;

)1 > ay(Gi) — ¢,

for any € > 0. Since € can be arbitrarily chosen, this implies a; > a,(Gy).

(i) ay (Gy) > &' Notice that

Ok

E{(1+§ky_”>_l/£kf(u§y)}+Gk(y)2 {(H&y_“)_l/gkf(uﬁy)}

E
_ —1/& —1/&
> E{(Hékya “) I(—yﬁuéy)}ZE{<1+§ki—y> I(—yéugy)}



YUAN TIAN AND BRIAN J. REICH

Therefore,

~toe{ (1+62) " Gl - G-t
ar < liminf

S1.6
y—+oo logy ( )
Since Gi(y) — Gg(—y) — 1, the RHS of (S1.6) is equal to

fk_l log (1 + 25—’;3’)
lim

y—+00 logy

= g;l.

Thus, we obtain a; < 5,;1.

It remains to show a; > &, '. Since a (Gy) > &', we have

lim inf M

>t
y—+00 logy =

By definition, for any sufficiently small 0 < ¢ < &', there exists some

Yo > 0 such that

—log G (y _
IOg;( ) gk; T g, vy Z Yo,
and hence
Gely) <y, Yy > (S1.7)

Similar to (51.4), we have

E{(H@y_”)_l/gkf(u < y)} +Gi(y) < (1 +€ki)_l/§k + Gy (%)

O 20k

Y e A y &t et LA (Y
§<1+§k ) + G (§) < Ha/Co)y Sy 16 (5).

2Uk
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This together with (S1.7)) yields

T ) ENTE
E (1+§k ) I <vy) ¢+ Gily) < (1+—) Y%, Yy > .

Ok

Therefore, we have

—log [E { (1 + fk%> e I(p < y)} + Gk(y)}

ar = liminf

y—+00 log y
5_5131 -1
— log (1 + %) ya_gk
> 1 . _ -1 _ ‘
- lérgigof log y S c

Since ¢ can be chosen arbitrarily small, we've shown aj, > &'
In the following, we prove o (F) = min(ay,...,ax). For any k €

{1,..., K}, it follows from the definition of ., (F) that

—log (px[E{H (y|p, on, &)1 (1 € Ur) + Gr(y)}])

a;(F) < liminf

Yy—r+00 logy
.~ —logpr . . . —log ([E{H(ylp,on, &) (1 € Uy) + Gr(y)}])
= lim + lim inf
y—+oo  logy y—+00 logy
= Q.

Hence, we obtain a(F) < mingeqi,.. x} Q-

It remains to show o (F') > mingeg

.....

,,,,,

sider, separately, the following three scenarios where {0 < ¢! < o, (G1)},
{a, (Gy) < &1}, {& < 0}, In Scenario 1, we show ay(F) > &' In Sce-

narios 2 and 3, we show a4 (F') > a4 (G;). The proof is hence completed.
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(1) 0 < & < ay(Gy). In this scenario, we have a; = &', Since min(ay, . . . , ax)

.....

.....

some Yo > 0 such that
Culy) <y s, Yy >y, V1 <k < K. (S1.8)

Let I, = {k:2<k<K&<0,I={k:2<k<K,& =0},
I ={k:1 <k < K >0} For k € I, we have akgg,;l. Since

ap > 51_1, we have &, < &;. For these k, we have
_sk_l _51—1 _51—1 )
1+§ki < 1+5ki < é_k y—€117
207y, 20 20,
for any y > 0. Combining this with (S1.8)), we obtain

pelE{H (y|p. 0%, &)1 (1 € Up) + Gr(y)}]
o\
- pk{E(HM) I y>+Gk<y>}

IN

Ok

Ok

>

(S1.9)

< {E (1 + w)_gkl I <y) +Gk(y)} < {(1 + gk—y>_€kl +Gk(y/2)}

IN

_51*1 - - - -
<2%> y G 28 ey <

for sufficiently large y, where wy, = {&/(20%)} =& + 28, Vk € 1.
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For any k € I_4, it follows from (S1.8|) that

(Yl 0w, &)1 (1 € Ur) + Gr(y)}] (S1.10)

E{H(
*1/51@
_ [ { 1+£k I(y+g§u§y)}+ék(y)

< pEI +_<M<y)+Gk(y)§EI(y+?§N§y)+Gk(y)
k

for sufficiently large y, where wy, = 25, Vk € ;.

For any k € I, similar to (S1.3)), we can show

exp (—2%‘]{) <yh

for sufficiently large y. For these k, it follows from (S1.8]) that

prlE{H (ylp, o0, &)1 (1 € Ur) + Gi(y)}] (S1.11)
= D {Eexp (—M) I(p<y)+ Gk(y)}
<

 {oo (=) 11y 00} = fo (82 )

< YT 428 T Sy

for sufficiently large vy, where w;, = 1 + 251 1, VEk € L.

Combining (S1.9 m S1.11)) yields

> pe[BLH (ylp, o, &)1 (1 € Ur) + Gily (Zwk) =4
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for sufficiently large y. Hence, it follows from the definition of a, (F) that

—1 -1 _ )]
a;(F) > lim inf 08(D_pwi) + (& —¢)logy

=&t g S1.12
e logy 51 € ( )

Since £ can be chosen arbitrarily small, we have a (F) > & .
(ii) ay(Gy) < &' In this scenario, we have a; = a.(G,) < +oo. Since

min(ay, ..., ax) > ay(Gr) and ap < oy (Gy), we have mingeqa, . iy vy (Gi) >

.....

.....

the scenarios where {a,(G7) = 0} and {0 < a4 (Gy) < 4+o0}. When
a(G1) = 0, we have a(F) > 0. When 0 < a4 (G;) < +oo, similar to

(S1.7), we can show there exists some gy, > 0 such that

Grly) < yeor(@) Yy > o, V1< k< K. (S1.13)

Let 1., = {k:2< k< K&<0hLIy={k:2<k<KE& =0}
b ={k:1<k< K¢ >0} Fork eI, we have ar < & '. Since

ar > oy (Gy), we have o, (G) < &', For these k, we have

y \ %
(1 + 5k—) <y,
2Uk

for any € > 0 and any sufficiently large y. Combining this with (S1.13]), we
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obtain

peE{H (y|p, ok, &)1 (1 € Ur) + Gr(y)}] (S1.14)
_ —& !
= Dk E( %kﬂ)) I(MSZJ)"‘Gk(y)}

IN

IA
,_/H/_/@H,_/H

< yE—Our(Gl) + 20¢+(Gl)—€y8—0~r(G1)7

for sufficiently large 3, where w;, = 1 + 20+(G1)=¢ Yk ¢ T;.

For any k € I_4, it follows from (S1.8]) and (S1.13)) that

pelE{H (ylp, o, &) I (1 € Ux) + Gi(y)}] (S1.15)
_ —1/& o B
= Dk [E{(1+€kyak'u) [<y+5§lt§y)}+Gk(y)

< pkEI<y+?§u§y>+@k(y)§EI (y+?§u§y)+ék(y)
k k

= Gy +o/&) < Gy/2) < 20+(G)7eyemar(Gr)

for sufficiently large vy, where wj, = 20+(G)=¢ VE e T_;.

For any k € I, similar to (S1.3)), we can show
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for sufficiently large y. For these k, it follows from (S1.13)) that

PlE{H (ylp, on, &)1 (1 € Uy) + Gi(y)}] (S1.16)
= D {Eexp (—%}:m) I(p <y)+ Gk(y)}
< {Bew (S 1<)+ G < {Bew (<22 + Gun )

< yE*a+(Gl) + 2a+(G1)*€y€*a+(G1) < wky€*04+(01)7

for sufficiently large 3, where wy, = 1 + 20+(@)=¢ Yk € T,

Combining (S1.14 m S1.16)) yields

> pelE{H (ylp, 0, &)1 (1 € Uy) + Gr(y)}] < (Z wk) o ()
k=1

k

for sufficiently large y. Hence, it follows from the definition of a, (F) that

_ —c}l
a (F) > liminf og(d_pwi) + {4 (G1) —e}logy

= a.(Gy) —

Since € can be chosen arbitrarily small, we have a (F) > a4 (Gy).

(iii) &' < 0. In this scenario, we have 0 < a; = o, (G;) < +oo. Since
min(as, ..., ax) > ar(G1) and ap < ay(Gy), we have mingeqo . xy a4 (Gy) >
a4 (Gy) and hence mingepr, gy a4 (Gr) > a4 (Gy). Consider separately
the scenarios where {0 < ay(Gy) < +oo} and {4 (G1) = +00}. When
a;(Gy) = o0, we have ap = oy (G) = 400 and & <0, Vk =1,..., K.

Using similar arguments in Case 2(i), for any M > 0, we can show there

exists a monotonically increasing sequence {y;} such that lim;y; = 400
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and for all j > 1,
Grly;) <y ™, Yy > yo, V1 < k < K. (S1.17)

Let I ={k:2<k<K&&<0},Ih={k:2<k<K, =0} Forany

k €14, it follows from (S1.17)) that

pelE{H (y;l 1, 0%, &) (1 € Ur) + Gr(y;)}] (S1.18)

L —1/& B
= Dk [E{(1+§ky]0ku) I(%"‘ggﬂgyj)}"‘Gk(yj)

g — g _
< pEI (yj - ?]’: <pu< yj) + Gily;) < EI (yj + 5_1]: <u< yj) + Gi(y;)

= Gy +on/&) < Guly;/2) <2y ™, Vi > o,

for sufficient large y;. We set wy, = 2™, Vk € I_;.
For any k € I, similar to (S1.3), we can show that there exists some

positive integer Jy such that

For these k, it follows from (S1.13) that

pe[B{H (y; |11, 0%, &) I (10 € Uy) + Gr(y;)}] (S1.19)

s (Y < )
< {Eow (-H) 1<)+ Gt} < {Bewn (<52 + Gutura}

< g M2y M <wr M, V>,
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where wy, = 1+ 2M_ Vk € I,.

Combining (S1.18)-(S1.19)) yields
K

Zpk[E{H(ij, ok, &) (1 € Uy) + Gi(y;)}] < (Z%) y; M VG > .

k=1
Hence, it follows from the definition of ay (F) that

-1 M log y,
o (F) > lim 28 n) ¥ Mlogy,

=M.
j—00 log y;

Since M can be chosen arbitrarily large, we have oy (F) = a(G;) = +o0.
When 0 < a, (G;) < +0o0, following the same argument in (ii) we can show

a;(F) > a4 (Gy). The proof is hence completed.

S2 Proof of Theorem 2.

Proof. Under the assumption that there exists a nonempty cluster o €

{L .. -,K},S-t-% € [0, 1)750,1 = mMaXg=1,.., K{fk,l},fog = MaXg=1,..., K{fk,Q}a

and &,1 > 0,&,2 > 0, we have

X(t) = Pr{Y > Fy ()| X > Fy' ()}

_ S neB{Pr(X > F' (1), Y > ()|, o )}
1—1

K = _ = _ _
— Zkzl pkE{FX‘iu‘l7Uk,17£k,l (FXl(t>> + Fyllu27o'k,27£k,2 (FYl(t)) - 1 + FX,Y‘Mk»Uk»ﬁkﬁk (FXl(t)

Y

Fy'(1))}

1—-1t

> pOE{FXWlﬂo,l,&o,l (F)zl<t>> + FY‘M27O—O,27EO,2(F;1(t)) - ]' + FX7Y|H/070'07£<77'YO (F);l(t)7 F;I(t)>}

1—-t
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where

Fx(z)=1- Zpk[E{ﬁ@Wl,Uk,h§k,1)](M1 € Ug) + (> x)}],
k=1

K
Fy(y) = 1= el B{H(ylps, 0n2, €x2) (112 € Us2) + (12 > 9)}],
k=1

Ugp = [z + %,x} for &1 < 0, and Uy = (—o0,x] for &1 > 0, Ups =

[y + Z:—j,y] for £,0 < 0, and Uy o = (—00,y] for 2 > 0.

Denote t, = FX|M1,UO,1,§O,1 (F);1<t)>7 ty = FY\M2700,2750,2(F;1(75))7 then

- Do {tx +t, — 1+ exp[—{(—log(1 — tm))l/7 + (—log(1 — ty))l/w}v]}

x(t) -

Denote z; = —log(l — t;),20 = —log(l —t,), we have t, = 1 —
exp(—21),t, =1 — exp(—22), and

DBl — exp(—21) — exp(—25) + exp{— (21" + 2" }]
1—t¢ '

x(t) >

Let I(21, 22) = 1 —exp(—z1) — exp(—z2) +exp{— (21" + 2277} Notice that

ol(z, )
—(;12122) =exp(—21) — exp{—(zll/’Y + Z;/V)v}(zi/'y + 25/7)7_12’%/7 1 >0,
ol(z, )

—(212222) = exp(—2) — exp{— (2" + zé/v)v}(zi/v n Z;/W)W—IZ;/’Y 'S,

For any fixed z; (or 23), (21, 22) is a monotonously increasing function of
zo (or z1).
Let Gg1 and Gy 2 be the marginal distribution of Gi(-,-),k =1,..., K.

Under the assumption that Gi(-,-) ~ N(ug,X), we have ay(Gi1)) =
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..........

Similarly, we can show there exists some zy > 0,y9 > 0 such that

Ga(w) < 2761, Vo > g, V1 <k < K,
(S2.1)
Graly) <y o2, Yy >y, V1 <k <K,
for any sufficient small e.
Let I) = {k: 1 < k < K, &1 < 0}, I = {k : 1 < k < K, &, = 0},
IV = {k:1<k<K&i>0LI%={k:1<k<K,&, <0},
IV = {k:1<k<K&a=041TY ={k:1<k<K, &, >0}

For k € I, we have

pk[E{ﬁ(x‘MlaUk,lagk,l)j(ﬂl S Uk,l) + Gm(@}] < wk,ll"a_g‘ﬁ, (82-2)

for sufficiently large x, where w1 = {51@1/(20&1)}75‘:% + 281 Yk e I,

For any k € ]1961), we have

_ _ 1
PelB{H (x|p1, 0k1, 1)L (111 € Upt) + Grp(2)}] <wpa™ S, (S2.3)
for sufficiently large x, where wy; = 250_&, Vk € ]1(_”?

For any k € ]I(()x)

, we have

Pl BLH (2, 01, Ee) (1 € Upt) + Groa ()] < wpaz® S0, (S2.4)

for sufficiently large x, where wy; = 1 + 255, Vk € ]I(()x) .
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Combining (S2.2))-(S2.4) yields

Fx(z) =Y pelB{H (x|, ox1, &)1 € Uka) + Gra(2)}]
k=1

< ()
k
for sufficiently large z. Since € can be chosen arbitrarily small, we have
Fx(z) < (32, wk,1)x—§§,}. Using similar arguments, we have Fy(y) <
(Do Wry2) y_gé. Therefore,

F(t) g( Lot )5 and Fi (1) g( 1_5 )5 (52.5)

k wk,l

Notice that

(2% X|p1,00,1,80,1 (F)El@))

H(F (8|, 00,0, E01) (11 € Uy) + I(1n > F'(1)) (S2.6)

Fo(t) — -1
> (14 602U G, < B (1)
0,1

—1 —
Similarly, we can show ¢, > (1 + &,,QM)’&OEI(M < F(1).

00,2

Without loss of generality, we assume t, = min(¢,,t,). By the mono-

tonicity of I(-, ), we have

S poE{2t, — 1+ (1 —1,)%"}

x(t) T+
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According to ((S2.6) we have

1 1 -1 Yo —
' DEI2(1 + 6, B0 6 d 1 (1 - (14 6, ) 1 (4, < P (1))
X\ = 1—¢
1 1 -1 Yo _
_ pEI20 6 BT Ed 1 (1 (14 £, B0 6 (0 < < Fi (1))
- 1—t
-1 _ —1 —
N Pol2(1 + 5071%)%0,} —1+(1-(1+ 50,1%)*50,%)2%]
- 1—t
_ 1 o _ _ -1 °
N Po2(ZELF! (£)) ™00 — 14 (1 — (BL P (1) 7%01)2]
- 1—1

for sufficiently large ¢. It follows from ([S2.5)) that

1=t (280161270 1—t  (260,1N\60]
> Pol{L Dk Whi1 (oo Oo,1 ) } +2 >k Wh,1 (oo To,1 )t —1]
1—1¢ '

According to the L’Hospital’s rule,

—1

— 2&, -1 o — 2¢,
pol{1 — szt (Bed )} o dot(mtor )

k Wk,1

= = iy I

> 2p0 (26071

—1 _
T Y e Wk Ooi o= 27,
k ’ 07

If 4, € [0,1), then x > 0. O



S3. COMPUTATIONAL DETAILS

S3 Computational details

We use Metropolis-within-Gibbs MCMC to implement the model. The

hierarchical form of the bivariate model is

Y; _ ;
p?,.0,~, Z; = k ~ BGPD(u', o, &1: Vi)
Xi
u(i)|’u,1, ce UK, 2, 2 =k ~ N(uyg, X)

Zilp ~ Cat(p)

where © = {o1,...,0,&1,...,éx}, Yy = {7, ---,7x}, P = (P1,---,PK)-

The priors are set to be

log(ok)|vo, Ag ~ N(vg, Ag)
&rlLo, Qo ~ N(eo, )
Ylawo, Bo ~ N (o, Bo)
Uy |ug, Xo ~ N(ug, Xo)
Y|mo, Yo ~ IW (Vg myg)

p|p ~ Dir(p)

For {u,k = 1,...,K},¥ and p, we can present the full conditional
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posterior densities,

f(uk|X7Y7 Z, ) & N(ﬂ? E)

K
FEIX Y, Z,) o WO Y (0 =) () — wg)” + g, 4 my)

k=1 i:Z;=k
f{pis - pxHX Y, Z, ) o« Dir(pr +ma, ..., pr + k)

SR kg (1 1S [, SYR( X, Vil €y @ k)

f(Zi=kIX,Y,Z,") x

where
IR ) yu
=S w+ 37 Y p)}
i:Z;=k
ne=> I(Zi=k),k=1,.. K
i=1
The remains parameters and the latent variable u®,i = 1, ..., n are up-

dated using Metropolis sampling. For the GPD related parameter {(log(o),
&), k=1,..., K}, we generate the candidate of (log(o), &, k) from

the normal distribution

log(a,(:)) log(a,&fﬁl))
El(:) ~ N 5](:—1) ’ S%]

— c - r—1
P 1(7]& )) (I)mlean:O.05 (’715: ))
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}

The acceptance ratios are

Hi:Zi:kl(Xi>}/i|Ul(cC)7T€3t) Q( ’UT K
HZ-:ZF,@Z<Xi,n|a,i“”,rest> q(o} - ot
)

Ry, = min {1,

)

(c) r—
Re —min{l [Liz,—0 [(XG, Yil€, " rest) y Q(Ek |€( V)
k ’ r— r— c
Ty X0 Yil€T D rest) g€} ”rs,i>
R —mm{l Ly (5 Vi rest)  aoihy >>}
Ye Y r— c
sz XYY rest) gV )

where [(-) is the likelihood function. For the latent parameter pu(®, i
1,...,n, we generate 9 ~ N(u® =1 £~ the acceptance ratio for

latent parameter p i =1,... nis

. 1(X;, Y| ) rest (B0 | g (1:7=1)
Ru(i> :mln{L ( ’lérl) ) X (Mzr |fll (zc)}
UXG, Y plir= rest) — q(pOr=D|plie))

The present procedure of fitting bivariate MIXGP model can be modified

to fit univariate MIXGP model directly.
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Table 1: S1: (E[P(Y < YC1Xy,)] — ty) x 1000(Bias) for covariate quantile levels ¢, =
0.5,0.9 and conditional response quantile level ¢, = 0.5,0.95,0.99,0.995,0.999. Standard
errors are given in parentheses. Bold represents the smallest MSE among four models
under the same setting. “MIXGP” stands for our proposed MIXGP model, “GEPD”
stands for the GEPD model, “C3” stands for the CGPD model with 3 clusters, “C5”
stands for the CGPD model with 5 clusters, “GAM” stands for the gamma model,

“GEV” stands for the GEV model and “MIX-t” stands for the tail mixture model.
Setting| f, [f, |MIXGP GEPD C3  C5 GAM GEV MIX-t
0.50 | 17.18 -96.00 -103.72 -105.16 53.67 -165.76 53.67
(2.60) (0.84) (1.38) (2.01) (1.33) (8.43) (1.33)
0.95 | -18.57 -95.97 -99.32 -100.06 -38.39 -130.56 -38.39
(1.02) (0.36) (0.60) (0.87) (0.57) (8.49) (0.57)
0.99 |-23.49 -36.33 -37.53 -37.81 -43.25 -122.24 -42.15
0.50 (0.62) (0.13) (0.22) (0.31) (0.43) (7.74) (0.63)
0.995| -22.38 -22.62 -185.23 -23.54 -41.52 -117.23 -33.19
(0.58) (0.08) (0.68) (0.19) (0.40) (7.54) (0.95)
0.999 -19.20 -7.05 -178.60 -7.33 -37.08 -108.08 -17.22
(0.53) (0.02) (0.67) (0.06) (0.35) (7.24) (0.64)
050 [ -5.75 -S7.08 -109.57 -90.38 43.59 -391.27 4359
(2.76) (L18) (1.18) (L.71) (2.13) (4.25) (2.13)
095 | 6.14 -77.10 -85.87 -78.44 1.12 -182.16 4.97
(1.44) (0.45) (0.48) (0.66) (0.61) (15.47) (0.98)
0.99 | -8.88 -28.75 -31.75 -29.21 -15.47-163.11 1.32
0.9 (1.05) (0.15) (0.16) (0.23) (0.38) (14.23) (0.31)
0.995| -10.52 -18.07 -144.47 -18.35 -16.54 -156.20 -0.70
(0.95) (0.09) (0.67) (0.14) (0.34) (13.91) (0.22)
0.999 -10.21 -5.43 -138.11 -5.51 -15.68 -144.05 -2.07
(0.83) (0.03) (0.64) (0.04) (0.28) (13.43) (0.14)
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Table 2: S2: (E[P(Y < YC1Xy,)] — ty) x 1000(Bias) for covariate quantile levels ¢, =
0.5,0.9 and conditional response quantile level ¢, = 0.5,0.95,0.99,0.995,0.999. Standard
errors are given in parentheses. Bold represents the smallest MSE among four models
under the same setting. “MIXGP” stands for our proposed MIXGP model, “GEPD”
stands for the GEPD model, “C3” stands for the CGPD model with 3 clusters, “C5”
stands for the CGPD model with 5 clusters, “GAM” stands for the gamma model,

“GEV” stands for the GEV model and “MIX-t” stands for the tail mixture model.
Setting| , [f, |MIXGP GEPD C3  C5 GAM GEV MIX-
0.50 | 34.32 86.92 12772 36.68 55.01 -I11.27 55.01
(8.63) (1.17) (5.30) (4.00) (1.28) (3.21) (1.28)
0.95 | -0.76 -22.62 -2.00 -9.04 -15.14 -10.91 -15.14
(0.97) (0.63) (1.33) (1.48) (0.54) (0.51) (0.54)
0.99 | -2.58 -18.55 -8.00 -9.51 -12.19 -14.75 -5.16
0.50 (0.51) (0.35) (0.64) (0.84) (0.27) (0.34) (0.31)
0.995| -2.26 -15.80 -7.57 -8.48 -10.34 -13.87 -3.90
(0.35) (0.28) (0.50) (0.67) (0.21) (0.29) (0.23)
0.999| -1.28 -10.83 -5.65 -6.05 -6.92 -11.06 -2.49
(0.18) (0.18) (0.33) (0.43) (0.13) (0.23) (0.13)
050 | 2.39 133.54 78,57 115.00 109.33 -56.74 109.33
(5.06) (1.36) (4.37) (4.04) (2.16) (3.40) (2.16)
0.95 |-12.98 -90.05 -99.52 -65.05 -49.30 -89.92 -49.30
(1.98) (0.96) (2.12) (2.60) (0.91) (1.36) (0.91)
0.99 | -2.32 -79.25 -80.98 -54.61 -39.59 -72.08 -38.08
0.9 (0.94) (0.78) (2.04) (2.22) (0.58) (1.03) (0.75)
0.995 -2.13 -71.65 -71.96 -48.24 -34.03 -64.40 -27.83
(0.75)  (0.72) (1.96) (2.06) (0.49) (0.94) (0.70)
0.999| -1.63 -56.43 -55.12 -36.00 -23.65 -50.26 -13.97
(0.61) (0.60) (1.78) (1.75) (0.36) (0.80) (0.41)
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Table 3: S3: (E[P(Y < Y,S\th)] —t,) x 1000(Bias) for covariate quantile levels ¢, =
0.5,0.9 and conditional response quantile level ¢, = 0.5,0.95,0.99,0.995,0.999. Standard
errors are given in parentheses. Bold represents the smallest MSE among four models
under the same setting. “MIXGP” stands for our proposed MIXGP model, “GEPD”
stands for the GEPD model, “C3” stands for the CGPD model with 3 clusters, “C5”
stands for the CGPD model with 5 clusters, “GAM” stands for the gamma model,

“GEV” stands for the GEV model and “MIX-t” stands for the tail mixture model.
Setting| £, [f; |MIXGP GEPD C3  C5 GAM GEV MIX®
0.50 [ 12.08 -96.60 -107.63 -108.04 54.60 -133.39 54.60
(2.80) (0.69) (1.17) (L.71) (1.35) (11.04) (1.35)
0.95 |-14.95 -127.66 -133.31 -133.62 -27.28 -140.86 -27.28
(1.18) (0.35) (0.60) (0.86) (0.61) (18.32) (0.61)
0.99 |-18.69 -58.10 -60.57 -60.71 -31.73 -133.62 -21.25
0.50 (0.58) (0.15) (0.26) (0.37) (0.42) (17.48) (0.84)
0.995|-17.47 -40.06 -200.36 -41.84 -30.19 -128.79 -14.78
(0.56) (0.10) (0.57) (0.26) (0.38) (17.21) (0.60)
0.999| -13.60 -13.20 -190.63 -13.80 -24.87 -117.55 -8.01
(0.46) (0.03) (0.55) (0.09) (0.31) (16.72) (0.35)
0.50 [ 5071 -60.61 6247 -53.39 48.44 -109.93 43.44
(2.86) (1.41) (1.88) (4.16) (2.31) (10.27) (2.31)
0.95 |-56.12 -106.65 -107.57 -104.18 -87.14 -188.52 -87.14
(1.61) (0.64) (0.86) (1.92) (1.16) (15.79) (1.16)
0.99 | -50.88 -48.20 -48.59 -47.26 -81.63 -180.42 -81.63
0.9 (1.34) (0.27) (0.36) (0.81) (0.89) (16.01) (0.89)
0.995| -46.57 -32.12 -238.21 -31.52 -76.56 -174.40 -76.56
(1.27) (0.18) (0.73) (0.53) (0.82) (16.01) (0.82)
0.999| -39.04 -12.57 -232.69 -12.35 -67.53 -163.76 -67.53
(1.20)  (0.07) (0.72) (0.20) (0.73) (15.99) (0.73)
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Table 4: S4: (E[P(Y < YC1Xy,)] — ty) x 1000(Bias) for covariate quantile levels ¢, =
0.5,0.9 and conditional response quantile level ¢, = 0.5,0.95,0.99,0.995,0.999. Standard
errors are given in parentheses. Bold represents the smallest MSE among four models
under the same setting. “MIXGP” stands for our proposed MIXGP model, “GEPD”
stands for the GEPD model, “C3” stands for the CGPD model with 3 clusters, “C5”
stands for the CGPD model with 5 clusters, “GAM” stands for the gamma model,

“GEV” stands for the GEV model and “MIX-t” stands for the tail mixture model.
Setting| £, [f, |MIXGP GEPD C3  C5 GAM GEV MIX®
050 | 7.91 9641 106.16 10447 55.65 -95.I8 55.65
(2.26) (0.71) (1.19) (2.01) (1.27) (3.00) (1.27)
0.95 | -9.27 -107.27-100.24 -101.70 -34.12 -58.29 -34.12
(1.09) (0.53) (0.86) (1.48) (0.57) (3.38) (0.57)
0.99 | -4.92 -92.46 -86.99 -88.20 -25.66 -43.83 -16.53
0.50 (0.54) (0.41) (0.67) (1.16) (0.34) (2.75) (0.57)
0.995| -3.71 -82.28 -77.35 -78.47 -20.61 -269.70 -9.76
(0.47)  (0.37) (0.60) (1.05) (0.27) (34.85) (0.43)
0.999| -2.38 -63.63 -59.61 -60.56 -12.61 -256.02 -4.28
(0.33) (0.31) (0.49) (0.86) (0.18) (35.04) (0.25)
0.50 | 28.68 86.95 10854 8708 51.69 -96.96 51.69
(7.54) (1.14) (1.17) (1.64) (2.05) (3.67) (2.05)
0.95 | 10.76 -117.37 -101.34 -116.72 -26.04 -58.10 -26.04
(1.23) (0.86) (0.84) (1.25) (0.78) (3.47) (0.78)
0.99 | -4.15 -118.79 -104.94 -118.25 -32.25 -59.02 -25.85
0.9 (0.66) (0.75) (0.72) (1.09) (0.52) (3.16) (0.87)
0.995| -4.96 -113.45-100.27 -112.94 -29.86 -267.28 -19.52
(0.52) (0.72) (0.68) (1.03) (0.45) (33.58) (0.67)
0.999| -3.35 -94.91 -83.37 -94.48 -20.30 -250.45 -8.81
(0.33) (0.63) (0.59) (0.91) (0.32) (33.34) (0.38)
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Table 5: S1: E[P(Y < Yt§|th) — t,]? for covariate quantile levels ¢, = 0.5,0.9 and
conditional response quantile level ¢, = 0.5,0.95,0.99,0.995,0.999. Standard errors are
given in parentheses. Bold represents the smallest MSE among four models under the
same setting. “MIXGP” stands for our proposed MIXGP model, “GEPD” stands for
the GEPD model, “C3” stands for the CGPD model with 3 clusters, “C5” stands for
the CGPD model with 5 clusters, “GAM” stands for the gamma model, “GEV” stands

for the GEV model and “MIX-t” stands for the tail mixture model.

Setting| £, [f, |MIXGP GEPD C3  C5 GAM GEV MIX%
050 | 0.98 930 1095 1147 3.06 3466 3.0
(0.21)  (0.16) (0.29) (0.42) (0.15) (4.98) (0.15)
095 | 0.45 922 990 10.09 1.51 2433 1.51
(0.04) (0.07) (0.12) (0.17) (0.05) (4.77) (0.05)
099 | 0.59 1.32 141 144 1.89 2099 1.82
0.50 (0.04) (0.01) (0.02) (0.02) (0.04) (4.03) (0.05)
0.995 0.54 0.51 3436 056 1.74 1948 1.19
(0.03) (<0.01) (0.26) (0.01) (0.03) (3.80) (0.07)
0.999| 040  0.05 3194 0.05 1.39 16.98 0.34
(0.03) ( <0.01) (0.24) (<0.01) (0.03) (3.44) (0.03)
050 [ 0.80 772 1215 847 2.36 15491 2.36
(0.13)  (0.21) (0.27) (0.33) (0.19) (3.57) (0.19)
095 | 025 597 740 620 0.04 57.34 0.12
(0.07)  (0.07) (0.08) (0.11) (0.01) (13.90) (0.02)
099 | 019 083 1.0l 086 025 47.05 0.01
0.9 (0.07)  (0.01) (0.01) (0.01) (0.01) (11.67) (<0.01)
0.995 0.20  0.33 2092 034 029 4393 0.01
(0.06) (<0.01) (0.20) (0.01) (0.01) (11.07) (<0.01)
0.999| 0.8  0.03 19.11 0.03 025 3896 0.01
(0.05) (<0.01) (0.18) (<0.01) (0.01) (10.14) (<0.01)
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Table 6: S2: E[P(Y < Yt§|th) — t,]? for covariate quantile levels ¢, = 0.5,0.9 and
conditional response quantile level ¢, = 0.5,0.95,0.99,0.995,0.999. Standard errors are
given in parentheses. Bold represents the smallest MSE among four models under the
same setting. “MIXGP” stands for our proposed MIXGP model, “GEPD” stands for
the GEPD model, “C3” stands for the CGPD model with 3 clusters, “C5” stands for
the CGPD model with 5 clusters, “GAM” stands for the gamma model, “GEV” stands

for the GEV model and “MIX-t” stands for the tail mixture model.

Setting| £, [f, |MIXGP GEPD C3 C5 GAM GEV MIX®
050 [ 873 760 10015 296 310 1342 3.10
(3.50)  (0.19) (0.60) (0.31) (0.14) (0.76) (0.14)
095 | 0.10 055 0.8 030 026 0.15 0.26
(0.02)  (0.03) (0.07) (0.04) (0.02) (0.01) (0.02)
099 | 0.03 036 0.11 016 016 023 0.04
0.50 (0.01)  (0.01) (0.03) (0.02) (0.01) (0.01) (<0.01)
0.995 0.02 026 008 012 011 020 0.02
(<0.01) (0.01) (0.02) (0.02) (<0.01) (0.01) (<0.01)
0.999| 0.01 012 004 006 005 013 0.0l
(<0.01) (<0.01) (0.01) (0.01) (<0.01) (0.01) (<0.01)
050 | 2.60 IS02 810 1488 1242 4.39 1242
(0.75)  (0.36) (0.61) (0.91) (0.48) (0.43) (0.48)
0.95 | 0.57 820 10.36 491 251 827 251
(0.08) (0.18) (0.42) (0.37) (0.09) (0.25) (0.09)
0.99 | 0.09 634 698 348 1.60 530 151
0.9 (0.03) (0.12) (0.33) (0.27) (0.05) (0.15) (0.06)
0.995 0.06 519 557 275 118 424 0.82
(0.03)  (0.10) (0.28) (0.23) (0.03) (0.13) (0.04)
0.999| 0.04 322 336 1.60 057 259 021
(0.03)  (0.07) (0.20) (0.15) (0.02) (0.08) (0.01)
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Table 7: S3: E[P(Y < th|th) — t,]? for covariate quantile levels ¢, = 0.5,0.9 and
conditional response quantile level ¢, = 0.5,0.95,0.99,0.995,0.999. Standard errors are
given in parentheses. Bold represents the smallest MSE among four models under the
same setting. “MIXGP” stands for our proposed MIXGP model, “GEPD” stands for
the GEPD model, “C3” stands for the CGPD model with 3 clusters, “C5” stands for
the CGPD model with 5 clusters, “GAM” stands for the gamma model, “GEV” stands

for the GEV model and “MIX-t” stands for the tail mixture model.

Setting| f, [f, |MIXGP GEPD 3 C5 GAM GEV MIXE
050 [ 0.94 938 1172 1197 3.16 30.10 3.16
(0.35)  (0.14) (0.26) (0.34) (0.15) (6.56) (0.15)
095 | 0.36 1631 17.81 17.93 0.78 53.74 0.78
(0.03)  (0.09) (0.16) (0.23) (0.03) (15.41) (0.03)
099 | 0.38 338 368 370 1.02 4871 0.52
0.50 (0.02)  (0.02) (0.03) (0.04) (0.03) (14.00) (0.04)
0.995| 0.34  1.61 40.18 176 0.93 46.51 0.25
(0.02)  (0.01) (0.23) (0.02) (0.02) (13.49) (0.02)
0.999| 021  0.17 3637 0.19 0.63 42.06 0.08
(0.02) (<0.01) (0.21) (0.00) (0.02) (12.48) (0.01)
050 [ 340 388 426 460 2.88 2274 2.8
(0.38)  (0.18) (0.25) (0.59) (0.24) (5.10) (0.24)
0.95 | 3.41 1142 11.65 11.23 7.73 60.72 7.73
(0.22)  (0.14) (0.19) (0.44) (0.21) (13.48) (0.21)
099 | 277 233 237 2.30 674 5843 6.74
0.9 (0.17)  (0.03) (0.04) (0.08) (0.15) (13.52) (0.15)
0995/ 233  1.03 56.80 1.02 593 56.31 5.93
(0.15)  (0.01) (0.35) (0.04) (0.13) (13.33) (0.13)
0.999| 1.67  0.16 54.19 0.16 4.61 52.63 4.61
(0.12) (< 0.01) (0.34) (0.01) (0.10) (12.96) (0.10)
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Table 8: S4: E[P(Y < th|th) — t,]? for covariate quantile levels ¢, = 0.5,0.9 and
conditional response quantile level ¢, = 0.5,0.95,0.99,0.995,0.999. Standard errors are
given in parentheses. Bold represents the smallest MSE among four models under the
same setting. “MIXGP” stands for our proposed MIXGP model, “GEPD” stands for
the GEPD model, “C3” stands for the CGPD model with 3 clusters, “C5” stands for
the CGPD model with 5 clusters, “GAM” stands for the gamma model, “GEV” stands

for the GEV model and “MIX-t” stands for the tail mixture model.

Setting| £, [f, |MIXGP GEPD C3 (5 GAM GEV MIX+®
050 | 0.58 035 114 1132 326 9907 3.26
(0.13) (0.14) (0.26) (0.40) (0.14) (0.81) (0.14)
095 | 0.21 11.54 10.12 1056 1.20 455 1.20
(0.03) (0.11) (0.17) (0.32) (0.04) (1.02) (0.04)
099 | 005 857 7.61 7.92 067 269 0.31
0.50 (0.01) (0.08) (0.12) (0.22) (0.02) (0.66) (0.02)
0.995| 0.04 678 6.02 627 043 19542 0.11
(0.01) (0.06) (0.09) (0.17) (0.01) (34.95) (0.01)
0.999| 0.02 4.06 358 3.74 0.16 189.60 0.02
(<0.01) (0.04) (0.06) (0.11) (<0.01) (35.16) (<0.01)
050 [ 659 769 1192 S0 3.10 10.76  3.10
(2.74)  (0.20) (0.26) (0.29) (0.23) (0.74) (0.23)
0.95 | 0.27 13.85 10.34 13.78 0.74 459  0.74
(0.04) (0.20) (0.17) (0.30) (0.04) (1.01) (0.04)
0.99 | 0.06 14.17 11.07 14.10 1.07 449  0.74
0.9 (0.01) (0.18) (0.15) (0.26) (0.03) (0.89) (0.05)
0.995| 0.05 1292 10.10 12.86 0.91 185.33 0.43
(0.01) (0.16) (0.14) (0.24) (0.03) (34.82) (0.03)
0.999| 0.02 9.05 699 9.01 042 17498 0.09
(0.01) (0.12) (0.10) (0.18) (0.01) (34.16) (0.01)
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Table 9: S5: (E[P(Y < Y,S\th)] —t,) x 1000(Bias) for covariate quantile levels ¢, =
0.5,0.9 and conditional response quantile level ¢, = 0.5,0.95,0.99,0.995,0.999. Standard
errors are given in parentheses. Bold represents the smallest MSE among four models
under the same setting. “MIXGP” stands for our proposed MIXGP model, “GEPD”
stands for the GEPD model, “C3” stands for the CGPD model with 3 clusters, “C5”
stands for the CGPD model with 5 clusters, “GAM” stands for the gamma model,

“GEV” stands for the GEV model and “MIX-t” stands for the tail mixture model.
Setting| f, [f, |MIXGP GEPD C3 C5 GAM GEV MIX+
050 | 7.07 6442 71.89 77.00 335.90 -0.10 335.90
(2.92) (0.86) (1.17) (1.36) (1.48) (28.42) (1.48)
0.95 |-13.06 -81.31 -76.42 -73.14 24.43 -251.26 21.29
(1.38) (0.58) (0.77) (0.89) (0.42) (31.10) (0.54)
0.99 | -5.15 -43.45 -40.74 -38.94 2.98 -232.18 -1.37
0.50 (0.68) (0.32) (0.43) (0.49) (0.16) (32.41) (0.39)
0.995| -3.29 -28.74 -26.80 -25.53 1.32 -82.61 -2.51
(0.49) (0.23) (0.31) (0.35) (0.09) (6.01) (0.32)
0.999| -1.38 -8.00 -7.32 -6.88 0.40 -46.71 -1.67
(0.23) (0.08) (0.11) (0.12) (0.02) (3.37) (0.17)
0.50 [-18.96 GI.87 48.70 60.45 260.65 -151.94 260.65
(3.96) (1.71) (3.06) (3.18) (3.38) (31.12) (3.38)
0.95 | -7.62 -49.30 -58.03 -50.96 18.59 -343.41 15.10
(1.71)  (0.99) (1.89) (1.94) (0.81) (31.40) (0.79)
0.99 | -2.64 -22.06 -26.52 -23.13 2.73 -300.21 -3.50
0.9 (0.66) (0.46) (0.93) (0.96) (0.24) (31.60) (0.59)
0.995| -1.78 -12.97 -16.00 -13.76 1.51 -153.21 -3.96
(0.44) (0.30) (0.63) (0.64) (0.13) (11.72) (0.48)
0.999| -0.90 -2.42 -3.33 -271 0.56 -93.32 -2.30
(0.21) (0.08) (0.18) (0.19) (0.02) (7.19) (0.26)
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Table 10: S6: (E[P(Y < Y,S\th)} —t,) x 1000(Bias) for covariate quantile levels ¢, =
0.5,0.9 and conditional response quantile level ¢, = 0.5,0.95,0.99,0.995,0.999. Standard
errors are given in parentheses.. Bold represents the smallest MSE among four models
under the same setting. “MIXGP” stands for our proposed MIXGP model, “GEPD”
stands for the GEPD model, “C3” stands for the CGPD model with 3 clusters, “C5”
stands for the CGPD model with 5 clusters, “GAM” stands for the gamma model,

“GEV” stands for the GEV model and “MIX-t” stands for the tail mixture model.
Setting| T, [f, |MIXGP GEPD (3  C5 GAM GEV MIX%
050 [ 6.18 8427 38.63 9579 10811 44.16 I98.11
(4.78) (0.83) (3.09) (4.03) (1.82) (20.93) (1.82)
0.95 | -11.06 -92.37 -127.24 -85.93 2.91 -122.11 3.91
(2.24) (0.58) (2.23) (2.83) (0.57) (28.58) (0.70)
0.99 | -2.42 -54.42 -77.12 -51.13 -1.28 -120.53 -0.59
0.50 (1.76) (0.36) (1.41) (1.75) (0.20) (29.31) (0.40)
0.995| -3.12 -37.95 -55.57 -35.71 -3.94 -123.33 -5.60
(0.51) (0.27) (1.08) (1.32) (0.17) (6.54) (0.42)
0.999| -1.46 -12.42 -20.33 -11.77 -0.81 -71.85 -2.47
(0.26) (0.11) (0.47) (0.56) (0.05) (3.92) (0.23)
050 [ 19.05 97.05 6959 8200 3315 -89.36 33.I8
(5.26) (1.28) (7.58) (3.84) (3.58) (17.63) 3.58
0.95 | -4.60 -94.27 -119.57 -106.32 -42.21 -168.24 -42.21
(2.14) (0.90) (5.41) (2.76) (1.69) (28.09) (1.69)
0.99 | -2.66 -57.77 -76.36 -66.00 -13.70 -144.61 -11.48
0.9 (1.04) (0.57) (3.49) (1.77) (0.64) (29.18) (0.81)
0.995| -2.73 -41.08 -56.37 -A7.63 -4.28 -191.11 -6.44
(0.71) (0.44) (2.71) (1.38) (0.29) (10.31) (0.60)
0.999| -1.46 -14.24 -22.22 -17.40 -0.70 -122.88 -2.86
(0.32) (0.19) (1.25) (0.62) (0.07) (6.82) (0.32)
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Table 11: S7: (E[P(Y < Y,C|X,,)] —t,) x 1000(Bias) for covariate quantile levels t, =
0.5,0.9 and conditional response quantile level ¢, = 0.5,0.95,0.99,0.995,0.999. Standard
errors are given in parentheses. Bold represents the smallest MSE among four models
under the same setting. “MIXGP” stands for our proposed MIXGP model, “GEPD”
stands for the GEPD model, “C3” stands for the CGPD model with 3 clusters, “C5”
stands for the CGPD model with 5 clusters, “GAM” stands for the gamma model,

“GEV” stands for the GEV model and “MIX-t” stands for the tail mixture model.
Setting| £, [f; |MIXGP GEPD C3  C5 GAM GEV MIX+
050 | 4.76 117.17 11.86 115.84 199.29 45.70 199.29
(5.83) (0.70) (4.63) (5.71) (1.82) (20.98) (1.82)
0.95 |-13.98 -124.21 -216.62 -127.81 -35.92 -161.95 -35.92
(1.34)  (0.54) (3.79) (4.69) (0.85) (27.72) (0.85)
0.99 | -5.05 -88.57 -161.58 -92.51 -23.49 -147.51 -21.13
0.50 (0.67) (0.40) (2.89) (3.56) (0.45) (28.85) (0.63)
0.995| -3.78 -68.75 -131.98 -72.59 -15.50 -46.12 -13.66
(0.53) (0.33) (247) (3.02) (0.31) (6.65) (0.52)
0.999| -1.99 -31.10 -70.67 -34.17 -4.03 -23.61 -4.39
(0.36) (0.18) (1.51) (1.80) (0.11) (4.28) (0.27)
0.50 [ 20.98 10144 99.96 8U.32 I58.05 56.28 15895
(4.49) (1.09) (11.81) (4.91) (3.37) (22.13) (3.37)
0.95 | -4.16 -167.65-178.79 -179.73 -56.22 -180.11 -56.22
(2.06) (0.93) (9.28) (4.24) (1.86) (27.84) (1.86)
0.99 | -4.59 -130.99 -144.65 -141.70 -32.73 -164.21 -31.17
0.9 (1.09) (0.75) (7.32) (3.47) (0.99) (28.90) (1.20)
0.995| -4.13 -108.05 -122.02 -117.90 -21.50 -65.09 -19.14
(0.89) (0.67) (6.41) (3.07) (0.69) (9.12) (0.87)
0.999| -3.03 -59.01 -71.77 -66.34 -5.49 -37.21 -5.89
(0.61) (0.44) (4.23) (2.08) (0.23) (6.48) (0.42)

S7




S4. ADDITIONAL RESULTS

Table 12: S8: (E[P(Y < Y,C|X,,)] —t,) x 1000(Bias) for covariate quantile levels t, =
0.5,0.9 and conditional response quantile level ¢, = 0.5,0.95,0.99,0.995,0.999. Standard
errors are given in parentheses. Bold represents the smallest MSE among four models
under the same setting. “MIXGP” stands for our proposed MIXGP model, “GEPD”
stands for the GEPD model, “C3” stands for the CGPD model with 3 clusters, “C5”
stands for the CGPD model with 5 clusters, “GAM” stands for the gamma model,

“GEV” stands for the GEV model and “MIX-t” stands for the tail mixture model.
Setting| £, [f, |MIXGP GEPD C3 C5 GAM GEV MIX%
050 | 753  -2.07 -40.77 -1S51 -19.67 —209.61 -49.67
(3.74) (1.25) (2.15) (3.90) (1.38) (5.10) (1.38)
0.95 | 241 -0.00 -15.17 -4.39 -0.70 -35.04 -1.19
(2.04) (0.58) (1.00) (1.30) (0.85) (13.02) (0.80)
0.99 | -0.02 -0.08 -5.02 -1.30 3.88 -34.00 -1.11
0.50 (0.95) (0.25) (0.45) (0.50) (0.19) (13.59) (0.32)
0.995 -1.01 -0.10 -3.08 -0.86 2.81 -21.95 -0.83
(0.69) (0.16) (0.31) (0.33) (0.08) (9.73) (0.21)
0.999| -1.09 -0.09 -1.02 -0.41 0.85 -17.13 -0.32
(0.36) (0.06) (0.13) (0.13) (0.01) (9.82) (0.08)
0.50 | 4290 -3.70 -33.67 32.56 -37.50 -124.17 -37.50
(6.08) (2.28) (3.91) (4.60) (2.58) (6.45) (2.58)
0.95 | -6.51 -0.89 -18.98 7.59 29.39 -23.67 21.68
(2.63) (0.90) (1.67) (1.64) (0.59) (13.18) (0.60)
0.99 | -1.24 -0.40 -7.62 1.43 9.0l -29.60 4.39
0.9 (0.92) (0.32) (0.72) (0.54) (0.05) (13.66) (0.24)
0.995/ -1.29 -0.30 -5.06 0.53 4.77 -18.80 2.17
(0.61) (0.20) (0.51) (0.34) (0.01) (9.77) (0.15)
0.999| -1.18 -0.15 -2.00 -0.11 1.00 -15.60 0.38
(0.34) (0.07) (0.24) (0.13) (<0.01) (9.84) (0.05)
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Table 13: S5: E[P(Y < th|Xtm) — t,]? for covariate quantile levels ¢, = 0.5,0.9 and
conditional response quantile level ¢, = 0.5,0.95,0.99,0.995,0.999. Standard errors are

given in parentheses. Bold represents the smallest MSE among four models under the

same setting.

the GEPD model, “C3” stands for the CGPD model with 3 clusters, “C5” stands for

the CGPD model with 5 clusters, “GAM” stands for the gamma model, “GEV” stands

“MIXGP” stands for our proposed MIXGP model, “GEPD” stands for

for the GEV model and “MIX-t” stands for the tail mixture model.

Setting| 7, [f, [MIXGP GEPD (3 C5 GAM GEV MIX=®
050 [ 0.9 423 531 612 1I3.05 SI.50 1I3.05
(0.20) (0.12) (0.17) (0.20) (1.01) (8.38) (1.01)

095 | 0.36 664 590 543  0.61 160.80 0.48
(0.05) (0.09) (0.12) (0.14) (0.02) (31.41) (0.02)

099 | 007 190 168 154 0.01 160.01 0.02
0.50 (0.02) (0.03) (0.04) (0.04) (<0.01) (34.65) (<0.01)
0.995 0.04 083 073 066 <0.01 1047 0.02
(0.01) (0.01) (0.02) (0.02) (<0.01) (0.90) (<0.01)

0.999| 0.01 006 005 005 <0.01 3.33 001
(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) (0.29) (<0.01)

55 U050 [ 1.94 412 332 4685 69.09 12093 6U.00
(0.41) (0.20) (0.31) (0.35) (1.78) (7.31) (1.78)

095 | 035 253 373 298 041 21752 0.29
(0.08) (0.11) (0.25) (0.26) (0.03) (29.99) (0.03)

099 | 0.05 051 079 063 0.01 191.02 0.05
0.9 (0.01) (0.02) (0.06) (0.06) (<0.01) (33.58) (0.01)
0.995 0.02 018 030 023 <0.01 37.34 0.04
(<0.01) (0.01) (0.02) (0.03) (<0.01) (3.18) (0.01)

0.999| 0.01 001 001 001 <0.01 13.93 0.01
(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) (1.20) (<0.01)
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Table 14: S6: E[P(Y < th|Xtm) — t,]? for covariate quantile levels ¢, = 0.5,0.9 and
conditional response quantile level ¢, = 0.5,0.95,0.99,0.995,0.999. Standard errors are
given in parentheses. Bold represents the smallest MSE among four models under the
same setting. “MIXGP” stands for our proposed MIXGP model, “GEPD” stands for
the GEPD model, “C3” stands for the CGPD model with 3 clusters, “C5” stands for
the CGPD model with 5 clusters, “GAM” stands for the gamma model, “GEV” stands

for the GEV model and “MIX-t” stands for the tail mixture model.

Setting| %, [f, |MIXGP GEPD C3 C5 GAM GEV MIX-=
050 | 2.35 717 245 1081 3958 4620 3058
(0.86) (0.14) (0.50) (0.69) (0.73) (6.93) (0.73)
095 | 0.63 857 16.69 819 0.04 97.39 0.06
(0.20) (0.11) (0.48) (0.55) (0.01) (27.07) (0.01)
099 | 032 297 615 292 0.01 101.30 0.02
0.50 (0.24)  (0.04) (0.19) (0.20) (<0.01) (29.46) (<0.01)
0.995 0.04 145 321 145 0.02 1953 0.05
(0.01)  (0.02) (0.11) (0.11) (<0.01) (1.19) (0.01)
0.999| 0.0l 0.6 044 017 <0.01 6.71 0.1
(<0.01) (<0.01) (0.02) (0.02) (<0.01) (0.42) (<0.01)
050 [ 3.6 058 1064 820 240 3940 2.40
(0.72)  (0.25) (1.51) (0.73) (0.30) (8.23) (0.30)
0.95 | 0.48 897 17.25 12.07 2.07 108.03 2.07
(0.09) (0.17) (1.18) (0.59) (0.15) (27.07) (0.15)
099 | 012 337 7.06 467 023 10693 0.20
0.90 (0.03) (0.07) (0.50) (0.24) (0.02) (29.37) (0.02)
0995 0.06 171 392 246 0.03 47.25 0.08
(0.02) (0.04) (0.29) (0.14) (<0.01) (2.87) (0.01)
0.999| 0.01 021 065 034 <0.01 19.80 0.02
(<0.01) (0.01) (0.06) (0.02) (<0.01) (1.21) (<0.01)
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Table 15: S7: E[P(Y < th|Xtm) — t,]? for covariate quantile levels ¢, = 0.5,0.9 and
conditional response quantile level ¢, = 0.5,0.95,0.99,0.995,0.999. Standard errors are
given in parentheses. Bold represents the smallest MSE among four models under the
same setting. “MIXGP” stands for our proposed MIXGP model, “GEPD” stands for
the GEPD model, “C3” stands for the CGPD model with 3 clusters, “C5” stands for

the CGPD model with 5 clusters, “GAM” stands for the gamma model, “GEV” stands

for the GEV model and “MIX-t” stands for the tail mixture model.

Setting| 7, [f, |MIXGP GEPD (3 C5 GAM GEV MIX=®
050 [ 3.46 1378 230 1672 40.05 46.54 40.05
(2.39) (0.16) (0.96) (1.07) (0.74) (6.92) (0.74)

0.95 | 0.38 1546 48.37 18.56 1.36 103.86 1.36
(0.06) (0.14) (1.24) (1.43) (0.06) (27.03) (0.06)

0.99 | 0.07 7.86 26.95 9.84 0.57 10585 0.49
0.50 (0.01) (0.07) (0.73) (0.80) (0.02) (29.38) (0.02)
0.995| 0.04 474 18.04 619 025 6.60 021
(0.01) (0.05) (0.51) (0.54) (0.01) (1.68) (0.01)

0.999| 0.02 097 522 149 0.02 241 003
(0.01) (0.01) (0.17) (0.16) (<0.01) (0.68) (<0.01)

S7 050 | 2.48  104T 24.09 1041 2641 5262 2641
(0.60) (0.23) (4.07) (1.01) (1.11) (6.78) (1.11)

0.95 | 0.45 28.19 40.67 34.12 3.51 110.75 3.51
(0.10) (0.31) (2.97) (1.52) (0.21) (27.08) (0.21)

0.99 | 0.14 17.22 26.34 21.29 1.7 111.33 1.12
0.9 (0.04) (0.20) (1.95) (0.99) (0.07) (29.34) (0.07)
0.995| 0.10 11.72 19.04 14.86 0.51 12.64 0.44
(0.03) (0.15) (1.44) (0.74) (0.03) (3.05) (0.03)

0.999| 0.05 350 6.96 4.84 0.04 563 0.05
(0.01) (0.05) (0.57) (0.29) (<0.01) (1.47) (0.01)
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Table 16: S8: E[P(Y < th|Xtm) — t,]? for covariate quantile levels ¢, = 0.5,0.9 and
conditional response quantile level ¢, = 0.5,0.95,0.99,0.995,0.999. Standard errors are
given in parentheses. Bold represents the smallest MSE among four models under the
same setting. “MIXGP” stands for our proposed MIXGP model, “GEPD” stands for
the GEPD model, “C3” stands for the CGPD model with 3 clusters, “C5” stands for
the CGPD model with 5 clusters, “GAM” stands for the gamma model, “GEV” stands

for the GEV model and “MIX-t” stands for the tail mixture model.

Setting| T, [f, |MIXGP GEPD (3 U5 GAM GEV MIX=
050 [ T47 0.06 213 188 266 4657 2.66
(0.24) (0.02) (0.17) (0.19) (0.13) (3.16) (0.13)
095 | 043 0.03 033 019 007 1835 0.07
(0.13) (<0.01) (0.03) (0.02) (0.01) (12.69) (0.01)
099 | 009 0.01 005 003 002 19.82 0.01
0.50 (0.04) (<0.01) (0.01) (<0.01) (<0.01) (13.79) (<0.01)
0.995 0.05 <0.01 0.02 00l 001 10.05 0.01
(0.03) (<0.01) (<0.01) (<0.01) (<0.01) (9.90) (<0.01)
0.999| 0.01 <0.01 <0.01 <0.01 <0.01 10.03 <0.01
(0.01) (<0.01) (<0.01) (<0.01) (<0.01) (9.98) (<0.01)
050 [ 558 054 268 310 205 1062 208
(0.85) (0.06) (0.35) (0.37) (0.21) (3.42) (0.21)
095 | 074 0.08 064 033 090 1812 051
(0.16) (0.01) (0.08) (0.05) (0.03) (12.70) (0.03)
099 | 0.09 0.01 011 003 008 1971 0.02
0.9 (0.02) (<0.01) (0.01) (<0.01) (<0.01) (13.79) (<0.01)
0.995 0.04 <0.01 0.5 00l 002 999 0.1
(0.01) (<0.01) (0.01) (<0.01) (<0.01) (9.90) (<0.01)
0.999| 0.01 <0.01 001 <0.0l <0.01 10.01 <0.01
(<0.01) (<0.01) (<0.01) (<0.01)) (0.00) (9.98) (<0.01)
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